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36ipuuk npaip [a-ry maremarukun HAH Ykpaiau (2023) 1. 20, Nel, 685-697

CLX pokiB BiJ AHS HapOIKEHHS
akagemika JI. O. I pase

B. 1. T'epacumenko, C. I. Makcumenko

Abstract. On the occasion of the 160th anniversary of the birth of aca-
demician D. O. Grave, this foreword contains some biographical facts from
the life and work of the outstanding scientist. In general, this volume of the
Proceedings of the Institute of Mathematics, a periodical founded in 1938 by
academician D. O. Grave, contains lectures of Grave’s readings and works on
topical directions of development of modern mathematics in Ukraine.

Amnoranist. 3 marogu 160-piuus Bix gus napomxenns akanemika 1. O. I'pase
y IIbOMY TEePEJIHLOMY CJIOBI HaBeJEHO JiesiKi 6iorpadivuni dakT 3 KUTTI Ta
TBOpUOCTi BuparHoro Buenoro. 3arasom 1eit Tom Ipans lacruryTy marema-
TUKH, TEPIOJIUIHOrO BUIAHH, 3acHoBaHoro B 1938 p. akagemikom /1. O. r pa-
Be, MicTuTh Jiekuil I pABEBCHKHMX UUTAHD TA IPALl 3 AKTYAIbHEX HAIIPSAMIB
PO3BUTKY CyYacHOI MATEMATHKHU B Y KpalHi.

Esouroniist MaremaTnku IMBOBUKHA, HAIIOBHEHA OJIMCKABUIHUME Ta, He-
CITOJTIBAHUMU ITOBOPOTAMHU B i1 icTOPIl, AKi Ha3aBXK/IM 3MIHIOBAJIN HAIIPAMU
posBuTky JoacrBa. o xoroptu Buenux, gki Bimirpaim 3HadHy pPOJb B
PO3BUTKY MaTeMaTwKu 3a ocrtanni 450 pokiB, TakoxK HaJIekKuTh JIMuTpo
Ouexcanaposna I pase.

Iyx TBOpIZ 6E3yMOBHO 3apOJIKYETbCS B POJIMHI i, OT?Ke Ha YCBiIOM-
JIEHHsT Mpiit Ta cBoel Micil B XuTTi Oe3rocepeaHiil BILINB MaiOTh OATHKM.
Jamurpo I pase mapomses 20 cepras 1863 poky v micti Kupmmosi #a Hos-
TPOPOIIWHI y OYIMHKY POoauHU rydepHChKOro cekperaps Ojekcamapa Isa-
HOBHYA Ta Horo aApyxxuau Hazii Isanisui (MaxieeBol), 060€ mpaBocIaBHUX.
Pix I'pase 6epe cBiii mouarox 3 Bembrii. Y Toit gac GyIuHOK, e MeITKa-
Jia POJIMHA, 3HAXOJIUBCH Yy TepeamicTi Ha 6epesi 3aToku CiBepchKOro o3epa.
ITouaTkoBy ocBitTy JIMuTpo oTpmMaB BiJI MaTepi, a Ii3HIIIE TTOYaB BiJIBiTy-
BaTU HAPOAHY MIKOJIy. Koju #iloMy BHUIIOBHHJIOCH CiM POKIiB mmoMep 0GaTbKO
BiJI mopaHenHs Ha jayesi. g Tparemia 3mycuna matip 3 JIMmurpoMm i gBOoMa
JOHBKAMU TIePeiXaTn KUTH 10 poaudiB batbka y IlerepOypr.

Kpim mmux Bimomocreit mpo Toit mepion xkuttsa JMmurpa 306eperimcst Jiu-
IITe HEYWCJIEHH] CBiTYEHHS, AKi JO3BOJAIOTH CKJIACTU JesdKi yAIBJIEHHS IIPO
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PO3BHUTOK #Oro yxy. MabyTh, y BUXOBaHHI JiTeil OCHOBHA JIOITOMOTa, IIOXO0-
nIta Bin crapimoro 6para 6aTbka — Bomoamvupa Isanosuya I pase, sKuif Ha
TOI 9ac OyB BUIATHUM IHKEHEPOM ILIAXIB CrioydeHb. 1le#t BiuB Bimommit
saBasgky TermM croragam JI. O. IT'pase, B skux Bin aHAJI3yBaB TBOPUYICTH
cBoro maabKu. Benmmka TalHa HapozKeHHst BueHoro...

Y 1873 pomi JmuTpo nounHae BiABiAyBaTH MPUBATHY TiMHA3i0, dKa HA
TOI Yac BBakaJjacsd OAHI€0 3 Halikpamux B [leTepbypsi. Bamckydi 3mi6H0-
CTi T0HAKA JIO3BOJIMJIM HOMY 3 JIETKICTIO 3aCBOITH OCHOBH HAYK, AKi BUKJIa-
Jajmcd B TIMHA3i1, 30KpeMa, JATHHCHKY Ta JIJABHbOI'PETbKY MOBH, KJIACUIHY
JiTepaTypy i MaTeMaTuky. ¥ Ii POKU BiH OTpuMaB A00py My3UYHY OCBITY,
9y0BO I'paB Ha CKpuI Ta dopTemiano. Y cTrapimx Kjaacax riMHasil BiH
3aiiMalounch caMoocBiToro, Binkpus s cebe upaii I1. A. Tonmnbaxa «Cu-
creMa npupo iy (Brepire omyostikosana y 1770 pori). JIMutpo Tozi 3po3y-
MiB, IO caMe Horo mpuBabJIIoE: «IyX», KCBITOBUIT PO3yMy», HEOeCHI CBITHUIA,
Buenus Kermutepa, csitorsign Herorona...Biamosinuno mo po3ymy Bmopsako-
BaHUI TIJIAH BCECBITY, PO3YM PO3KPUBAE IEPe]] JIIOJUHOIO 11 IPU3HAYEHHS,
He3MiHHy MeTy 11 KuTTd. I MabyTh, 11 # BU3HAUUIO TOMAJILIITUN HAIIPAM
iforo iHTEpeciB Ta ycTpemiiHb. Bemka Ttaina Hapomxkenusa Buenoro...Y Bu-
ImycKHOMY arectaTi 3a 1881 pik pa3om i3 3070TO0 MeaaslLTio OyJI0 3a3Ha-
YeHO: «...JIONUT/IUBICTb BUABJIAB OCOOJUBO y 3aHATTIX JIABHIMA MOBaMH Ta
HayKaMu (Di3UKO-MATEMATUIHUMEY.

V mpomy x pori J1. O. I'pase mpogosxye 3106yBaT OCBITY Ha (bi3.-MarT.
daxynbreri [lerepbyp3bkoro yHiBepcuTery, e, 9K BiH 3ragyBaB, «...00pa-
3Y ONUNUBCA 6 CAABHO3BICHIT UKOM BEAUK020 Mamemamukra Hebuwesay.
Tpeba BinguaunTH, M0 B 1€l TIEPiOJ] BiH 3aX0ILIIOETHCS aCTPOHOMIEIO i ITpa-
I[IO€ B yHIBepcuUTeTChbKiit obcepaTopil pasom 3 B. 1. Bepnagcbkum. Bike
tori JI. O. I'paBe mamucas mepiry naykoBy mpamio: «IIpo izeasbny chop-
MY ONITUYHOIrO CKJia 0e3 cdepuvnoi abeparii». B yHiBepcuTeTi cepes iHIITMX
BUYeHMX 3HaYymuM g Hporo O0yB mpodecop O. M. Kopkin, Temri apy-
»KHI CTOCYHKH 3 SIKMM 3aJIUIIAINCA Ha BCi MOJaJbIn poku. Bemmka Taina
HapomKeHHs Bdueroro...

V 1885 pori Jdmurpo I pase 3akindye yriBepcuTeT i 6yB 3aniennii Ha
daxkyabTeTi T MiArOTOBKY 10 MPOdecOPChKOTO 3BaHHs. depe3 aBa POKH,
TobTO B 1887 pori, BiH mix kepiBaumTBoM npodecopa IladuyTia Yeburro-
Ba MIPEICTaBUB MAaricTepchbKy amcepraiiio «IIpo iHTerpyBaHHS JaCTUHHUX
nudepeHIiaIbHIX PIBHAHD MIEPIITOTO MOPSAKY» 1 3700yB CTyIiHb MaricTpa
apcrol Maremarukn. Y 1896 pomi, JI. I paBe 3axuinae JOKTOPCHKY IUCEp-
tamito «IIpo ocHoBHi 3amadi MaTeMaTudHOT TEOPil MOOYMOBU TreorpadiaHux
KapT» 1 cTae JOKTOPOM YHUCTOI MaTEMATUKH.



CLX pokis Bix aus mapomkenns akagemika 1. O. I pase 687

IIporsirom MuHy/HX HOKOIiEB Giorpadis 1. O. I pase Gyra HeomHOPa30-
BO BHUKJaJieHa B pi3HOMaHiTHIN iHTeprperarii. 3a3su4ail 6iorpadil mnurry-
TBhCsI ITiJT BIUIMBOM BHYTPIIIHBOI, TOOTO OCOOMCTOI IEeH3YPH, Ta 30BHIMIHHOT
— TPAJUIi TPUAHATAX TOTOYACHOIO €II0X0I0 Ta MOJITUYHUMEU OOMEXKEHHsI-
vu. HaBememo mxepera mpo xurresnit msx JI. O. I'pase, siki 3rigmo 3
TenepinHiMu yaBIeHHAMEI € HafbiabIn 00’ €K TUBHUMMU:

— aBrobiorpadis Hamucana camuMm BueHMM [1], ska, MabyTh, nucagach 3
JYyMKaMU PO T€, 9K HOro Maju O COpUUMATH HACTYIIHI TOKOJIIHHSI;

— wmonorpadis [3]| BisoMux y4HiB BueHOTO OnyOIIKOBaHY y TO# 4Yac, KOJIM
JI. O. I'pase Bifjiiimos y 3acBiTi, 30KpeMa, B Hilf HABEIEHO TIEPETK BCiX
IIpaIb BYEHOT'O;

— KHHIH 32 apXiBHUME Marepiaiamu [2], sika omy6rikoBaHa BxKe B CydacHiit
Vxpalni;

— a TakoxK Hapuc aBTopiB 3 Harogu 100-pivusg MaremaTndHOrO IHCTUTYTY
YkpalHcbkoi akaeMil Hayk [4].

Om:xe, He BimTBOpIOIOYM H00OpPe BimoMi paKTh KUTTEBOTO ILIAXY BIEHOTO,

HaAraJla€Mo JIAIIe IIPo #0ro OCHOBHUM iCTOPUYHUN CHAIOK.

YV Ham gac mpo BYEHOTO HAWKpAIe 3rayBaTH 0 CIiBYy HOT0 TBOPUOCTI,
dKe He MepKHe BKe yIPOJIOBXK YOTUPHOX MOKOJIHb, i dKe, 9K CBITJIO JIaJie-
KIX 31pOK, 3aXOILII0E HAC 1 HaJAWXae. 3a3Budail 00JapoBaHa JIFOIUHA Ma€
tajanTy B pisaux Bumipax. Tak it JI. O. I'paBe GyB 061apOBaHIM HE JIAIIE
B napuni Hayku (Maremaruka, MexaHika, MmaTemaTudHa disuka), a i K ap-
XITEKTOp HAyKOBUX IHCTHTYIil (HaykoBa IIKosa, AKkajemis HayK, HAYKOBI
TOBApHCTBA, [HCTUTYT MaTeMaTUKN), Ta K BunTesb-nposinuuk (mpodecop
YHIBEPCUTETIB, OJIMH 3 3ACHOBHUKIB yKPAIHCHKOI BUIIO OCBITH).

Haii6impm mwrigsmii mepion TBopuocti J. O. I'pase nos’szanmii 3 Kne-
BoM. B mepmri jecarmiiTTsas XX CT. 3aBAAKA HacaMIIepe.l HayKOBIl ITKOJII
JI. O. I'pase Kuip craB KOIMCKOIO TOTOYACHOT MATEMATHKH, SKa HOIIHPH-
Jlach y MHUHYJIOMY CTOpiddi 110 HaiiMeHIne Ha Teputopito Cximnol €Bpomnu.
Moxkua cTBepmKyBaTH, mo BigHe Micro KuiB cupusiyio y TBopdocTi Ta Ha-
TXHEHHI He JINIIe ToeTaM i Xy1oKHuKaM, a it BuernM. Kpaca ninpa (Coa-
ByTnyaa(Bopucdena)) 3aBxkan npuBeprasa yBary Ta HauXasa IIHCHMEH-
HUKIB, JiTonuciiB Ta MaHApiBHUKIB. Kpaca mopomkye Kpacy it B iHITHX
BUMipax JIIOJICBKOTO YKUTTs, 30KpeMa, B MaTeMaTHIli, K JiF000Bi /10 mi3Ha-
HHZ.

K CTBOPIOIOTHCS HAYKOBI MKOJIH?

Ile mix gac napyanns B yHiBepcureri Imurpo I pase opramizysas Ha-
YKOBE CTYAEHTChKE MAaTEMAaTUYIHE TOBAPUCTBO. Brke Tozi BiH 3po3yMmiB, 110
MiATOTOBKA MOJIOAUX BUYEHUX Ma€ BilOyBaTHCh HE B IIPOIECi HABYAHHIA, a
B @iy gac TBopuoi pobotu. lech 3 1908 poky po3modymHaE CBOIO POOOTY
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HAyKOBHil ceminap i kepiBaumrsoM mpodecopa 1. O. I'pase B Kuesi, 3a-
CilaHHA IKOrO BiIOyBAIOTHCS K B yHIBEPCUTETI, Tak it y HbOro BioMa. Bin
3yMiB OpraHi3yBaTw HAyKOBY pOOOTY 3i cTydeHTaMu, siKi Opau ydacTb y
ceMiHapi, BxKe 3 TEePIINX POKIB X HABYAHHS B YHIBEPCUTETI.

3a crymentcekumu croragamu B. M. Jemore mpodecop . O. I'pase ua
JIEKTIISIX BUCJOBJIIOBAB CBOI IyMKH TIPO 3aHATTS HAYKOIO: « Cnpasoicti eue-
HI 3a38UMAT NPUCBAYYNML HAYUT 8CE CB0E Hcumms, i 3zadaswu BpyHo
ma lTanines, 6iH 3aKINYYBAS CAOBAMU NPO Me, U0 6%EHl YACMO 20MOGI
HABIMY came arcummsa eiddamu 3a c8oi naykosi nepexonannay. CTaBieH-
s . O. fpaBe 0 OCBiTH, MAOyTh, MOXKHA TOSICHUTH YCBiIOMJICHHAM HIM
BiZIOMOTO B2K€ II'SITh TUCAYOJITH OIHOTO 3 TPHOX HAUOLIBIUX IPiXiB — mCy-
BaHHAM MOJIOJI HIKYEMHOIO OCBITOIO.

Cepen puenux /1. O. r paBe OyB TUM, XTO HAMATraBCsd MPOOYIUTHU B JIIOIIX
riHicTh — He 4dyzke 1M, a Te, dKe cJIij 6yso nykaTn y cebe, y CBOIW cipas-
2KHI#l CyTHOCTI, — He y CBOEMY IIOXOJI2KEHHI, He B IIParHeHHi 10 6J1aKeHCcTBa,
He B TOMY, 11100 mrepedyBaTu Ha CJIy2K0i y BciMa IaHOBaHi# JIOMHI, a B Typ-
60Ti Tpo apoBaHy IM iCKPY JIIOJICHKOIO JIyXy, i CBIIYUTH IIPO Te, IO BOHU
Yy BUCOKOMY PO3YMIiHHI ITOXOAATH Bill TPUPOIU. YIOCKOHAJEHHA PO3YMY —
enune jKepeso ictunu, i . O. fpaBe 6auuB y HbOMY HE PIJIKiCHY, BJIaCTU-
BY TIJIbKU MOMY 3JIaTHICTb, a Te€, IO MOXKYTb BiIKpuTu y cede BCi JIIOmu.
Tzt 1. O. T paBe MmaremaTrka Gy/1a HelePEBEPIIEHIM BITBOPOM JIIOICHKOTO
JYXY.

Hayxosuii ceminap JI. O. I'paBe mpoiilioB JOBruii IUISX POSBUTKY. Y
20-Ti poku Ha HAYKOBOMY CeMiHapi 0OrOBODIOBAJIMCH, HAIIPUKJIA, TaKi Te-
mu: «Kitacuana rizponunamikay, « Mexanigua Teopist edipy», «Teopis ese-
krpuku Makcsesuiay, « Mexanika I'epuay, «Teopis Alinmreiinay, « KBanro-
Ba MexaHikay, «MexaHika MOJIEKYJISIpHOI OYI0BU PEIOBUHY.

3periToio, y CTAaHOBJIEHHI MEPINOl BEJIUKOI MATEMATHYHOI KON Ha Te-
peHax YKpalHu BUpIIIAJbHY POJIb MaJja JisbHICTb ceMiHapy mpodecopa
JI. O. T'pase.

Bes BosbroCTEN Buenoro, nmpuHaiiMui BHYyTPIITHIX, He OyBa€ CIPaBXKHBOI
TBOpYOCTi. [Iparnenus 10 cBoboaM — OjiHE 3 HAWCHUIILHIIINX JIIOJICHKUX I10-
qyTTiB. 31 CBODOOIO0 JIFOIMHA [TOB’sI3y€ 3ICHEHHSI CBOIX IJIaHIB 1 HaXkaHb,
MOKJIUBICTD 3 BJIACHOI BOJI 0OMpAaTH >KUTTEB] I Ta MIJISXU X JOCITHEHHSI.
Tak BCyIeped KOHCEPBATHBHIM TpajuiisM B ocsiti mpodecop . O. I'pa-
Be 3alpOBa/I’KyBaB HOBI MaTeMaTWYHI Kypcu, OyB y HOCTIfHUX IIONIyKax
HETPAIUIIINHUX MIIAXIB MiJITOTOBKH MAOyTHIX BUEHUX.
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[Iparmny4u 3aaunmmT 1pu yHIBEPCUTETI JIjIsi TBOPYOI POOOTH BUHATKOBO
BeJIMKE YHCJIO CTYJ/IEHTIB, IOMYy HEOJIHOPA30BO JOBOIUJIOCH OYTH HAIOJIe-
ruBUM y 60poTh0i, 0OCTOIOI0YHN iHTEpecH CBOIX YUHIB, SKi He 3aBXKIN 3a-
JOBOJIbHSIIN HeOOXiTHIM dpopMabHIM BuMoraM. HapemeMmo mesiki mokas30Bi
icTopii mpo JoJii oro yJHiB.

Haramaemo, mo M. M. Boromo6os 6ys ommmm 3 yumis JI. O. I'pase,
3aB/IAKHU IKOMY BiH CTaB BUIATHUM BUYEHUM Y TaIy3i MATEMaTUIHOI TA TE€O-
peruunoi disuku. Bigomo, mo B 1922 p. y Bini TpuHaagaTH pokis Mukosa
Borouso6os crae yaacHnkoM MareMarndsoro ceminapy /1. O. I'pase. Y 1925
p. Ha mpoxamnus mpodecopa . O. I'pase Masa IIpesuzis YkprososHaykn
yXBaJIUIa: «3BarXKa4Id HA HOro peHOMEeHAJbHI 3MI0HOCTI O MaTeMaTUKH,
BBakaTu M. BorosroboBa acmipanToM HayKOBO-IOCTiIHOI Kadeapu mMaTe-
matuku B Kuesi 3 depBua 1925 poky», a Bxke B 1928 pori BiH 3axucTuB
JOKTOPCBhKY auceprarifo. Jlo pedi, et icTOpuvaHMil IpereaeHT MePeKOHIN-
BO LIIOCTPYE 3HAYEHHS HAYKOBOI IKOJIA JIJIsI PO3BUTKY MaTEeMaTHUKH.

Tamaunt Osekcargpa OCTpPOBCHKOTO y Billl I’ SITHAIISITA POKIB HE 3aJIH-
mmBcs HeromivenuM podecopom JI. O. I'pase, sKuii 3rajyBaB IIpo Take.
Nomy Tpeba Gyio CKIACTH €K3aMeH Ha aTeCTaT 3pILIoCTi eKCTepHOM IIpu
HaBYAJIbHOMY OKDPY3i, IPOTe B TO# PiK €KCTEpHIB B3araji He OyJI0, a s BCe
2K 0COOMCTO HAIHUCAB JINCTA OMKYHY HABYAJBHOIO OKDPYLY 3 IPOXAHHSIM
porycrutr OCTPOBCHKOTO JI0 €K3aMeHiB, ajie TOW BiMOBUB, i MeHi JOBe-
JIOCS TTIOPAJIUTU MOJIOJIOMY BUYEHOM 3aJyidiiuTu Kpainy. ¢ mamucas Jlanmay
B Terrinren i Xencens B MapOypr Jjiuctu, B SKUX [OBIIOMUB yCi BiJloMO-
cri mpo OcTpoBchbKoro. 3a [aBa THUKHI OTpUMAaB Bix 060x Bimmosimi. O6umasa
moBigomsin, Mo OCTPOBCHKUIT 3apaxoBaHuil, TOOTO i B [eTTiHreHCHK Ui,
i B MapbOyp3bkuit yuisepcureru. I Ty s mopajius OcTpoBCHKOMY BCTYIIH-
i1 710 Map6yp3pKoro yHiBepcurery, ropopsdn, mo Lerrinren — me CiTosi
Adinn y maremaTuni, Kyau InyTh JIIOOA 31 BCbOro cBiTy. «Bu — maaao-
suma moduna, — ckadase s Ocmposcoromy, — i Bam ne sascauso mamu
2aprur eyuments, modi ax Mapbype — Mmarbo6HUYE NPOBIHUITHE MICTE-
YKo, orcummas mam dewesuwe, a Xerwceav arduna dobpa, byde cmasuMUCH
do Bac dobposuuauso. B Temmins'en Bu mooiceme noixamu nicas 3akin-
YeHHA YyHisepcumemy, oaa nodasvwur danams. Ocmposcorut noiras Ao
Mapbypea, i a 3 Hum mam bauuscsa neped silinoro. Bilina poskudaia wac,
NePePsana Haw 36°A30K, wonpasda, 00 MeHe JOXOOUAU YYMKU, UL HCUMU
domy 6yao maskcko. Ilpome 6in weudko 6id6yscsa Ax ceimosuli asmopu-
mem, 1020 6CO0U UUMYBAIU, GAe B8CE HC NpoPecypu He 0a8asu. 32000Mm
81H OMPUMGB Micue opdunaphozo npogpecopa y Baseai. Ile byaa cnpasoicha
Ha20p00a 3a 6CT 1020 NonepedHi MyKu, OCKIAbKY Y 6iUuil 35 pokie ompumas
kaedpy caasemmozo H. Bepryaniy. 30KpeMa, BUCHIH CTaB BiIOMIM 3aB/1s-
KH TeopeMi PO HOPMYBaHHS II0JIA PAIlIOHAJIBHUX YHUCETI, IK& Telep HOCUTH
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tioro im’a. 'azera «Basenbcbki HOBUHMY 13 mpuBOMLYy S80-JIITHBOIO IOBLICIO
O. M. Octposcbkoro mucana: « Hawa suwa wrosa ¢ XVIII cm. empamu-
Aa, 8100a8wU 3Hamerumozo mamemamuka Jleonapda Etasepa, momy, wo 6
Baseai dorn 6uABUAGCA NPOMU HHO20; GAE YHIBEPCUMEMY MPANUNACA 80GAG
nazoda npudbamu Oaexcandpa Maprosuva Ocmposcvrozo, axuti norodums
3 Kuesay. Y cBiil yac 3acHoBanuii HUM GoHI OCTPOBCHKOIO, METOIO STKOI'O
€ TOMyJIApU3allisd MaTeMaTUYHUX HAyK, KOXKHI JIBa POKU IPUCYIKYE TIpe-
Mmito O. M. OcTpoBCbKOTO 3a HAWKpAILy MATEeMATHIHY POOOTY 3a HOBITHI
BUJIATHI JIOCATHEHHsI B YUCTi{i MaTeMaTHUIL.

3rajjaemo, 1e ogHoro Bimomoro yunga . O. I paBe Ha /11 Ol mepeizLy
croynili Ykpainu 3 Xapkosa 10 Kuesa y 1934 poxy, a came, HapOIKEHHS
KuiBcbKOro yHiBepcurery. Ak Bimomo KuiBchknuii yaiBepcurer cs. Bosogu-
Mupa, B sikoMy mpargosas mpodecopom JI. O. I'pase, Gymo siksigoBaso y
1920 porii. o6 BigayTH HACTPOI TOrO Yacy HABEIEMO YPUBOK 3 Ira3eTHOL
xponiku. Kuiscbka razera «IIposerapcbka npasmay (3 1943 p. «Kuiscbka
npasza» ) 28 rpyans 1934 poky nmcana: «Baotcko nepedamu my menaomy
i padicmv, WO 3a4MONUAG BeAUNEIHY AKMO8Y 3aAYy, my camy, de Ommo
FOnitiosun 3axuusas c6020 wacy 0uniommy podoomy.

- Mu nocumo sawe im’s, Ommo FOnitiosuuy — 20860pums Y c60eMYy 6Cmy-
nHOMY €061 pexmop ynisepcumemy mos. Caxnoscvkuti. — Obiuaemo 6am
bumucs 3a me, wWob SaWE LM A HOCUMU 3 HECTIIO.

Cmaputi yuumenn Ommo FOnitiosuua - axademix 1. O. I pase nodinue-
ca 3 aydumopicio ceoimu cnozadamu npo O. FO. HImidma, xoau mot 6ys
cmydenmom yrisepcumemy.

— e do 3akinuenns ynisepcumemy, — xasce akademir I pase, — Ommo
IOnitiosuy 3pobus mamemamuunuts surnario no meopit epyn. Lled sunaxid
eotce modi 3pobus 020 6idoMuM ceped THO3EMHUL BUEHUL.

...Ocobauso menao zosopums 0. FO. Ilmidom npo npusimanhs ce0ix
cmapux ywumenie — axad. J. O. I pase, npodecopa Byxpeesa.

... et ynisepcumem nocums menep caasre im’a O. FO. HImioma.»

Haranaemo, o nepy O. FO. IIminra najgekuTh nepiia y cBiTi MOHOTpa-
disa 3 Teopil rpym, gxa mobaunia ceit B Kuesi y 1916 pori.

3po3yMijIo, HAyKOBI KO € HOCIIMH HAWKPAIUX TPAIUIIi y PO3SBUTKY
HayK{ | BOHM 3 4acOM HaOYBaIOTh JyXOBHOI'O 3HAYEHHS.

HaykoBi ko He BMUPAIOTH!

Peanizariia cBiTormsamy 3akaaJeHOMY B MOJIOI POKHU B MOJAJIBIIIN TBOP-
JoCTi BYEHOrO IposiBIIACs B HATypdinocodii mpodecopa 1. O. I pase. Bo-
Ha 3a HOro cjoBaM®W TOJATaJa B HACTYIHOMY: «...MoU 8HYyMplwHilt ce1m
ideti, axi mu O6Yoyemo, NOBUHEH OYMU HEe UM THWUM, AK CYKYNHICMIO
MAMEMAMUYHUL MEoPitl 6cir Asuw, npupodu. Hamypasvhy @irocodito s
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POBYMIB Y AH2AITUCOKOMY CEHCL CA0BA, AK MELAHIKY 1 MAMEMAMUYHY Hi3U-
KY...»

He 6ynemo 3ynungaTtucsa Ha HayKOBOMY HAOYTKY BYEHOTO OCKIJIBKH IIPO
HBOT'O HEllepeBepITeHo HammncaHo oro yauem M. I'. HeborapboBuM B 36ipHU-
Ky mam’saTi akazgemika JI. O. I'pase [3]. Hesxki ioro imomi npami 3 anre6pu,
MaTeMaTuIHOl (Pi3uKM, MEXaHIKM Ta IHIMAX TaJIy3eil MaTeMaTUuKU yBIAILIH
1o 3i6panns Bubpanux npaup J. O. I'pase [5], onmy6iikopamoro B Hamr gac.

Kuuru € Tum HagbaHHsaM JIIO/ICTBA, KE HE POIUMHSIIOTHCS B icTOpIl muBi-
Jri3ariii, i BOHM JIOCI 3aJIMIIAIOThCA He IePEeBEPIIEHUM BUHAXOIOM JIIOJICTBA
y mepeaadi MyaIpocTi Bifl OZHOTO MOKOJiHHAMEI 10 iHmmoro. Huxkye Haseme-
o mepestik monorpadiit . O. I'pase: [2,3,5-7,14, 15,20, 23-25, 30] cepex
HUX 0e3CyMHIBHUI IIe/IeBp «DHITUKJIONE i MaTeMaTuku. O4epKb esi COB-
PEMEHHArO MOoJIOXKeHis» [3].

Binmomo, 1o HaBya bHI KypCH Ta MiAPYIYHUKU KOPUCTYBAJIMCH 3aCJTyXKe-
HOIO TIOIYJIIPHICTIO cepel CTYACHTIB. Y TOif Yac BOHU Bifirpaju 3HAIHY
POJIb Yy TONMIMPEHHI MaTEMATUYIHO] 3HAHB, 3aBJIAKN 1M 3POCJIU I TTOKOJIIH-
Hsl He JIUIe BUYEHUX, a i mejaroriB Ta inxkenepiB. Ock T0POOOK BYEHOTO B
nejaroriuniit mapuui: [1,4,9,11,12,16-19, 21, 22, 26-29|.

Ocobmse wmicue cepen mpans JI. O. I'paBe 3aiiMaiorTh #OTO HAYKOBO-
nomynsgpai Hapucu: [8,10,13].

[Monynsapuuit Hapuc «5k sramrosanuit Beecsiry (8] Gyso npounrano
9epes3 CTO POKiB, K BiH MOOAYHUB CBIT, yIaCHUKAME Mi?KHAPOIHOI HAYKOBOI
KOH(epeH il «Aarebpaldsi i reoMeTpUYHI METOIM AHAJIZY» ITPUCBIIECHOL
osiztero JI. O. I'pase. VY wuiit mpami daxTuano OyJI0 BUKJIAJIEHO MPil MO-
JIOZOCTI BYEHOI0, HOTO TOIJIsA/I HA PO3BUTOK HAYKHU U, OTKE HA E€BOJIOIIIO0
3HAHDb JIIOJICTBA, IPATHEHHS 3aIVITHYTA B 3aBTPaIlHii 1eub. [IpucyrHi y4a-
CHUKY 3acimanus 3aBuskn mpomy TBopy JI. O. I'paBe, Majnm MOMK/IMBICTH
06AYUTH 1 OIIHUTU TOU MLIAX, SKAN MPONIILIa HAYKA 3 TOrO Jacy.

YV 1935 p. mHa ypoumcrocTsax 3 Haroau 50-piddsi HAYKOBO-IIEIATOTIIHOL
nistmbaoCTi podecopa JI. O. T'pase oBisp 3a3nauns: <5 3aUmarca Hal-
DISHOMAHIMHIUUMY MEOPIAMY MAMEMAMUKY MA CMI0 CKA3AMU: MEHUL
AK cmo pokie orcumu we bascaro. omy? Mu exodumo do 30a0moz0 6iky
nayxul

Krnre marmcani JI. O. I'pase, Mafoun Giibin HizK BIKOBY icTopiio, 3a-
JINIITAIOTHCSl BUTBOPAMU TEJArOrivHOl MaiCTepHOCTI i B HAII Yac MepeTBO-
puincs B 06epir MaTeMaTUIHOl KyJIBTYPH, & 3 CUMBOJIAMUA B obeperax, siK
BiZIOMO, JTFO/IM 3aBKJU TIOB’SI3yBaJid Bipy B J00pO, YCIIiX, IIACTS.

Ha mpeBenukuii xaJib, i3 3ajgymannx 17 Tomis « Tpakrary 3 ajrebpaidano-
ro anajizy» Hmurpo OuiekcanipoBud BCTUT OMyOJIKYBATH JIUIIE MEPIITHX
nsa Tomu [23,30] (|24, 25]), Tperiit Tom y Bumasuunrsi AH YPCP 6yno
«3arybJieHO» ...



692

Bimomo, mpo memyap «HoBi ocnoBu dinocodil», sakuit Oya0 MOJaHO 10
YAH rta «yrpadenoy. TepMmin «dinocodist» B MeMyapi BXKUBaBCs B [TEPBHH-
HOMY CEHCi IIbOT'O CJIOBA, IO B TIEPEKJIa/Ii 3 JJABHHOIDEIILKOI O3HAYAE JIIOO0B
JI0 MYJIPOCTIi.

He MoKHa TakoK He 3rajaré B I aui mpo sacmysamus JI. O. I'pase
nepiux B YKpaiHi MaTeMaTUdIHUX MePIOANYHUX Bujaub: «2KypHasa mare-
MaTuaHOro 1mKIy Beeykpaincbkoi Akazemii Hayky (1931 p.), «2Kypnasn
TucruryTy Maremaruku Beeykpaincbkol Akagemil Hayk» (1934 p.), «36ip-
HUK npanp [Heruryry maremaruku AH YPCP» (1938 p.), 3aBusku sikum
IIOIIHUPIOIOThCA 3700y Ti 3HAHHH 1 B TelepilHiii Jac.

Ha smami mositianoro yerpoto skurtsi B Kuesi JI. O. I'pase Bimirpas
BHJIATHY POJIb fK apXiTeKTOp HOBITHIX HAYKOBUX i OCBITHIX IHCTHTYITil.

Ha mouarky 1920 poky mpu cekiiii mpupomo3HaBCcTBa ¥ KPAiHCHKOTO Ha-
ykosoro tosapucrsa im. T. T'. Illepuenka mpodecopom . O. I'pase Gyia
CTBOpPEHA MaTEeMaTUIHA, ITiJICEKITis. I nispHicTs OyJsia cupsiMOBaHa Ha Ha-
yKOBY poboTy y dopmi JOmOoBiIel Ha 3acCiJaHHgaX Ta HA BUJIAHHI BJIACHOTO
JIPYKOBAHOT'O OPTraHy OCKLIbKM HA TOW 4Yac B YKpalHi He OyJI0 MaTeMaTu-
YHUX BUJIAHb YKPalHCHKOI0 MOBOIO. HaBecHi HACTYIHOTrO pOKy ¥YKpaiHChbKe
HAyKOBE TOBApUCTBO OyJi0 Tipueauano g0 YAH, ane ciasui Tpaauiii 3axia-
JIeHl BeJIMKMMHU MaTeMaTUKAMU IIPU WOro CTBOpPeHHI 30epiraioTbes i HAI
qac B poboTi KuiBchbKOro MaTeMaTuvHOrO TOBAPUCTBA.

0. O. fpaBe OyB OTHUM 3 HATXHEHHUKIB CTBOPEHHS Ta OpraHizarrii ¥ Kpa-
fucbkol Akasemil Hayk. [omoBa-TIIpesument YAH y Kuisi akagemixk B. 1. Bep-
HajchbKuil Ta mpodecop JI. O. I'paBe — BazKIMBO GY/IO yBIIBHUTH BYEHOTO
Bi/[ mepeBaHTaKeHHS 000B’I3KaMU BUKJIa/1a9a HABYAJIBHOTO 3aKJIaTy, Y TO-
My paasi, SKIINo BiH BUIBUB 3/IaTHICTH pyXaTH HayKy Bueped: «Axademis
NOBUHHA CKAAIAMUCA 3 06 °€0HAHNA 8YEHUT A100€eTl, AKE OMPUMYIOMb KOUL-
mu 610 deporcasu i 6100a10MbCA HAYUL 1 JOCAIOHUULKIT pobomi, AKX CNPasi
€8020 JHCUMMA, BUIHAHOT 0EPHCAB0I0 34 JEPHCABHO BANCAUBYY.

V i 1918 poxy 1. O. I pase 3a gopydennsm nobparuma B. 1. Bepras-
CbKOro OyB 3a/IydeHuil 10 miakoMicil 3 opranizariii ¢pizuko-MaTeMaTuIHOTO
Bigminenns YAH. «...YAH mana cupusiTé CTBOPEHHIO JOCJIJHUIBKUX 1H-
CTUTYTIB B yCIX TajIy3sx JIIOACHKUX 3HaHb». lIpasa /. O. ['pase, sk Iiii-
cuoro wiera YAH: moruit 1919 poxy -— miticauit @wien mocTiitao KoMicii 3i
CKJIaIaHHs 6iorpadiaHOro CJIOBHUKA YKPATHCHKUX IiA9iB, 3 mamoucta 1918
poky akajgemik C. II. Tumornenko 3acuyBaB [HCTUTYT TeXHITHOT MEXaHIKH,
sakuit 3 magoaucta 1919 poky mo kimms 1921 poky ouososas 1. O. r pa-
Be. IIporsarom csoro zkutts . O. I paBe 3ajuimaBcs »KUTH i HATXHEHHO
npaioBaB y Kuesi, monpu coriajbHi OTpsACiHHSA. 38 TOroYacHUX 0OCTaBUH
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6araTo XTO MPar’HyB KPaIlnx MICIlb IPOKUBAHHS, aJI€ BEJIETHI IyXy HE BTi-
KaJId BiJT peajIbHOCTi, a JOKJIaIaJ i 3yCUJIb JIJIS BILIMBY HA PO3BUTOK IO
Y CIPUSTIUBOMY JIJIA HAYKH HATPSIMI.

«¥Ymeopenna Yrpaincoroi Axademii Hayx mae eaune3ne HAUIOHAALHE
3navuenns, 6o 0 doci € bazamo 1100et, AKX CKENMUYHO | 3 HACMIULKON CMa-
BUMDBCA 00 YKPATHCHKO20 PYTY Ma 8I0POIHCEHHA, HE BBANCAIOMY MONHCAU-
BUM PO3BUMOK YKPATHCOKOL MOBU MG HAYKU. Jas mux dce, TMO 6ipumb,
0As K020 8idpodocenta ozo, ce — “ceamasn ceamur”, 0aa MUT YMEBOPEHHA
Axademii Hayx MaE 8eAUNESHY 6a2Y, € HAUIOHANBHOMW nompeboroy, MiHicTp
HapOJHOI OCBITH Ta MUCTENTBa, CIIB3aCHOBHUK Akasewmili Hayk M. Bacu-
JIEHKO.

Y 6epezni 2020 poky BunmoBamiaochk 100 pokiB Bij yacy 3acHyBaHHS aKa-
nemikom /. O. r paBe MaremMaTudHOrO iHCTUTYTY YKpaiHCbKOI Akajemil
Hayk (YAH). IIpo mro icropuvny MO0 Ta MOIJIsL HA TIOCTATh BUEHOro B
TOTOYACHUX CKJIQJHUX ICTOPUIHUX O0OCTaBUHAX TpeacTaBiaeHo B I Tomi miel
KOJIEKTUBHOI MoHOrpadil [4].

Haramgaemo suire, mo mMaTeMaTUYIHa THCTUTYIA YV CKJIAI ¥ KpPalHCHKOI
aKajeMil HayK HApOJUJIACH 38 Takux moii. Y joromy 1920 poxky 3arajibHi
360pu YAH nocranosmmm: o6paru mpodecopa JI. O. I pase wienom YAH Ha
geproBux 3arajgbHux 360pax 8 6epesusi 1920 poxy IIpodecopa . O. I'pa-
Be 0OpaJjii OJIHOTOJIOCHO Ha Kadeapy YuCTOl MATEMATUKHU 3 TOPYIEHHSIM
dKHaimBuame opragizysaru Maremaruunnii incturyt YAH, akuit i «6yiio
3aCHOBAHO B TOM caMuii 9ac 6e3 3BOJIIKAHHSIY.

Tpeba wHarosocuTH, MO MATEMATHIHA IHCTUTYIiS CTBOPEHA aKaJeMiKOM
JI. O. T pase rigHo TpuMae BUIIPOOYBAHHS i B HAII Yac, IPONIIOBIIN HEIIPO-
CTUI TIJIAX — BiJl HEBEJTMKOT'O KOJIEKTUBY BYECHUX-OTHO/LYMIIB O BCECBITHBO
BiJIOMOI HayKOBOI yCTAHOBH.

Binoma BugarHa poss mpodecopa . O. I'pase B cTBOpeHH] IPUpPOIHATO-
MaTeMaTUIHOro akyabreTy KuiBCHKOIo [IepKaBHOIO yKPalHCHKOrO yHi-
BepcUTeTy, AKuil 6y10 ypouucto BiakpuTo 6 Bepecus 1918 poky, B Toil pik
22 >KOBTHS TAKOXK CBATKOBO OyJio Bigkputo Kawm’ suenb-llomiabepkuit nep-
»KaBHUU YKPAITHChKWI YHIBEPCHUTET.

VYpouncre BingpurTad KuiBCbKOro 1€p:KaBHOIO yHIBEPCUTETY BimOyJI0ChH
y Hemito 6 sxoBTHS. 1licas ypouncroro mosiebHI0 rerbMad CKOpOmaachKMii
OTOJIOIIY€E YKaJlyBaHy I'paMoTry, sky 3ycrpiau suryku «Ciasaly ¥ cBolii
npomoBi CKOPONaICHKUI 3a3HAYUB, 110 [HOIO YPOUUCTOIO JTHS CJIiJT 3raia-
1 rerbManip Caraiinadnoro, XmMeabHuibkoro, Jopomrenka, Buroscbkoro,
JKi JIyMaJid TIPO PO3BUTOK OCBITH yKPATHCHKOIO HAPOMY. « A 001uA10 6Cima
CUAAMU NIOMPUMYBATNU OCBIMHIO CNPasy | 00KAGIY 8CIT CUA, U0 YKPATH-
coki yHisepcumemu 6yAu cnpasdi HAUBUUUMY 0CEPEIKAMU HAYKYU OAL OAG-
2a HaWo020 HaPody...[[b020 OHA...30KAUKAIO BAC CMAMU HA 8aPMIE NPABIUBOT
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€60600u, 006poi doni Hawoi yarobaenoi Yrpainuy. Bin imeni Ykpaiucbkol
HaIllOHAJIBHOI CITJIKU cJIoBO Oysio Hagano B. Bunuudenky. «...IJlonuni mu
HE MAAU CBOEL WKOAU, & HAUIA O3 UKOAU - HE HAUIA, & eEMHO2DAPGIYHULT M-
MePIan, AKUM MU OYAU CMIADKU CTNOAMD. .. HAUIOHANDHUT CO103 BIMAE BaAC
i3 YUM BEAUKUM OHEM i KAuve 8ac do 6opombOu 3a 8Ci NPABA HAUWO20 HAPO-
dy. Caasa nep8ousimy ykpaincvkoi nayku — ykpaincoromy yrisepcumemy!
Caasa nepwiti poduni mpogecopie ma cmydenmis uwvozo yHisepcumemy!
Caasa yxpaincvkomy Hapody, AKull cmag Ha 3aTUCT C80IX HAUIOHAALHUL
npas.

TorouacHi cycmisibHi nporiecu Oysu TicHO NOB’d3aHi 3 6araToOBIKOBOIO
icTopiero ykpalHCbKOl KyabTypu. BapTo TakoxK HaragaTwu, 1m0 JIAIE y TOi
qac HayKOBIIAM HaJ A M IIPABO 3aXUINATHA JUCEPTAIll YKPAIHCHKOIO MOBOIO.

BHavHa Bara TakoX HajexkuTh npodecopy . O. I'pase B opramisarii
Taspiiicbkoro yHiBepcuTeTy (yHIBEPCUTETY-3/IPABHMUIL), SIKAN TOYaB CBOIO
pobory y Tpasai 1918 poxky B Kpuwmy.

Ak Bimomo, 3 YacoMm Hepeasi30BaHi 3aJ[yMu Ta OKpeMi icTopudHi mosmil
[IepETBOPIOIOTHCA B JereHau. Jlo Takux JereHj B HAII Yac MOXKHA BiHe-
cru nocrimxennst J. O. T'pase 3 mpobiemu nosemenns Teopemu Pepma
Ta CIpobM OpraHi3yBaTH iICTOPUIHI JIOCIIiIXKEHHS Ta MePeKIa] CepeIHbOBI-
YHUX MAHYCKPHUITIB apaOChKuX mMareMaTwkiB. 1lylaHu cTOCOBHO OCBOEHHS
kocmocy. ¥ uepsai 1925 poky B Kuesi /1. O. fpaBe pa3oM 3 IHKEHEPOM
0. 4. ®enoposum (yuenn /1. fpaBe) oysa Binkpurta «Bucraska KuiBcbko-
ro ToBapucTBa 3 JOCIIPKEHHS CBITOBOIO TPOCTOPY», HA SKiil Y BiTAJILHOMY
ciosi J1. O. T pase mobazkas ycIixy y po3BUTKY HOBOI FajTy3i TEXHIKH, a caMe
y PO3BUTKY KOHCTPYKITiil MikiTaseTHux anapatis. IIpodecop 1. O. I'pase
— marypdinocod: Ha sacidanni Apyeozo 6iddinenna Yrpaincoroi axademii
nayx 610 13.05.1921 poxy 6yA0 nocmarnoaeno 3a Mo Aonoeiddio AKoMmo2a
weudko sacwmysamu «J1abopamopito excnepuMeRmarbHUL 00CAI0NHCEHD 3
HAMYPaAILHOT Pinocodiis...

Hanpukinmi 1mporo BCTYITHOTO CJIOBa 3ralye€ThCS BiJIOMHIT BUC/IIB IToeTa-
akamemika M. T. Pumbcbkoro: «Xmo me 3nae c6020 munyro20, mot He
sapmutll MatibymHnvo20, TMO HEe 6i0GE NPO CAGBY CB0Ix npedkis, Mot cam
He 8apmutl NOWaHUY.

VY mam yac KuiBcbKuM MaTeMaTUIHUM TOBAPUCTBOM 33 miarpuMku Ha-
[iOHAJIBHOI akameMil HayK YKpaiHnu, YKPaiHCHhKOIO MATEMaTHIHOTO TOBa-
pucrsa Ta [HcturyTy Mmarematruku HAH Ykpalau 3acHOBAHO IOPIiYHY Maii-
cTepHIO 3 MareMaTuky — umranHsa JImurpa Osekcamgposnda I pase, sk
OJIHY 3 HAMIIPECTUKHIIMUX JIEKI 3 MaTeMaTuKu B YKpaiHi. 3aaym r pa-
BEBCHKUX YUTAHbB IOJIATAE B CIPUSIHHI HAYKOBi#l CHIJIBHOTI YCBIIOMUTH TOMU
BHECOK, KW BiJlirpa€ MaTeMaTUKa JIJIg Cy4aCcHOTO MUCJIEHHS Ta IUBLII3a-
Iii.
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Heit Tom 36ipuuka npars [Heruryry marematnkn HAH Ykpainn npu-
cBsiaeno 160-piuato Bix mms mapomxenns: mpodecopa JI. O. I'pase. Moro
3MICT CKJIaQIAIOTh JIEKIIil HOIePeIHIX rpaBeBCBKI/IX YUTaHb Ta Mpalli 3 aKTy-
AJbHUX HAIPSIMIiB PO3BUTKY CydacHOI MATEMaTWKU B Y KpaiHi.

3 MeTOIO BIIaHYBaHHSI IaM sSITi BUIATHOIO BUEHOI'O-MATEMATHKA, TIEPIIO-
ro akajeMmika-mMareMarTuka YKpalHcbkol akajgemil Hayk Jmurpa Ojekcan-
JIpoBUYa fpaBe, 3BaKalo4uW Ha HOTro HAI3BUYANHO BEJWKWM | BUSHAHUN Yy
CBITI BHECOK Y PO3BUTOK MATEMATUKH ¥ CTBOPEHHS BEJUKOI MaTEMAaTHIHOL
mkogu B Ykpaini, Ilpesunis HAH Vkpainu nocranoBumia: «3achysamu
npemirto HAH Yxpainu imeni JI. O. I'pase, axa npucyorcyeamumemvcs
30 8UJAMHI HAYKOST POOOMU 8 2a.AY3T Mamemamuky no Biddirennio mame-
mamury HAH Yrpainuy.

Y mam gac iv’s 1. O. I pase ITPOJIOBYKYE 3aJIAIIATHACS CUMBOJIOM BHCOKOI
micii Buenux: «Iz ne nosunna saiuwamu 8IpPa 8 ICHYBAHHA 3AKAGIEHUT 8
Hadpax x po3ymy Axocmeli, wWo dams MOHCAUBICNG NIOHOCUMUCA OYTOM
6ce suue 1 suwe 68 Heckinwennicmovy. Teopuicts . O. fpaBe 3aItaInia
Tucstdi ceprenp. Moro HeTTiHHI Ipall, JAPYIOTH HPHiIEITHIM TOKOIIHHIM
BUYEHHUX JIyX CBOOOIU TBOPUOCTI.

Bemunkomy Buenomy BivuHa ciiaBal

IIi psinku Hammcano B dac OOpOTHOW 3a HAIMY CBOOOY, JAHI 3 BIpOIO Yy
Maitbyrrae. Cnasa Ykpalni! I'eposam ciasal
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36ipuuk npaip [a-ry maremarukun HAH Ykpaiau (2023) 1. 20, Nel, 698-711

Bix ceminapy I'paBe mo moximamx
KaTeropii

1O. A. JIposn,

Abstract. This article arose from my lecture at the First Grave Readings,
in which I tried to trace the path that began with D. Grave’s lectures and
seminar at Kyiv University and led to research in the most modern branches
of mathematics. Of course, I chose that one a branch of numerous directions
developed by Grave’s students and their scientific heirs, which is close to
the Kyiv School of Theory of Representations and to my own research. The
choice of material in the article is also completely subjective, and it does not
pretend to be historical review. Rather, it is the memories of a participant
in the events.

Amnotanis. I[a crarra Bunukia 3 Moel ekl Ha [lepmux I paBeBCbKuX dl-
TaHHAX, y SKill s HaMaraBcs MPOCTIIKYBATH IIJISX, [0 PO3MOYABCS 3 JIEKITii
i ceminapy /l. Ipase B KuiBchkomy yHiBEpCcuTeTi #f IPUBIB A0 MOCITIIZKEHD ¥
HANCy4YaCHININX Taly3dX MaTeMaTUKH. 3BUYARHO, 1 BUOPAB Ty Trajys3b 3 4d-
CJIEHHUX HANPSAMKIB, PO3BHHEHHK yauAMHI | paBe Ta X HAyKOBUMIH CIIaIKOEM-
siMu, gKa 6/m3bKa 10 KuiBebKoT mkom Teopil 300pazkenb i 10 MOTX BJIACHUX
Jociipkenb. Bubip marepiasy y crarTi TaKoXK IJIKOM Cy0’€KTHUBHUNE I BOHA
HE TMPeTEeH IyE Ha Te, o6 OyTH ictopuauuM orysgom. Cropimre, 1ie — croraun
YUaCHHUKA, TOIM.
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1. ITIOYATOK

s craTTs € cipobOI0 MPOCTIIKYBATH TJISAX, SKUH IPOMUIIIa OJHA Tij-
ka asreGpuanol mkomu, cropernol Jmmrpom Ipase, came Ta Timka, sKa
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Binpommnaca y Kwuesi, kosucti Bciel 1miel mkoau. Haramaro, 1mo 1d 1mko-
Jia, Oepe MovYaToK y ceminapi, axkuit mpoxoanB y KuiBcbKOMy yHiBepcHTETi
iy kepiBrumreom . T'pase. Och 1o mmme mpo me cam J. I'pase y cBoix
«Arobiorpadiunnx 3amuckax» [1]:

«4 ssavicas, wo e€dune NPABUALHE DOSYMIHHA YHIBEPCUMEMY € me, W0
yHisepcumem mae 6ymu AaOOPamopierd Hayku, 8 AKil KoxHcen npogecop
Mmae bymu docAiOHuUKOM, G CMYIeHM — NOYUHAIONVUM YUEHUM, | A SUPIULUG
y 1912-1914 poraz 30itichumu Mot 10er0 nid 8u2AA00M CEMIHAPY 3 ar2ebpu
1 Meopii Yucen.»

3 ceminapy I pase Buitnum Taxi Bizomi Bueni, ax B. Jemone, M. Kpas-
ayk, A. Ocrpoecekuit, M. Heborapror, O. [lIMmigr. Yci BoHU Bia3HAIMINACH
BUJIQATHUMU BHECKAMHU y CY4YaCHY aJredpy i Teopiro duces.

Curig 3a3HaqnTy, mo nepes mam J1. T'pase mposis Besmky poGoTy MO Tri-
rOTOBIi TiArPyHTS MaiidyTHbOTrO ceminapy. Ilounnaioum 3 cBOro mpuizdy
1o Kuesa, BiH po3nodas BUKJIaJIaHHA cydacHOI aireopu. Bzxe y 1902-1904
POKax BiH IpaIfioe HaJ JIeKIigMu 3 Teopil rpym, a 1908 poky y Kuesi Bu-
xomuTh #ioro kaura «Teopus rpynmy. ¥ 1909 BuxomuTh «DJieMeHTapPHBII
Kypc Teopun umces», a y 1910 ta 1913 pokax — gBoromua «Apudmernie-
CKasl Teopus ajredbpandeckux BeJudnHy (3apa3 11 HazBau 6 «ajareGpuaHoo
Teopiero ucesry ). [Tounnarouu 3 1911 poky BiH perysspHo myOJiKye cTarTi
3 anredpu Ta anaredbpudnol Teopil yuces. I ocraHHBOIO IOTO BEIMKOIO Ipa-
neto craB «Tpakrar 3 anrebpuanoro anamizyy». ¥ 1938 porii Buitnum nepiri
aBa ToMmu. Jlpyruit 3 HUX Mali2Ke TIOBHICTIO MPUCBAYEHUN caMe OCHOBaM aJl-
reOpUIHOI Teopil dncest, BKIIOYAIYHN 3araJibHy TEOPIfo iealtiB Ta OJUHUIIb,
agroput™m Boponoro i Teopito p-ammunux umcesa. Tperiit ToMm, 3a MIaHOM
JI. T'pase, MaB GyTH IMPUCBSYCHAIT KOHKPETHOMY POSIVISLY KB/ IPATHIHIX
mosiiB i GiHapHMX KBaJpaTudIHuX GopM, pagam ipixie 3 Teopemoio Ipo
mpocTti unciia B apudMeTHdHil mporpecii, cumBosam ['iipbepra i reome-
TpuUYHi# Teopil umces, 30kpema, poboram I'. Boponoro it B. lemone. Ha
xkasb JImurpo OsiekcanapoBud He BCTHUTD JIOBECTHU ITI0 POOOTY JI0 KiHIIH.

Hocaimxennsa B raay3i aaredOpuaHOl Teopil Yrces CTaIu CIIPABOIO KUTTS
B. Jenoue. Voro crymnentcbka pobora, yrnocroena Bemmroi Somorol Memai
— «CBs13b MeXK Iy Teopueil uaeasioB u Teopueii [amyay, a mepima omybikoBa-
Ha pobora — «O6 onpenesieHnn aaredpandeckoil 00IacT IPU IIOMOIIY KOH-
TPYSHTHOCTE» MPUCBAYEHa JI0BereHHI0 Teopemu Kponekepa-Bebepa mpo
Te, IO JIOBiJIbHE PO3IIUPEHHS IO/ PAI[IOHAJBHUX YHUCes 3 abesIeBOIO I'Py-
100 faﬂya BKJIQJIAE€THCSL Y SIKECH TIOJIE TTOMLLY KoJia. AJjie HaflBuaaTHIIUMK
nocaraenusavu B. Jlestone B 1iiit raJiy3i cTa u JOCTIIZKEeHHS I/IOUNCE/TbHUAX
Ginapuux Kybiaaux popM i, y 3B’43Ky 3 HUMU, KyOIIHUX OB aJIreOpUIHIX
qucesi. Cam Bopuc MukostaitoBud BBaXkaB 11i pob0TH CBOIMU HANKpPAITAMHY,
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He3BaXKalody Ha Te, 10 HaJaJll BiH BHIC QpyHIaMEHTAJbLHUI BHECOK y Teo-
MeTpiro unces Ta bararoBuMipHy Kpucrasgorpadiro. IligcymkoMm 1boro mu-
Ky mocaimkens b. Jemone ta #ioro yuna /1. @ammeeBa crasa moHOrpadis
«Teopust nuppanmonaabaocTeil Tperbeit crenenny (1940 p.). Likaso, mo y
BCTYIIi, KOMEHTyIouH OaHy 3 TeopeM, b. /leone 3ramye, 1mo BoHa 11OB’g3aHa
3 (IPUIYIIEHHAM, K€ BUHUKJIO 3 PO3TJISI/Ly BEJIUKOI TaOJUIN JUCKPUMIiHAH-
TiB KyOiYHUX OmMHUIL, obumcaenol y 1918 pomi g MeHe 3a JIOIOMOrOI0
apudmomerpiB cryaenramMu KuiBCbKOTO yHIBEPCUTETY .

2. IIIJIOYMCEJIBHI 30BPAXKEHHSI

Toit HanpsMOK, TTPO AKuUit g OyIy HaIAi TOBOPUTHU, (DAKTUIHO TOXOIUTD
Bi 1iel monorpadii. Came, y §15 Tam BCTAHOBJIEHO 3B’sI30K MiXK OIHAPDHUMM
KBaIPATUIHUMU (HPOPMAMU

az® 4+ b’y + cxy® + dy?,

ae a,b,c,d — uii umcna, 1 KYOIHHUMU KiALUAMU, TOOTO KiJbIEMH IIJIAX
AJITeOPUIHUX YHUCeN, SKi JeKaTh y KyOIUHUX PO3IIUPEHHSAX IOJIS PAIlio-
maapanx umcea'. Y 1960-1i poxu JI. ®ajjieeB HOBEPHYBCSA 10 IIHOTO pe-
3YJIBTATY y 3B’43KY 3 MEOPLE Uiaovucesvhux 300pascers. 1linoancenbue
300parkeHHsl Kijiblisd (200 rpymn) — e ToMOMOPdI3M y KiJIbIE IiJI0YUCe b
HUX MAaTpUIlhb (BIAIOBIIHO, y TPYyIly 0GEPTOBHUX I[IJIOUUCETLHIX MATPUIID).
Inrepec mo misiouncesbHUX 300pakKeHb I'PYI BUHUK Y 3B’S3Ky 3 poboTa-
mu €. @enopona i A. lendurica po xpucmanoezpadiuni epyni, BUBICHHS
JKAX BUMArae, 30KpeMa, Kiacu@ikalil miouncebHuX 300parkeHb CKiHIeH-
nux rpym. Kiracuana teopema 2Kopaana kaxke, 1o mpu pikCoBaHiit po3mip-
HOCTI JIaHa CKiHYeHHa IpyIia Mag JIUIe CKiHIeHHY KiJbKiCTh Hei30MOPMHUX
(HeekBiBaJIEHTHHUX) IiI0UnceabHIX 300paxkenb. ¥ 1938 poui I'. [laccenrayc
JIaB HOBe JI0BejleHHs 11i€l Teopemu [27], a iioro yuens ®@. linepikcen omu-
caB 300paKeHHsI IUKJIIYHOI IPyIH IIPOCTOro nopsiaky [8]. V Tiii ke pobori
®. JlimepikceH MOBOMUB, IO BXKE MUKJIYHA IPyIa MOPAAKY 4 Mae HEeCKiH-
YeHHY KUIbKICTb HEi30MOP(MHUX HEPOSKIJIHUX IIJOTUCETbHIX 300paKeHb
(3BU9aiiHO, HEOOMEXKEHUX PO3MIPHOCTEI).

VTiM, OCTaHHE TBEp/2KEHHS BUABUIOCH XxubOHmMM, i y 1960 porti ydeHob
. ®amneesa — A. Poiitep — 110BiB, o I rpymna Mae Juie 9 Hepo3KJia-
JHUX TiiouncebHux 306paxkens [47]. [Tepen num 3. Bopesny i 1. Paje-
€B JIOBEJIN, BUXOIAYN 3 MiPKyBaHb I'OMOJIOTIYHOI ajarebpu, Mo HEeIMUKIivHa
rpymia 3aBXKIU Ma€ HECKIHYEHHO 0araTo HeizoMOp(HUX HEPO3KJIAIHUX ITi-
JouncebHUX 300pakenb [33]. ¥V 1962-1964 pokax y poborax C. Bepmana

! Hacopargi, i Ty, i mmkde, me fiaeThes Ipo KBAIPATHYHI KilbIs, POSIVIAIAETHCS IIIHp-
Uil KJIac KiJelb, a caMe Taki, dKi JieKaTh y HAIBIPOCTUX ajredpax HaJl IOJeM pPallio-
HaJIBHUX 9HCesI. Y TiM, OCHOBHI Pe3y/JbTaTH BiJ IIbOIN0 IPAKTUYHO HE 3aJIeXKaTh.



Bin ceminapy I pase 10 moxiganx Kareropiit 701

i II. I'yaiska, A. Xesepa i I. Paiinepa ta A. /I:xoHca 06yj10 BCTAHOBJIEHO,
IO CKiHYEeHHA T'PYyIa MAa€ JIUIIEe CKIHYEHHY KIJIbKICTh HEPO3KJIAJIHUX Hei-
30MOPQHUX IMIOYUCETHbHAX 300parKeHb TOMI i JIUIEe TO/l, KOJIM KOXKHA T1
CHJIOBCHKA P-THATPyTIa € MUKJIYHO0 TopaaKy p abo p? [20,21,23,30,31].

Ha mouarky 1960-x pokiB BUHHK iHTEpec BKe JI0 IJIOUUCEHbHUX 300pa-
JK€Hb KiJIeIlb, TIEPIII 3a BCe, KiJelb aJreOpuIHux Iuces. ¥y HAWIPOCTIIIoMy
BapiaHTi 1e — 3a7a49a ONKCY IJIOYNCEbHAX MATPUIHUX PO3B’SI3KiB ajre-
OpuuHUX piBHsIHB. [lepminit KPoK y IOMY HANpPsMKY 3podouan 3. bopesuu
i . ®agmeen. Y 1960 porri BOHM ONMMCAJHA IIJI0YNCETbHI 300parKeHHsT K6a-
IPAMUNHUL KiAEYDL, TOOTO KiJIelhb MINX aJreOpUIHUX 9HUCesT, K1 JeXKaTh y
KBaJIDATUYHUX PO3IIMPEHHSX [0JIs panioHajbHux uucest [34]. Bussuiocs,
0 BCi 1Ml 300pakKeHHs peaIi3yioThed B ifeasiax Kiibig. Hamasmi meit pe-
3y/abTaT ysarajbHuan i foro asropu [35], i I'. Bace [4] (ui y3arampaenms
BUSIBWJINCH eKBiBajieHTHUME). BimdyBatouu moTpedy y JesKuX 3arajbHUX
niarpysrax, 1. @asyees onybuikyBas Besiuky pobory [49], y sikuit Bukiias
3arajbHi QyHIaMeHTAJIbHI TOHATTS i PpakTu Teopil mijoaucesbHIX 300pa-
JKEHb KI1JIellb.

Y ToMy camMOMy BUITYCKY 3’dIBHJIACh i HOr0O CTATTs, MPUCBAYEHA KyOi-
gauM KijabigM [50]. YV Hill BuksageHo 3B’s30K KyOiuHUX Kijrenp Ta Kybi-
9HUX (POPM, & TAKOXK BCTAHOBJIEHO BAXKJIMBUI pe3yJibTaT, IO SKIO [ —
inean Kybiunoro Kinbug A, To mjig JOBIBHOIO IPOCTOrO p JIOKasizamis I
isomopdua abo Ay, abo Ay, ne

A* = Homy(A,7Z)
— JlyaJibHUH izeasr. BCTaHOBIEHO TAKOXK, IO 3aBXK/H
2 o A
I ~ 4,

nute gesikoro Hakiabis A’ o A?. Ha mxosi 1964 p. B Yakropoai, ne J1. ®@a-
JIEEB BUKJIAJAB IIi PE3yJIbTaTH, BiH 3alPOIIOHYBAB PO3IVIAHYTHU 33Ja4y PO
300pazkeHHsd KyOidHUX KiJIelb, 30KpeMa, 3HATU KpUTepiit Toro, mo Kyoi-
YHE KiJIbIle MAag€ JIUIIE CKIHYEHHY KUIBKICTh HEI30MOP(MHUX HEPO3KJIATHUX
IJIOYUCETbHIX 300pakeHb (K 3apa3 KaxKyTh, KPUTEPiil 300pastcy6anvorol
cxinuennocmi). Te, mo, Ha BiAMiHY BiJ| KBAAPaTHYHUX KiJelb, I HE MOYKE
OyTu 3aBXK U Tak, Oysa0 Oibi-MeHIn 3po3ymisio. Y Kuesi came Ha moyarky
1960-x pokis mix kKepiBuuirBoM A. Poiitepa cdhopmyBasiacs rpyna MOJIOIAX
MaTEeMaTHKIB, AKi PO3MOYAIN AKTUBHI JOCJIII?KEHHSA 3 TeoPil MiIJIOUNCETbHUX
3obpaxkenb. Jlo uel ysinm B. Kupudaenko, C. Kpyrask, JI. Hazaposa i s.
Y maitbyTapoMy came 3 11i€l rpymnu Buiinuia KulBcbka 1mkosa teopil 306pa-
JKeHb. Y mepebiry po3novaTux JOCHi2KeHb MeHI BIAJIOCH 3HARTH KPUTEpiii
300paKyBaJIbHOI CKIHYEHHOCT] st KyOiuHux Kiserp [37).

? ITizwimme MeHi BAAJIOCS Y3araJbHUTH I PE3yIBTATH B POGOTI [38].
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Teopema 2.1. Hexatli A — xybiune xiavue, M — o020 maxcumasvHe Hao-
kiavye, M /N — npama cyma yursivnuz epyn nopsdkie m in dem | n. A
MAE CKIHYEHHY KIALKICTL HEPO3KAGOHUL 300pasicendb modi U auwe modi,
Koau m eiavre 6id Keadpamie.

Binbmr Toro, nopiBasiHO mBuako A. Poiitep i g y3arajabHuIn 1eii pe3yJib-
TaT i OTpUMAaJIM KPUTEPiil 300parKyBajbHOI CKIHYEHHOCTI JJIsT JIOBIIBHUX
KOMYTATUBHUX Kijenp [44].

Teopema 2.2. Hexati M — makxcumanvre nadkiavue A,
I=DM/A, I'=radl.

A mae ckinuenny xiavkicms neposkaadnux 306pasicens modi i suwe modi,
koau I mae 2 meipruzx, a I' — yuraiunut A-modyan.

Pisnocunibuumit kpurepiit, xoua ¥ Tpoxu B IHIIUX TEPMiHAX, OTPUMAaB
ofHOYACHO IBejCchbKuilt Maremaruk I'. fkobincki [22]. Iapasensuo Gysm
po3pobJIeHi HOBI MeToau, IO Opajy MOYATOK Yy 3rajlaHuX BUIlE poboTax
3. bopesiua i JI. ®agneesa ta I'. Bacca, i ctBopena Teopisi baccoBux i
kBazabaccoux Kijenp [41,43|. Ile namo 3mory B. Kupuvenky i meni yza-
raJIbHUTA KPUTEPiit 300pakyBajibHOI CKIHYEHHOCTI Ha TITUPOKUN KJIAC He-
KoMmyTaTuBHEUX Kistenpb [42]. Taxi 6ysu 3100yTkun KuiBebKol mkosm y Teopil
[IJIOYUCETFHUX 300parkeHb Ha MEPIIOMY eTarll 11 pO3BUTKY.

3. PYYHI TA JUKI OCOBJUBOCTI KPUBUX

Ha nesikuit gac inTepec 10 Teopil MijouncesbHIX 300pakeHb, BKIIOUAI0-
qu #1 KUIBCbKY IIKOJTY, JEIO CIaB, i OCHOBHI JOCJIi?KEHHS TTEPEMIiCTUIACS
J10 300parkeHb CKiHYeHHOBUMIpHUX ajreop. lle Oyso imimiitoBano GJimcKy-
4010 poboroo A. Poiirepa, B gKiii BiH H0OBIB OIHY 3 KJIACHYHUX TIilOTE3
Bpayepa-Tposra [48], a Takox poboramu I1. TaGpiens [18] Ta JI. Hazapo-
Boi i A. Poiirepa [45], 3 skuxX po3novasocs TOCITiIZKEHHs 300pazkKeHb caraii-
JAKIB 1 YACTKOBO BIIOPSAIKOBAHUX MHOXKWH. BiJlpojmBecs iHTEpec JI0 Teopil
IITOYNCeTbHAX 300pazkeHb 3HAYHO Mipoio 3aBasgkn pobori I .-M. T'poite-
ag i I'. Kaoppepa [19], B skiit 6y/10 BCTAaHOBJIEHO HECIIO/IBaHI 3B’A3KHU 1Ii€l
Teopil 3 meopicto ocobausocmeti. Came, y Hilk OyIU POSIJIAHYTI 0C0OAUB0CTE
aN2EOPUMNHUL KPpUBUL, abo, IO Te caMe, KOMyTaTuBHI ajarebpu A HaJ Kiib-
nem dopmanbaux psigis R = k[[t]], i BupimyBasoch nuraHHS, KOJIU Taka
ajrebpa Mae JIuIe CKiHIeHHY KiJbKICTh Hei30MOPMHIX HEPO3KIAIHAX MO-
nayiis Koena-Maxkosiess. Y maHOMY BUITQIKY 1€ — T€ came, 0 300parKeHHsT
asnrebpu A Has Kinbiem R. 3Buuaitno, Bianosiap gano y pobori [44], ne pos-
TJISTHYTO 3arajibHy CUTYAIlI0 OJJTHOBUMIPDHUX HETEPOBUX KIJIEIlh, aJie aBTOPU
He Oysin 3 Hero 3HaMoMi. HaToMicTh, KOPUCTYIOUNCh TEXHIKOIO, OJIM3BKOIO
110 poboru I'. SIkob6incbkoro [22], BoHM oTpuMaJn KpuTepiii i, 1110 0cobauBo
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BaXKJIMBO, IIOB’s3aju fOTo 3 Kjacudikallieo ocobamBocTeil, po3pobIeHo0
B. Apnosbgom [28]. Haranaro, mo B. ApHousb yBiB OHATTSI npocmoi oco-
bausocmi gK Takol, B JOCTATHBO MAJIOMY OKOJIi AKOl € JIUIe CKiHYeHHa
KiJTBbKiCTh HeeKBiBaJleHTHUX ocobauBocTeii. IIpocti 0cobanBocTi BUSBUINCH
noB’s;3aHuMu 31 cxemamu Jdunkina Ay, Dy, B, E7, By, nobpe BimoMumu 3
Teopil rpym JIi. Ile — 0cobIMBOCTI TTOCKUX KPUBUX, 33 IaHUX PiBHIHHIMEI

Ap o x? =yt

Dy : 2’y =9""1 (n=4),
E¢: 2° = y4,

E7: 23 =xy?,

Es: 2® =y°,

Pesynrar I poitenst i Knoppepa 6yB Taxmm:

Teopema 3.1. Ocobausicms anrzebpuiHol KPUBOi MAE CKIHYEHHY KINBKICTMD
HEIZOMOPPHULT HEPO3KAGOHUT M0odyaie Koena-Makroaes modi G suwe modi,
K0AU 60Ha TOMIHYE npocmy ocobausicms (mobmo € i nadkisvuyem,).

Ha 1ieit vac y Teopil 300paKeHb CKiIHYEHHOBUMIPHUX aJIre0p 3’sicyBaJIocs,
0 300parkyBajbHO HECKIHYEHHI ajreOpu pO3MJISIOThCA HA JIBA iCTOTHO
pisHi Tunm: pyuni i duki. Pyuani amrebpu — 1e Taki, y 9KUX HEPO3KJIAJIHI
300pazKeHHs KOXKHOI JJaHOI PO3MIPHOCTI YTBOPIOIOTH CKIHUYEHHY KiJIbKiCTh
onHOnapaMeTpudHuX cimeir. JIuki anrebpu MoKy Th OyTH OXapakKTepU30BaHi
nBoMa, criocobamu (AKi, BTiM, BUSBHINCH DiBHOCHILHAME)®:

e (reOMeTPUYHO) SK TaKi, JJisi SKUX ICHYIOTH CiM’T Hei30MOpPMHUX HEPO3-
KJIQIHUX 300parkeHb, IO 3aJ1e2KaTh BiJl TOBIJIBHOI KiJIbKOCTI TapaMeTpis;

e (ayrebpuvHO) 9K Taki, Mo Kaacudikamisa X 300paxKeHb MICTUTL y cObi
KIacuikaIlio 300pakeHb JOBLILHOI CKiHYeHHOITOPOI2KEHOI aarebpu.

Y pobori [39] s moBiB, Mo Oy/b-siKa CKIHYEHHOBUMIpHA ajrebpa HaJl ajare-
OpPUYHO 3aMKHEHUM I10JIeM € ab0 PyIHOI0, a0 JTUKOIO.

[TousiTTst pydHMX i IUKUX TPUPOITHO MEPEHOCITHCS Ha iHIM Kiaacudika-
mifiHi 3a7a4i, 30kpema, y Teopito moayiiB Koena-Makoses. ¥ 1990 p. min
Jac ceminapy, opramizosasoro y Bimedemnsmi K. Pinresem, I'.-M. I poitess
BUCYHYB JIesiKy TiIOTe3y PO 3B’A30K OCOOJIMBOCTEH, PYIHUX Y ITHOMY CEH-
ci, 3 kmacudikaiiero ApHOIbIA TaK 3BAHUX YHIMOJAABHULT 0CObAUBOCMET.
Vr1iMm, Ha 1€t yac y MeHe BxKe OyB KOHTPIPHUKJAJ J0 HOro rimoresu, mpo
o s fiomy i posnosiB. Mu Bupimmim jerasbHinie BUBIUTU IO TPOOJIE-
My, 1 HaM BJIAJIOCS 3HAWTU KPUTEPINl PYIHOCTI JJIsi OCOOJIUBOCTEN KPUBUX i

# ®opmasbui o3Hauenus MoxHa 3uaiita B orsi [10].
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BCTAHOBUTH HOT0 3B’SI30K 3 KJiacudikaiieo ApHoabaa. A came, y miit Kia-
cudikariil 0cobIUBY POJIb BiIrpaloTh «cepititi 00HONapamempuHi 0cobau-
socmi» abo ocobausocmi muny Tpy, TOOTO 0COOIMBOCTI MIOCKUX KPHUBUX,
3aIaHUX PIBHAHHMU

Tpy : P +y? + \a?y? =0,

Jie
11 1

poq 2
Tyt A € k — neaxuit mapamerp. Ilpu (p,q) ¢ {(4,4),(3,6)} neit nmapamerp
poii He Bimirpae: Bci floro 3uaveHHs, KpiM 3aboponeHoro A = 0, 1a0Tb
isomopdui ocobmsocti. Ilpu (p,q) € {(4,4),(3,3)} e Bxke He Tak. 3abo0-
POHEHUMHU TYT € 3Ha4YeHHs A = +2 npu (p,q) = (4,4) i Tpu 3HAYEHHS, /I
aknx 4\3 = —27 pu (p, ¢) = (3, 6), a pisni sHavennsa A qal0Th HeizomopdHi
ocobismBocTi. ¥ pobori [11] noBeseHo Taky Teopemy:

Teopema 3.2. Ocobaugicmvd anzebpuwhoi Kpusoi € pyunoro modi U sue
moodi, Koau 6ona dominye AxYcoy ocobausicmv muny Ty, .

Ha »xkaub, Ha BiaMiny Big pobirt (19,22, 44|, TyT He 6yJI0 OTPUMAHO OIKC
MOJIYJIiB — ICTOTHAM iHCTPYMEHTOM OyJIO BUKOPUCTAHHA jedopMarliiii, 1o
JTAJI0 MOXKJINBICTh OTPUMATH KPUTEPIii, ajie 6e3 SIBHOI KOHCTPYKII1 MO/TYJIIB.
Brim, noBHwmii omuc i goci orpumanwmii Jiuiie it ocobsmBocteit tamy Ty |9,

14,15].

4. BEKTOPHI PO3IIAPYBAHHS 1 OCOBJIMBOCTI IIOBEPXOHb

HactynuuM KpoKoM MaB CTaTH PO3TJIA nogeprresur ocobausocmeti. Ha
ne#t yac 6ys0 BimoMo, 110 300parkyBaJIbHO CKiHUEHHI ITOBEpPXHEBi 0Co0JH-
BOCTI — 11 Tak 3BaHi daxmop-ocobausocmi (quotient singularities), To6To
anre6bpu insapiantis k[[z, y]]¢ npu aii ckinuenmoi rpymu G Ha Kimbii dbop-
MAaJIbHUX CTEIeHEeBUX DPsiIiB B aBox 3minnux [3,17]. st mocstizkenns py-
qHOCTI HmirpyHTsM craia pobora K. Kana [24], B sikiii BcTaHOBJIEHO 3B 130K
Moyt Koena-Maxkosiess HaJl TOBEPXHEBOIO OCOOJIMBICTIO 3 8EKMOPHUMU
PO3WAPYBAHHAMYU HAIL BUKAOUHON KPUBOIO PO3B’ SI3aHHS i€l 0COOIUBOCTI.
OcraHHs € TPOEKTUBHOK KPUBOIO, TOXK MIPUPOIHO CTAJIO MUTAHHS PO KJa-
cudikalfiio BEeKTOPHUX PO3IIAPYyBaHb HAJ MPOEKTUBHUME KpUBUMH. Taka
kiacudikanis 6yaa Bizoma Jmme s npoekTusHOI mpsiMol P, e BoHa
HAUMPOCTiIa: HEPO3KJIAJIHUMU € JIWITe JIHIHI po3lapyBaHHSA, a TaKOXK
IS eMinmushux kpueux (HeocobaMBUX KpUBHUX poiay 1, abo, mo Te came,
HeOCOO/IMBIUX IIJIOCKUX KyOiK) [2]. ¥ ocTanHbOMY BUIAIKY HEPO3KJ/IAIHI PO3-
[IapyBaHHs JAHOTO PAHTY U CTENEHs yTBOPIOIOTDH CiM'I0, MapaMeTpu30BaHy
Toukamu Kpuboi. OTxKe, 1e — pydHHMIl BHUIAQIOK. 3 iHIIONO GOKY, JTOBOJI
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HECKJIQJTHO BCTAHOBHTH, IO KiacudiKallid BEKTOPHAX PO3IIapyBaHb HaJl
KPHBOIO pofy g > 1 Bxke € aukoro. IIpo Bunmaok KpuBux 3 0coOIMBOCTAMEI
(a Taki Haifyacrilie BUHUKAIOTH K BUKJIIOYHI KPUBI PO3B’s3aHb) HE OyII0
BIJJOMO HIiYOIO.

Mu 3 I'.-M. I'poitesrem BeTanoBuIM Taxumii pesymbrar [12].

Teopema 4.1. 38’A3Ha NPOEKMUBHA KPUBA € PYUHOIO 6I0HOCHO KAACUDI-
KaUtl 8eXKMOPHUT PO3Wapysard modi U suue modi, KoAU 60HaA € GO0 NPO-
EXMUBHON0 NPAMOI0, DO EAINMUNHOI0 KPUBOID, aD0 AGHUI020M YU UUKAOM
NPOEKMUBHUL NPAMUL 3 MPAHCEEPCANDHUMU NEpemuHamu. Bei inwi npoe-
KMUGHT KPUGt € JUKUMU 8I0HOCHO KAACUPIKAUTT 8EKMOPHUL POSUWAPYEAHD.

Ocranniii BUIaI0K O3HAYAE, IO BCi HE3BIMHI KOMIIOHEHTH KPHBOI — II€
ITPOEKTUBHI MPAMi, BCi X MMEPETUHA € TPAHCBEPCAJIHLHUMH 1, TIPU JAEIKil Hy-
Mepariil TpIMUX, KOKHA [IEPETUHAE HACTYIHY 1, Y BUITAIKY ITUKJIY, OCTAHHS
[IepeTUHAE TePIry. Y BUMAIAKY IMUKJIY 3 5 KOMIIOHEHTAMHU II€ BUIJIAIAE TaK:

fAximo Taka KpuBa Ma€ OJHY KOMIIOHEHTY, Iie — HOJaJIbHa KyOiKa, sAKIIOo
1Bl — 1e meperus npsmMol 3 KoioMm. IIpu mpoMy y Bumanky sanigora (pifg
Takoi KpuBol JopiBHIoe () BCi HEPO3KIIAHI PO3IIAPYBaHHS € JIHIAHUME, &
y BUNAJKY 1mkiy (fioro pix mopisaioe 1), npu dikcoBanomy panry i di-
KCOBAaHUX CTEINEeHAX Ha KOXKHIN KOMIIOHEHTI, HEPO3KJIAIHI pO3ITapyBaHHS
YTBOPIOIOTH CKIHUEHHY KIJIBKICTh ciMell, KOXKHa 3 IKHX IapaMeTPU30BaHA
TOYKaMU MPOEKTUBHOI mpsiMol. [lpu mpomy Brajocs i maTu MOBHUN OIHUC
BiZITOBITHUX BEKTOPHUX PO3MIapyBaHb. fAK i y BUMaaKy ocobmBoCcTell KpPHU-
BUX, 1€l OIKC 3BOJUBCHA IO TAaK 3BAHUX 6 A30K AAHUI0218, ITOCIiIKEHUX Y
poGorax JI. Hazaposol i A. Poiirepa [46] ta B. Bornnapenka [32].

Pazom 3 pobororo Kana 1ie 103BO/IMIO BUPIMIUTH THUTAHHA PO PYyUHI
¥ JuKi MOBEpXHEBI 0COOJMBOCTI /IS BasKJIUBOTO KJIACY TaK 3BAHUX MiHi-
MaavHo eminmuynur ocobausocmetd; [25]. Ile ropenmreiioBi moBepxHEBi
ocobuBocti poxay 1. Cepel HUX BUILIAIOTHCS

® NPOCMI eAnMUYHL 0cObAUBOCTE — TaKi, IO BUKJIIOYHA KPUBA € EJIIl-
TUYHOIO KPUBOIO;

e Kacnidaavmi 0cobausocmi — TaKi, MO BUKIIOYHA KPUBA € IUKJIOM IIPOE-
KTUBHUX IPAMUX.

Y poborti [13] BcTaHOBIEHO TAaKMil pe3yJibTAT.
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Teopema 4.2. MiHiMaAbHO EAINMUYHG NOBEPTHEBR 0COOAUBICG € DY-
Y010 Modi U Auwe modi, KoAU 60HG € GO0 TPOCTOIO EJITUIHOI, b0
KacCHigaJIbHO0. B ycix thwuxr sunadkax 8ona € dukono.

3okpeMa, SKIIO e — OCODJIMBICTD MOBEPXHI ¥ TPUBUMIPHOMY ITPOCTOPI,
TO TI¢ — ocobmuBicTh THILy T}, 4 », TOOTO 33J]AETHCA PIBHAHHAM

Tpgr = 2P +y?+2" + Avyz = 0,

e
1 1 1
- +-4+-<1, p<g<r, A¢{0,1}.
p q r

Axro % + % + % = 1, e mpocTa eJinTUIHa OCOOIUBICTD, SKINO HEPIBHICTH
cTpora — KacliJaJibHa OCOO/IUBICTh. ¥ OCTAHHBOMY BUIIAJIKY BCI 3HAYCHHS
A (Brurouaroun A = 1) Bu3HAYAKOTH 130MOPdHI 0COBIMBOCTI.

i py9HUX MMOBEPXHEBUX OCOOJMBOCTEN TakKoxK Oys0 JaHo Kiacudika-
IiI0 MOJYJB (I HpOCTUX eMnTUIHUX ocobsmBocTeil 1e 3pobus me K.
Kan y Tiii camiii po6ori [24]).

5. TToX1ogHI KATETOPIT

Y poGoti [12] mu 3 T'.-M. I'poiieieM 3BepHY/IH yBary Ha Te, IO OIHC
BEKTOPHUX PO3IIAPyBaHb HAJ, IUK/JIAMHU MPOEKTUBHUX MPIMUX Ma€ 0araTo
CIILTBHOTO 3 OIUCOM 300DazKeHb JIEAKNX CKIHYCHHOBUMIpHUX aaredp. ¥ Haii-
IIPOCTIIIIOMY BUIAJIKY HOJAJIHHOI KyOiku — 11e ajaredbpa, 3a1aHa caraifiakomMm
31 CIIBBiTHOIIEHHAMHI

ai b1

.C.C. b1a1 = b2a2 = 0. (5.1)

a2 b
3BuuaiitHo, My 3HaJIM PO KiacuuHy pobory A. Beiinincona (29|, B skiit 6ys10
BCTAHOBJIEHO 3B’d3KM MiK BEKTOPHUMH PO3MIAPYBAHHAMU HAJ TPOEKTUB-
HUM TIpocTopoM P” Ta 300parkeHHAMN JeAKUX CKIHIeHHOBUMIpHUX ajreop,
30kpema, Mixk P! ta ceeatidakom Kponexepa o Z____~ . Ane ocHoBHEM Yy
1ii1 poboTi OyJIO HOBEJIEHHS TOrO, IO EKBIBAJIEHTHUMU € MOTIOHT KaMe20pii
KOTepPEeHTHHUX MMyuKiB Haa P Ta MomaysaiB HaJ BiamosimHow anrebporo. Taka
eKBiBaJIeHTHICTD 3a/1a€Thest byrkTopom Hom(T, —), ne

T = é Opn (k)
k=0

— TaK 3BaHUN miamine-nywok. Y BUNAJIKY HOJIAIBHOI KyOiku it asreGpu (5.1)
TaKa €KBiBaJEHTHICTb OyJIla HAIIEBHO HEMOXKJIMBOIO, OCKIJIBKH TJI00aJIbHA T'0-
MOJIOriYHa PO3MIpPHICT Iii€l anrebpu ckiHdeHHa (IOpiBHIOE 2), a riobaabHa
rOMOJIOTiYHa PO3MIPHICTh HOJIAJIBHOI KyOiKM HECKiHYEHHA.
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Pos’sacuenns i€l 3aragku Oymo gano y pobori I. Bypbana i moiit [5],
dKa JIaJia T0YaTOK IUKJIy PODIT, IPUCBAYEHUX IIOXIJIHUM KaTeropiam. ¥
it poboTti 6y0 MOOyIOBAHE HOBE KaMmezopHe PO36°A3aHHA 0CODIUBOCTEH
HomasbHOl KpuBoil. Ha Toil yac KOHCTPYKIlif KaTeropHUX PO3B’d3aHb y Pi-
3HAX BUIVIAIAX BKe Oysa Bimoma, aje BCi BoHM MaJym OfguH Hemaomik. Ilo-
OyaoBaHi KaTeropil 3aJIAIIAJINCH JIEAKUME JOCUTH CKJIAJHUMUA KaTEerOPHU-
MM KOHCTPYKIIAMU, 3 AKUMU OYJIO JIOCUTh BAaXKKO €(DEKTUBHO IIPAIIOBATH.
Haine po3s’sa3anns O6yayBaJioch y «BHYTPINIHIX paMKax» ajJrebpuvHoOl reo-
MeTpil, TOYHIIE, HEKOMYMamuerol aszedbpuunol zeomempii. A came, mu
PO3IIAHY/ I 3BUYAWHE T€OMETPUIHE PO3B’d3aHHA HOMAJBLHOI KpuBOI X —
JIOMiHAHTHE pallioOHAJbHE BimoOpasKeHHsT

7Pl > X,

Bomno € isomopdizmom 1mo3a 0COOJIUBOIO TOYKOIO, & OCTAHHS MA€ JIBa IIPO-
obpasu. Ilosnaummo depes O mydok peryiasipHux QyHKI Ha X, depes O
npsaMuit 06pa3 pu Bimobpakenni 7 myuka perynspHux by za Pl i
PO3IJITHEMO IIYYOK eHaoMOopdizMin

A=Endp(O®O).

IMapa X = (X, .A) € nupukiagoMm Hexkomymamusrot anrzebpuunoi kpusoi. s
HEl, 9K 1 JIJIsi 3BUYAHUX aJreOpUIHIX KPUBUX MOYKHA PO3IJISIATH KATErO-
pito korepentHux myukiB Coh X ra i1 noxiguy kareropito D(CohX). s
kpuBol X roMoJIoTiYHa PO3MIPHICTH BiKe CKiHueHHA (I0piBHIOE 2), TOOTO B
IbOMY PO3yMiHHI BOHa HeocoOsmBa. 3 iHmoro 6oky, kareropii Coh X ra
Coh X nos’si3ani Tak 3BaHO0 digozamoro npurpinaenns (recollement)

I* F*
ker F 51—= Coh X =—F—= Coh X .

I F!

B kit dynxrop F € TounmM i ciop’ekrusauM, F* ta F' — 1e iforo JiBuit
i mpasmit crpsizkeni, I — 3amypenns, I* ta I' — me iforo siBuii i npaBuit
CIPSI?KEH], TPUIOMY
FF* ~ FF' ~1d.
OTxke, HEKOMYTATUBHY KPUBY X MOYKHA PO3IJISIIATH sIK PO3B’I3aHHS KPUBOL
X . Binpm toro, kareropia ker F' y npoMmy BHITaJKy €KBiBaJeHTa KaTeropil
momyuiB Hau k X k, 1e k — ocaosre moste. Or:ke, Kareropii Coh X Ta Coh X
MaJIo BijpisasoTees. Haperri, y noxigniit kareropii D(Coh X) € miamine-
KOMNAEKC R
T =T (0/m)-1],

Jie M — MaKCUMAaJIbHUM i1east, 110 BiAIOBigae ocobusiit Toumi. 3rigHo 3a-
rajpHOI Teopil, Toml

D(CohX) ~ D(A-mod),
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ne A — nyambHa anrebpa jio anrebpu enjomopdizmis End(7 1), aka saxpas
i € anrebporo (5.1).

Hamasi mu 3 1. Byp6amowm i B. 'aBpanoM y3araJbHUIN II0 KOHCTPYKITIO
Juist oBlibHEX (y ToMy umci, i HeKoMyTaTHBHUX) KpuBHX [7]. 30Kpema,
JIJI KOYKHOI HEKOMYTATHBHOI KPUBOI X MU MOOYIyBajd KPUBY X, dKa Jlae
KaTeropHe PO3B’s3aHHs OCODJIMBOCTEH KPUBOI X, & y pallioHAJLHOMY BU-
[aJIKy TAKOXK CKIHYeHHOBUMIPHY ajredbpy A Taxy, 1o

D(CohX) ~ D(A-mod).

OHOYACHO MU TIOYAJIM BUBYATH OYIOBY IOXITHUX KaTeropiil, 30Kpema,
OUTAHHS PO 1X pyduHicTh uu gukicth. Ille y 1990 porti g BcTamoBuB, gKi
came JIOKaJIbHI KiJbllsd (MOXKJIMBO, HEKOMYTATUBHI) € DYyYHUMHU BiJHOCHO
kitacudikanil Beix ckindennonopozkenux momaysis [40]. Cepes 3Buuaitnux
0COBIMBOCTE HUMU BUSIBUJIMCS JIUIIE KIIPOCTI BY3/1» (TPAHCBEPCAJIbHI 116~
perunn). Mu Ha3Basm Taxi Kijiblisl (HEKOMYTATUBHI AHAJIOTY TPAHCBEPCAIb-
HUX TIEPETHHIB) HOJAJBHUMU OCOOJMBOCTSMUY 1 JAJU JIJIsl HUX [OBHUIL
onmc moxigHux kareropiit [6]. yst mHomasbHUX KpuBuX (y TOMY 4uCH i
HEKOMYTATUBHUX ), TOOTO TAKUX, Y AKUX BCI OCOOJIMBOCTI € HOJAJIbHUMH,
1. BoJtorun i g 3Halnumm KpUTEpit pyvHOCTI BigHOCHO Kjacudikariii Be-
KTOPHHUX PO3IIapyBaHb i B PyYHOMY BUIIQJIKY OIUCAJIHM TaKi po3IIapyBaHHS
Ta MMOXiJIHY KATEropioo Kareropii KorepeHTHux mydkis [16,36].

Cain 3ayBaxkKuTh, 10, SK BUSBUJIOCh, HEKOMYTATUBHI HOJAJBHI KPUBI
BIJIrpAIOTh iICTOTHY POJIb y Tak 3BaHiil meopii dzepkasvrol cumempii (mu-
BUCbh, HAIIPUKJIAJI, poboTy [26]).

Ochb sK 3 ceMiHapy, OpraHi3oBaHOMY B HalloMmy yHiBepcureri /. fpaBe
BUPOCJIH JTOCTIJIZKEHHs, sIKi BPEIITI PENIT IPUBEN 10 HOBUX PE3YIbTATIB Y
Takilt «MOJIEpHIiT» 00aCTi.
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3apo/2KeHHS i pO3BUTOK
imeil Teopil CTOXaCTUIHUX
andepeHniaIbHIX PiBHAHDb
B YKPalHCBhKill IITKOJIIi MaTeMaTHuKN

M. I. Iloprenko

Abstract. It is universally recognized that the theory of stochastic dif-
ferential equations was created in the Japanese mathematical school during
the forties of the last century, and it is much less-known that the idea of a
stochastic differential equation arose independently in the Ukrainian school
of mathematics about the same time. This paper is devoted to a description
of the initial stages in forming the school of the theory of stochastic differen-
tial equations and its subsequent development in Ukraine.

AwnoTraniga. fk 3apoanoch MOHATTS CTOXACTUIHOTO Ar(PEPEHITiaJIbHOTO PiB-
HSHHS B PaMKaX yKPaiHCbKOI MaTeMaTHYHOI IIKOJIM Ta K IIPOXOJIUJIO CTa-
HOBJICHHS Teopil TakWX pPiBHAHb B YKpaiHi — Ile OCHOBHI IHTAaHHS, IO IX
BHCBITJIEHO B CTATTi.

Bceryn

OnauM 3 HaW3HAYHINIMX JOCATHEHb MaTEMAaTUKHM CEPEIUHU MUHYJIOTO
CTOpIYYS CJIJ] BBAXKATU 3aPOJZKEHHSI Ta PO3BUTOK iJiell Teopil cToxXacTu-
YHUX JUDEPEHIAJBHUX PIBHSHB, 10 3PEIITOK MPU3BEIO JI0 YTBOPEHHS
HOBOTO PO3JIIy Cy4YacHOl MaTeMaTWKw Tij Ha3Boo «CToxacTudHWil aHa-
sizy. Okpecauaucs 3B’ I3KU HOBOI HAYKY 3 TAKMMU KJIACHIHUMUI PO3I1IaMu
MaTeMaTUKM, siKk MAaTeMAaTUIHAN aHaJi3, JudepeHIliajabHi PiBHAHHAS, JTUHA~
MiuHi cucremu Tomto. Busnaunimces chepu 3acrocyBanns: ¢izuka, biosoris,
Teopisd ONTUMAJILHOTO KEPYBAHHS CUCTEMaMHU 3 PO3IMOMIJIEHNME TTapaMeTpa-
M, piHaHCOBa MaTeMaTHKa Ta iH.

Ilikapo, mo i 70 mporecy 3apoizKEeHHA TeOPil CTOXACTUIHUX TU(EpPeH-
[iaJbHUX PIBHAHB, i 10 11 HOJATBIIOrO PO3BUTKY MPUYETHUMU BUSBUIUCI
HAyKOBII YKPAITHCHKOI IITKOJIM MaTeMaTuKu. B Ii#l ctaTTi sKpa3 WTuMeTbcs
PO Ti MOYATKOBI e€Taly CTAHOBJIEHHS CTOXaCTUYHOT'O aHAJI3y B YKpailHi.
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Sapo kenss 1 po3BuTok ineit reopii CJIP 713

ABTop He craBuB 00l 3a MeTy IOCJIJXKEHHS I[HOIO IPOILECY y BCiX lera-
Jgx. HaTromicTb M aKpecaioeThbCs poJib JEAKUX CUJIBHUX CTOPIH TOrOYacHOL
YKPaATHCHhKOI MATeMATHYHOI IKOJIN, SKi, BJIacHE, i MPU3BEIH 0 3aPOJZKEH-
He i€l CTOXaCcTUIHOrO An(epeHIiaJbHOTO PIBHIHHS Ta CTAJIU HOTYKHUM
$HaKTOPOM MOIAIBIIOrO PO3BUTKY TeOpil Takmx piBHAHBL. KpiM TOro, HaBO-
JATHCA JIedKi ACKpaBi pe3y/abTaTh 3 TeOPil CTOXACTUIHUX JU(EPEeHITiATb-
HUX PiBHSHB, OTPUMaHI MPeJICTaBHUKAMU YKPAIHCHKOI MIKOJIM Teopil WMo-
BipHOCTeil. IX M0GipKa BimoGparkae cMakm aBTOpa IIi€l cTaTTi i aXK HifgK He
npereH iye Ha 00J1ail AKyCh HOBHOTY.

OcHoBOIO i€l cTaTTi cTaau MaTepiaiu J0HOoBial aBTopa Ha 3aciganai Ku-
TBCHKOr0 MaTeMaTuIHOTO ToBapuctBa 6 Bepecusa 2022 poky. Ile 3acimanms
BimOyBaJjocs B paMKax TaK 3BaHUX | PaBEBCHKUX YUTAHD, IO TPAIUININAHO
IPOBOIATHCS B jieHb Hapomkenns JI. O. I'pase, sikumii cras migepom Ku-
TBCHKOI IIKOJIM MaTEMATUKU HA IOYaTKy XX CTOpiddd i OyB HUM JI0 CBOET
cmepTi B 1939 pomi. OTzke, MeHi, K JIOIOBIIa4YeBl Ha IMUX YUTAHHAX, CJIIJL
6ys10 nposectn Jinio Big JI. O. I'pase mo M. 1. Nixmana, ockigbku came y
tioro my6stikarii 1947 poky 3’SBUJIOCH MOHATTS CTOXACTUIHOTO JU(EpPEHITi-
aspHOTO piBHsHHS. Taky sinito mposectu neckmaguo: M. 1. Iixman, 3akin-
quBinu KuiBcbkuit yaisepcuteT B 1939 porii, o/ipa3y mocTynuB HA HABYAHHS
B aCIipaHTypi MPHU IILOMY YHIBEPCUTETi, i KEPIBHUKOM toMy OYJI0 IpU3HA-
qeno M. M. BorosoboBa, sikuit 3i ¢BOIX IOHUX JIT OYB aKTUBHUM yIaCHU-
KoM ceMminapy min kepisauireom 1. O. fpaBe. Bimmrosxyrmouuce Big pobdiT
came cBoro yumress (criibaux 3 M. M. Kpuiosum) kinms 1930-x poxis,
1. I. Tixman 3po6uB BUPINIAIBHEI KPOK JI0 MOHATTS CTOXACTHIHOrO Jude-
peHniajgbHOTO piBHAHHSA. B Hu3Imi cBoix myoOsikariit mouatky 1950-x pokis
1. I. TixMan po3BHHYB CBOI mepBicHi imei.

B momaspimomy po3BuTKy Teopil croxacTWIHUX IudpepeHItiaabHuX PiB-
HAHb HAI3BUYANHO BayK/JIUBUM OyB TOI (hakT, IO TAKUl TUTAH HAYKU K
A. B. Ckopoxon nomyuuBcs (He 6e3 BIUIUBY 1. 1. lixmana) mo mocstiiKe-
HHd B Ii#l ramysi maremaruku, noumnaoudn 3 1957 poky. I Bxke B Kinmi
1961 poky y BumaBuunrsi KuiBchbkoro yuiBepcurery Buiinuia 3 JApyKy #o-
ro kaura «VcciemoBanus 110 TeOPUU CIyYalHUX IIPOIECCOB», TPUCBAYEHA
(3HAYHOIO MipOIO) Teopil cToXacTHIHUX AudepeHniagbuuX piBHsgHb. Hus-
Ky HOBHUX i/ieif Ta pe3yJIbTATIB B IIili Teopil OyJI0 3aIIPOIIOHOBAHO aBTOPOM
kuury. ITics mporo croimbua pobora 1. 1. Dixmana ta A. B. Ckopoxona B
Teopil croxacTuIHuX AudepeHIliaIbHuX PIBHAHb yBiHYaacd MyO/IiKaIieo
kuuru «Croxacruyeckue nudepeHnnaabaae ypapHeHHs» B 1968-y pori
y BumaBuunTei «Haykosa mymka» B Kuesi. 3’aBumacs 1ina koropra ydHiB
[IUX ABOX BUJIATHUX MaTeMaTuKiB. Taxk 3aponuiaachk B YKpaiHi IIKoIa Teopil
CTOXaCTUIHUX JudpepeHIiajbHuX piBHsAHD. CaMe Ipo Ti Jajieki Ternep moil
I CTATTS.
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Canin ckazaru, mo na nodarky 1940-x pokis suoncokuii maremaTuk K. Ito
(K. It6) mobymyBaB TeOpit0 CTOXACTUYIHOIO IHTErPYBaHHS, KA JO3BOJIH-
Jla, ilOMy CTBOPUTH TEOPIiI0 CTOXACTHIHUX TU(EPEeHIlaIbHUX PiBHAHB. K
i y 1. I. Tixmama, ocHoBu Teopil 6yim copMOBaHi Ha CAMOMY MOYATKY
1950-x pokis. Ha Binminy Bix K. ITo, 1. 1. TixmMan He BOJIOIB TOHSATTSIM
CTOXaCTUYHOIO iHTerpaJa, Xod Horo miaxia 10 HOHATTSI CTOXACTUIHOI'O JTU-
depentianapHoro piBHaHH: 6yB minkom crporum!. Iliaxin K. Ito Bussuscs
BIAJIUM, 1 Telep TeOPilo CTOXACTUIHUX MudepeHIliajIbHIX PiBHAHD BUKJIA-
JAI0Th, TPYHTYIOYUCH CaMe Ha MOHATTI CTOXaCTUIHOrO iHTerpaJa.

Ile oxme iM’s BapTO 3ramaT TYyT. K MOKA3YyIOTH JedKi MaTepiajiu, momi-
6Hi inei Oymu iy dpanko-HimMenpkoro maremaruka B. ebaina (W. Doblin).
OnHak #0ro KOpOTKE YKUTTsI TPAridHO ODIPBAJIOCS BXKEe B IepIn poKHW 2-1
cBiTOBOI BifiHu, a 3MmicT #oro Jjmcra 10 akajemii mayk Ppaniiii, B gakoMy
3raJiadi imel BUKIa/IeHi, OMPUIIOIHEHO TOPIBHAHO HEAaBHO. TOMYy aBTOp HE
Oylle TYT TOPKATUCS I1i€] CTOPOHU CIIPABH.

BakiHnuy 1eil BCTYIMHUN PO3JIJ CTATTI JBOMa KOPOTEHBKMMU iCTOPIsIMU,
[0 MAIOThb CTOCYHOK JIO JTBOX TOCTATEHl B MAaTEMAaTHITi, IPUIETHUX JIO CTBO-
peHHsI Teopil CTOXaCTUIHUX AU(DEPEHITATBHUX PIBHSIHbD.

Hampukinmi sita 1975 poky B M. TammkenTi BigbyBasca Pansancpko- Anon-
cbKuit cuMmmosiym 3 Teopil iimosipuocteit. K. Ito e 6paB ydacti B TOMy
cumrioziymi. B onmu 3 BewopiB y HedopMasibHI 0OCTAHOBII TPOE MOJIO-
qux Tomi maremaTukis 3 Kmesa — B. B. Bymmurin, A. @. Typbiu ta g —
MAaJIi HArOMY IOCIHIJIKYBATHUCS 3 MOJIOJIUM TOMi STOHCHKUM MAaTEeMaTHUKOM
M. ®yxymimoro (M. Fukushima). Ha name 3anuranus: «Koro Bin BBazkae
maremMaTukoM Nel B HAmowii?» BiAmoBigb Oysa OJHO3ZHAYHOO i 663 KOTHUX
Baraub: «K. IToly. Mu mpomoxuau: «A xTo Ha aApyroMy micui?y. Bix 3po-
OuB naysy, Hibu I0Ch 3BaKyloun, i 3pemToro ckazas: «Hemae Hikoro!». Tax
6ys0 i 3 micamu 3 Ta 4. «A Ha maromy wmichi — 6araro pizaux!y. Takum
OyB HTOTO BEPIUKT.

Tpyra icTopist acorioeTbes i3 3ammrannsamM, un 3uas K. Ito mpo I1. I. Ti-
XMaHa 1 Mpo WOro MiaXix /0 MOHSTTS CTOXACTUIHOTO IU(EpPEHIHaIbLHOTO
piBHstHHSI. Most BignoBine: «besymoBHO, Tak!». I och m0BEAEHHS IBOIO TBEP-
JKEHHS.

Ile 6ymo B M. T6imici Baitky 1982 poky, /e TOHI MPOXOIUB YEPrOBUIA
Pajpsuacbko-AnoHcbkuii cuMosiym 3 Teopii iMoBipHOCTE#t (j10 pedi, HACTY-
nuanit 6yB y Kuesi B 1991 pori, Bin 3aBepmusces 3a trkaenb 10 «I'KYITy ).

'Hamaranus yHUKaTH CKIIaIHEX MOACHEHD i dac nonoBigi 6 Bepecus 2022 poKy mpuse-
JIO TOJIi ABTOPA, 70 IIJIKOM HEAIEKBATHOTO OMUCY TOTO, UMM € CTOXACTUIHE TUEePEHITiaTbHe
pisrgnns y U. 1. Tixmana. Bu3Haown 1o MOIO IPOBHHY i MEPEIpOIIYIOur 32 Hel mepes Mo-
IMH CJIyXadaMu, ITOCTApaloCcs y Iiil CTaTTi yCYHYTH Ty HIPHKDPY HEZOAJICTD, IO TPAIUIACS
Y JIOTIOBiIi.
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IIroro pazy K. Ito 6yB y ckiazi smoncbkol geserarii. OHOTO JHS B I1€B-
HU# 9ac BCl y9aCHUKHM CHMIIO3iyMy MaJjid 3ibpatucs B BeCcTHOION TOTEo,
Jle MeInKaJju, Ma0yTh, Iepel eKCcKypciero, un benkeroMm. Craocsa Tax, o s
crosiB opy4 3 K. Ito. Mu BeTurim oOMiagTHCS 1Tapoio ppas mepe TUM, TK
1o wac migidimos I Tixman — cun Mocuma Imuriga. Bin takox 6yB yua-
CHHKOM CHMIIO3iyMy i OyB 30BCiM Ire MOJIOMM [YO0JIOBIKOM (Tpoxu Oisbie
30-tu pokiB). Y Hboro Ha Geitikuky Oys namuc: 1. I. Gikhman. ITpasuia
XOPOIITOro TOHY 3000B’3yBa/i MEHE IIPEICTABUTH HOro mpodecopy, i g 1e
3pobus. IIpodecop maxunusca m0 i, o6 npounTaTn HA OEHIKUKY iM g
MOJIOHOTO MaTemaTuka. Kojn BiH BUlpocTaBcs, Ha ftoro obmati OyB Bupa3
HaRBUIIOrO CTyIEeHs MOoauBYy. Bin He Mir moBipuTu B Te, IO #OTO, Tak OU
MOBHUTH, KOHKYPEHT 3 YKpalHu y CIpaBi CTBOPEHHS TEOPil CTOXaCTUIHUX
JudepeHIiaabHIX PIBHSHD € TAKOK MOJIOJIOK JIFOIMHOKW (pi3HuIs y Biri
mixx K. Ito ta 1. I. T'ixmamom ckiaafgasa 3 poku, mepimmii 6yB CTApIIIM).
Mu 3 Inseto mocmimmuiu 3aciokoiTu podecopa, MOACHUBITHN cuTyariito. [lum
i 3aBePIIyETHCS JIOBEJICHHS.

Iloggaka. Ilupo aakyto nmpodecoposi M. M. Ocumuyky 3 [Ipukaprnarcbko-
ro HaIlOHAJBHOTO yHiBepcuteTy imeni Bacmis Credammka 3a T0moMory
[P TATOTOBII TTi€T CTATTI 10 JIPYKY.

1. JIn®oy3IiHI IIPOLECU B CEHCI A. KOJIMOIOPOBA

Ik Bigomo, mporec Mapkosa (x(t))s>o B eBkIiz0BOMY IIpocTopi R? xapa-
KTepu3yeThesl icHysammam byukiii P(s,z,t,I') aprymentis s > 0, z € RY,
t > s tal € B (uepes B nosnauaerbes o-anrebpa BCix GOPEIbOBUX T IMHO-
xun R?), smauennsavu sxoi € umcia 3 mpomizkky [0, 1] gificroi oci i ska mae
TaKi BJIACTUBOCTI:

a) BoHa € B-BumipHoIio dyuKIieio aprymenta r € R? npu dikcopannx s < t
Ta ' € B;

6) BoHa € fiMoBipHicHOIO Miporo 110 I' € B npu dikcoBanux s < t, x € R

B) Ipu BCIX § < T <1, x € RitaT e B BUKOHYETHCS PIBHICTH

P(s7 $7 t7 F) = Rd P(T7 y’ t7 F)P(S’ :L” 7—7 dy);
r) upu Beix s < t ta I' € B BukoHyerbcs (Maiizke HAIICBHO) PiBHICTH

P({z(t) € T} | Ms) = P(s,2(s),1,T),

Jie JiiBopyd 3amnucana yMoBHa fiMoBipHicTs nomil {x(t) € I'}, ko dikco-
BaHa, o-aJirebpa M, 1110 € HaliMEeHIIIo o-aarebpolo MoAii, Ka MiCTUTh
Bci moxil Burssy {x(r) € A} nupu r € [0,s] Ta A € B.
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YMoBa T) 03HAYAE, MO IPU CKIAJAHHI IPOrHO3Y MailbyTHBOI TOBEIIHKA
nporiecy (ToOTO, B MOMEHT 4acy t), SKIIO J0 yBaru 6eperbcst moBHa iHGOpP-
MalIlis Ipo HOro MOBEIiHKY B MUHYJIOMY (TOOTO, /IO TEHEPIITHEOIO MOMEHTY
qacy s, s < t), Beg indopmariis npo z(r) npu r < § BUSBISETHCS 3ailBOIO:
BasKJIMBOIO € JIMIIE Ta, IO CTOCyeThesd (s). Came I BJIACTUBICTH MOKJIa-
JieHa B OCHOBY BHU3Had4eHH 1poriecy Mapkosa.

Omxe, saxmo € nporec Mapkosa (2(t))¢=0 B dasosomy npocropi (R?, B),
10 icuye dynxmia P(s,z,t,T), 0 < s < t, z € RY I' € B, axa 3a10Bo/bHSE
ymoBH a)-r). HaBmakn, skmio maemo dbyukiio P(s, z,t, "), mo 3amo0BobHse
yMOBH a)-B), i nomarkoBo 3amaxa fimosipaicHa Mipa (u(I'))pz, TO icmye
nporiec Mapkosa (z(t))=0 B (R?, B), ansa sworo P ({z(0) € T'}) = u(T) npu
Bcix I' € B i TakOK BUKOHYETHCS YMOBA T).

TakuM 9UHOM, BCAKAI PO3B’A30K PIBHAHHA B yMOBi B) (BiH Mae 3a,10BOJIb-
HSATH yMOBH a) Ta 6), 60 JIMIIe 3a X yMOB i MOYKHA IHICATH T€ PIBHSHHS)
BusHaudae nponec Mapkosa B RY i HasiTh He oqum (Bonu GyyTh pi3HUTH-
csl JIMINE TIOYATKOBUME po3mojiiamn). B mpoMy posyminai piBHAHHS B) €
JI2KepeJioM Beix mporieciB Mapkosa B (]Rd B). Bono HOCHTH HA3BY PiBHSHHS
Koamoroposa-Yenmena. Besknit po3s’s130K IBOT0 piBHSIHHS, IO € fiMOBip-
HICHOIO MIpOIO 10 WeTBepTiii 3MiHHIi, 3BeThCsS HMOBIpHiCTIO mepexomy. Ii
inTepuperaris ouesunna: P(s,z,t, ") npu s < ¢ 3amae ymMoBHY #iMOBipHICTD
noxit {z(t) € I'} 3a ymoBu z(s) = x.

Buparkaroun nocuTh 3arajbHUil TPUHITUI €BOJIIOIIT CUCTEM, IO OIKUCYIO-
Thes porecamu Mapkosa, piBHsHHEA KoaMmoroposa-YenMena € HeTiHIfTHAM.
A. H. Koamoropor Ha Mexi 20-x Ta 30-X pOKiB MUHYJIOIO CTOPIdYs 3aI1pO-
IIOHYBaB METO/I JIiHEApU3allil TAKUX PIBHAHDb, IO I'PYHTYETbCA HA TUX YU
IHITIUX MIPUITYIIEHHAX I0JI0 JIOKAJBHOI ITOBEJIIHKY ITPOTIECY HA MAJIUX ITPO-
Mmikkax ydacy (mus. [6]). Bin Buginus jekinbka kiacis nporecis Mapkosa,
OJIMH 3 SIKUX 3TOJIOM JicTaB Ha3By mudysiitaux mporeciB. Chopmyoemo
Ti yMOBU Ha UMOBIPHICTb TIEPEXOy B (Rd, B), sxi BusHavaioTsh qudy3iiHuii
nporec. Yepes B, (z) nozmauaerses Biaxpura Kyns B R? 3 nenTpoM B Toumi
r € R? paziyca r > 0, a wepes B, ()¢ ii gonopmennsa g0 RY.

Hexait itmosipricTs nepexony P(s,z,t,T), 0 < s <t,z e R4 T € B,
3aJ0BOJIbHSIE HACTYIIHI YMOBH:

1) mpu BCix § =0, x € R? ta € > 0 BUKOHYETBCS CITIBBI/IHOIIIEHH

1
ilsrilo As J o P(s,z,s+ As,dy) =

2) npu Beix s = 0, x € R? ta gesxomy € > 0 icuye rpanuis

1
lim — J (y —x)P(s,z,s + As,dy);
B:(z)



Sapo kenss 1 po3BuTok ineit reopii CJIP 717

3) mpu Beix s = 0, z € R, § € R? ta neaxomy € > 0 iciye rpasus

lim 1] (y — z,0)2P(s,z,s + As, dy).
Asl0 As Be(z)

Hesazxkko 6auunTu, 110 3a ymMoBH 1) icHyBaHHS TpaHUIL B 2) Ta 3) IPH Jie-
daromy € > () o3Havae Ix icHyBaHHS Ipu Oynb-gkoMy € > () i He3aIeXKHICTD
Tux rpaHuip Bix € > 0. Tomy rpanuns B 2) Busnavae R%-3nauny byHxmio
(a(8,2)) 550 zerd; KA 3BETHCA BEKTOPOM Ieperocy. ['panumg B 3) BusHauae
onepatophy YHKITiO (b(S, 7)) s> rerd; 9K 3BETHCA OepaTopoM Tudysii i 3
JIOTIOMOT'OIO SIKOT Ta TPAHUIISA 3aIUCYEThCS Y BUTVIA KBAJIPATHIHOT (hOPMU
(b(s,x)0,0). B onnoBumipHOoMy Bumajky I (DYHKII HA3UBAIOTHCs Koedi-
IIEHTOM IIepeHoCy Ta KoedimienToM mudys3il, Bimmosinuo. lle i € yiokaabhi
XapaKTEPUCTUKH ITPOIECY, STKi OMUCYIOTh PYyX HA MAKPOCKOIIYHOMY Ta Mi-
KPOCKOITIYHOMY PiBHSX.

Hacrynuwuii pesyaprar najgexutrs A. H. Komvoroposy. [pumycrumo, 1mo
3ajaHa AMOBIpHICTH Trepexony B RY, sKa 3a0BOJIbHSIE YMOBH 1)-3) 3 He-
[IPEPBHUMH JIOKAJILHIMI XapaKTePUCTHKAMH, & 33 1aHa QYHKIA (¢(X)) pepd
3 MACHUME 3HAYEHHSIMH € HEITEPEPBHOIO 0OMEKEHOIO 1 TAKOIO, IO (DyHKITis
(t > 0 dikcosane)

u(s,z) = de o(y)P(s,z,t,dy), (s,z)€0,t) x RY, (1.1)

nBiui menepepsro mudepenmniiiosna mo z € R%. Toxi Bona mudepenriifosua
i mo 3minHiit s € [0,t) Ta 3a10B0IbHSE PIBHIHHS

ul(s,x) + (a(s,m),u;(s,m)) + %Tr (b(s, x)ugx(s,x)) =0 (1.2)
B obaacti (s,z) € [0,1) x R, a Takox «1104aTKOBY» yMOBY
u(t—,z) = p(z), =eRL (1.3)

Y pasi, gKmo #MOBIpHICTH mepexoiy 3a70BOJIbHsIE yMoBu 1)-3) i mae
mibHiCT BixHOCHO J1eGerosoi Mipu B RY, To6T0,

P(s,x,t,l“):f G(s,z,t,y)dy, 0<s<t, zeR? TehB,
r

A. H. Kosmoropos 3a neBHUX yMOB BUBIB piBHsiHHS juist byHKIIT G (S, , ¢, Y),
t € (s,+0), y € R? npu dikcosarmmx s > 0 Ta x € R Ile pisusanuns
€ dbopmasbHO crupsizkeHUM J10 piBHsiHHA (1.2). BoHo Bimome B miteparypi,
Gmmkaiil 10 disuku, mix massoo pisrsHHT Pokkepa-Ilmanka. Nmosiphi-
CHUKU HA3WBAIOTH HOTO MpsaMUM piBHAHHAM KoMoroposa, Ha BigMmiHy Bif
piBagHHA (1.2), sKe € obepHEHNM.

Y wacturHOMY BUNaIKy, kKo a(s,z) = 0, a b(s,x) = I (uepe3 I 1o-
3HAYAEThCA TOTOXKHii oneparop B R?), pisasunsa (1.2) nepersopioerTbea Ha
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PIiBHSHHSA TEILIOMPOBITHOCTI
w,(s,z) + $Au(s,z) =0 (1.4)

mpu (s,z) € [0,t) x R? (t > 0 dikcosane), ne omeparop Jlamaca A rie na
bynkuio (u(s, ) 2)e(04)xre 10 3MiHHIT 2 € RY, To6ro,

Au(s,z) = Tr (ul,(s,2)).

Posp’sa3kom 3agaqi Komri B mpomy Bumaaky oyae dyHKIis

uls,0) = | alsa o)y (s.)€ [0.0) xR,

e
g(s,z,t,y) = (2n(t — )" exp {—ly — 2[/2(t — 5)}

mpu s < t, x € R? ta y € R?. TIpamoouan came 3 mieo dbynkmieo g, H. Bi-
HEp CTO POKiB ToMmy moOyayBaB Mipy B HPOCTOpPi HemepepBHUX (DYHKITIH,
dKa € PO3IOIIJIOM B TOMY IIPOCTOPi audy3iiHOro mporecy 3 JIOKAJIbHUMEI
xapakrepuctukamu a(s,x) =0 ta b(s,x) = I (nus. [8]). Lleit nporec remnep
Ha3WBAIOTb 8IHEPOBUM, aDO K NPOUECOM OPOYHIBCHKO20 PYTY.

Caijz ckazaru, mo 3rajgana suine crarts A. H. Kosmoroposa maga Bem-
KU BIUIMB HA TOTOYACHUX MAaTEMATHUKIB, sIKl ITPOBO/IUJIN CBOI JIOCJIIJI?KEHHST
B obJracTi Teopil BUIIaIKOBUX IporieciB. Bona BKazyBaja Ha IIIGX, WIy9IH
AKUM MOYKHA OYJIO CIIOJIIBATHUCH HA TOOYJIOBY IIMPOKOTO KJjacy audys3iii-
HUX TporieciB. [oloBHUM Ha 1bOMY IUIsXy OyB aHami3 3aga4i Komi (1.2)-
(1.3). fkmro 3a meBHMX ymMOB Ha Koedinientn piBHsiHHA (1.2) BuSBHUTBHCH,
IO T1s1 331298 Ma€ PO3B’ 30K IS MIUPOKOTO KJIACY «ITOYATKOBUXY» (DYHKILiA
(HACTIJIBKY IIUPOKOrO, M0 KOXKHUIA 3apsii Ha /3 OJIHO3HAYHO BU3HAYAETHCS
iHTerpasamMu BiJ QyHKIIIH [[bOrO KJIACY MO [BOMY 3apsiLy) i SKIIO IPU IO~
My pO3B’$I30K € HeBij'éeMHOI (DYHKIE 3a ymMoBH, Mo ¢(z) = 0 npu Beix
z € R, Toxi neit po3B’s130K 3anumnierbest y dopmi (1.1) 3 meskoro iiMoBip-
HICTIO TIEPEXO/TY, IIOJI0 STKOI 3AJIUIITUTHCS JIUIIE IIEPEBIPUTH, Y BOHA 3310~
BOJIbHsIE€ yMOBH 1)-3). dKimo Tak, To 1uM i 3aBepiiryerbes mo0yaoBa audy-
3iltHOrO TIpoIecy B ceHci KoaMoroposa 3 Hamepesn 3aJaHUMU JIOKAJIHHUMEI
XapaKTEPUCTHKAME PYXY: BEKTOPOM HEPEHOCY (a(8,T))s0 zerd T OHEpa-
TopoMm nudy3ii (b(s, JI))SZO’IGRd.

[Mepmum nedi muisx npoiimos B. @esnep [5], sxuit B oqHOBUMIpHOMY BU-
MKy, BUKOPUCTABIIHA METOJI TAPAMETPUKC, 8 TAKOXK IPUHITUI MAKCAMYMY
Jutst piBHsHb Ty (1.2), 3ymiB nobymysaru audysifinuii mporec B R! 3
Hamepe/ 3aJaHNMU JIOKAJIbHUMEI XaPAKTEPUCTUKAMU.
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Merox mapamerpukc moOymoBu GyHIAMEHTAJILHIX PO3B’SI3KiB PiBHSIHD
tuny (1.2), 3ammoyaTKOBaHMi Ha MOYATKY MUHYJIONO CTOPIYdYsd, 0 HOro ce-
PeIVHYU 3aBIAKM MAaTEMATHKAM PI3HUX KpaiH i pi3HUX MOKOJIHBL OyI0 po3-
BUHYTO HACTLIBKH, IO MOXKHA OyJIO TapaHTyBaTU iCHyBaHHSA (QyHIaAMEH-
TAJbHUX PO3B’s3KiB piBHAHB (1.2) 3a HACTYIHHX yMOB Ha 3ajani QYHKIHT

(a(s,2))(s,2)cf0.7)xre T2 (b(S, @) (5 2)cl0,1)xRra (T > 0 Pikcopane):

«) 1pu BCix 0 € R? BHKOHYETHCST yMOBA
01’9|2 < (b(87$)070) < CQ|0|2

3i crammmu ¢ > 0 Ta ¢ = cp, axumu 6 e Gy (s, x) € [0,T] x RY;
B) dynxuia (b(s, ) (s z)eo,1)xrd 33/10B0/bHSAE yMOBY Lesbiepa

Jbs, @) = bt y)| < K (It = 5|2 + |z — y|*)

3i cramavu o € (0,1) ta K > 0 mpu Bcix 0 < s <t < T ta x € RY,
y € R? (TyT BUKOpHCTAHO OMEPATOPHY HOPMY );
v) dyuxuiz (a(s, ))(sz)e0,7]x k¢ € HEIEPEPBHOIO OOMEKEHOIO | 3a/[0BOb-
HSIE YMOBY
la(s, x) —a(s, y)| < K|z —y[*
3 Tumu K cramuvu K Ta o mpu Beix s € [0, 7], z € R? ta y € RY,

[MTpuanun makcumyMmy jist piBHsHB (1.2) 103BOJISIE TapAHTYBATH HEBi €M-
HICTb (DyHIAMEHTAJHLHOTO PO3B’A3KYy, & TAKOXK 3a0e3Ievye €IUHICTb PO3-
B’s13ky 3azaqi Komi (1.2)-(1.3) B nmeBrux kiacax. Ile B cBoto wepry mpuso-
JUJIO 10 iCHyBaHHs Audy3iffHOTO IPoIecy 3 Halepe 3aJaHUMU JTIOKAJIbHU-
MU XapaKTEPUCTUKAMU PyXY.

Takum guHOM, BXKE HA CEPEIMHY MUHYJIOTO CTOPiddd B Teopil mudys3iit-
HUX TPOIECIB MaHIBHUMU OyJIM BUKJIIOYHO AHAJITUIHI METOIU TOOYIOBU
TAaKWUX MPOIIECIB Ta JIOCJIIJI?KEHHS 1X BJIACTUBOCTEN.

IikaBo, mo no piBasinasg Pokkepa-llnanka npwuitmos takoxk C. Bepn-
mTeiH, akuit 10 1934 poky mpalfoBaB y XapKoBi, mepedpaBIIUCh B TOMY
pori 0 Mocksu. B cBoiii crarTi [2] BiH 3a0pOnOHYBaB PO3IJISHYTU TIEBHY
pisHunesy cxemy, B gKy Oysio samyueno sajnani noas (a(s,)) s z)elo,1]xr?
1a (0(8, ) (s,2)e[0,7] xR¢» BEKTOPHE Ta oneparope, Bijnosiano. Hexali saza-

Ha i i ¢ =1,2 OUTTI i
Aesta mocigosricts (87 ) -, n=12,... posburris npomixa
[s,t] < [0,T], musa skol

lim max (£ — ™) =o.
n—>00 o<k<kn( b1~ b))
Iokmamaemo s gesikoro € RY, gﬁfﬁ,}(s) =I,aTpu T € (t,(gn),t,(;fgl], Jie

k=0,1,... k,—1,
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en(r) = ey )+a<tk L (1 ))(T—t,(f”)>+

+o (4. a™) (-1,

e (C]gn)) ,n=1,2 ..., — IOCTiJOBHICTH Cepiil He3aJIEKHUX B KO-
k=0,1,...k

JKHiiT cepil HOPMAIBHEX BUIAIKOBHX BeKTOpiB B RY 3 HYJIbOBUM CEPETHIM
Ta OJMHUYHOIO KOBapial[iftHOIO MaTPUIIEIO.

3a nepHUX yMOB Ha 3ajiaHi noJjisi, C. BepHITeitn 10BiB, M0 pO3MOIiI BE-
JIMIUHA §§”w) (t) 36iraerbcst, KO N — 00, JIO TPAHUYIHOTO PO3MOJIIILY, KW
€ abCOIOTHO HelepepBHIM BignocHo jeberosol Mipu B R?. Ilimbricts To-
ro posmomiy 3amoBosbhse piBHauag Doxkepa-Ilranka 3 koedimientamu
a(s,z) Ta b(s,x) = o(s,x)0*(s,z), (s,2) € [0,T] x R%

Jyxe BaXXIUBOIO OOCTABUHOIO B Iiii po3moBimi € Toit daxT, mo B 1939
POIIi JI0 TIHOTO K PIBHSIHHS IPUHAIIIOB MOJIO/I KUTBCbKUH MaTeMaTkK (HoMy
tozi 6ysto 30 pokis) M. M. Boroso6os pazom 3i coim yuuresem M. M. Kpu-
jioBuM. B cBoiit Toropimuiit myostikaril 3 mpomoBucTo0o Ha3Bow «IIpo pis-
nanasg Pokkepa-Ilmanka, 1m0 BUBOAUTHCA B Teopil mepTypdariii MeTomnoMm,
3aCHOBAHUM Ha, CIEKTPAJHHUX BJIACTUBOCTAX MEPTYpPOAIiifHOrO raMiJIbTO-
HiaHa», BOHU TaKOXK JOBOJIUJIN, IO TIeBHA JUHAMIYHA CUCTEMA, ITiJT BIJIMBOM
MBUJKO 3MIHHUX (DAKTOPIB, dKi NMEPEXOIdATh B «OiMUH miym», B TDaHUIL
onmcyerbes piBasaaaM Pokkepa-Ilnanka (mus. [15]).

Sk Bke 3rajysaioch, 1. I. Tixman 3axinuns mapyamns B KuiBcekomy
yuiBepcuteTi B 1939 porii i, ctaBmu B Tomy K pori acmipantom M. M. Bo-
royirob0Ba, 3MYIIeHn OyB MiJIK/IIOYATUCH 10 TUX PO3MiPKOBYBaHb, SIKUMU
B TOU yac nepeiiMaBcd #fioro yunresb. Jlo Biitau 1. I. Tixman BeTHD orry6ti-
KyBaTu JiBi cTarTi, siki Oyju B pycii Bxke muToBanoi poboru Kpuiosa-Bo-
roJiroboBa.

I1. I. Tixman 6yB yuacHIKOM BifiHu Bisx iT mouarky i mo kimms. Iikao, mo
CBOIO KaH/MJIATCHKY JMCEPTAII0 BiH 3aXUCTHUB IIiJ] Yac Biitau (TouHime, B
moromy 1942 poky) B Tarmkenti. Ioro BificbKOBa YaCTHHA POXOIIIIA TaM
mepe>OpMyBaHHS, i BIH MaB HAromy CKOPUCTYBATHCS TI€IO CIPUATIABOIO
obcraBuHOIO, MO B Tamkenti Ha TO# 4yac Bxke Oysa chopMOBaHA CHIHHA
MMOBIpHICHA IIIKOJIA.

CTOXACTUYHI JAVNOEPEHIIAJIBHI PIBHAHHA

2.1. Bapoaxxkenns inei. [losepuysmuce miciga Bitinu 10 Kuesa, . I Ti-
XMaH TIOYaB PO3MIPKOBYBATH HAJ THUM, K Oy/IyBaThU BHUIAIKOBI IIPOIECH
TUILY TUX, MO 3ByThesa audysittauvu. [linxix A. H. Kommoroposa — 1e
HaMaranHg OyyBaTu po3B’sa3ku piBHaAHHA Kosmoroposa-Yernmena 3 jorro-
MOroio Jiineapusarii Toro piBugausg. [le#t minxin mae 3MOry KOHCTPYIOBATH
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CKIHYEHHO-BUMIpHI PO3IOJILIN MIPOIIECY, & OTKE, i caM IPOIIEC 3 JTOITOMOT0IO
TeopeMu KoJIMOTOPOBa PO Y3TOJZKEHICTh TUX POIIOILIIIB.

Terep BazKKO cKazaru, gk came mnpuiima 1o U. 1. Dixmana nag3sudaiino
CMisImBa TyMKa IIPO Te, 110 MOXKHA, CIIPOOyBaTH OyIyBaTH HE SKiCh HMOBIp-
HICHI XapaKTEePUCTUKH IIYKAHOTO IIPOIeCy, a O6e31ocepeIHbo Horo TpaeKkTo-
pil IK PO3B’SI3KM MEBHOIO NM(DEPEHITIAJBHOIO PIBHAHHS. 3IAETHC, IO CaMe
TYT MOTJIa Bimirparu cBoro poss Ta obcrasuia, mo yanreaem W. I. Nixvana
OyB Takuit kKopudeii mrou Maremaruvdnol ¢izuku, gk M. M. Boroso6os.

Ines 1. I. Dixmana mossraia B TOMY, IO Ma€ OyTU 3aJaHUM BEKTOPHE
10JIe BUIA/IKOBHX TIPOTIECB ((t, T)) (1, z)efo,7] x k¢ TKE MAE 3a/[aBATH JIOKAITb-
HY TIOBEJIHKY mIyKaHoro mporecy (z(t))eo,r) B TOMYy pO3yMiHHi, M0 TpH
0<t<t+ At <T Mycurb BUKOHYBATHCH TPUOJIU3HA PIBHICTD

z(t + At) —z(t) = a(t + At,z(t)) — aft, z(t)).

[Is piBHicTh Mae 6yTH TUM TOYHIIIOW, YUM MeHINUM € 3HadeHHs At > 0.
Kpim Toro, Tpeba Bubparn nouarkosuit Mmoment vacy s € [0,7), 3amaru
nouaTkoBy ymMoBy z(s) = & (& — mosimbna Touka R?) i Toni moxkma chop-
MYJIIOBATU TIPODJIEMY .

BHaliTH yMOBHU Ha 3a/IaHe 10/1e BUIAJIKOBUX NPOIeciB (a(t, T)) ¢ 2)e(0, 7] x R
3a AKWX icHye Takuil Bumajikosuit npotec ((t))e(s, 1) B RY, mo 3a10B0IbHSAE
HACTYIIHI YMOBH:

Ay) z(s) = &

Ag) npu Beix t € [s,T) BUKOHYIOTbCSI PIBHOCTI

lim éElx(tJrAt) — 2(t) — (alt + At, 2 (1)) — alt, 2(t)))[ = 0,

Et% S EE[(z(t + At)—z(t)— (a(t + At, z(t) —alt, (1)) | M;] ’2 =0,
ne (M7) s« cuinbaa icropis (dinprpariis), MOpozKeHa yciMa BUIIAIKOBUME
BexTopamu o7, x) Tipu T € [s,t] Ta x € RY.

BayBazKuMo, 110 Ipyra IPpaHuIls B yMOBi Ay) 03HaYa€, 10 BULIAIKOBI da-
kropu npupocty ot + At,z(t)) — a(t,z(t)), axi Morsin 6u MaTH MOPSIIOK
VA, MycaTh «3HHKATH», KOJIM GEPEThCsl YMOBHE CEPEIHE TOrO IIPUPOCTY
npu dikcosanomy M3. Tpoxu sromom . 1. Tixman Aifiimos BUCHOBKY, 110
3aJlaHe T0JIe BUIIQIKOBUX TPOIECiB Mae OyTu, Tak OM MOBUTH, JIBOIIApa-
merpuarnm: oft, x, h), (t,z) € [0,T] x R h > 0; npu dikcopannx (t, )
e Mae OyTH BUIAJIKOBUI Tporec 1o 3MiHHil h, npuuomy «o(t,z,0+) = 0.
IIpukiasioM Takoro moJig Moxke OyTu

a(t,z,h) = a(t,x)h + o(t,z)[w(t + h) — w(t)], (2.1)

ae (a(t, @) zyefo,r)xre T (0(t @) (1,2)ef0,7)xRe 3aHaHI IO, BiIOBIHO
BeKTOpHe i oneparopue, a (w(t));=o 3aKanuit Binepis nponec B RY, To6TO,
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HaiipocTimuii mudy3itHuil mporiec, IO OMKMCY€E PyX MIKPOCKOMIIYHOI da-
CTUHKHU B HEPYXOMOMY i30TPOIMHOMY CEPEIOBHII TUITY PIJMHHU 9M razy. B
[[POMY BHIIAJKY JApyra yMoBa B As) 3BOIUTHCS 0 TaKol

E[E[(2(t+At)—a(t) —a(t, a(t)) At—o (x(t)) w(t+At) —w(t)]) | Mi]|* =
— E|E[(z(t + At) — 2(t) — a(t, () At) | M{]|? = o(At?),

3a yMOBH, III0 BUNAIKOBHI BeKTOp w(t + At) —w(t) He 3ameskuTh Bix moii
i3 o-anrebpu Mj.

Baranpunmii pesynprar . 1. Tixmana, chopmyasosanuii B [9], 3By4HTH
Tak: 3a MeBHUX yMoB Ha nose o(t,z), (t,z) € [0,7] x RY, tumy ymosu Jli-
AT 110 TIPOCTOPOBIi 3MiHHIH, HaKJIa/IEHOI Ha YMOBHI CepeIHI TPUPOCTIB
o, icaye emummit (My)-ysromennit Bunasikosuti nponec (s ¢(t))ie(s 115
SIKUI 3310BOJIbHsIE yMOBU A1)-As).

B wacrunnoMy Bunazky noss (2.1) cnpasa 3BOJMIIACEH JIO TIPOCTUX YMOB
Jlimmmmrg 3i crasoro K > 0 Ha dyHKIO 0

lo(t,2) = ot,y)| < K|z —yl, te0,T], xeR’ yeR?,
Ta QYHKIIO @
(a(t,z) —a(t,y).x —y) < Klo —y[*, te[0,T], e R’ yeR’

(151 popma ymosu Jlinmmuis BpaxoBye HAIIPSIMOK IIOJISA @; CAMe TaKy yMOBY
sukopucroBysas C. Bepumreiin B [2]). B mpomy sumagxy M. I. Iixman
JIOBIB, 1110 PIBHAHHS

dz(t) = a(t,z(t)) dt + o(t,z(t)) dw(t), te[s,T],

pu ymosi z(s) = & (€ € R? nesunaxosuii BekTOp) Mae €unuii po3’a30K,
saruit € mporecom Mapkosa. IlosHaumMo 11€it po3’sI30K Yepes

(%s5,6(t))tefs,)-

1. 1. TixMaH He 3yNUHHUBCS Ha TeOpeMi ICHYBAHHS 1 €IMHOCTI pO3’SI3KY.
3a yMoBH, 1m0 PYHKII @ Ta ¢ € TpUUl HEMEepepBHO AudepeHIHOBHIMI
0 IpPOCTOPOBi#l 3MinHiil, BiH noBiB, mo dynxuig u(s,§) = Ep(rse(t)),
(5,€) € [0,t) x R, (npm 3amaniit rnajxiit (¢(z)),cpd) € JABiUi HemepepsHO
nudepeHIitoBHOIO TI0 3MiHHIM £, a 0TKe, 3a TeopeMoio Kosmoroposa Bona
mudepeHIiiioBHa i o s, 1 3a/10BOJIbHsIE 0OepHeHe piBHsHHS KojiMoroposa

u(s,6) + (a(s,€), ug(s,6)) + 5T (b (s,8) uge(s,€)) =0,
B skoMy b(s,&) =0 (s,&) 0™ (s,§).

Ile 6yB Ha3BUYANHO CUIBHUN PE3yabTAT: Te, Mo B Teopii Kommoroposa
Oys10, Tak 6u MOBUTH, «TeMHuMY mpunymennam, y V. 1. Tixmana cTBepmxky-
Bauioch. [luM BiKpuBaAJIOCT MPOHUKHEHHSI YUCTO HMOBIPHICHUX METOIIB y
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TaKy KJIACUIHY O0JIACTH MATEMATHUKH, K JudepeHIiaabHi piBHIHHA 3 da-
CTUHHAMU TOXimHuMu mnapabosiaroro tumy. Crupasii, OyayeTbCs eBHMIT
BUIIQIKOBHUII MPOIEC, a 3 HOro JIOIMOMOTOI0 3HAXOAWTHCA PO3B’I30K 3a1a-
ai Ko g Bimmosimaoro pisasHEa Koamoroposa. Ile mokopinHO Bimpi-
3HSAJIOCH BiJl TOTO IHCTPYMEHTapiio, AKUM BOJIOJILIN CIEIiaiCTA 3 PIBHAHD
TaKOTO THUILY.

B cepii my6aikamiit mosarky 1950 poxis (mus. [10,11]) 1. I. Nixman pos-
BunyB izel crarri [9]. Cuix TakoX ckazaTu, M0 HOro 3acJlyroro mepej Te-
Opi€I0 CTOXACTUIHUX IUEPEHIAJIBHAX PIBHAHD € TON (akT, 1Mo i1 #oro
BILIMBOM JIO CEpHO3HUX 3aHATH B IIi#l HOBiil rajy3i MaTeMaTUuKA JOJTy YABCH,
nounHatoum 3 1957 poky, mosionmit Tomi maremaruk A. B. Ckopoxom, sikwmii
oo moBepHyBed 10 Kuesa miciig naBuanug B acuipanTypi npu Mockos-
CbKOMY yHiBepcuTeTi mpoTaroM 1953-56 pokis.

2.2. Ilepmia kaura A. B. Ckopoxoga. Hampukinami 1961 poky Buiimiia
3 npykKy monorpadist A. B. Ckopoxona [20], sika Gysa #oro jg0KTOPCHKOO
JIMCepTaIlien. SHAYHOI MipOK0 BOHA OyJIa MPUCBSYIEHA TEOPil CTOXaCTHIHUX
mudepenmianpaux piBasgab. Curig ckazaru, mo A. B. Ckopoxo mi gac Ha-
BuaHHd B acmipanTypi B Mocksi Betur o3uaitomutucd 3 migxogom K. Ito mo
Teopil croxacTuunnx audepeHmianpunx pisnsab. 1omo mimxony M. I. Ti-
XMaHa JI0 1Ii€l Teopii, BiH #ioro ocaruys y2ke B Kuesi min vyac po3moB Mixk
HuMH, gKi 3a cBiggerasM A. B. Ckopoxojia cTau peryJisipHuMu Ticjs Horo
noBepHeHHs 3 MOCKBH.

Tuwm Ginbire Bpazkae BigBara i emimusicts gymku A. B. Ckopoxojia, sikuit
3AIPOIIOHYBAB I[IJIKOM HOBHUIA TOTJIST HA CTOXaCTUIHE JudepeHItiaabHe PiB-
msnns. Axmo y M. 1. Dixmana i K. Ito po3s’si3ok Takoro piBHSHHS GyB
meBHUM (DYHKITIOHAJIOM Bij| 3aJIaHOTO BiHeposoro mporecy, To A. B. Cko-
POXOJI, BUKOPHCTAB MPUHIUII KOMIAKTHOCTI Mip (B IPOCTOPI HelepepBHUX
dyHKIiit), MO BiANOBIAAIOTH BUNAIKOBAM IporecaMm, i 3yMiB moOymyBa-
TH PO3B’SI3KU CTOXACTUIHOIO AUQEPEHIIaJbHOTO PIBHAHHS 338 YMOBH, IO
koedirieaTn € Jsmire HenepepBHuMu byukiigsmu. Came 1€l peBOJIIOIIii-
uuit kpok A. B. Ckopoxoga mpusBiB 10 TOHATH CIAOKOTO Ta CUILHOTO
PO3B’SI3KiB.

3 nyM MOB’sI3aHUI 3aXOILIIOIYMIA Mepiof B icTOpil pO3BUTKY Teopil ¢To-
XaCTUIHUX AudepeHItiaabHuX PiBHAHDb. [[0BYaIbHOIO B IIBOMY CEHCi € cTa-
1 [16] mockoBebkux maremarukis A. K. 3ponkina ta H. B. Kpuosa:
IX pe3ysbTaT A€ KPUTEpiil iCHyBaHHS CHUJIBHOIO PO3B’I3Ky HTAHOTO CTO-
XaCTUIHOTO TU(EPEHITIaIbHOIO PIBHAHHS B TEpPMiHAX HOTro KoedilieHTiB.
X0Y CKOPHUCTYBATHUCh TUM KPUTEPIEM B KOHKPETHUX CUTYAIlisiX HEIPOCTO,
npore caM BakT, 1[0 TUTAHHs PO HASBHICTH (YU BIICYTHICTH) CHIIBLHOTO
PO3B’SI3Ky BHU3HAYAETHCs MOBHICTIO KoedinieHTamu, a He BrajguM (4u He-
BJIaJIM ) BUOOPOM HMOBIPHICHOIO TIPOCTOPY, BAXKUB HEMAJIO.
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Jpyrum BaKJIMBUM Pe3yJILTATOM KHUTYA MOYKHA HA3BATH TEOPEMY ITOPiB-
HsIHHsI PO3B’S3KiB MAPU CTOXACTUYHUX JU(EPEHIHaTIbHIX PIBHAHD, ¥ SKUX
36iraroTbest Koedinientn audysii (B OZHOBUMIPDHOMY BHIAJIKY), a IX KOe-
dimienTn mepenocy Oyiu OB’si3aHi MEBHOIO HepiBHicTIO. /loBommioch, 1o
SIKITO I TIOYATKOBI ITOJIOYKEHHSI PO3B’SI3KiB X PIiBHSHBL OB I3aHI TI€O K
HEPIBHICTIO, TO HEIO ITOB’d3aHi Il PO3B’a3KNA B OYIb-AKHI MOMEHT dacy IIi-
CJISI TIOYATKOBOTO. 3 THOTO (DaKTy ABTOP KHUTHU 3yMiB e(DEKTHO BUBECTH
€IMHICTDb PO3B’A3KY CTOXACTUIHOTO JMPEePEHIaILHOIO PiBHIHHS 338 YMOB
CyTTEBO CJA0IMUX, HiK yMoBa JIiIIuIsg 0 MPOCTOPOBi#l 3MiHHIIA.

o xauru He yBiitnum monepebki pobotn A. B. Ckopoxoma kinrs 1950-x
— moyaTtky 1960-x pokiB, mpucBgUeHi TEOPil CTOXACTUIHUX TU(PEPEHITIATb-
HUX PiBHAHBb B 0OMexKewiit obsacti. i oro moc/tiKeH s CTUMYTIOBAJIN TTi-
KaBiCcTb 110 mpobjieMu B pi3HUX WMOBipHicHUX 1eHTpax cBiTy. g mikasicTb
TiATPUMY€ETbCA 1 JOHUHI, PO IO CBIIYUTHL x04Ya O TOMOBiAL mpodecopa
A. 1O. ITnnunenka «IIpo ysarajmbaenns: mpobsemu BigoutTs CKOpoxomaay,
3pobsiena Ha 3aciganni ceminapy «Yucnaenuna Mannasenay upu [mcturyTti
maremaruku HAH Ykpainu, mo Biadymocs 7 6epesnsi 2023 poky.

2.3. Ilepuia kHura 3 Teopii croxacTuyHUX AudeEpeHIiaabHUX PiB-
HaHb. B 1968 pormi B kuiBcbkoMy BuAaBHUNTBI «HaykoBa mymiay Buitnia
3 npyky monorpadis . I. Tixmama ta A .B. Ckopoxoma [13] npucssena
MIOBHICTIO TEOPil cTOXacTUIHUX AudEepeHIliaIbHNX PIBHIHL. B IeaKnx KHH-
rax, onmyO/IIKOBAHUX PAaHiIle, MOXKHA 3HAWTH (PPArMEHTH ITi€l Teopil, HAITPHU-
kiag, [3,12,20].

Kuura [13] ckiramaerbes 3 nBox dactud. B nepimiit 3 HUX B OJHOBUMIP-
HOMY BUTIQJIKY PO3TJISAIAETHCS PIBHIHHSA

dz(t) = a(t,z(t)) dt + o(t, z(t)) dw(t),

B AKOMY a Ta 0 — 3a1ani npu (¢, ) € [0, T] x R! bynkii 3 giticanvm snauen-
Hsmu, a (w(t))i=0 — oMHOBUMIpHUIA BiHepiB mporec. Bukinanena B niit kausi
Teopid TaKuX PiBHAHD € HaA3BUYaitHO Oararor. KpiM Teopem icHyBaHHS Ta
€JIMHOCT] PO3B’A3KY, c(hOPMYJILOBAHO HU3KY TBEP/IZKEHD [IPO ACUMIITOTHIHY
MTOBEIHKY PO3B’A3KiB, KON t — 00, IETAJHHO OMUCYETHCS B3aEMOIis MiXK
TEOPi€r0 PiBHAHD IIHOTO THUITY Ta TEOPi€io mudy3iftHIX TPOIEciB y po3yMinHi
Koamoroposa, a otske, i 3 Teopiero audepeHITiaTbHIX PiBHSIHDb 3 YaCTHUH-
HuME noxigauMu. OcobIuBY yBary MpUILIEHO TEOpil CTOXaCTUIHUX Iude-
PEHIaIbHAX PIBHAHb HA CKIHICHHOMY IIPOCTOPOBOMY HPOMIKKY (IIPOIECH
3 TPAHUIHUME TOYKAMH).

B papyriit wactuni kauru B 6araToBuUMIipHIiil cuTyarlil po3ryISHYTO PiBHAH-
HS CKJIQTHIIIIOTO TUITY, 30KpeMa, TaKi, KOJIM JI0 TPaBOl YaCTUHA JTOJAI0THCS
I1e€ CTOXACTUYHI ardepeHIfia m o IeHTPOBaHi# i HelleHTPOBaHil TyacCOHO-
Bi#t Mipi. CpopMy/IbOBAHO HU3KY TEOPEM iCHYBAaHHSI Ta €IUHOCTI PO3B’SI3KY
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TaKUX PIBHAHB, JOCIIPKEHO IX aCHUMITOTHYHY IOBEIIHKY, KOJM t — 00
(Teopemu TIpo CTIHKICTH PO3B’A3KIB, PO X 0OMEXkKEHICTH TOIIO). 3 Tenepi-
ITHBOT TOYKU 30PY JIeAKI MICIId ITi€l Ipyrol YacTUHU KHUTH 3aCTyTOBYIOTH
Ha kKputukKy. O4YeBuIHO, 10 i B Ti Yacu, KOJIM KHUTA 3’sBUJIACSH, aBTOPaM
JIOBOJIMJIOCH BUCJIYXOBYBaTH KPUTHYHI 3ayBaxkenus. Tomy B 1982 p. aBropu
myOJIiKyIOTh HOBY BEPCiI0 KHWTH B SKili HAMATAIOThCA BPAXyBATU TOJIIIIHI
JOCATHEHHsT CBITOBOI IIIKOJIM TeOPil WMOBIpHOCTEH, 0cOO/MBO (DPAHITY3bKO1
mkoyu. OHaK Ha TOH Jac Taka KHUTA, 3/aE€ThCsI, BJKE BTPATUJIA aKTyaJlb-
HICTBh.

2.4. PozmmpeHuilt croxactuuHuii interpasi. Ak Bxke 3a3Ha4aI0Ch, B
OCHOBI Teopii cToXacTUIHUX TUMEPEHIATILHUX PIBHAHD JICXKUTH MOHATTSI
CTOXaCTUYHOTO iHTerpasa [to, B gakoMy BupimaabHy POJIb Bifirpae ta o0-
CTaBUWHA, IO 3HAYEHHH (DYHKINI, IKa IHTEIrPYyEeThbCsd, B MOMEHTH Jacy T < S
He 3aJIe2KaTh BiJl TPUPOCTIB BiHEPOBOIO MPOIIECY 10 AKOMY OyIyeThCsd iHTe-
rpaJi, mcjsi MOMEHTY 4Jacy s (He 3a/iexkaThb B WMOBIDHICHOMY CEHCI).

B 1975 poui A. B. Ckopoxoz B crarti [21] BBIB HOHSTTS PO3MINPEHOTO
CTOXaCTUYHOT'O iHTerpaJia 1o TayccoBiil IIEHTPOBaHiil Mipi Bijl BUIIQIKOBUX
bYHKIIH 3 JTOCUTH MUPOKOTO Kjacy. lle MOHATTA BUABUIOCH HAI3BUYIANHO
IiKaBUM 3 DaraTboX TOYOK 30Dy, 30KPEMa, BOHO BUKOPUCTOBYETHCS ITiJI Ha-
3B0IO «iHTerpajs CKOpOXoJiay B JIEsIKUX TEOPiAxX cydacHol ¢izuku. Eposroris
IIHOTO TTOHATTH MPOTAroM 30-u POKIB Ticyst HOro BBEJIEHHS B HAYKOBUU 00Ir
ommcana B crarti [4] A. A. loporosuesa (omuoro 3 yunis A. B. Ckopoxo-
J1a), sSIKW HUHI 3aBijye BijyiiioMm Teopil BUIaJKOBUX TpoleciB [ncTuryTy
MaTEMATHUKU i € BU3SHAHUM €KCIIEPTOM B CTOXACTUIHOMY AHAJII3i.

2.5. FO. JI. Janeuskwuii Ta itoro yuni. IOpio JIbBoBuuy Hajekarh Taki
cyioBa: «HemoxkytmBO He 3HaTH Teopil MOBIpHOCTEl, TIepebyBatoun B OIHIi
kommamii 3 1. 1. Tixmanom ta A. B. Ckopoxomonmy. 11i ciioBa MOKyTh Cripu-
“MaTucd fIK JKapT, IPOTe IIe — caMe TOH KapT, B AKOMY JIUIIE YaCTKA KapPTy.
Hacnpaszai aBrop mux cjiiB 6yB OHMM 3 IIEPITAX MaTEMaTHKIB He HMOBIpHI-
CHOT'O TTPOMLIIIO, XTO 3PO3yMiB BCIO BaXKJIUBICTh TOTO HOBOIO, IO 3 SIBUJIOCH
B poborax M. I. Tixmama ta A. B. Cropoxoma, a came, Teopii CTOXacTH-
9HUX AudepeHItiaabHuX PiBHAHB. I, 10 ftoro decti, BiH 3yMiB IIiIXOIUTH
Hosi inei. Moro pe3yIbTaTh 3 TEOPil CTOXaCTUIHUX AN(EPEHIIATbHAX PiB-
HsHb Ha TiIb0epPTOBUX Ta ODAHAXOBUX IPOCTOPAX JIO3BOJIUJIN HOMY Ta #Oro
VIHAM TTO-HOBOMY MiIiATH IO JIOCJII?KEHHS €BOJIIONINHUX PIBHIHb B Ta-
kux npocropax. I1lo x& cTrocyeTbes Teopil croxacTudHuX AudepeHItiaIbHuX
piBHSIHb HA MHOIOBHJIaX (sIK CKiHYEHOT, TaK i HECKIHYeHHOI KiJIbKOCTI BU-
mipiB), To TyT FOpiii JIbBoBUY GyB OJHUM 3 IOHEpPiB, a HOro pe3ysbTaTH,
OTpUMAHI CIIJIBHO 3 YYHIAMU, CTAJU Telep KJIACUIHUME B IIiil rasysi (qus.
monorpadiio [14]).
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2.6. JIBi Touku 30py Ha CcTOXacTUYHE JudepeHIiajbHe PiBHIHHS.
Posrisguaemo croxactuane audepeniiajibae piBHAHHS

da(t) = a(t, x(t)) dt + o(t, 2(t)) dw(t), (2.2)

B axomy (w(t))i=0 — 3amanuii Binepis npomec B RY, a zamami ma MHOXKH-
Hi (t,z) € [0,T] x R? Bekropne mnone a(t,r) Ta oneparopue mome o(t, )
3a/I0BOJIBHAIOTH YMOBH ICHYBAHHS 1 €IMHOCTI PO3B’sI3Ky (JIOKAJIbHA YMOBA
Jlmmwmirg mo npocTopoBiit 3MiHHME I OOMEXEHHST HA MOXKJIMBE 3POCTAHHS
koedilieHTiB, Koau |x| — +00: 1e 3pOCTaHHS MA€ He MePeBUIILyBATH 3PO-
cranns Gyskmil K (1 + |z|) 3i cramoro K > 0).

PiBusians (2.2) MOXKHA PO3IVISIATH K Pe3yJIbrar 30ypeHHs PIBHAHHSI

dz(t) = a(t,z(t)) dt (2.3)

BUIIQIKOBUM (DAKTOPOM, 1110 MIOPOJIZKYETHCsI BiHepoBUM TIporiecoM (w(t))¢=o.
dxmo (2.3) Bu3HAYAE AuHAMIUHY cucreMy, TO piBHaHHA (2.2) ommcye Ti
MIOBEIIHKY T €10 3ralaHuX BUIAQIKOBUX (DAKTOPIB.

Iammm noruisiiom Ha piBHsHHS (2.2) € TOI, 3TiTHO 3 IKUM BOHO € PE3yJilb-
TaTOM 30ypEHHs PiBHIHHA

da(t) = o(t, z(t))dw(t) (2.4)

BeKTOpHUM T0JIeM (a(t, T))i=0 pepd. BUABISETHCS, M0 piBHAHHSA (2.4) MO-
=Yy

KHa 30yproBaTn TakuMu oAMu (a(t, T));=0 gerd, AT AKUX piBHARHEA (2.3)

He MOPOJZKYE KOHOI AuHAMIUHOT cucreMu. Hanpukiia, TakuM 110JeM Mo-

Ke Oyt

a(t, z) = q(x)ds(x)N(t,x), t >0, v e R,

ne S — 3aaHa JOCHTH TyiajeHbKa rineprosepxus B R, (0g(1)) cpa — y3a-
rajgbHeHa PyHKIA, gKa jie Ha TecToBY (MYHKIO (¢()),cpd 3TiAHO 3 mpa-
BIJIOM

(55, 0) = L p(x)dS

(moBepxHesnit inTerpan), (q(x)),cre — 3amana HemepepBHa QYHKILS 31 3HA-
qeHHAMI B poMixkKy [—1,1], a (N (¢, 2))t>0,2es — KOHOPMAJb 10 Timepro-
Bepxui S, To6ro, N(t,x) = b(t,z)v(z) nna t > 0 ra x € S (ryr v(z) —
HOpMash 10 S B Touni x, a b(t,x) = o(t,x)o*(t, x)).

dcua pig, o Takwmii mporec He Moxke OyTu audy3ifinum B cerci Kosmo-
ropoBa, MPOTE BiH € TAKUM B JIEIKOMY y3arajJbHEHOMY CEHCI. Y3arajbHeHi
mudysiiiai npouecu € npeaMeToM posriisy MoHorpadil [19], a Takox Hu3-
K1 IyOJikaliift MoiX KOJIMIMHIX y4uHiB, a Termep — kojer — O. B. Apsicosof,
B. I. Komnrka, M. M. Ocumayka.
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2.7. I'parn4Hi Teopemu. B paMkax yKpalHCHKOI IIIKOJIN TEOPil CTOXACTH-
IHUX Ju(EepeHIialbHuX PIBHAHD MOMYJISPHAME € 331a91 HACTYITHOIO THILY.

[Tpunyctumo, mo piBagHHA (2.2) Mae €auHUl PO3B'A30K, aje s PiB-
HsHHS (2.3) He BUKOHYETHCS T€OPEMa €MHOCTI PO3B’A3KY, a OTKe, PIBHSIH-
He (2.3) BU3HAYA€ He ONHY AMHAMIYHY cucreMy. [Ipumycrnmo Takox, o
oneparop o(s,z), s € [0,T], x € R, B pinsnni (2.2) MuokuThCH Ha £ > 0,
i MU IIKABUMOCH T'PAHUYIHOIO TOBEIIHKOIO BiIITOBITHOTO pPO3B’A3KY, KOJIH
€ — 0. Husky Ham3BuvaiiHo IiKABUX TBEP/XKEHDb TAKOI'O THUITY OIEPKAHO B
poborax C. 4. Maxna Ta #foro y4HiB, a Takoxk B poborax O. M. Kynnka Ta
A. 1O. TInnmnenka pasom 3 koseramu (aus. [1,7,18]).

2.8. Ilpuknaag I'. JI. Kyainiva. Oguum 3 yunis A. B. Cropoxona OyB
T'. JI. Kyniniu. Bin 3axkinuuB cBiit xxurteBuit nuiax 10 grororo 2022 poky.
dx 3HAK MaM’SATi MPO IBOTO MPEKPACHOTO MaTeMaTHKa i BipHOTO Ipyra,
HaBEy TYT OJMH 3 HOro sicKkpaBHX pe3ysbrariB [17], 1mo € cripaBxKHBOIO
IIEPJIMHOIO TEOPil CTOXaCTUIHUX JudepeHiiaabHux piBHdaab. [luM i 3aKkimay
III0 MOIO CTATTIO.

PosriistremMo mocti[oBHICTD OTHOBUMIPHUX CTOXACTUIHUX UM EPEHIIAb-
HUX PIBHAHD

dan(t) = an(zn(t)) dt + dw(t), (2.5)
ne (w(t))i=0 — omHOBUMIpHMIT BiHEpiB mporec, a MyHKIs (an (X)) ert 18
n =1,2,... BU3HAUAETLCA PiBHICTIO Ay (7) = ncos(nz), z € R, Busasnse-

ThCd, 1 11e — pe3ysbTaTr ['puropis JlorsuroBHYa Maiizke 50-TiTHBOI JABHOCTI,
IO TIOCJIiIOBHICTH BUIAJKOBHUX HPOIECIB (X, (t))i=0 c1abko 36iraerbesi, Ko-
i n — 00, 1o mporecy (x(t))i=0, AKU MOXKHA 3aIMCATU B Takii dopmi

dz(t) = k~'dw(t), (2.6)

nek = Z;’;O(j!)’? Otxe, sik 6aunmo, rpanrnaHuil nepexis Big (2.5) mo (2.6)
[IPUBOIUTE JI0 TOTO, IO B I'PAHUIN KOEDIIEHT MepeHOCy 3HUKAE, a Koedi-
mienT audy3il 3menmryerbes. 1likaBo, 9k pearye iHTYyimis ynrada Ha 3ald-
TaHHdA, 90My KoedilieHT mudy3il MycuThb caMe 3MEHIITYBATUCD.
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Advances in theory of evolution
equations of many colliding particles

V. I. Gerasimenko, I. V. Gapyak

Abstract. The review presents rigorous results of the theory of fundamen-
tal equations of evolution of many-particle systems with collisions and also
considers their connection with nonlinear kinetic equations describing the
collective behavior of particles in scaling approximations.

Amnoranis. B omraai mogano crpori pesynbratu Teopil dyHIAMEHTAIbBHUX
€BOJTIOTHITHUX PIBHSHB CHCTEM 0araTboX YaCTUHOK 13 3ITKHEHHSIMU, a TAKOK
PO3IJIAHYTO X 3B’I30K i3 HEJIHIMHMMU KiHETUYHUMU PIBHAHHIMHM, SKi OITH-
CYIOTHb KOJIEKTUBHY HOBEJIHKY IACTUHOK y CKEUIIHIOBUX HAOIMKEHHIX.
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1. PREFACE

This review presents the modern theory of evolution equations for sys-
tems of many particles with collisions. The traditional approach to describ-
ing the evolution of both finitely and infinitely many classical particles is
based on the description of the evolution of all possible states by means
of the reduced distribution functions governed by the BBGKY hierarchy
(Bogolyubov-Born-Green—Kirkwood—Yvon), which for finitely many parti-
cles is an equivalent to the Liouville equation for the probability distribution
function [14, 82, 83].

As is known, in the basis of the description of many-particle systems,
there are notions of the state and the observable. The functional of the
mean value of observables defines a duality between observables and states,
and as a consequence, there exist two approaches to the description of
evolution. Thus, an equivalent approach to the description of evolution is
to describe the evolution by means of observables governed by the so-called
dual BBGKY hierarchy for reduced observables [10,51].

In certain situations [14], the collective behavior of many-particle systems
can be adequately described by the kinetic equations. The conventional
philosophy of the description of kinetic evolution consists of the following:
if the initial state is specified by a one-particle reduced distribution function,
then the evolution of the state can be effectively described by means of a
one-particle reduced distribution function governed by the nonlinear kinetic
equation in a suitable scaling limit. A well-known historical example of a
kinetic equation is the Boltzmann equation, which describes the process of
particle collisions in rarefied gases [13].

Nowadays, a number of papers have appeared that discuss possible ap-
proaches to the rigorous description of the evolution of many colliding par-
ticles 25,29, 52, 88,89,92,94]. In particular, this is related to the prob-
lem of the rigorous derivation of the Boltzmann kinetic equation from the
underlying hierarchies of fundamental evolution equations. The conven-
tional method of deriving the Boltzmann equation consists of constructing
the Boltzmann—Grad scaling asymptotics of the BBGKY hierarchy solu-
tion represented by series expansions within the framework of perturbation
theory. The most advanced and rigorous results to date have been ob-
tained for systems of colliding particles, which is why the motivation for



Evolution equations of colliding particles 731

writing this work is to discuss the theory of evolution equations for such
many-particle systems [4, 52, 98].

In what follows, we mainly consider three challenges are left open until
recently [52].

One of them is related to the construction of solutions to the Cauchy
problem for hierarchies of fundamental evolution equations for systems of
many particles with collisions, using the example of hard spheres with elas-
tic collisions. It is established that the cluster expansions of groups of
operators for the Liouville equations for observables and a state of many
hard spheres underlie the classification of possible non-perturbative solu-
tion representations of the Cauchy problem for the dual BBGKY hierarchy
and the BBGKY hierarchy, respectively. As a consequence, these solutions
are represented in the form of series expansions whose generating operators
are the cumulants of the groups of operators for the Liouville equations.
In a particular case, the non-perturbative solutions of these hierarchies are
represented in the form of the perturbation (iteration) series as a result of
applying analogs of the Duhamel equation to their generating operators.
The paper also formulated the Liouville hierarchy of evolution equations
for correlation functions of the state and established that the dynamics of
correlations underlie the description of the evolution of an infinitely many
hard spheres that are governed by the BBGKY hierarchy for the reduced
distribution functions or the hierarchy of nonlinear evolution equations for
the reduced correlation functions [53].

Another challenge considered below is an approach to the description of
the kinetic evolution within the framework of the evolution of the observ-
ables of many colliding particles [51|. The problem of a rigorous description
of the kinetic evolution of hard sphere observables is considered by giving
the example of the Boltzmann-Grad asymptotics of the non-perturbative
solution of the dual BBGKY hierarchy. One of the advances of this appro-
ach is the opportunity to construct kinetic equations, taking into account
the correlations of particles in the initial state and also the description of
the process of propagation of initial correlations in scaling approximations.

In addition, this paper discusses the approach to describing the evolution
of a state by means of the state of a typical particle of a system of many
hard spheres, or, in other words, we consider the origin of the description
of the evolution of the state of hard spheres by the Enskog-type kinetic
equation [47]. One of the applications of the method is related to the chal-
lenge of the rigorous derivation of kinetic equations of the non-Markovian
type based on the dynamics of correlations, which allow us to describe the
memory effects in complex systems.
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Thus, this review presents rigorous results in the theory of fundamental
evolution equations for many-particle systems with collisions, as well as
nonlinear kinetic equations describing their collective behavior in scaling
approximations.

1.1. A chronological overview of the theory of evolution equations
for many colliding particles. The theory of kinetic equations begins
with the work of L. Boltzmann [9], where an evolution equation for colli-
sion dynamics was formulated based on phenomenological models of kinetic
phenomena. Later, to generalize the Boltzmann equation for the case of
dense gases or fluids, D. Enskog [26] formulated a kinetic equation for a
system of many hard spheres, now known as the Enskog equation.

The idea that equations formulated on the basis of phenomenological
models of phenomena, such as hydrodynamics equations or kinetic equa-
tions, should be derived from fundamental evolutionary equations for sys-
tems of many particles, namely the Liouville equations, apparently goes
back to the works of D. Hilbert [76] and H. Poincaré [85]. At the Second
International Congress of Mathematicians, held in Paris at the beginning
of the 20th century, D. Hilbert formulated this idea in his list of open ques-
tions as follows: "Boltzmann’s work on the principles of mechanics suggests
the problem of developing mathematically the limiting processes that lead
from the atomistic view to the laws of motion of continua”.

The approach to describe the evolution of the state of many-particle
systems in a way equivalent to the Liouville equation for the probability
distribution function based on the hierarchy of evolution equations for re-
duced distribution functions, known in our time as the BBGKY hierarchy,
was most consistently formulated in the work of M. M. Bogolyubov [6],
and independently by M. Born and H. S. Green [11], J. G. Kirkwood [77],
J. Yvon [100].

In his famous monograph "Problems of the Dynamical Theory in Sta-
tistical Physics” [6], which was actually the manuscript of a 1945 report
at the Institute of Mathematics in Kyiv, M. M. Bogolyubov also formu-
lated a consistent approach to the problem of deriving kinetic equations
from the dynamics of many particles. Using the methods of perturba-
tion theory, an approach was developed to construct a generalization of
the Boltzmann equation, known as the Bogolyubov kinetic equation, as
well as justify the Vlasov and Landau kinetic equations for the first time.
Thanks to this work, the irreversibility mechanism of the evolution of sys-
tems of many particles, whose dynamics are described as reversible in time
by the fundamental equations of motion, became clear. A little later, in
the Proceedings of the Institute of Mathematics, M. M. Bogolyubov pub-
lished a paper on the derivation of the equations of hydrodynamics from
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the BBGKY hierarchy [5]. These works became widely known as a result
of G. E. Uhlenbeck’s lectures [16]. Bogolyubov’s ideas became the cradle
of modern kinetic theory, as M. H. Ernst noted in his review [27]. The Bo-
golyubov method of deriving the Boltzmann kinetic equation directly from
the BBGKY hierarchy is presented in modern terminology in the book [14].

Since these lines are written in the work dedicated to the 160th anniver-
sary of the birth of Dmytro Oleksandrovych Grave, the first academician
of the Ukraine Academy of Sciences in mathematics and the founder of the
Institute of Mathematics in 1920, it should be reminded that M. M. Bo-
golyubov was one of the students of D. O. Grave, thanks to whom he became
an outstanding scientist in the field of mathematical physics. It is known
that in 1922 at the age of thirteen, M. Bogolyubov became a participant in
Grave’s famous mathematician seminar. In 1925, at the request of professor
D. O. Grave, the Small Presidium of Ukrgolovnauka made a decision: "In
view of his phenomenal abilities in mathematics, to consider M. Bogolyubov
as a post-graduate student of the research department of mathematics in
Kyiv from June, 1925”, and already in 1928 he defended his doctoral thesis.
By the way, this historical precedent convincingly illustrates the signifi-
cance of a scientific school for the development of mathematics.

Rigorous methods for the description of the equilibrium state by the
Gibbs distribution functions [71], i.e., by solutions of the steady BBGKY
hierarchy, originate from the works of M. M. Bogolyubov and D. Ya. Pet-
rina within the framework of a canonical ensemble [7] and D. Ruelle within
the framework of a grand canonical ensemble [90] and were investigated in
numerous works as a new direction of the progress of modern mathemati-
cal physics in the 70-80s. In our time, mention above work of M. M. Bo-
golyubov, D. Ya. Petrina and B. I. Khatset was included in the special
issue of the Ukrainian Journal of Physics dedicated to the 90th Academy of
Sciences of Ukraine, which was was republished the most significant works
of Ukrainian physicists over the entire period of the Academy’s existence,
in other words, works that contributed to the golden fund of world physical
science (Golden Pages of Ukrainian Physics [8]).

Note that the mathematical description of the Gibbs equilibrium states
for infinitely many particles forms the principal part of modern statistical
mechanics. The main rigorous results about the equilibrium Gibbs states
were presented in the book [64].

The mathematical theory of the BBGKY hierarchy originates from the
works of D. Ya. Petrina and V. I. Gerasimenko [56-58,81,82| in the early
80s. The dual BBGKY hierarchy for reduced functions of observables
was introduced by V. I. Gerasimenko in the middle of the 1980s, and the
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theory of these evolution equations began to develop in the last two decades
(see [52] and references therein).

Mathematical methods for deriving nonlinear kinetic equations from the
BBGKY hierarchy began to develop intensively in the early 1980s [12,79].
One of the achievements of this period was the formal derivation of the
Boltzmann equation from the dynamics of an infinite number of hard
spheres in the Boltzmann—Grad limit.

In the approach to the problem of deriving kinetic equations from particle
dynamics, which was formulated by H. Grad [73| and has now become
generally accepted, the philosophy of the description of kinetic evolution
looks like this: if the initial state is specified by a one-particle distribution
function, then the evolution of the state of many particles can be effectively
described by means of a one-particle distribution function governed by a
nonlinear kinetic equation in a certain scaling approximation.

The Boltzmann—Grad asymptotics of a solution of the BBGKY hierar-
chy, represented as an iteration series for infinitely many hard spheres, was
first constructed by C. Cercignani [12] and O. E. Lanford [79] and rigorously
justified in a series of papers [59-61,83] by D. Ya. Petrina and V. I. Gerasi-
menko (some details are given in sections 2.2 and 3.1). Incidentally, it
should be noted that the results of the papers [57,59] were discussed with
Academician M. M. Bogolyubov at that time and were submitted by him
for publication.

Rigorous results of the theory of evolution equations for hard spheres and
the derivation of the Boltzmann equation from the BBGKY hierarchy in
the Boltzmann—Grad limit were summarized in monographs C. Cercignani,
V. I. Gerasimenko and D. Ya. Petrina [14], C. Cercignani, R. Illner and
M. Pulvirenti [15], H. Spohn [95] at the end of the 90th.

The last two decades of progress in solving the problem of rigorous deriva-
tion of kinetic equations from the collisional dynamics of particles are re-
presented in numerous recent works [4, 20, 25, 28, 29, 8789, 92, 94]. The
challenges of this area of contemporary mathematical physics are also dis-
cussed in the latest review [52]. With respect to the modern progress in the
theory of evolution equations of quantum many-particle systems, we refer
to the overview [38].

In these notes, recent advances in the theory of evolutionary equations
for many colliding particles will be considered; more precisely, we focus on
the dynamics of many hard spheres with elastic collisions.

1.2. Evolution equations of finitely many hard spheres. The de-
scription of many-particle systems is based on the concepts of an observable
and a state. The mean value functional (expectation values) of observables
defines the duality between observables and a state, and as a result, there
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are two approaches to describing evolution. The evolution of the system
of finitely many colliding particles considered below is governed by such
fundamental evolution equations as the Liouville equation for observables
or its dual equation for a state.

Within the framework of a non-fixed, i.e., arbitrary but finite average
number of identical particles (non-equilibrium grand canonical ensemble),
the observables and the state of a hard sphere system are described by the
sequences of functions

A(t) = (Ao,Al(t,xl), e ,An(t,xl, . ,Jjn), .. )
at instant ¢t € R and by the sequence
D(0) = (Dg, DY(21),...,D%(x1,...,2),...)

of the probability distribution functions at the initial moment, respectively.
These functions are defined on the phase spaces of the corresponding num-
ber of particles, i.e., z; = (¢;,p;) € R® x R? is phase coordinates that
characterize a center of the ¢ hard sphere with a diameter of ¢ > 0 in
the space R? and its momentum and are symmetrical with respect to ar-
bitrary permutations of their arguments. For configurations of a system of
identical particles of a unit mass interacting as hard spheres the following
inequalities are satisfied: |¢; — ¢j| = 0,1 # j > 1, i.e., the set

Wn={(q1.-- @) €R* | g — q5| < 0}

for at least one pair (¢,7) : i # j€ (1,... ,n)}, n > 1, is the set of forbidden
configurations.

A mean value functional of the observable of a hard sphere system is
represented by the series expansion [83]:

(A1) = (1, D(0))"'(A(), D(0)), (1.1)

where the following abbreviated notation

oo
1
(A(t)7 D(O)) = 2 E An(t,xl, cey .’L'n)D,?l(.%'l, . ,[En)dxl ce d{I;n
n=0 (]R'3><]R3)”

was used and the coefficient (1, D(0)) is a normalizing factor (grand canon-
ical partition function).

We remark that in the particular case of a system of N < oo hard spheres
the observables and a state are described by the one-component sequences:

AM (1) =(0,...,0, Ax(2),0,...)

and
DM (0) = (0,...,0,D%,0,...),
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respectively, and therefore, functional (1.1) has the following representation

(AN (t) = (1, D (0)) 1AM (), DY (0)) =

41
1N,fAN(t, 21,...,oN) DN (21, ..., on)dy - - day,

(R3 xR3)N

= (1, D"™(0))

where

1
(I, DM (0)) = i JD?V(:CI, ay)dry - dey
(R3xR3)N

is the normalizing factor (canonical partition function), and it is usually
assumed that the normalization condition (I, DV)(0)) = 1 holds.

Let Cy be the space of sequences b = (bg, b1, ...,bp,...) of bounded con-
tinuous functions b, = b,(z1,...,z,) that are symmetric with respect to
permutations of the arguments x1,...,x,, equal to zero on the set of for-
bidden configurations W,, and equipped with the norm:

" 7"
Ibllc, = max -y I6llc, = max L Sup bn (@1, ... 20)],

where 0 < v < 1. We also introduce the space L., = (—szoa"L}L of sequences
f="(fo, f1,---, fn,...) of integrable functions f,, = f,(z1,...,x,) that are
symmetric with respect to permutations of the arguments x1, ..., x,, equal
to zero on the set W,, and equipped with the norm:

0
Il = X " [ Ufulrs.coon)lden - da,
n=0 3y R3)n

where @ > 1 is a real number. If A(t) € C, and D(0) € L}, mean value
functional (1.1) exists and determines the duality between observables and
states.

The evolution of the observables

A(t) = (Ao,Al(t,Zﬁl), N ,An(t,xl, N ,:cn), .. )

is described by the Cauchy problem for the sequence of the weak formulation
of the Liouville equations for hard spheres with elastic collisions [14]. On
the space C, a non-perturbative solution A(t) = S(¢)A(0) of the Liouville
equation of many hard spheres is determined by the following group of
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operators [83]:
(SE)b)n(z1,...,2n) = Sn(t,1,...,n)bp(x1, ..., 2n) =
b (Xy(t, 1,y xn)y e, Xn(t 1, oy ),
= if(xq,...,2,) € (R3 x (R™\W,,)),
07 if(Q17~--aQn)EWn7

(1.2)

where for arbitrary ¢ € R the function X;(t) is a phase trajectory of ith
particle constructed in book [14] and the set MO of the zero Lebesgue mea-
sure, which consists of the phase space points that are specified such initial
data that during the evolution generate multiple collisions, i.e., collisions of
more than two particles, more than one two-particle collision at the same
instant, and an infinite number of collisions within a finite time interval.
On the space Cy one-parameter mapping (1.2) is an isometric *-weak
continuous group of operators, i.e., it is a Cj-group [19]. The infinitesimal
generator £ = @;°_ L, of the group of operators (1.2) has the structure:

n

Ly = Z E(J) +2£int(jl,j2)a
j=1

J1<j2=1

where the operator L£(j) defined on the set Cj o of continuously differen-
tiable functions with compact supports is the Liouville operator of free evo-
lution of the j hard sphere and for ¢ > 0 the operators £(j) and Ly (j1, j2)
are defined by the formulas [22,83]:

£6) = ;. £>

Lint (1, j2)bn = 02fd77<77, (Pjr — Pj2)) (. — qjo + om) X (1.3)
&
X (bn(xl, .. .,qjl,p;-‘l, .. ,qu,p;-‘Q, ey @) — bp(x, ... ,xn)),
respectively. In formulas (1.3) the symbol {,-) denotes a scalar product, ¢

is the Dirac measure, S% = {n e R3 | |n| = 1,{n, (pj, — pj»)y > 0} and the
post-collision momenta: pj ,pj, are defined by the equalities

p;fl = Pj; —1n <777 (pj1 - pj2)>7

| (1.4
p;'; =pj, +1 <777 (pj1 - pj2)> .

For ¢ < 0 operator (1.3) is defined by the corresponding expression [14].

It should be noted that the structure of generator (1.3) is determined,
on the one hand, by the singular interaction potential of hard spheres and,
on the other, by the fact that the group of operators (1.2) is defined for
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pairwise collisions outside the set M of the zero Lebesgue measure defined
above in (1.2).

As mentioned above, the evolution of observables for many hard spheres,
i.e., the sequences of functions A, (t) = S, (t)A%, n > 1, is governed by the
Cauchy problem for the sequence of the weak formulation of the Liouville
equations with these generators [51]:

n

;An(t) = (Z L(j) + Z»Cint(jth))An(t)?
j=1 J1<j2=1 (1.5)

Ap())i=0 =A%, n>1.

n’

For mean value functional (1.1) the following representation holds

where the sequence D(t) = (1, D1(t,z1),...,Dp(t,x1,...,2p),...) of dis-
tribution functions is defined as follows:

D(t) = §*(t)D(0),

and the mapping S*(t) is an adjoint operator to operator (1.2) in the sense
of mean value functional (1.1). We emphasize that this equality is a con-
sequence of a fundamental property of Hamiltonian systems, namely, the
validity of the Liouville theorem for phase trajectories [14], i.e., isometry of
the groups of operators (1.2).

[os}
On the space L}, = @ a"L} of sequences of integrable functions, the
n=0

group of operators S*(t) = % Sk(t) is an adjoint to the group of opera-
n=0
tors (1.2) in the sense of functional (1.1) and is defined as follows [83]:

S*(t) = S(—t). (1.6)
On the space L, one-parameter mapping (1.6) is an isometric strong con-

tinuous group of operators, i.e., it is a Cy-group [19]. The infinitesimal
generator £* = @)L} of this group of operators has the structure:

Lh=YTL%0G) + DL a),s
j=1

J1<jz2=1



Evolution equations of colliding particles 739

and for ¢t > 0 the operators £*(j) and L (41, j2) are defined by the formu-
las:

0
L*(§) frn = —(pj; %>fna

Chalinsa o = 0% [ dnto (s~ i)
2
X (fn(xla oo 7p;'<17qj17 e 7p;<27Qj27 e 7xn>5(qj1 - q]2 + 077)_

- fn(SUl, v 7$n)5(Qj1 — 45, — 077))7
respectively, the pre-collision momenta p;-‘l , p;-‘2 are defined by relations (1.4)
and notations accepted in formula (1.3) are used. For ¢ < 0 these operators
are defined by the corresponding expressions [64].

We note that the evolution of the state, i.e., the sequence of probability
distribution functions D, (t) = S¥(t)DY, n > 1, describes by the Cauchy
problem for the sequence of the weak formulation of the Liouville equations
for many hard spheres with these generators [83]:

SDu(0)= (X £7G) + 3 Lhulits 2)) Dalt),
J=1 J1<j2=1 (1.8)
Du(O)io = D

=1

Thus, the evolution of finitely many colliding particles is governed by
the fundamental evolution equations, such as the Liouville equation for
observables (1.5) or its dual equation for a state (1.8).

To formulate another representation of the mean value functional (1.1) in
terms of sequences of so-called reduced observables and reduced distribution
functions, on sequences of bounded continuous functions we introduce an
analog of the creation operator

(@ D)s(@r, . yag) = Y byoa((@1, - z)\()), (1.9)
j=1

and on sequences of integrable functions, we introduce an adjoint operator
to operator (1.9) in the sense of mean value functional (1.1) which is an
analogue of the annihilation operator

(af)n(z1,... 2n) = an+]_(fl:]_, ey Ty 1) ATt - (1.10)
R3 xR3
Then as a consequence of the validity of equalities:

(b, f) = (e e b, f) = (7 b,e%f),

—at
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for mean value functional (1.1) the following representation holds:

(A)(t) = (1,D(0)) "1 (A(t), D(0)) = (B(t), F(0)), (1.11)
where a sequence of the reduced observables is defined by the formula
B(t) = e " S(t)A(0), (1.12)

and a sequence of so-called reduced distribution functions is defined as
follows (known as the non-equilibrium grand canonical ensemble [82])

F(0) = (I, D(0))~'e*D(0),

respectively.

Thus, according to the definition of the operator e_“+, the sequence of
reduced observables (1.12) in component-wise form is represented by the
expansions:

Bs(t,:l,’l, ,.CCS) =
_ (—nl‘)" S SOAWO))son (@1, e\, 25,)), (1:13)
n=0 L1 An=1 o

The mean value functional (1.11) also has the following representation:
(B(t), F(0)) = (B(0), F'(t))- (1.14)

The sequence F(t) = (1, Fy(t,z1),..., Fp(t,x1,...,2y),...) of reduced dis-
tribution functions is defined as follows (known as the non-equilibrium
grand canonical ensemble [82])

F(t) = (I, D(0))"'e*S*(£)D(0), (1.15)

where the mapping S*(¢) is an adjoint operator (1.6) to operator (1.2).
According to the definition of the operator e, the sequence of reduced
distribution functions (1.15) in component-wise form is represented by the
series:

Fy(t,a1,...,25) = (I, D(0)) "' x

a1
X Z — J(S*(t)D(O))S+n(x1, ey Ty dTsq1 AT gqn, $ =1,

where the coefficient (I, D(0)) is the normalizing factor as above.

We emphasize that a widely used approach to the description of the
evolution of many hard spheres is based on the evolution of a state de-
termined by the BBGKY hierarchy for reduced distribution functions [14].
An equivalent approach to describing evolution is based on reduced observ-
ables (1.12) governed by the dual hierarchy of evolution equations [52].
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2. HIERARCHIES OF EVOLUTION EQUATIONS FOR COLLIDING PARTICLES

As is well known, hierarchies of evolution equations for sequences of re-
duced functions of observables and, accordingly, of a state for a finitely
many hard spheres are equivalent to the Liouville equations. Their ad-
vantages consist in the possibility of rigorously describing the evolution of
infinitely many hard spheres whose collective behavior exhibits thermody-
namic (statistical) features, namely, the existence of an equilibrium state
in such a system as well as the kinetic or hydrodynamic behavior in corres-
ponding scaling approximations [14,21,64].

An alternative approach to the description of the evolution of the state
of a hard-sphere system is based on functions determined by the cluster
expansions of the probability distribution functions. The cumulants of
probability distribution functions are interpreted as correlation functions
and are governed by the Liouville hierarchy. The following outlines the
approach to the description of the evolution of a state by means of both
reduced distribution functions and reduced correlation functions, which is
based on the dynamics of correlations [53]. It should be emphasized that
on a microscopic scale, the macroscopic characteristics of fluctuations of
observables are directly determined by the reduced correlation functions.

2.1. Hierarchy of evolution equations for reduced observables. The
motivation for describing the evolution of many-particle systems in terms of
reduced observables is related to possible equivalent representations of the
mean value functional (mathematical expectation) of observables, namely
as (1.11) compared to the traditionally used form (1.14).

The evolution of sequence (1.12) of reduced observables of many hard
spheres is determined by the Cauchy problem of the following abstract
hierarchy of evolution equations [10,51]:

%B(t) = LB(t) + [£,a*]B(b), (2.1)

B(t)|,_, = B(0), (2.2)

where the operator L is generator (1.3) of the group of operators (1.2) for
hard spheres, the symbol [-, ] denotes the commutator of operators, which
in equation (2.1) has the following component-wise form:

([E’ a+]b)s($1, ceyTg) =

s
:Zﬁmt(jl,jg)bs_l(t, (.731,...,1'5>\le), s = 1.
J1#732=1

In a component-wise form the hierarchy of evolution equations (2.1)) for
hard-sphere fluids, in fact, is a sequence of recurrence evolution equations
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(in literature it is known as the dual BBGKY hierarchy [52|). We adduce
the simplest examples of recurrent evolution equations (2.1):
0
ot
0

2
< Ba(t,a1,2) = (; L)+ Lint(1,2) ) Bo(t,01,22)+

Bi(t,x1) = L(1)Bi(t, =1),

+ Lint(1,2) (Bl(t, x1) + Bi(t, 172)),

where the generators of these equations are defined by formula (1.3).

The non-perturbative solution of the Cauchy problem of the dual BBGKY
hierarchy (2.1),(2.2) for hard spheres is a sequence of reduced observables
represented by the following expansions |65, 66]:

By(t,z1,...,25) = (e A(H)B(0)) (21, ..., z,) =

1 . . . .
= Z E Z Qll-l-n(t:{(17"'?8)\(]17'--7]”)}1317"->]n)x (23)
n=0 ' j £ A=l
XBg_n($1, ey g 15 Tl Tjp—1y Ljptly - - - ,CCS), s=1,

where the mappings 204, (t), n = 0, are the generating operators which
are represented as cumulant expansions with respect of groups of opera-
tors (1.2). The simplest examples of reduced observables (2.3) are given by
the following expansions:

By(t,x1) = 21 (t, 1) By (21),

Ba(t, w1, 22) = (¢, {1,2}) By (21, 22) + Az(t, 1,2)(BY (1) + B (x2)).

To determine the generating operators of expansions of reduced observ-
ables (2.3), we will introduce the notion of dual cluster expansions of groups

of operators (1.2) in terms of operators interpreted as their cumulants. For
this end on sequences of one-parametric mappings

u(t) = (0,u1(t), ..., un(t),...)
we define the following *-product [90]
(u(t) »u(t))s(1,...,s) = Z wy (6 Y) gy (8, (1,...,8)\Y),  (24)
Yc(1,...,8)

where ]y (; ) is the sum over all subsets Y of the set (1,...,s).

Using the definition of the x-product (2.4), the dual cluster expansions
of groups of operators (1.2) are represented by the mapping Exp, in the
form

S(t) = Exp, A(t) =1+ )| —A(t)*",
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where S(t) = (0,51(¢,1),...,5.(t,1,...,n),...) and I = (1,0,...,0,...).
In component-wise form the dual cluster expansions are represented by the
following recursive relations:

Ss(t, (1, .0y \Uy - -y Jn)y J1ye -y Jn) =
= Z Hﬁ‘xi‘(t,Xi), n = 0, (25)

P: ({(11"'7'5)\(j17“‘1j7b)}7j11"')jn):UXi XZCP

where the set consisting of one element of indices (1,...,5)\(j1,...,jn) We
denoted by the symbol {(1,...,5)\(j1,...,Jn)} and the symbol »}, means
the sum over all possible partitions P of the set

({(17 s 73)\(j1> s 7jn)}7j17 s a]n)
into |P| nonempty mutually disjoint subsets X; < (1,...,s).
The solution of recursive relations (2.5) are represented by the inverse
mapping Ln, in the form of the cumulant expansion

< (_1)n71 *n
At) = Lo, (T4 S(t) = ] — s
n=1

Then the (1 + n)th-order dual cumulant of groups of operators (1.2) is
defined by the following expansion:

Wit (Lo s NG s )b 1o s i) =
= (PP = D T Sipex (8, 0(X0),  (2:6)

P: ({(1,...,5)\(j1,...,jn)}7j1,...,jn):U Xi XiCP

where the above notation is used and the declusterization mapping 6 is
defined by the formula:

O({(L, - sN\U1, -5 n)}) = (1, s\ - - )
The dual cumulants (2.6) of the first two orders have the form:
A (¢, {1,...,s}) = Ss(t, 1,...,9),
Rt A - 9N\G)I) =
= Ss(t,1,...,8) — Ss—1(t, (1,...,5)\(4))S1(t, 7).

If by € Cs, then for (1 + n)th-order cumulant (2.6) of groups of opera-
tors (1.2) the estimate is valid

|21 (04, < 3 (IP] = Do, <
Pi ({(Lyeeey)\(J1500n) }od 1 5eeein) = X
‘ (2.7)

n+1
< Z s(n+1,k)(k — 1)!HbSHCS < n!e”+2||bs .
k=1
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where s(n + 1, k) are the Stirling numbers of the second kind. Then accor-
ding to this estimate (2.7) for the generating operators of expansions (2.3)
provided that v < e~! the inequality valid

HB(t)HCV <e?(1— Ve)*IHB(O)HCW. (2.8)

In fact, the following criterion holds.

Criterion. A solution of the Cauchy problem of the dual BBGKY hierar-
chy (2.1),(2.2) is represented by expansions (2.3) if and only if the generating
operators of expansions (2.3) are solutions of cluster expansions (2.5) of
the groups of operators (1.2) of the Liouville equations for hard spheres.

The necessity condition means that cluster expansions (2.5) hold for
groups of operators (1.2). These recurrence relations are derived from defi-
nition (1.13) of reduced observables, provided that they are represented as
expansions (2.3) for the solution of the Cauchy problem of the dual BBGKY
hierarchy (2.1),(2.2).

The sufficient condition means that the infinitesimal generator of one-
parameter mapping (2.3) coincides with the generator of the sequence of
recurrence evolution equations (2.1). Indeed, in the space C, the following
existence theorem is true [51].

Theorem. A non-perturbative solution of the Cauchy problem (2.1),(2.2)
is represented by expansions (2.3) in which the generating operators are
cumulants of the corresponding order (2.6) of groups of operators (1.2):

Bs(t,xl,"w‘rs): Z % Z

n=0 J1#F#Ejn=1 P:({(17"'a5)\(j1""7jn)}7j1 7777 jn):UXl

(0PEAPL =0 TT Sjocx(t 0(X0)) %

XZ‘CP

(2.9)

0
X Bsfn(fl,‘l, s Tji =1y Tyl eeey Tjp—15 Tjp+1, ...,IL’S)),S > 1.

Under the condition v < e~ ! for initial data B(0) € C’g of finite sequences
of infinitely differentiable functions with compact supports sequence (2.9) is
a unique global classical solution, and for arbitrary initial data B(0) € C
is a unique global generalized solution.

We note that the one component sequences B (0) = (0,by(z1),0,...)
of reduced observables correspond to the additive-type observable, and the
sequences

B®(0) = (0,...,bg(z1,...,21),0,...)
of reduced observables correspond to the k-ary-type observables [10].



Evolution equations of colliding particles 745

If initial data (2.2) is specified by the additive-type reduced observable,
then the structure of solution expansion (2.9) is simplified and attains the
form

BW(t, @y, ... xs) = As(t,1,...,5) 2 bi(z;), s=1, (2.10)

where the generating operator () is the sth-order cumulant (2.6) of the
groups of operators (1.2).

An example of the additive-type observables is a number of particles,
i.e., the sequence NV (0) = (0,1,0,...), then

NO() =As(t,1,...,8)s = > (=)FI (P - 21—

P:(1,....5)=UX;

= Z (—1)*1s(s, k) (k — 1)ls = 5051 = N{D(0),
k=1

where s(s, k) are the Stirling numbers of the second kind and d, ; is a Kro-
necker symbol. Consequently, the observable of a number of hard spheres
is an integral of motion and, in particular, the average number of particles
is preserving in time.

In the case of initial k-ary-type, k& > 2, reduced observables solution
expansion (2.9) takes the form

B () =0, 1<s<k,

B® (¢, x) = X

> . . . . 2.11
XZ Qll-i—s—k(ta{(]-""’3)\(]15‘"ajs—k)}’jlv"'vjs—k)x ( )
1 Efs k=1

X br(r1,... yLj1—1y Ljr1+1y -+ s Ljg—k—15 Ljo—k+1y - - - , Ts),
s =k,

where the generating operator ;s (t) is the (1 + s — k)th-order cumu-
lant (2.6) of the groups of operators (1.2).

We emphasize that cluster expansions (2.5) of the groups of operators (1.2)
underlie of the classification of possible solution representations of the
Cauchy problem (2.1),(2.2) of the dual BBGKY hierarchy. Indeed, us-
ing cluster expansions (2.5) of the groups of operators (1.2), other solution
representations can be constructed.

For example, let us express the cumulants A, (t), n = 2, of groups of
operators (1.2) with respect to the 1st-order and 2nd-order cumulants. The
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equalities are true:

Qll"rn(t? {(17 : '78)\(j17 e 7jn)}7j17 e 7jn) =

= Z QLQ(ta {(17 ] S)\(jla ce 7jn)}7 {Y})X

DAY (J1,059n)

|P|
x Y (=DFIPE T [on (X)), n>2,
P (1, \Y=U X i=1
where >, is a sum over all nonempty subsets Y < (j1,...,Jn)-

B#Y (j1,+55n)
Then, taking into account the identity

Pl

DIR[0 AKX BY (@1, 2\(@)os -, 35,)) =
P: (i) \Y=UX; =1

z- (2.12)
= Z(_l)‘Pl P! Bg—n((mla EEE) Z‘S)\(:le, s ’x,j'n,))ﬂ

and the equalities

S PP = (1)@ Y < (i), (2.13)
P:(jl,...,jn)\Y:UXi

for solution expansions (2.3) of the dual BBGKY hierarchy we derive the
following representation:

Bs(t,x1,...,xs) = A1 (L, {1,. .., s})Bg(:):l, ce,Tg)F

s

+ils| Z Z(_1)|(j1,~-7jn)\y|QLQ(t,{jl,...,jn};{Y})X

T j#Ee#in=1 Y (1,..,8)\(J15er0n),
Y#J

ng_n((xl, o x)\(@, . xg,)), s =1,

where notations accepted above are used.
Taking into account that initial reduced observables depend only from
the certain phase space arguments, we deduce the reduced representation
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of expansions (2.9):

B(t) = goi, ;)(1)”"“ k,(nnlk), (aF)"FS(t)(a*)*B(0) =
— N 1 gt _ (2.14)
+nZ:1”' ,a ],t. ,at]B(0)
= e % S(t)e B(0).

Therefore, in component-wise form the generating operators of these expan-
sions represented as expansions (2.3) are the following reduced cumulants
of groups of operators (1.2):

Uipn(t, {1,...,8 — n}s—n+1 ,8) =

an k:' (n—k );Ss k(1. s—k). (2.15)

Indeed, solutions of the recursive relations (2.5) with respect to first-
order cumulants can be represented as expansions in terms of cumulants
acting on variables on which the initial reduced observables depend, and in
terms of cumulants not acting on these variables

Ql1+ﬂ(t7{(]‘7 s ?s)\(jb cee 7jn)}7j17 ce a]n) =

—Zmﬂ{ s S\((J1, - -+ Jn) UY)}) X

Y@y Jn) P|
x D (=DFHP ] Tou (e, (X)),
Pp: (.]17 ’]n)\y UX 1=1
where ZYC(jl,...,jn) is the sum over all possible subsets Y < (ji,...,jn).

Then taking into account the identity (2.13) and the equalities (2.12) we
derive expansions (2.14) over reduced cumulants (2.15).

We note that traditionally the solution of the BBGKY hierarchy for
states of many hard spheres is represented by perturbation series [14,29,83].
The expansions (2.14) can also be represented as expansions (iterations) of
perturbation theory [10]:

t:OO dt ndt S(t—t1)[L,at]x
<5 o s wte
x S(ty — tz) - S(tn—1 — tn)[£,a*]S(t,) B(0).
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Indeed, as a result of applying of analogs of the Duhamel equation to ge-
nerating operators (2.6) of expansions (2.3) we derive in component-wise
form, for examples,

Ui(t,{1,...,s}) = Ss(t, 1,...,5),
UQ(t7 {(L s 73)\(j1)}7j1) =

t

S
= Jdtl Ss(t — 11, ]-7 s 75) Z Eint(jlaj2)ssfl(t1> (L R S)\]l)
0 72=1,
J2#01
Recall that the mean value functional (1.11) exists if B(0) € C, and
F(0) € LL. In the case of the observable of a number of hard spheres
N(l)(t) =(0,1,0,...), this means that

O FO) = | [ Fadn | < 7]y <o @0
R3 xR3

Consequently, the states of a finite number of hard spheres are described by
sequences of functions from the space L!. To describe an infinite number
of hard spheres, it is necessary to consider reduced distribution functions
from appropriate function spaces, for example, from the space of sequences
of bounded functions with respect of the configuration variables [58,79,83].

2.2. The BBGKY hierarchy for reduced distribution functions.
As mentioned already, the evolution of systems of many particles is tradi-
tionally described as the evolution of the state of a system based on the
representation of the mean value functional for observables (1.14). In this
case, the sequence of reduced distribution functions is determined by the
hierarchy of evolution equations, known as the BBGKY hierarchy, whose
generator is the operator adjoint to the generator of the hierarchy of evo-
lution equations for reduced observables (2.1) in the sense of mean value
functional (1.11).

The evolution of sequence (1.15) of reduced distribution functions from
the space L, is governed by the Cauchy problem of the BBGKY hierarchy
for many hard spheres (6,14, 83|:

%F(t) = L*F(t) + [a, L] F (1), (2.17)
F(t)],_, = F(0), (2.18)

where the symbol [', ] denotes the commutator of operator (1.10) and of
the Liouville operator (1.7), which is the generator of the isometric group
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of operators (1.6). Thus, in evolution equation (2.17), the second term has
the following component-wise form:

([a, ﬁ*]f)s(xl, cey ) =

S
= Z fd$s+1 Lhi(,s+ 1) fep1(t, 21, wsp1), s> 1
=1 gskRs
For t > 0 in a one-dimensional space, i.e., for gas of hard rods, this term of
a generator has the form [82]:

3 f Qg Lo (i, 5+ 1) fus () =
=1 pSR

o)
S
= ZJdPP fsri(tzr, . qipi — Prooo 25,60 — 0,pi)— (2.19)
7':10 _fs-i-l(t xl?"wa?q’i_a’pi—i_P)—’_
+fs+1(t7x17.~7Qiapi+Pa"'7x87Qi+O-7pi)_

- fs+1(t75'317~--,$5a% +O-7pi - P))?

and for ¢t < 0 this collision integral has the corresponding form [83].

It should be noted that for the system of a fixed, finite number of hard
spheres, the BBGKY hierarchy is an equation system for a finite sequence of
reduced distribution functions. Such an equation system is equivalent to the
Liouville equation for the distribution function, which describes all possible
states of finitely many hard spheres. For a system of an infinite number
of hard spheres, the BBGKY hierarchy is an infinite chain of evolution
equations, which can be derived as the thermodynamic limit of the BBGKY
hierarchy of a fixed finite number of hard spheres [14]. We note that since a
sequence of functions can be determined based on a generating functional,
the corresponding hierarchy of evolution equations can also be formulated
as the evolution equation for such a generating functional [44].

A non-perturbative solution of the Cauchy problem of the BBGKY hi-
erarchy (2.17),(2.18) is a sequence of reduced distribution functions repre-
sented by the following expansions [52,67]:

Fo(t,x1,...,xs) = (e"A*(t)F(0))s(z1, ..., xs) =

a1
2—‘ J Tin AL, st s+ 1., s+ n)x (2.20)
(]R3><R3)”

0
XE (X1, Toqn)dTsq1 -+ - dToqn, 5 =1,
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where the mappings 27, (), n > 0, are the generating operators which are
represented by the cumulant expansions with respect to the group

§7(1) = & i)

of operators (1.6).
Using the definition of the x-product (2.4), the cluster expansions of the
groups of operators (1.6) are represented by the mapping Exp, in the form

S*(t) = Exp, A*(1).

In component-wise form cluster expansions are represented by the following
recursive relations:

Siat 1, 8,541, S+n):

=) I T2, n=0, (2.21)
P: ({1,...,5},s+1,...,s+n):UX- X;cP
where the set consisting of one element of indices (1,...,s) we denoted by

the symbol {(1,...,s)} and the symbol >, means the sum over all possible
partitions P of the set

({1,...,s},s+1,...,s+mn)

into |P| nonempty mutually disjoint subsets Xj.
The solution of recursive relations (2.21) are represented by the inverse
mapping Ln, in the form of the cumulant expansion

A*(t) = L, (I + S*(t)).
Then the (1 4 n)th-order cumulant of the group S*(t) = (30 S}(t) of oper-
ators (1.6) is defined by the following expansion: -

a8t s+ 1, s+ n) =
= (D)PE P =) [ Sty (8 0(X0), (2.22)

P: ({1,...,s},s+1,...,s+n)=J X; X;cP
i

where the declusterization mapping 6 is defined by the formula:
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and the above notation is used. The simplest examples of cumulants (2.22)
of the groups of operators (1.6) have the form:

AT (t,{1,...,s}) =S¥t 1,...,9),
s s+ 1) =S5 (1, s+ 1) = S5, 8)ST(E s+ 1),
AT ot {1, . s} s+ 1,54+2) =857 ,(t,1,...,5s+2)—
=Syt 1, s+ 1)ST (s +2) — S5 (¢ 1, .., 8,5+2)ST(t,s +1)—
— S¥(t,1,...,8)S5(t,s + 1,5+ 2) + 215%(¢,1,...,5)ST(t, s + 1)ST (¢, s + 2).

If f; € L., then taking into account that |S(t) HL1 =1, for the (1 + n)th-
order cumulant (2.22) the following estimate is valid:

“Q[T+n(t)fs+n"L;+n < Z(|P’ - 1>!Hf5+’rLHLé+n <
P:({1,...,s},s+1,...,s+n):UXi

. (2.23)

< kZ:l S(n +1, k)(k - 1)!Hfs+nHL;+n < n!€n+2||fs+nHL;+na
where s(n + 1, k) are the Stirling numbers of the second kind.
Then, according to this estimate (2.23) for the generating operators of
expansions (2.20), provided that « > e series (2.20) converges on the norm
of the space L}, and the inequality holds

[E®)Ly, < calFO0)l1y,,

where ¢, = €?(1 — %)*1. The parameter o can be interpreted as the value
inverse to the average number of hard spheres.
In fact, the following criterion holds.

Criterion. A solution of the Cauchy problem of the BBGKY hierarchy
(2.17), (2.18) is represented by expansions (2.20) if and only if the generating
operators of expansions (2.20) are solutions of cluster expansions (2.21) of
the groups of operators (1.6).

The necessity condition means that cluster expansions (2.21) are take
place for groups of operators (1.6). These recurrence relations are derived
from definition (1.15) of reduced distribution functions, provided that they
are represented as expansions (2.20) for the solution of the Cauchy problem
of the BBGKY hierarchy (2.17),(2.18).

The sufficient condition means that the infinitesimal generator of one-
parameter mapping (2.20) coincides with the generator of the BBGKY
hierarchy (2.17). Indeed, in the space L. the following existence theorem
is true [65].
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Theorem. If a > e, a non-perturbative solution of the Cauchy prob-
lem of the BBGKY hierarchy (2.17),(2.18) is represented by series ex-
pansions (2.20) in which the generating operators are cumulants of the
corresponding order (2.22) of groups of operators (1.6):

Fy(t,z1,...,25) =

=S % f 3 (—D)PL (1P| = 1)!x
n=0

’ (R3 xR3)n Pr({1,...,s},541,.,54n)=UJ X; (224)

x [T St 60X (@, wsyn)dagyy - dagyn, s> 1,
X.L'CP

For initial data F(0) € LY of finite sequences of infinitely differentiable
functions with compact supports sequence (2.24) is a unique global clas-
sical solution and for arbitrary initial data F(0) € L. is a unique global
generalized solution.

We observe that cluster expansions (2.21) of the groups of operators (1.6)
underlie the classification of possible solution representations (2.20) of the
Cauchy problem of the BBGKY hierarchy (2.17),(2.18). In a particular
case, non-perturbative solution (2.24) of the BBGKY hierarchy for many
hard spheres can be represented in the form of the perturbation (iteration)
series as a result of applying analogs of the Duhamel equation to cumulants
(2.22) of groups of operators.

Indeed, let us put groups of operators in the expression of cumulant (2.22)
into a new order with respect to the groups of operators which act on the
variables (x1,...,x5)

ﬁ_n(t,{l,...,s},s—{—1,...,s—|—n):

_Z s+|Y| '75)UY)X
Yc (s+1,...,s+n) (225)

X Z(_l)lP”P“ H Sy, (¢, Y).

P:(s+1,..,s+n)\Y=Y; Y:cP
i

If Y, © (s+1,...,5+n), then for the integrable functions F2,, and the
unitary group of operators S*(t) = @S5 (t) the equality is valid

Jdl‘s+1 < dxsin H S|”‘Yi|(t; E)F£+n(m1, ey Tspp) =
(R3xR3)n YicP

0
d.l‘s+1 s d.%'s+nFS+n(£E‘1, ey .%'S+n>.

(R3 xR3)m
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Then, taking into account the validity for arbitrary Y < (s+1,...,s+n)
the following equality:

Z(_1)|P\ |P|| _ (_1)\(s+1,...,s+n)\Y|’
Pi(s+1,...,s4n)\Y=Y;

according to expression (2.25) for series expansions (2.24) of the BBGKY

hierarchy, we obtain

Fs(t,.’L'l,. - xs) =

= Z J‘UlJrnt {1 3}73+17,,,73—|—n)>< (2'26)

n=0 ¢ R3><R3
X F3+n($17 e 7$s+n)dxs+1 o dTsyn, s21,

where Ut (t) is the (1 4 n)th-order reduced cumulant of the groups of
operators (1.6)

Uf<+n(t?{1a'-'as}75+1,...,S+n) =
- 2(_1)|(8+17...,s+n)\y‘ SI"E17.'.7S)UY‘(t7 (1, cee s) ) Y)'
Yc(s+1,...,s+n)

Using the symmetry property of initial reduced distribution functions, for
integrand functions in every term of series (2.26) the following equalities
are valid

Z(_1)|(s+1,...,s+n)\Y)\ Sﬁ17...,s)uY|(tv (1,...,8) U Y)Fso+n =
Yc(s+1,...,s+n)
s+n

Z S Y BRI N A

11 <o.<bp_p=5+1
n!
= Z(—l)km w1 st =R EY (21, i)
=0 ’ ’

Thus, the (1 + n)th-order reduced cumulant represents by the following
expansion [80]:

Uf {1, . shs+1,...,s+n) =
S n!
:Z(*l)kmsﬁn pt 1 s+ —k),

and consequently, we derive the representation for series expansions of a
solution of the BBGKY hierarchy [82] which is can be written down in



754

terms of an analogue of the annihilation operator (1.10):
Q0 n
1 k n! n—k k
= Z ol 2 (1) W=k ° S*(t)a"F(0) =
S 2.27
- )+ 2 gle o st @O] PO = 320

\__V__J
n-times

= e"S*(t)e "F(0).
Finally, in view of the validity of the equality
d
S*(t —7)[a, L] S*(1)F(0) = d—S*(t —7)aS*(7)F(0),
T
expansion (2.27) is represented in the form of perturbation (iteration) series
of the BBGKY hierarchy (2.17) for many hard spheres

n,

o 1 1

Z j f dtnS*(t — t1)[a, L¥]S*(t1 — t2) ... x

n=079 X S*(tn—1 — tn) [a, L*] S*(tn) F(0),
or in component-wise form [6,58,79]:

tn—1

t

o0

Fs(tyxy,...,zs) = Z Jdtl J fdmsﬂ o dTgin SE(E—t1)%
n=07 0 (R3xR3)n

S
X LA (1 s+ DS (b —t2) + SE (b1 — ) X (2.28)
Jji=1
s+n—1
X Zﬁi*nt(jn,s +n)SE  (tn) FO (1, i), 8= 1
Jn=1

Let us make some comments concerning the existence of solutions to
the Cauchy problem of the BBGKY hierarchy for initial data from various
function spaces.

In the spaces of sequences of integrable functions, the existence and
uniqueness of a global in time non-perturbative solution was proved in the
papers [67,82] (see also book [14]). It should be noted that the first few
terms of the (2.24) series were established in papers [17,18,74,75] as an
analog of cluster expansions of the reduced equilibrium distribution func-
tions.

The BBGKY hierarchy describes both the non-equilibrium and equilib-
rium states. Non-equilibrium states are described by the solution of the
initial value problem for this hierarchy, and, correspondingly, equilibrium
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states are solutions of the steady BBGKY hierarchy. The existence of
equilibrium solutions to the steady BBGKY hierarchy has been reviewed
in books [14,64].

As is known, to describe the evolution of a state of infinitely many par-
ticles, the suitable functional space is the space of sequences of functions
bounded with respect to the configuration variables and decreasing with
respect to the momentum ones; in particular, the equilibrium distribution
functions belong to this space. For the solution extension from the space
of sequences of integrable functions to this space, the method of the ther-
modynamic limit was developed [14,57,58|.

For one-dimensional many-particle systems with short-range potential,
using the method of interaction region developed by Petrina [81] for solution
representation (2.26), the existence theorem for the BBGKY hierarchy was
proved for the first time in this functional space. By a similar method for
the initial reduced distribution functions from such a space, the existence
of a mean value functional for solution (2.9) of the dual BBGKY hierarchy
(2.1) was established in the paper [91].

As mentioned above, for a solution representation of the Cauchy problem
of the BBGKY hierarchy for hard spheres is widely used in the represen-
tation as a series of perturbation theory (2.28) (an iteration series over the
evolution of the state of selected groups of particles) [6,15,58,79,95]. In this
form, the solution is applied to construct its Boltzmann—Grad asymptotics,
which is governed by the Boltzmann kinetic equation (see section 3.1). The
justification of a solution represented as an iteration series for hard spheres
is based on giving a rigorous mathematical meaning to every term of the
iteration series and on the proof of its convergence. The main difficulty in
this problem is that the phase trajectories of particles for a system with a
singular interaction potential are defined almost everywhere in the phase
space, and initial distribution functions in the iteration series are concen-
trated on lower-dimensional manifolds. It is necessary to ensure that the
trajectories are defined on these manifolds. This problem was completely
solved in the papers [61,83].

In the case of infinitely many hard spheres a local in time solution [58]
of the Cauchy problem of the BBGKY hierarchy is represented by iteration
series for arbitrary initial data from the space of sequences of functions
bounded with respect to configuration variables and for initial data close
to the equilibrium state it is a global in time solution [83]. For such initial
data in a one-dimensional space for hard sphere system the existence of
global in time solution was proved in the paper [34].
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In addition, we remark that the correlation decay property, known as
the Bogolyubov correlation weakening principle [6], for the solution of the
BBGKY hierarchy for hard spheres was proved in [68].

2.3. The Liouville hierarchy for correlation functions. An alterna-
tive approach to the description of a state of finitely many hard spheres
consists in the employment of functions determined by the cluster expan-
sions of the probability distribution functions. The solutions to such cluster
expansions are cumulants (semi-invariants) of probability distribution func-
tions and are interpreted, from a physical point of view, as correlations of
a state or correlation functions. The evolution of correlation functions is
governed by the so-called Liouville hierarchy [31]. Historically, there have
been several approaches to describing correlations in many-particle sys-
tems. Among them, we mention the well-known approach to the dynamics
of correlations by I. Prigogine [86] and R. Balescu [1] and its applications
in plasma theory.

Further, it will be established that the constructed dynamics of correla-
tion underlie the description of the dynamics of infinitely many hard spheres
governed by the BBGKY hierarchy for reduced distribution functions or the
hierarchy of nonlinear evolution equations for reduced correlation functions,
i.e., of the cumulants of reduced distribution functions.

We introduce a sequence of correlation functions ¢(t) = (1, ¢1(¢, 1), ...,
gs(t,z1,...,x5),...) by means of cluster expansions of the probability dis-
tribution functions D(t) = (1, D1(t,z1),..., Dp(t,z1,...,2y),...), defined
on the set of allowed configurations R3\W,, as follows:

Dy (t,x1,...,xn) = gn(t,z1,...,2n)+

PZ(J}h...,JZn):U Xi7 XZCP

k3

|P|>1
where ZP:(IL_”’ )= X1, [P|>1 is the sum over all possible partitions P of the
set of the arguments (z1,...,x,) into |P| > 1 nonempty mutually disjoint

subsets X; c (x1,...,%).
On the set R3\W,, solutions of recursion relations (2.29) are given by
the following expansions:

gs(tvwla-' ) - (t xh“ )+
+ )Py |p‘ W] Dixyt. Xi), s> 1. (2.30)
Pi(1,m )= X, XicP

i

|P|>1
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The structure of expansions (2.30) is such that the correlation functions
can be treated as cumulants (semi-invariants) of the probability distribu-
tion functions [24]. Such an interpretation of these functions is due to
the fact that the probability distribution function of statistically indepen-
dent hard spheres on allowed configurations is described by the product of
single-particle correlation functions (probability distribution functions of
each particle):

S
gs(t,z1,...,05) = Hgl(tawi)XR%\Wsds,l, s> 1.
i=1

The evolution of the sequence of correlation functions (2.30) of many

hard spheres is determined by the Cauchy problem of the weak formulation
of the Liouville hierarchy of the following evolution equations [53]:

0
—gs(tyx,...,ms) = LE(1,...,8)gs(t, 21, ..., x5)+

ot
.. 2.31
+ )] DD Lha(inyi2)gpx (B X1)gpx, (t Xa), (2:31)
P: (xl,...,xs):Xl UX2 ile)?l ige)?g
gs(t,z1, .. "xs)’t:() =g%x1,...,zs), s=1, (2.32)

where ) p. (@1025)=X1 U X2 is the sum over all possible partitions P of the
set (z1,...,x5) into two nonempty mutually disjoint subsets X; and Xo,
the symbol )?1 means the set of indexes of the set X; of phase space co-
ordinates and the operator L£¥ is defined on the subspace Lé c L' by
formulas (1.7). It should be noted that the Liouville hierarchy (2.31) is the
evolution recurrence equations set.

For ¢ > 0 we give a few examples of recurrence equations set (2.31) for a
system of hard spheres:

0 0
atgl(t x1) = —(p1, 7>91(t,5€1),

0
o = 92(t, 21, 2) Z@p >92 t,x1, x2)+

o? f dndn, (Pl - p2)><92(757 a1, p7, 92, 05)0(q1 — g2 + on)—

$

—g2(t,x1,22)0(q1 — g2 — 077))‘1'

o? J dn{n, (p1 —pz)><91(t, q1,01)91(t, g2, p3)0(q1 — q2 + o) —

SQ
; —gr(t.2)g1 (t 22)8(ar — 42 — o)),
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where it was used notations accepted above in definition (1.7).

Thus, in terms of correlation functions (2.30), the evolution of the states
of a finite number of hard spheres is described by an equivalent method
compared to probability distribution functions, namely, within the frame-
work of the dynamics of correlations.

We note that because the Liouville hierarchy (2.31) is the recurrence
evolution equations set, we can construct a solution of the Cauchy prob-
lem (2.31),(2.32), integrating each equation of the hierarchy as the inho-
mogeneous Liouville equation. For example, as a result of the integration
of the first two equations of the Liouville hierarchy (2.31), we obtain the
following equalities:

gi(t,z1) = S1(—t, 1)g{ (1),
92(t,1,2) = So(—t,1,2)g5 (w1, 72)+

t
fdt152 —t,1,2) L8, (1,2) 81 (—t1, 1)S1(—t1,2) g0 (21)g) (22).
0

Then for the corresponding term on the right-hand side of the second equal-
ity, an analog of the Duhamel equation holds

t
Jdtlsg(tl—t,1,2)£;“nt(1,2)5‘1(—t1, 151 (—1,2) =
0

fdtldd (Sa(ts = £,1,2)S1(—t1, 1)S1(—t1,2)) =
0

= SQ<_t7 17 2) - Sl(_ta 1)51(_t7 2) = Q[;(t, 17 2)7

where 5 (¢) is the second-order cumulant (2.22) of groups of operators
(1.6). As a result of similar transformations for s > 2, the solution of the
Cauchy problem (2.31),(2.32), constructed using an iterative procedure, can
be represented as expansions in cumulants of groups of operators (1.6).

If the initial state is specified by the sequence

g(0) = (1, ¢%(z1), . .. ,gg(acl, ce Ty ),

of correlation functions g2 € L1, n > 1, then the evolution of all possible
states, i.e., the sequence

g(t) = (Lgi(t,x1),...,g9s(t,z1,. .., x5),...)



Evolution equations of colliding particles 759

of the correlation functions gs(t), s > 1, is represented by the following
expansions [53]:

gs(t, a1, ..., 35) =

= DA AKX ) ] ol (X9), s> 1, (2.33)

P: (z1,...,xs)=U X X;cP

where the symbol ) . @1ns)=U X; denotes the sum over all possible par-

titions P of the set (z1,...,xs) iiqto |P| nonempty mutually disjoint subsets
X, the symbol X means the set of indexes of the set X of phase space coor-
dinates and the set ({X1},...,{X ip|}) consists of elements that are subsets
)?j c(1,...,s), ie, |[({X1}, ..., {)2'|P‘})] = |P|. The generating operator
A (2) of expansions (2.33) is the |P|th-order cumulant of the groups of
operators (1.6) which is defined by the expansion

Ay (8, (X1}, (X)) =
- Z ‘P‘ 1 ’P - H S|*9(Zk)|(t70(Zk)), (2.34)

P’ ({X1},{Xpp )= LI;JZk Zy P’

where the symbol 6 is the declusterization mapping: 9({)?1}) = ()Z'l) The
simplest examples of correlation functions (2.33) are given as follows:

gl(tv xl) = QlT(tv 1)9(1)(1:1)7
92(t7x17$2) = Qflk(tv {17 2})9(2)(331a xQ) =+ Ql;(ta 17 2)9?(331)9(1)(332)'

The structure of expansions (2.33) is established as a result of the permu-
tation of the terms of cumulant expansions (2.30) for correlation functions
and cluster expansions (2.29) for initial probability distribution functions.
Thus, the cumulant origin of correlation functions induces the cumulant
structure of their dynamics (2.33).

In particular, in the absence of correlations between hard spheres at
the initial moment (initial state satisfying the chaos condition [14,95]) the
sequence of the initial correlation functions on allowed configurations has
the form ¢(©(0) = (0,¢{(x1),0,...,0,...). In terms of a sequence of the
probability distribution functions, the chaos condition means that initial
data is specified in the form

Do) = (1, DY(w1), D (1) DY (22) Xigors - - -, | | DY (05) Koy » - - )
=1

where the function Xgsn\w, is the Heaviside step function of allowed con-
figurations of n hard spheres. In this case for (x1,...,zs) € R3¥ x (R3%\Wy)
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expansions (2.33) are represented as follows:

S
gs(t, w1, ws) = A1, 8) [ [ ol () Xpanww,, s>1,  (2.35)
=1

where the generating operator 20¥(¢) of this expansion is the sth-order cu-
mulant of groups of operators (1.6) defined by the expansion

Wit 1,....8) = O (DF P - [T S (X0, (2.36)
P:(l,...,S)ZUXZ’ XiCP

with notations accepted in formula (2.33). From the structure of series
(2.35) it is clear that in case of the absence of correlations at the initial
instant the correlations generated by the dynamics of a system of hard
spheres are completely determined by cumulants (2.36) of the groups of
operators (1.6).

We note that in the case of initial data g(?)(0) expansions (2.35) can be
rewritten in another representation that explains their physical meaning.
Indeed, for n = 1 we have

g1(t, 1) = Af(t, 1)gl (z1) = gY(p1, @1 — prt).

Then, according to formula (2.35) and the definition of the first-order cu-
mulant 2% (t) = S1(—t), and its inverse group of operators Sy ' (—t) = S (),
we express the correlation functions gs(t), s = 2, in terms of the one-particle
correlation function g1 (t). Therefore, for s > 2 expansions (2.35) are repre-
sented in the following form:

s
gs(tvxlv"' 7':US) = Ql:(t717 . .,S) H gl(taxi)a § = 27
i=1

where ‘:’\lj(t, 1,...,s) is the s-order cumulant (2.36) of the scattering oper-
ators

~

Su(t,1,.0,m) = Su(—t, 1, ,n)Xpanyw, | [ S1(t,4), n>1.

i=1
On the subspace L}m,o a generator of the scattering operator §n(t, 1,...,n)
is determined by the operator:
d

n
Sn(talv"' 7n) |t=0 = Zﬁiﬂ;lt(jb]é)v

Jj1<j2=1

dt

where for ¢ > 0 the operator L, (j1,j2) is defined by formula (1.7).
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If g9 € L1, n > 1, one-parameter mapping (2.33) generates strong conti-
nuous group of nonlinear operators

G(t:1,...,5[9(0) = gs(t, 21, .., ), (2.37)
and it is bounded, and the following estimate holds:

Hg(t; 1,...,s]| g)”Lé < sle’,

where
c = max| 1, max 7 )
( P: (13)=U X Hg‘Xl‘”lei\
For g, € L}L,O, n = 1, the infinitesimal generator of this group of nonlinear

operators has the following structure
L(1,....s|g9)=LE1,...,8)9s(z1,...,25)+
+ ) D0 D Lhilinin)gx, (X1)gx, (Xa),  (2:38)

P: ($1,...,IS)=X1 UX2 ’i1€)21 ’L'QE)?Q

where we used the notation adopted above in expansions (2.33).
The following statement is true [53].

Theorem. If t € R, a unique solution of the Cauchy problem of the
Liouville hierarchy (2.31),(2.32) is represented by a sequence of expan-
sions (2.33). For ¢° € L}%O c L., n>1, a sequence of functions (2.33) is
a classical solution and for arbitrary initial data ¢° € L., n > 1, one has a
generalized solution.

The proof of the theorem is similar to the proof of the existence the-
orem for the BBGKY hierarchy in the space of sequences of integrable
functions [14,67]. Indeed, if the initial data is g0 € L}L’O, n = 1, then the
infinitesimal generator of the group of nonlinear operators (2.37) coincides
with the operator (2.38) and hence the Cauchy problem (2.31),(2.32) has a
classical (strong) solution (2.33).

We remark that a steady solution of the Liouville hierarchy (2.31) is

a sequence of the Ursell functions on the allowed configurations of hard

2
spheres, i.e., it is the sequence g(eq) = (0,6_5%1,0,...,), where 3 is a
parameter inversely proportional to temperature [64].

Finally, we emphasize that the dynamics of correlations, that is, the
fundamental equations (2.31) describing the evolution of correlations of
states of hard spheres, can be used as a basis for describing the evolution
of the state of both a finite and an infinite number of hard spheres instead
of the Liouville equations (1.8).
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In what follows, we outline an approach to describing the evolution of a
state using reduced distribution functions based on the dynamics of correla-
tions in a system of many hard spheres governed by the Liouville hierarchy
for correlation functions (2.31).

Remind that reduced distribution functions are defined by means of se-
quence (1.15) of the probability distribution functions:

Fy(t,z1,...,25) = (I, D(t))*1

e}
1
X Z E Jd«rs—i-l"‘d.fs-i-n Ds+n(t,x1,...,xs+n)7 s> 17 (239)
n=0 (R3><]R3)n

where the normalizing factor

Z del cdxn, Dy (t, 1, ..., @)

n=0"" (]R3 xR3)n

is a grand canonical partition function. The possibility of redefining of the
reduced distribution functions naturally arises as a result of dividing the
series in expression (2.39) by the series of the normalization factor.

A definition of reduced distribution functions equivalent to definition
(2.39) is formulated on the basis of correlation functions (2.33) of a system
of hard spheres by means of the following series expansion [53]:

Fy(t,x1,... x5 Z fd$5+1 ~dTgyn X
e (240
XP14n(t, {T1, o Ts}, Tot1y vy Tsgn)y § =1,

where on the set of allowed configurations R3(5+”)\Ws+n the correlation
functions of clusters of hard spheres g11,(t),n = 0, are determined by the
expansions:

Gin(t {1, s} Tsp1y ooy Tsgn) =
= DA (A0 (0K )Y [ oy (X0 n=0. (9.9
{-7317 7373} X;,cP

Tst1,-Ts4n) = Xi
k3

We remind that in expansions (2.41) the generating operator Ql|P|( ) is the

|P|th-order cumulant (2.34) of the groups of operators (1.6), and the symbol
ZP:({xh Lo} Tot 1osspn)=|J X, TOCANS the sum over all possible partitions P

of the set ({z1,...,%s}, Ts+1,-..,%s4n) into nonempty mutually disjoint
subsets Xj.
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On allowed configurations the correlation functions of particle clusters in
series (2.40), i.e., the functions g1, (¢, {z1,...,Ts}, Ts1y---sTsin), n =0,
are defined as solutions of generalized cluster expansions of a sequence of
solutions of the Liouville equations:

D8+n(t7m17 cee 7',L'S+7'L) =
P:({zl,...,xs}, X,L‘CP
IS+17-~~7Is+n):Ui X;
namely,
gl+n(t {xlu .- xs} Ts+1,-- SUs—i—n) =
= > ()PP =) T] Doy t,0(Xi), s=1,n>0,
P:({z1,...,xs }, X,cP

Tst1ynZstn)=; Xi
where 6 is the declusterization mapping defined in formula (2.34), the prob-
ability distribution function Djg(x,)(t,6(X;)) is a solution of the Liouville
equation.
The correlation functions of particle clusters satisfy the Liouville hierar-
chy of evolution equations with the following generator

LAL,. .. shs+ 1., 5+n|0n9(t) =
=L, s+ n)gim(t, X)+

(2.43)
+ Z Z Zﬁi*nt(i17i2)g|X1‘(t’Xl)g‘XQI(t7X2)7 n = 07
P:X:XluXQ i1€0(£1)i269()’52)
where X = ({Y},2541,---,Zs4n) = ({z1,..., 25}, Ts41y. -, Ts4n), the se-

quence of solutions of generalized cluster expansions (2.42) is denoted by
means of the mapping

Ow19Dn(®1, - 20) = gren({z1, - 05}, Tst1, -, Tsgn), 1 =0,

and we also used the notations adopted above in expansion (2.33).

We note that on the allowed configurations the correlation functions of
hard-sphere clusters can be expressed through correlation functions of hard
spheres (2.33) by the following relations:

914n(t, {xl,... ms} Tstly-ns m5+n) =
P:({z1,. »’Bs}
zs+1,...,zi+n):U.X~ (244)

< |1 Z [T 91z, ), n=0.

X;cP P O(X;)= UZ Zjl.cP’
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In particular case n = 0, i.e., the correlation function of a cluster of the s
hard spheres, these relations take the form

grrot {zr,. . z}) = )] [T gxt x0).

P: 9({:1:1,...,335}):U Xl‘ Xl‘CP
i

As a consequence of these relations, for the initial state satisfying the chaos
condition, from (2.41) the following generalization of expansions (2.35)
holds:

gs—i-n(t, {.’1}'17 o v )xs}u 155—4—17 [ 7$s+n) -

=An(t,{1,...,s},s+1,...,s+n)x
s+n

0
X H 91 (i) Xpsstmnw,,,.» =1, n=0.
i=1

(2.45)

As we noted above, the possibility of the description of the evolution
of a state based on the dynamics of correlations (2.40) occurs naturally in
consequence of dividing the series of expressions (2.39) by the series of the
normalizing factor. To provide evidence of this statement, we will introduce
the necessary notions and prove the Validity of some auxiliary equalities.

On sequences of functions f, f e L' @®* , L. we define the following
s-product [90]

(f * f)s(zr, ... = > h21(2) ooz (21, . )\ 2), (2.46)
Z c(x1,Ts)
where >, .y is the sum over all subsets Z of the set (z1,...,zs).

Using the definition of the #-product (2.46), we introduce the mapping
Exp, and the inverse mapping Ln, on sequences

h = (O, hl(afl), - .,hn(ml, N ,{L‘n), . )

of functions h,, € L by the expansions:

||M8

(Exp,, h)s(z1,. .., a (

= 55,0 + Z [T mx(X0),

P: (:pl,...,xs):U Xi XiCP
7

(2.47)
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where we used the notations accepted in formula (2.29), I = (1,0,...,0,...)
and 45,0 is the Kronecker symbol, and respectively,

0 hEn

(Lo (L + h))s (@1, ..., a05) = (Z(—nn—l - )s(xl,...,xs):
=YD P =D T Ay (X

P:(z1,...,zs)=J X; X,cP
i

(2.48)

Therefore in terms of sequences of functions recursion relations (2.29) are
rewritten in the form

D(t) = Exp, g(t),
where D(t) = 1+ (0,D1(t,x1),..., Dnp(t,x1,...,2y),...). As a result, we
get

g(t) = Ln, D(t).

Thus, according to definition (2.46) of the *-product and mapping (2.48),
in the component-wise form solutions of recursion relations (2.29) are re-
presented by expansions (2.30).

For arbitrary f = (fo, fi,..+, fn,...) € L' and the set Y = (z1,...,x)
we define the linear mapping dy : f — 0y f, by the formula

v )n(z1, .. sxn) = fsqn(T1, o, Tsy Tsg1y v oy Tsgn), n =0, (2.49)
For the set {Y} consisting of the one element Y = (z1,...,x5), we have,
respectively

(D{Y}f)n(.’lfl, B xn) = fl—i—n({xh oo 7x5}7 Ls41ye-- 7$s+n)7 n = 0. (250)
On sequences 0y f and 0y ]? we introduce the #-product
Ovf =0y Dix(X) = D fizen (V2 2) fixzisv (Y, X\2),
zZcX

where X,Y,Y’ are the sets, which characterize clusters of hard spheres,
and ),y is the sum over all subsets Z of the set X. In particular case
Y = @, Y’ = &, this definition reduces to definition of *-product (2.46).
Let us establish some properties of introduced mappings (2.47) and (2.50).
If f, € LL, n > 1 for the sequences f = (0, f1,..., fa,--.), according to
definitions of mappings (2.47) and (2.50), the following equality holds

0y Exp, f = Exp, f * 0y f, (2.51)
and for mapping (2.49), respectively

ovExp, f =Exp.f * D oxfx.. x0x,f,
P:Y={J, X;
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where ) p. Y=U, Xi denotes the sum over all possible partitions P of the set
Y = (x1,...,x5) into |P| nonempty mutually disjoint subsets X; c Y.

Hence, in terms of mappings (2.49) and (2.50) generalized cluster expan-
sions (2.42) take the form

DyD(t) = 0{y}EXp* g(t). (2.52)
On sequences of functions f € L! = G—)ffzoL,lz we also define the analogue
of the annihilation operator
(af)n(z1,... xn) = den+1fn+1(fﬂ1, ey Ty Tpl)- (2.53)
R3 xRR3

Then for sequences f, f e L', the following equality holds

~ ~

(e*f = fo= (e fo(e" f)o, (2.54)
where such a notation was used
Sl
(e*flo= Z n'fdxl--dmnfn(xl,...,xn). (2.55)
”:O(R:sX]R:s)n

Now let us prove the equivalence of definition (2.39) of the reduced dis-
tribution functions and their definition (2.40) within the framework of the
dynamics of correlations.

In terms of mapping (2.49) and notation (2.55) the definition of reduced
distribution functions (2.39) is written as follows

Fs(t,x1,...,25) = (eaD(t))al(eabyD(t))o.
Using generalized cluster expansions (2.52), and as a consequence of equal-
ities (2.51) and (2.54), we find
(e"0y D(t))o = (e"0yyyExp, g(t))o =
(e"Exp,g(t) * 01y39(t))o = (e"Exp,g(t))o(e"dgy19(t))o-

Taking into account that, according to the particular case Y = ¢, of cluster
expansions (2.42), the equality holds

(e"Exp,g(t))o = (e D(t))o,

as a result, we establish the following representation for the reduced distri-
bution functions

Fs(t7 Tlyeeny :Es) = (eab{Y}g(t))O-
Therefore, in componentwise-form we obtain relation (2.40).

Since the correlation functions ¢14,(t), n = 0, are governed by the corres-
ponding Liouville hierarchy for the cluster of hard spheres and hard spheres,
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the reduced distribution functions (2.40) are governed by the BBGKY hi-
erarchy for hard spheres

0 a —a
SR = L} | R ), (2.56)

where the operator L({-},- | f) is generator (2.43) of the Liouville hierarchy
for a cluster of hard spheres and hard spheres. For a generator of this
hierarchy of evolution equations takes place the following representation:

e"L({}, | e F(t)) =e'L¥e “F(t),

where the operator £* = @)"_,L is a direct sum of the Liouville operators
and the operator a is defined by formula (2.53). Due to the fact that
pairwise collisions occur during the evolution, a generator of this hierarchy
is reduced to the operator of such a structure [14]

L™ =L+ [a,L7],
where as above the bracket [, -] is the commutator of operators.
We note that for the first time the BBGKY hierarchy for many hard
spheres (2.56) was mathematically justified in paper [83] (see also [14]).
In consequence of definition (2.40) and the cumulant structure of rep-

resentation of a solution (2.33) for the Liouville hierarchy (2.31), if initial
state specified by the sequence of reduced distribution functions

FO) = (L F)(z1), ..., F)(z1, ... 20), .. .),

then the evolution of all possible states, i.e., a sequence of the reduced distri-
bution functions Fs(t), s > 1, is determined by the series expansions (2.24).

We remark that the representation (2.24) is directly established for the
initial states satisfying the chaos condition due to the validity in this case
of the representation (2.45) for the correlation functions of the hard-sphere
cluster and of the hard spheres.

Consequently, as follows from the above, the cumulant structure of ge-
nerating operators of expansions for correlation functions (2.33) or (2.41)
induces the cumulant structure (2.22) of generating operators of series ex-
pansions for reduced distribution functions (2.24) or in other words, the
evolution of the state of a system of an infinite number of hard spheres is
governed by the dynamics of correlations on a microscopic scale.

Thus, we have established relation (2.40) between the reduced distribu-
tion functions and correlation functions governed by the Liouville hierarchy.

2.4. The hierarchy of nonlinear evolution equations for reduced
correlation functions. As is known, on a microscopic scale, the macro-
scopic characteristics of fluctuations of observables are directly determined
by means of the reduced correlation functions. Assuming as a basis an
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alternative approach to the description of the evolution of states of a hard-
sphere system within the framework of correlation functions (2.33), then
the reduced correlation functions are defined by means of a solution of the
Cauchy problem of the Liouville hierarchy (2.31),(2.32) as follows [53]:

0
) 1
frnd Z _ Jd$s+1 .. -d$s+ngs+n(t,$17 e 7{[,'8_,’_”)’ S 2 1’ (257)

where the generating function gsyn(t,21,...,Zs+pn) is defined by expan-
sion (2.33), or in terms of mapping (2.49) and notation (2.55) this definition
takes the form

Golt, 1, 25) = (dy g(t))o,

or in terms of sequences of functions this expression has the form
G(t) = eg(2).

We emphasize that nth term of expansions (2.57) of the reduced correlation
functions are determined by the (s+n)th-particle correlation function (2.33)
in contrast with the expansions of reduced distribution functions (2.40)
which are determined by the (1 + n)th-particle correlation function of clus-
ters of hard spheres (2.41).

Such a representation for reduced correlation functions (2.57) can be
derived as a result of the fact that the reduced correlation functions are
cumulants of reduced distribution functions (2.40). Indeed, traditionally
reduced correlation functions are introduced by means of the cluster expan-
sions of the reduced distribution functions similar to the cluster expansions
of the probability distribution functions (2.29) and on the set of allowed
configurations R*\W,, they have the form:

Fs(t,.’L‘l, - ,:L’S) = Z 1_[ G‘Xi‘(t,Xi), s =1, (258)
P5(x17---,$s):UXi X,cP

where as above the symbol ZP:( 26)=U, X is the sum over all possible

TLyeeey
partitions P of the set (z1,...,25) into |P| nonempty mutually disjoint sub-
sets X; < (z1,...,xs). As a consequence of this, the solution of recurrence

relations (2.58) are represented through reduced distribution functions as
follows:

Gs(t,xl, e ,.TUS) =

= Y(=DF (P =) [] Fix,t, X0), s> 1. (2.59)
P:(.’El,...,ﬁs)zuxi XZ‘CP
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Functions (2.59) are interpreted as the functions which describe the cor-
relations of hard-sphere states. The structure of expansions (2.59) is such
that the reduced correlation functions are cumulants (semi-invariants) of
the reduced distribution functions (2.24).

Thus, taking into account representation (2.40) of the reduced distribu-
tion functions, in consequence of the validity of relations (2.44) we derive
representation (2.57) of the reduced correlation functions through correla-
tion functions

Gs(t,z1,...,25) =
= 2EDPHPI =1 T (efogxy9(8) = (v g(t))o.
P(x1, ,l's U XiCP

7

Since the correlation functions gsin(t), n = 0, are governed by the Li-
ouville hierarchy for hard spheres (2.31), the reduced correlation functions
defined as (2.57) are governed by the hierarchy of nonlinear equations for
hard spheres (the nonlinear BBGKY hierarchy) [53]:

ﬁGs(twl, vy ms) = LEG(t, 11, .., 1)+

ot
+>) Z Z‘Cmt i1,42) G x,|(t, X1)G x, (8, X2))+
P:(z1,...,25)=X1 |J X2 11€X1 22€X2
+ f die i1 (Z Liiy s+ 1)Garr(twr, . agp1)+ (2.60)
R3xR3 =1
+>] DiLi(iys+ 1)G\X1|(t,X1)G\X2|(t,X2)),
P:(:El,“.,x‘ﬁ,l):Xl UX2 ie)?l/\
s+1eXo
Gs(t,z1,. .. ms)|,_ = Gz, .. 1), s=>1, (2.61)

where the symbol ZP:(x1,.-.,xs+1)= XX, means the sum over all possible
partitions of the set (x1, ..., zs4+1) into two mutually disjoint subsets X and
Xo, the sum over the index ¢ which takes values from the subset X7 provided
that the index s + 1 belongs to the subset Xs is denoted by ZZ.E;(LSHG;Q
and notations accepted in the Liouville hierarchy (2.31) are used.

A generator of this hierarchy of nonlinear evolution equations has the
following structure:

0

aG(t) =e'L(-| e *G(1)),

where the operator L(- | f) = ®°_,L(1,...,n | f) is a direct sum of genera-
tors (2.38) of the Liouville hierarchy (2.31). Here are some component-wise
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examples of hierarchy (2.60):

0
aGl(t, 331) = ET(I)Gl (t, $1)+

+ Jdl‘gﬁmt( )(GQ(t, x1, IL‘Q) + Gl(t, :El)Gl(t, {L‘Q)),
R3xR3
0

%GQ(t,l‘l,l‘Q) [,2(1 2)G2(t {L‘1,5L‘2) + Emt(l,2)G1(7§,3§1)G1(t7$2)—|—

2
+ de3 (Z £i*nt(i7 3) (G3(t7 L1, 22, .233) + GQ(t’ L1, $2)G1(t7 1‘3)) +
R3xR3 =t
+ ‘Clnt(2 3)G2(t Iy, $3)G1(t $2) + Emt(lﬂ 3)G2(t7 Z2, 33‘3)G1 (t7 331)),

where it was used notations accepted above in definition (1.7).

If G0) = (1,GV(w1),...,G%x1,. .., 24),...) is a sequence of reduced cor-
relation functions at initial instant, then by means of mappings (2.37) the
evolution of all possible states, i.e., the sequence of the reduced correlation
functions Gs(t), s = 1, is determined by the following series expansions:

Gs(t,xl, N ,(L‘S) =
a1
= nl Jdms+1 wdT s X (2.62)
n=0" 3 <R3y

X Aiyn (t{1,...,s},s+1,...,s+n | G(0), s =1,

where the generating operator 24y, (t;{1,...,s},s+1,...,s+n | G(0)) of
this series is the (1 + n)th-order cumulant of groups of nonlinear opera-
tors (2.33):

Aipn(t:{L,...shs+1,...,s+n|G(0)) =
K |P\ 1
Z ([P} = 1)t (2.63)
P: ({1,...,s},s+1,.. ,s+n) Uik Xk
X G(1O(X1) | ... G(t:0(Xp) | G(0))...), n >0,

and where the composition of mappings (2.33) of the corresponding nonin-
teracting groups of particles was denoted by

G(t:0(X1) | ... G(t:0(Xpp)) | G(0))...),
for example,
G(111G(t:2] G(0))) = 2 (t, 1)1 (+, 2)GY(w1, 2),
G(t1,2]G(:3 ] G(0)) = A (t, {1,2})As (t,3)G3 (w1, 22, 23)+
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+ An(t,1,2)2A; (£, 3) (GY (1) G (22, 23) + G (22) G (21, 73)).

We will adduce examples of expansions (2.63). The first order cumulant
of the groups of nonlinear operators (2.33) is the group of these nonlinear
operators

Ar(t;{1,...,s) | G(0) = G(t:1,..., 5 | G(0)).

In case of s = 2 the second order cumulant of nonlinear operators (2.33)
has the structure

1414 {1,2},3 1 G(0)) =

=G(t;1,2,3] G(0) — G(t;1,2| G(t;3 | G(0))) =
AT (¢ {1,2},3)G5(1,2,3)+

+( 11 (6, {1,2},3) — Aa(t,2,3)A7 (¢, 1)

+ (Rr41(t, {1, 23, 3) — A5(¢, 1, 3)A7 (¢, 2)

where the operator
Ql;: (tv 11 27 3) = QlT—l—l(ta {17 2}7 3) - Ql; (ta 27 3)9[1l< (t? 1) - Ql; (t7 17 3)91)1X< (tv 2)

is the third-order cumulant (2.36) of groups of operators (1.6) of a system
of hard spheres.
The following statement is true [53].

Theorem. Let G(0) € @2 (L., then for arbitrary t € R provided that
max HGngLl < (2e3)71, the sequence of reduced correlation functions (2.62)
n= n

is a unique solution of the Cauchy problem of nonlinear hierarchy (2.60),

(2.61) for hard spheres.

In the particular case of the initial state specified by the sequence of
reduced correlation functions G(© = (0,G9,0,...,0,...) on the allowed
configurations, that is, in the absence of correlations between hard spheres
at the initial moment of time [14], according to definition (2.63) of the
generating operators, reduced correlation functions (2.62) are represented
by the following series expansions:

1
Gs(t,ﬂfl,..-,l’s): Z m fdxs—‘rl"'dxs—i-nx
" mexE) (2.64)

s+n
X Ql:+n(t; 1,....s+ ’I’L) 1_[ G?($i)XR3(S+n)\Ws+n’ s =1,
=1
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where the generating operator 2%, (¢) is the (s+n)th-order cuamulant (2.36)
of the groups of operators (1.6).

We emphasize that in the absence of correlations of states of hard spheres
on allowed configurations at the initial moment of time, the generators of
expansions into a series of reduced correlation functions (2.64) and reduced
distribution functions (2.24) differ only in the order of cumulants of groups
of operators of hard spheres. Therefore, by means of such reduced distri-
bution functions or reduced correlation functions, the process of creating
correlations in a system of hard spheres is described.

We note that the reduced correlation functions give an equivalent appro-
ach to the description of the evolution of states of many hard spheres, along
with the reduced distribution functions. Indeed, the macroscopic characte-
ristics of fluctuations of observables are directly determined by the reduced
correlation functions on the microscopic scale [6] for example, the func-
tional of the dispersion of an additive-type observable, i.e., the sequence

n
AWM =(0,a1(x1),..., Y ai(xy),...), is represented by the formula

i1=1

(AW — AWN(@) = Jdml (a3 (z1) — CADY2(£)) G (¢, 1)+
R3 xR3
+ deldx2 a1(w1)ar(r2)Ga(t, 21, 72),

(R3 xIR3)2
where
A = [ derar(@)Gr(t,)
R3xR3
is the mean value functional of an additive-type observable.

3. NONLINEAR KINETIC EQUATIONS FOR MANY HARD SPHERES

The conventional philosophy of the description of kinetic evolution is that
if the initial state is specified by a one-particle (reduced) distribution func-
tion, then at an arbitrary time the evolution of the state in an appropriate
scaling limit can be effectively described by means of a one-particle distri-
bution function that is governed by the nonlinear kinetic equation. Below,
we give an answer to the question about the description of the kinetic evo-
lution of colliding particles, not on the basis of a common interpretation
but within the framework of the evolution of the observables of many hard
spheres.

The problem of a rigorous description of the kinetic evolution by means
of hard sphere observables will be considered by giving the example of the
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Boltzmann—Grad asymptotics of a non-perturbative solution of the Cauchy
problem of the dual BBGKY hierarchy [51].

3.1. On the Boltzmann—Grad scaling approximation. The present
notion of the Boltzmann—Grad approximation was first introduced in Grad’s
paper [73|. From a physical point of view, this approximation means that
we deal with a low-density gas in a situation where the diameter of a hard
sphere, or, in other words, the radius of the short-range interaction poten-
tial, is sufficiently less in comparison with the average length of a free path
of hard spheres.

In a dimensionless form, the generator of the BBGKY hierarchy for hard
spheres contains a scaling parameter: the ratio of the diameter of hard
spheres to their mean free path [35]. The finite value of the mean free
path of hard spheres means that in this approximation the average number
of particles tends to infinity; in other words, according to the definition
of (2.16), the state must be described by functions from the appropriate
function spaces, for example, from the space to which the sequences of re-
duced equilibrium distribution functions belong [64,90]. In this case, the
initial state is described by the reduced distribution functions from the
space Lgo of sequences of functions bounded with respect to the configura-
tion variables and decreasing with respect to the momentum ones, equipped
with the norm

no.2
flp =supe™ sup [fuor,....an) exp(8 ), 5 ).
= 1yeeeym =1
where £ > 0 and 8 > 0 are parameters.

For such initial data, the Boltzmann—Grad asymptotics of a solution of
the Cauchy problem of the BBGKY hierarchy for hard spheres are described
by the so-called Boltzmann hierarchy [79]. As a consequence, for factorized
initial data, i.e., for the initial state without correlations, which describes
molecular chaos [14], the equation determining the evolution of an initial
state is a closed equation for a one-particle distribution function, that is to
say Boltzmann’s kinetic equation [13].

The detailed analysis of the problem of the construction of such asymp-
totics for a solution of the Cauchy problem of the BBGKY hierarchy shows
that the basic difficulty consists in proving the term-by-term convergence
of the iteration series that represents this solution to the corresponding
limit, that is, to the series representing the solution of the Cauchy problem
of the Boltzmann hierarchy. This difficulty is related to the fact that the
integrands in each term of the iteration series do not converge to the limit
uniformly across the whole domain of integration. We note that in early
works on the justification of the Boltzmann—Grad limit, attention was not
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properly paid to this property, and a precise mathematical meaning was
not given to the individual terms of the iteration series representing a solu-
tion of the BBGKY hierarchy. In the papers [61,83] a complete discussion
of these problems was presented.

From a mathematical point of view, the existence of the Boltzmann—
Grad asymptotics of a perturbative solution of the BBGKY hierarchy for
hard spheres was discussed in Cercignani’s paper [12] and later in Lanford’s
work [79]. A rigorous mathematical proof of the Boltzmann—Grad limit
theorem has been given in a series of papers [57-59,61,83] by D. Ya. Petrina
and V. I. Gerasimenko. The Boltzmann—Grad limit theorem for equilibrium
states was proved in the paper [60].

Recently, there has been unflagging interest in the problem of deriv-
ing kinetic equations from the dynamics of many colliding particles as an
asymptotic behavior of the BBGKY hierarchy in the scaling limits. In
particular, progress in the rigorous solution of this problem on the basis
of perturbation theory was achieved in the Boltzmann—Grad limit in the
works [2-4, 20,25, 28,29, 87-89|; also see links therein.

3.2. The Boltzmann—Grad limit of reduced observables. To deter-
mine the scaling parameter, we rewrite the dual BBGKY hierarchy in di-
mensionless form. Then generator (1.3) of the hierarchy takes the form:

0
E ] b’n = iy A b’nu
(J) {p; aqj>
Lint (j1, j2)bn = € f dnn, (pj, — Pj2))0(qj, — qjp + €n)x (3.1)
&

X (bn<$17-'-7Qj1vp;'<17' . '7qj2ap;'<27"- 7~rn) - bn(xlv"' 73711))7

where the coefficient ¢ > 0 is a scaling parameter, which is the ratio of
the diameter ¢ > 0 to the mean free path of hard spheres. For ¢t < 0, a
generator of the dimensionless dual BBGKY hierarchy is determined by the
corresponding expression [51].

Then the Boltzmann—Grad asymptotic behavior of dimensionless reduced
observables (2.3) is described by the following statement [51].

Theorem. Assume that for the initial data B e Cn,n =1, there is a
limit b2 € C,, in the sense of x-weak convergence of space Cy,

w*—lim (e 2"B5% — b2) = 0. (3.2)

e—0
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Then, for an arbitrary finite time interval, the Boltzmann—Grad limit of
dimensionless reduced observables (2.3) exists in the same sense

w*— lim (e **By(t) — bs(t)) =0, (3.3)

e—0

and it is determined by the expansions:

_ t
f dt, -
n=0 0

X Zﬁmt Z1,]1 HS1 t1 —t2,7) HSI tn—1 = tn,J)x (3.4)

tn

f H51 (t —t1,5)
0

JE(l, 8

»
[y

bs(t, x1,...,x5) =

i1#1=1 ge(L,9)\(41) FEL,8)\(F150msdin—1)
X Z E?nt (in, Jn) H Sl(tmj)bg—n«xl? A acs)\(le, T 7xjn))7
’Ln7ﬁjn—1 j€(17.--,$)\(j1,...7jn)

in,dn# (31,0 Jn—1) s=1,

where for the collision operator of point particles, the notation ﬁ?m(jl,jz)
s used

L0 (g1, j2)bn = L dnin, (pj, — Pj2))6(qj — @jp) X
sz (3.5)

X (bn(xl,...,qjl,p;‘-‘l,...,qu,p;;,...,xn) —bn(azl,...,mn)).

Let us make several comments on this theorem.

Consider the existence of the Boltzmann—Grad limit for a special case
of reduced observables, namely additive-type reduced observables. Let
us say that for the initial additive-type dimensionless reduced observable
BMW(0) = (0,1,0,...) the following condition is satisfied:

w—lim (0] — b) =0,

€E—>

then, according to statement (3.3), for additive-type reduced observables (2.10)
we derive

w*—lim (e 2BM (1) — bV (1)) = 0,

e—0
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where the limit reduced observable bgl)(t) is determined as a special case
of expansion (3.4):

ts—2

t
b (t, a1, ... x) = Jdtl --~fdt871 [I5:(t—t1,5)x
0

0 je(1,...,s)

Xzﬁ?nt(il’jl)nsl( t27 Hsl s—2 — s—Lj)X (36)

i1#j1=1 je(l 7777 S)\(]l) Je(l aaaa S)\ J15ees Js— )

X Z‘C?nt(is—lvjs—l) HSI(tS—lvj)b?((xlv oo 7:138)\('17]'17 L) xjs_1))7

o Gsm1#Js—1=1, FE, 5\ (1 yesds—1)
is—1,Js—17(J1,-Js—2) s> 1.

We make several examples of expansions (3.6) of the limit additive-type
reduced observables:

bV (t,21) = Si(t, 1) 09 (1),

t 2 2
SV (t, 21, ) :J dty [ [ S1(t — t1,9) L5 ( Z (t1,5) b9 (x;).
0 j=1

i=1
Also suppose that the following condition is valid for the initial k-ary-
type reduced observable B*)(0) = (0,. .. 05,0,
w—lim (e b}, — ) =0,

then, according to statement (3.3), for k-ary-type dimensionless reduced
observables (2.11), we derive

w*—lim (e 2B (t) — b (1)) = 0,

e—0

(k)

where the limit reduced observable bs’(t) is determined as a special case
of expansion (3.4):

ts—k—1

t
b (t, 21, ) = fdtl : --fdts_kﬂsl(t —t1,§) D Lo i, i) %
0

0 je(17"~75) 7'17&]1:1

XHSI( t27 HSI s—k—1 — s—kaj)ZE&t(iS—kajs—k>x (37)

jE(l,.‘.,S)\(jl) _]G(l »S)\(]lz Js—k— 1) ) ?ka;ﬁj\?fk:_l:
'Lsfkyjsfk#(]l7~~~Jsfk71)

X HSl(ts,k,j)b%((xl, R ,$5)\($j1, R ,szik)), 1<s<k.
je(l 1111 5)\(.]1 ----- js—k)
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If 1° € C,, then the sequence b(t) = (bo, b1(t),...,bs(t),...) of limit re-
duced observables (3.4) is a generalized global solution of the Cauchy prob-
lem of the dual Boltzmann hierarchy with hard sphere collisions [51]:

= Z ‘C(]) bs(t) + 2 ﬁiont(jh]é) bs—l(t7 (‘Tlv S 7$S)\(xj1))7 (38)
j=1

J1#j2=1
bo(t,z1,. .., xs) limo= b(x1,...,25), s=1, (3.9)

where it was used notations accepted in (3.4).

This fact is proved similar to the case of an iteration series of the dual
BBGKY hierarchy [10].

It should be noted that equations set (3.8) has the structure of recur-
rence evolution equations. We make a few examples of the dual Boltzmann
hierarchy with hard sphere collisions (3.8):

0

0
%bl (t,z1) = {p1, 7>bl(ta x1),

0
%bQ (t, 21, 22) Z(Pg, >b2 (t, 21, 22)+

+ J dn(n, (p1 — p2))(b1(q1, p) — bi(z1) + b1(g2,P5) — b1(22))d(q1 — g2).
si

Thus, in the Boltzmann—Grad scaling asymptotics, the kinetic evolution
of hard sphere observables is described in terms of limit reduced observ-
ables (3.4) governed by the dual Boltzmann hierarchy (3.8) with hard sphere
collisions.

3.3. The Boltzmann kinetic equation. We now establish the relation-
ship between the constructed Boltzmann—Grad asymptotics of the reduced
observables and the description of the kinetic evolution of states in terms of
the one-particle reduced distribution function described by the Boltzmann
kinetic equation.

In the case of the absence of correlations between particles at initial time,
i.e., initial states satisfying a chaos condition [14], in dimensionless form,
the sequence of initial reduced distribution functions for a system of hard
spheres has the form

o) — (1 FO(zy), . HF (2:) Kooy, » - ) (3.10)
=1
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where Agss\yy, is the Heaviside step function of the allowed configurations.
This assumption about initial state is intrinsic for the kinetic theory, be-
cause in this case all possible states of gases are described by means of a
one-particle distribution function.

Let Fl0 = L?(R?’ x R3), i.e., the following inequality holds:

(@) < €exp(—AL0),

where £ > 0,8 > 0 are parameters.

We assume that the Boltzmann—Grad limit of the initial one-particle
(reduced) distribution function Fl0 “e Ly (R3 x R3) exists in the sense of a
weak convergence of the space LOO (R? x R3), namely,

w lim e 2EME— 0y =0, (3.11)

then the Boltzmann—Grad limit of the initial state (3.10) satisfies a chaos
property too, i.e.,

F9= (1, (1), Hh%

We note that assumption (3.11) with respect to the Boltzmann-Grad
limit of initial states holds true for the equilibrium state [60].

If b(t) € Cy and |fY(x;)] < §exp(75§), then the Boltzmann-Grad limit
of mean value functional (B(t), F(“)) exists under the condition that [83]:

t<ty= (const({,B)HfPHLZO(RsxRa))fl,

and it is determined by the following series expansion:
f(C Z fda:l ~drsbs(t,x1,...,x Hfl (x4).
s=0 R3><R3

For the limit of additive-type reduced observables (3.6) the following
equality holds [51]:

(b(l) C) Z fdxl ~dxg by )t s TLyeve, T Hfl r;) =
R3><]R3

= Jdl‘l b?(iﬂl)fl (t, 1),

R3 xR3

(3.12)
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where function b\" (t) is given by expansion (3.6) and the distribution func-
tion f1(t,x1) is represented by the series

tn—1

t
0
fl(t,xl) = Z fdtl Jdt fdxg dmn—&-l Sl( tl, 1)
0

n=0 0 (R3xR3)n

?n? 1 2 HSl t2a]1 H’Sl n—1 — nain) (313)

J1=1 in=1
n n+1 n+1

x D1 L0k +1) [ 5% (tnsdn) Hf1 ;)

kn=1 Jn=1

and the following operator was introduced:

Jd$n+1£?ﬁ: (i, 4+ 1) fug1 (21, - o, Tng1) =
R3 xR3
= Jdpnﬂdn M, (Pi — Pnt1))x (3.14)
]R3><Si X (fn-}-l(xl,---7qz‘,p;<,---,1‘5,qpp:;+1)_

—fn+1(961, e 7$s,9i,pn+1))'

A one-particle distribution function represented as a series (3.13) is a
solution of the Cauchy problem of the Boltzmann kinetic equation:

Sta) =~ 2 Rt
+ Jdm dn{n, (pr — p2))x (3.15)
RExSY x (f1(t, qu, 1) f1(t, qu, p3) — fr(t, 21) fr(t, 1, p2)),
filt,21)ji=o = f(21). (3.16)

Thus, we establish that the dual Boltzmann hierarchy (3.8) for additive-
type reduced observables and initial state (3.11) describe the evolution of
hard sphere systems just as the Boltzmann kinetic equation (3.15).

We remark that in a one-dimensional space, the collision integral of the
Boltzmann equation with elastic hard sphere collisions identically equals
zero. In a one-dimensional space, the Boltzmann—Grad limit is not trivial
in the case of hard sphere dynamics with inelastic collisions. In the pa-
per [43] for one-dimensional granular gas, the process of the creation and
propagation of correlations in the Boltzmann—Grad scaling limit was also
described (see also section 5.1).
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Correspondingly, if the initial state of hard spheres is given by a sequence
of reduced distribution functions (3.10), then in the Boltzmann-Grad limit,
the property of the propagation of initial chaos holds [51]. It is a result of
the validity of the following equality for the limit k-ary reduced observables,
i.e., for the sequences b*)(0) = (0,..., W (x1,...,25),0,...),

S

(6™ (¢ Z fdxl s O (8 ws) [ [ ) =

s=0 R3><]R3)5 i=1
3 (3.17)
1
= | dwi---day (@1, an) [ [ At ), k=2,
(R3 xR3)k =1

where the limit one-particle reduced distribution function f;(t) is defined
by expansion (3.13) and therefore it is governed by the Cauchy problem of
the Boltzmann kinetic equation (3.15),(3.16).

Thus, in the Boltzmann—Grad scaling limit, an equivalent approach to
the description of the kinetic evolution of hard spheres in terms of the
Cauchy problem of the Boltzmann kinetic equation (3.15),(3.16) is given
by the Cauchy problem of the dual Boltzmann hierarchy with hard sphere
collisions (3.8),(3.9) for the additive-type reduced observables. In the case
of non-additive-type reduced observables, a solution of the dual Boltzmann
hierarchy with hard sphere collisions (3.8) is equivalent to the property of
the propagation of initial chaos in the sense of equality (3.17).

3.4. The Boltzmann kinetic equation with initial correlations. We
now consider the case of the more general initial state of a hard sphere
system specified by the one-particle reduced distribution function FlO =
L?(R3 x R3) in the presence of correlations, i.e., the initial state that is
specified by the following sequence of reduced distribution functions:

2 n
F(cc) _ (17 Fl(),ﬁ(xl)7 g§ 1_[ Flo’e(q;i), .. 79; H Ff’g(wi), .. .), (318)
=1 =1

where the functions ¢§ = g5 (21, ...,2,) € Cp(R3™ x (R™\W,,)), n > 2,
specify the initial correlations. Since many-particle systems in condensed
states are characterized by correlations, sequence (3.18) describes the initial
state of the kinetic evolution of hard sphere fluids.

We assume that the Boltzmann—Grad limit of the initial one-particle
reduced distribution function FlO “ e Ly (R? x R3) exists in the sense as
above, i.e., in the sense of a weak convergence the equality holds:

lim (e 2R — ) =0,
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and in the case of correlation functions, suppose that:

lim(g;, —gn) =0, n > 2
€E—>

Then in the Boltzmann-Grad limit, initial state (3.18) is specified by the
following sequence of the limit reduced distribution functions:

2 n
flee) = (Lff(a:l),ggnf?(xi), g [ [ @), ) (3.19)
i=1 =1

We now consider relationships between the constructed Boltzmann—Grad
asymptotic behavior of reduced observables and the nonlinear Boltzmann-
type kinetic equation in the case of initial state specified by sequence (3.19).

For the limit additive-type reduced observables (3.6) and initial states
(3.19) the following equality is true:

(o), 1) =
31
:Z jdxl---dxsbgl)(t,xl,... s)gs(x1,...,x Hf1 (z;) =

s!
(R3xR3)s

= fdf]?l b?(xl)fl(ta 1’1),
R3 xR3

s=0

where the functions bgl)(t) are represented by expansions (3.6) and the
limit reduced distribution function f;(¢) is represented by the following
series expansion:

n=0

0 t tn—1
fl(t,l’l) = Z J‘dtl J J‘dl'g'”d.fvn_i_lSik(t—tl,l)X
0 0 (R

3><R3)
ﬁlnt (1 2)S1( t27]1 HSl nuln) (320)
in=1
n+1 n+1
X Z Elnt kna n + 1 H Sl najn)g]_—‘,-n(x]_, e ,xn+1) H flo(xl)
kn=1 jn=1 "

Series (3.20) is uniformly convergent for a finite time interval under the
condition as above.
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The function f;(¢) represented by series (3.20) is a weak solution of the
Cauchy problem of the Boltzmann kinetic equation with initial correla-
tions [30,55]:

0 0
~ fi(t,z1) = —p1, ) fi(t,z1) + fdpz dn{n, (p1 — p2))x
ot oq1

R3><Si

(3.21)
x (g2(q1 — pit, pY, a2 — P35t p3) f1(t, qu, 1) fr(t, 1, p5)—

— g2(q1 — p1t, p1, g2 — pat, p2) f1(t, 21) f1(t, a1, p2)),

fit, )], = fl(21). (3.22)

This fact is proved similarly to the case of a perturbative solution of the
BBGKY hierarchy for hard spheres represented by the iteration series [14,
58].

Thus, in the case of initial states specified by a one-particle reduced dis-
tribution function (3.19) we establish that the dual Boltzmann hierarchy
with hard sphere collisions (3.8) for additive-type reduced observables de-
scribes the evolution of a hard sphere system just as the Boltzmann kinetic
equation with initial correlations (3.21).

The property of the propagation of initial correlations is a consequence
of the validity of the following equality for the mean value functional of the
limit k-ary reduced observables in the case of k > 2

(b(k)( ), ) =
—Z del dwsb()(t TlyeeyTs)gs(T1y. .y Hf1 x]

s=0 ]R3 xR3)s
1
= jdl“l dxp b (21, ..., xp) ¥ (3.23)
(R3 xR3)k
X H Sf(t,il)gk(.fl,...,l'k) H t 12 H t 37]
i1=1 in=1 =1

where the one-particle reduced distribution function fi(¢, ;) is solution
(3.20) of the Cauchy problem of the Boltzmann kinetic equation with initial
correlations (3.21), (3.22), and the inverse group to the group of operators
Si(t) we denote by

(ST)7H(t) = ST (=) = Si(t).
This fact is proved similarly to the proof of a property on the propagation
of initial chaos (3.17).



Evolution equations of colliding particles 783

We note that, according to equality (3.23), in the Boltzmann—Grad limit,
the reduced correlation functions are defined as cluster expansions of re-
duced distribution functions, namely,

fs(twrl?---;xs) - Z H g|XZ|(t7X’L)7 s = 17

P:(Il,...,CES):U Xi XiCP
7

and they have the explicit form:

g1(t, 1) = fi(t, z1),
(b, ..a,) = s 620
— gs(q1 —plt,pl, .oy Qs _pstaps) H fl(taxj)v § = 27
j=1

where for initial correlation functions (3.19) it is used the following nota-
tions:

gs(z1,.. . x5) = Z H9|Xi|(Xi)7

P3($17~~~,xs):U Xi Xl'CP
7

the symbol ), means the sum over possible partitions P of the set of
arguments (z1,...,2s) on |P| nonempty subsets X;, and the one-particle
reduced distribution function fi(t) is a solution of the Cauchy problem of
the Boltzmann kinetic equation with initial correlations (3.21),(3.22).
Thus, in the case of the limit k-ary reduced observables, a solution of the
dual Boltzmann hierarchy with hard sphere collisions (3.8) is equivalent to a
property of the propagation of initial correlations for the k-particle reduced
distribution function in the sense of equality (3.23) or in other words, the
Boltzmann—Grad scaling dynamics does not create new correlations.

4. ORIGIN OF KINETIC EQUATIONS

One of the challenges of kinetic theory, as mentioned above, is under-
standing the nature of the possibility of describing the evolution of the state
of a system of many hard spheres by means of the state of a typical hard
sphere. More precisely, we further focus on the problem of the origin of the
description of the evolution of the state of hard spheres by the Enskog-type
kinetic equation.

In the circumstances where the initial state is specified by a one-particle
reduced distribution function, for the mean value functional of observables
at an arbitrary instant, the representation is also valid in terms of a one-
particle reduced distribution function, the evolution of which is governed
by a non-Markovian nonlinear evolution equation. In other words, for such
initial data, the Cauchy problem of the BBGKY hierarchy for hard spheres
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is equivalent to the nonlinear Enskog-type kinetic equation and a sequence
of reduced functionals determined by the solution of this evolution equation.

4.1. The generalised Enskog kinetic equation. In the case of initial
state (3.10) the dual picture of the evolution to the picture described by
employing observables governed by the dual BBGKY hierarchy (2.1) for
hard spheres is the picture of the evolution of a state described by means of
the non-Markovian Enskog kinetic equation and by a sequence of explicitly
defined functionals of the solution of such a kinetic equation that describe
the evolution of all possible correlations in a system of hard spheres [46,47].

In view of the fact that the initial state is completely specified by a one-
particle reduced distribution function on allowed configurations (3.10), for
mean value functional (1.11) the following representation holds [46]:

(B(t), F“)) = (B(0), F(t | Fi(t))), (4.1)

where F(©) is the sequence of initial reduced distribution functions (3.10),
and the sequence F(t | Fy(t))= (1, Fi(t), Fa(t | Fi(t)),..., Fs(t | Fi(t)),...)
is a sequence of the reduced functionals of the state Fi(t,z1,...,zs | Fi(t)),
s = 2, represented by the series expansions over the products of the one-
particle distribution function Fj(t), namely

Fy(t,z1,... x5 | F1(t Z J‘dl’s_i,_l AT g1 X
n= 0 492
i (4.2)
X Bin(t {1, shs+ 1. s+n) [ [Pt z), s> 2.
=1

where the generating operators of series (4.2) are the (1 4 n)th-order oper-
ators Y14y (t), n = 0, determined by the following expansions [47]:

m1+n(t7{1,...,s},s+1,...,s—i—n) =

n noomem—eme
; n1221 ‘”nkzzl(n—nl—'--—nk)!x
X Al gm0 {1, 8} 541, sFn—ng— - —ng) X

1 (4.3)

X

.:]?r

2 D1~
1 D;:2;=U, Xy, I

|Dj|<s+n—ni—-—n;

J

stn—mi—...—n;

1
X Z H ‘X ‘|911+\Xl\(t ’Ll],Xl)

il;ﬁ...#i‘Dj‘Zl le CD
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In expansion (4.3) the symbol ZD],: 2=, X,, means the sum over all pos-
j J

sible dissections of the linearly ordered set
Zi=(s+n—n—...—nj+1,...,s+4n—n1—...—nj_1)

on no more than s +n —ny — ... —n; linearly ordered subsets, and the
(1 + n)th-order scattering cumulant we denoted by the operator:

§11+n(t,{1,...,8},5+1,...,s—i—n)i

+
= A 1 1 X, ey, Y
- 1+n(ta{ 7"')5}78+ ,...78—|—7’L) R3(3+")\Ws+nn l(tal) )

=1

where the operator 2}, (t) is the (1 4 n)th-order cumulant of the groups
of operators (1.6) of hard spheres.

We provide some examples of expressions for the generating operators of
series (4.2) for reduced functionals of the state:

Byt {1,...,s}) = A (t,{1,...,5}) = .
= SH(t 1, 8) Xgseny, | [ SHE DT,
=1

Yo(t, {1,...,s},s+1) :é\lg(t,{l,...,S},S—Fl)—
_é\ll(tv{lv'--vs}) Z §l2(tai1’s+ 1)

i1=1

The method of constructing reduced state functionals (4.2) is based on
the application of the variation of cluster expansions, the so-called kinetic
cluster expansions, to generating operators (2.22) of series representing so-
lutions of hierarchies of evolution equations [47].

The one-particle distribution function F}(t) in dimensionless form, i.e.,
the first element of the sequence F'(¢ | Fi(t)), is determined by series (2.20),
namely

Fi(t,zy) = Jdl‘g dTp4q X
n= 0(R3XR3)” il (4.5)
2A D[ FO)x
<Ay, (81, n+ )H V(@) R3(+2)\Wy 0
i=1

where the generating operator 2}, (¢) is the (1 4 n)th-order cumulant of
the groups of operators (1.6).

Let us note that in particular case of initial data (2.2) specified by the
additive-type reduced observables, according to solution expansion (2.10),
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equality (4.1) takes the form

(B0, F(0)) = [ doy b5 () ), (1.6
R3 xR3
where the one-particle distribution function Fj(¢) is determined by series

(4.5). In the case of initial data (2.2) specified by the s-ary reduced observ-
able s > 2, equality (4.1) has the form

1
(BW(t),F(0)) = S‘fdxl--.dxs (21, .. ) Flt,zn, .. as | Fi(1)),
(R?;XRS)S
where the reduced functionals of the state Fs(t,x1,...,xs | F1(t)) are de-

termined by series (4.2).

Thus, for the initial state specified by a one-particle distribution function,
the evolution of all possible states of a system of many hard spheres can
be described by means of the state of a typical particle without any scaling
approximations. We emphasize that reduced functionals of the state(4.2)
describe all possible correlations created during the evolution of many hard
spheres in terms of the state of a typical hard sphere.

For ¢ > 0 the one-particle distribution function (4.5) is a solution of the
following Cauchy problem of the non-Markovian generalized Enskog kinetic
equation [47,53]:

0 0
%Fﬂtﬂham) = —(p1, (97ql>F1(t’ a1, p1) + € Jdp2d77<77’ (p1 — p2))x
]R3><S§_ (4'7)

X (Fa(t, qu, pT, q1—en, p3 | Fi(t))—Fa(t, qu, p1, qu+en, pa | Fi(t))),
0
Fl(t)|t:0 = }716 ’ (48)

where the collision integral is determined by the reduced functional of the
state (4.2) in the case of s = 2 and the expressions p; and p3 are the pre-
collision momenta of hard spheres (1.4). The series on the right-hand side
of this equation converges under the condition: [F1(t)] 1rxr) < €e™® .

Hence in the case of the additive-type reduced observables the generalized
Enskog kinetic equation (4.7) is dual to the dual BBGKY hierarchy of hard
spheres (2.1) with respect to bilinear form (1.11).

We observe that the structure of the collision integral of the generalized
Enskog equation (4.7) is such that the first term of its expansion is the
collision integral of the Boltzman—Enskog kinetic equation, and the next
terms describe all possible correlations that are created by the dynamics of
hard spheres and by the propagation of initial correlations connected with
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the forbidden configurations, indeed

0

0
aFl(tw’El) = _<p17 67q1>F1(t’x1) +ZceE,

where the collision integral is determined by the following series expansion:

o0
. 1
Toee = € Z o Jdp2d77fd$3 - drng2(n, (p1 — p2))x
n=0 R3XS3_ (R3 xR3)"

n+2
X (%1+n(t7 {1*7 Qi}a 37 cee 7n+2)F1(t7 Qvaik)Fl(ta QI_ﬁnap;) l_[ Fl(ta'rl)_
=3
n+2
- le+n(ta {]-7 2+}7 35 S 2)F1(t,331)F1(t, Q1 + 57]7}’2) H Fl(t,ﬂfi)),
=3

and the notations adopted for the conventional notation of the Enskog col-
lision integral were used: indices (1%, 2&) denote that the evolution operator

U1+, (t) acts on the corresponding phase points (ql,pﬁl) and (¢ + en,pg),
and the (n + 1)th-order evolution operator Uiy (t), n = 0, is determined
by expansion (4.3) in the case of s = 2.

We note that in the work [47]| for the initial-value problem (4.7),(4.8)
the existence theorem was proved in the space of integrable functions. The
accordance of the generalized Enskog equation (4.7) and of the Markovian
Enskog-type kinetic equation was also established there. By the point, we
remark that in the paper |97] the explicit soliton-like solutions of kinetic
equation (4.7) were found.

Thus, if the initial state is specified by a one-particle distribution func-
tion on allowed configurations, then the evolution of many hard spheres
governed by the dual BBGKY hierarchy (2.1) for reduced observables can
be completely described by the generalized Enskog kinetic equation (4.7)
and by a sequence of reduced functionals of the state (4.2).

We remark also that in the case of the initial state that involves corre-
lations (3.18) considered approach permits to take into consideration the
initial correlations in the kinetic equations [30,52].

Further, we sketch out the Boltzmann—Grad scaling behavior of the non-
Markovian Enskog kinetic equation (4.7) and reduced state functional (4.2).

Taking into account the validity of assumption (3.11) for the initial one-
particle distribution function (3.10), in that case for a finite time interval,
the Boltzmann—Grad limit of dimensionless solution (4.5) of the Cauchy
problem of the non-Markovian Enskog kinetic equation (4.7),(4.8) exists in
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the same sense, namely
hH{l) (€2F1(t,x1) — fl(t,a:1)) =0,
€E—>

where the limit one-particle distribution function fi(t) is a weak solution
of the Cauchy problem of the Boltzmann kinetic equation (3.15),(3.16).

Taking into consideration the fact of the existence of the Boltzmann—
Grad scaling limit of a solution of the non-Markovian Enskog kinetic equa-
tion (4.7), for reduced functionals of the state (4.2) the following statement
holds [47]:

S
lim (¢ Fy(t, 21,20 | Fu(1)) = | [ Aalt.2))) =0,
j=1
where the limit one-particle distribution function f;(t) is governed by the
Boltzmann kinetic equation with hard sphere collisions (3.15). Because
all possible correlations of many hard spheres with elastic collisions are
described by reduced functionals of the state (4.2), as noted above, this
property means the propagation of the initial chaos in the Boltzmann—Grad
limit.

The proof of these statements is based on the properties of cumulants of
asymptotically perturbed groups of operators (1.6) and the explicit struc-
ture (4.3) of the generating operators of series expansions (4.2) for reduced
functional of state and of series (4.5).

4.2. Dynamics of correlations governed by kinetic equations. Let
the initial state be specified by a one-particle reduced correlation function,
namely, the initial state specified by a sequence of reduced correlation func-
tions satisfying the chaos property stated above, i.e., by the sequence

G = (Go,&Y,0,...,0,...).

We note that such an assumption about initial states is intrinsic to the
contemporary kinetic theory of many-particle systems [14,15].

Since the initial data G(©) is completely specified only by a one-particle
correlation function, the Cauchy problem (2.60),(2.61) of the nonlinear hi-
erarchy for hard spheres is not a completely well-defined Cauchy problem
because the initial data is not independent for every unknown function
determined of the hierarchy of mentioned evolution equations. As a con-
sequence, it becomes possible to reformulate such a Cauchy problem as a
new Cauchy problem for a one-particle correlation function with indepen-
dent initial data and explicitly defined functionals of the solution of this
Cauchy problem for the kinetic equation.
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We formulate such a restated Cauchy problem and the sequence of the
suitable functionals. In the case under consideration, the reduced correla-
tion functionals Gs(t | G1(t)), s = 2, are represented with respect to the
one-particle correlation function (2.64), i.e.,

o 1
Gl(t,xl) = Z E fd:vg~--dx1+n2q+n(t,1,...,n+1)><
n=0 (R.BXR:)’)" n+1 (49)

X H G(1)<xi)XR3("+1)\Wn+17
i=1

as the following series expansions:

Gs(t,xl,...,aﬁs | Gl(t)) =

&1
- Z n! fdmsﬂ v AT X (4.10)
=0 (g3 xR3)n stn
X ‘Z]S+n(t,1,...,3+n) H Gi(t,z;), s = 2.
i=1

The generating operator U,y (t), n = 0, of the (s+mn)th-order of this series
is determined by the following expansion:

mHn(t,l,...,s,s—i—1,...,s+n) =

=n! (—1)”C e o
— — — |
k=0 ni=1 ni=1 (TL ni e Tl,k.)
X éls+n7n17...7nk(t, ]-, S tn—ny — ... — nk‘)x
k
1 (4.11)
8 H Z \D .|! X
.7:1 Dj:Zj:Ulj le’ J
D |<sn—nt—n;
5+7l—n1—...—nj 1
8 Z H mm1+|le|(t,'L’lj,le),
J

7:175.‘.757:‘[)],‘:1 leCDj
where ZDj: Z=U, X, is the sum over all possible dissections of the linearly
ordered set
Zi=(s+n—n—...—nj+1,...,s+n—ny—... —nj_1)

on no more than s+n—n; —...—n; linearly ordered subsets, the (s+n)th-
order scattering cumulant is defined by the formula

s+n

QlSJrTL(tv 17 s, S n) = :—I—n(t, 17 ce, 8 n)XR3(S+n)\WS+n H(Qvlk)_l(t’ Z)a
=1



790

and notations accepted above were used.
We adduce simplest examples of generating operators (4.11):

S
Vs(t,1,...,8) = Aslt, 1, 8) Xpasy, | [(AD) (£, 9),

i=1
s+1
Vo1 (1,008, 5+1) = Aepa (1, s+ D) Xgscrny,,, | [ (86—
=1
— Us(t, 1, 8) Hgayy, | [(AF) 71 (£1)
=1
x 3 Aa(t,j, s + 1) Xgow, (A) 71 (¢, ) (A7) 71 (E, s + 1),

J=1

If [G1(t) |l (m3xr3) < e~(3s+2) for arbitrary t € R series (4.10) converges
in the norm of the space L [47].

We note that in the case of initial state specified by a one-particle correla-
tion function the reduced correlation functionals (4.10) describe all possible
correlations generated by the dynamics of many hard spheres in terms of a
one-particle correlation function.

Thus, according to the representation (2.64) of reduced correlation func-
tions, the cumulant structure of their generating operators induces a gene-
ralized cumulant structure of the generating operators for series (4.10) of
reduced correlation functionals.

In this case, the method of constructing reduced correlation function-
als (4.10) is based on the application of the variation of cluster expansions,
the so-called kinetic cluster expansions [47], to generating operators (2.36)
of series representing reduced correlation functions (2.64).

Indeed, taking into account relations of kinetic cluster expansions for
scattering cumulants (4.4):

n

~ n!
Asin(t,1,...,84+n) = Z 7‘173+n,n1(t,1,...,s+n—n1)><

— |
= (n—mny)!
1 s+n—mnmq
x 2 W Z H ’X |' Q[l+‘Xl‘(t Zl')Xl)
D:Z={, Xi, T #ip=1 X;cD

ID|<s+n—n1

where > . 2=\, X1, |D|<s+n—n is the sum over all possible dissections D of
the linearly ordered set

Z=(s+n—n1+1,....,s+n)
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on no more than s+n—n; linearly ordered subsets, we derive the expansions
of the reduced correlation functionals

Gs(t,x1,...,zs | G1(t)), s = 2,

on the basis of solution expansions (2.64) of the hierarchy of nonlinear
evolution equations (2.60).

Note that the structure of kinetic cluster expansions of scattering cu-
mulants of the groups of operators is similar to the structure of virial ex-
pansions of equilibrium distribution functions, i.e., as a power series in the
density.

If initial data GY € L1, then for arbitrary ¢ € R one-particle correla-
tion function (4.9) is a weak solution of the Cauchy problem of the non-
Markovian Enskog kinetic equation [53]:

0
%Gl(t,xl) = £*(1)G1(t,x1) + Jdl‘g ﬁi*nt(l, 2)G1(t,$1)G1(t,1’2)+

RO (4.12)
+ Jdl‘g ﬁ;t(l, 2)G2 (t, T1,T2 | Gl (t)),
R3xR3
Gl(t,l‘l)|t20 = G(l)(ﬂfl), (413)

where the first part of the collision integral in equation (4.12) has the
Boltzmann—Enskog structure, and the second part of the collision integral
is determined in terms of the two-particle correlation functional represented
by series expansion (4.10) which describes all possible correlations that are
created by hard-sphere dynamics and by the propagation of initial correla-
tions related to the forbidden configurations.

In the paper [47], similar statements were proved for the state evolution
of a hard-sphere system described in terms of reduced distribution functions
governed by the BBGKY hierarchy. We emphasize that the nth term of
expansions (4.10) of the reduced correlation functionals are determined by
the (s+mn)th-order generating operator (4.3) in contradistinction to the ex-
pansions of reduced distribution functionals of the state constructed in [47]
which are determined by the (1 + n)th-order generating operator (4.3).

Thus, for the initial state specified by a one-particle correlation function,
the evolution of all possible states of the system of hard spheres can be de-
scribed without any approximations within the framework of a one-particle
correlation function governed by the non-Markovian Enskog-type kinetic
equation (4.12), and by a sequence of explicitly defined functionals (4.10)
of its solution.
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5. CONCLUSION

In conclusion, the challenges of the evolution of many hard spheres with
inelastic collisions will be reviewed, as will some applications of the methods
outlined above to complex systems of various natures.

5.1. On the dynamics of inelastic collisions. According to contempo-
rary concept [96,99] on a microscopic scale, the characteristic properties
of granular media are determined by dissipative collisional dynamics and
can be described as the evolution of a system of many hard spheres with
inelastic collisions.

Since the characteristic features of the collective behavior of inelastically
colliding particles in one-dimensional space reflect the main properties of
granular gases, an approach to the rigorous derivation of the Boltzmann-
type equation for one-dimensional granular gases will be presented below.
We note that, in contrast to the system of hard rods with inelastic collisions,
in one-dimensional space the evolution of hard rods with elastic collisions
is trivial in the Boltzmann—Grad scaling limit; it is known as so-called free
molecular motion or the Knudsen flow [14].

In the case of a one-dimensional granular gas for ¢ > 0 in dimensionless
form the Cauchy problem of the non-Markovian generalized Enskog kinetic
equation (4.7),(4.8) takes the form [37,42,43|:

0 0
o = LRyt
o 1(t,q1,p1) p10q1 1(t, q1,p1)+

0
1
—|—fdPP((1_2€)2 FQ(t,Q1,p<1>(p1,P),q1 —e,pg(pl,P) ’Fl(t))_
0

. —F5(t,q1,p1,q1 — €,p1 + P | Fl(t))>+ (5.1)
+ j dPP((1_125)2 Fa(t, 01, 5 (p1, P), a1 + €, 5(pa, P) | Fi(t))—

’ *Fz(t,Q1,p1,Q1+€,p1*P|Fl(f)))a
Fi(t)l=0 = Fy°, (5.2)

where e = 15¢ € [0, 3) and e € (0,1] is a restitution coefficient, € > 0 is a
scaling parameter (the ratio of a hard sphere diameter (the length) o > 0
to the mean free path), the collision integral is determined by reduced
functional (4.2) of the state Fi(t) in the case of s = 2 and the expressions:
€
*p,P)=p—P+-—P
P (p17 ) n + 2% _ 1 )
€

P
2¢ — 1

pg(p17p) :pl -
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and the expressions

€
2e -1
€
ps (p1, P) = — P
p2<p17 ) p1+2€_1 )
are transformed pre-collision momenta of inelastically colliding particles in
a one-dimensional space.
The solution of the Cauchy problem (5.1),(5.2) is represented by the
following series:

ﬁf(pl)P):pl—’_P_ P7

o0 n+1
. 1
Fi(t,z1) = Z ] fde o dzn g AT (1) H Fle’o(xi)XR(1+n>\W1+na (5.3)
n=0 " i=1

R xR™

where the generating operator 27, (¢) is the (1+n)th-order cumulant (2.22)
of the semigroups of operators (1.6) of inelastically colliding hard rods in
a one-dimensional space. Let the initial one-particle distribution function

satisfy the following condition: ]Ff’o(xl)] < Ce_gp%, where § > 0 is a
parameter and C' < oo is some constant. Then every term of series (5.3)
exists; for a finite time interval it is the uniformly convergent series with
respect to x1 from an arbitrary compact, and function (5.3) is a weak
solution of the Cauchy problem (5.1),(5.2) of the non-Markovian Enskog-
type equation with inelastic collisions.

We assume that, in the sense of weak convergence, there exists a limit

w— lim (Fy%(x1) = f(21)) =0.

Then, for a finite time interval, the Boltzmann—Grad limit of solution (5.3)
of the Cauchy problem of the non-Markovian Enskog-type equation for a
one-dimensional granular gas (5.1) exists in the sense of a weak convergence

w— hHElJ (Ff(t, 1) — fi(t,z1)) =0, (5.4)
where the limit of one-particle distribution function (5.3) is determined by

the following series uniformly convergent on an arbitrary compact set

0 n+1

1

filtba) =) = f dy -+~ dwn 1 A7, (8) [ [ £7 (1), (5.5)

n=0""p =1
'"/><R"l

and the generating operator A7, (¢t) =AY, (¢,1,...,n+1) is the (n+1)th-

order cumulant of semigroups (1.6) of point particles with inelastic colli-
sions. For ¢t > 0 an infinitesimal generator of this semigroup of operators is



794

determined by the operator:

(LEVf ) (2, - 2 Zp] o0 Lyeees @)+

n
+ Z [pjo — P31 16(gj, — qj5) %
J1<j2=1

1
X (mfn(wlw"7x§1"'-7x;27“'7xn) —fn(:rl,...,xn)),

where 27 = (qj,p;?) and the pre-collision momenta p7 , pj, of inelastically
colliding particles are determined by the following expressions:

5

Py = P2+ 5o (i —Pi),
5

p;?z = Dj1 — 2% _ 1 (pjl _ij)'

For t = 0 the limit one-particle distribution function represented by
series (5.5) is a weak solution of the Cauchy problem of the Boltzmann-
type kinetic equation of point particles with inelastic collisions [43]

+o
0 0
5 1tap)=—p afqﬁ(tvq,p) + J dp1 [p — p1|x
Rt (5.6)
x ((1_125)2f1(t,q,pQ)f1(t,q,p<{)—f1(t,q,p) fl(t,q,pl)) +nz_]11(()”)-

In kinetic equation (5.6) the remainder > -, I[()n) of the collision integral
is determined by the following expressions:

oo
n 1
I(() ) = ﬁ JdPP qu;;dpg s dqn+2dpn+2m1+n(t) x
0 R™ xR™

X ((1_128)2fl(tvq7p<1>(p7 P))fl(t7Q7p§(pv P)) - fl(t7Q7p)flJ(rt27 q,p+ P)) x
0 X 1:[3 fi1(t, @i, pi)+
+ [ dP P [ dasdps- - dagsadpnaBrn(t) 5 -
0 R™ xR"
X ((1_12&)2]“1@7(]7]7)?(1)7 P))fl(t7Q>ﬁ§(pv P)) - fl(t>Q7p)f1(t>Q7p - P)) X

n+2

X 1_[ Fl(taQi’pi)7
=3
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where the generating operators
inlJrn(t) = leJrn(t? {17 2}7 3,...,n+ 2)7 n =0,

of the series for a collision integral are represented by expansions (4.3) with
respect to the cumulants of semigroups of scattering operators of point hard
rods with inelastic collisions in a one-dimensional space
n
Sh(t 1, n) = SE0 1, s) [ (ST T ().
i=1
In fact, series expansions for the collision integral of the non-Markovian
Enskog equation for a granular gas (5.6) or solution (5.3) are represented

as the power series over the density, so that the terms Ién), n = 1, of the
collision integral in kinetic equation (5.6) are corrections with respect to
the density to the Boltzmann collision integral of one-dimensional granular
gases formulated in the paper [96].

Since the scattering operator of point hard rods is an identity operator in
the approximation of elastic collisions, namely, in the limit ¢ — 0, the col-
lision integral of the Boltzmann kinetic equation (5.6) in a one-dimensional
space is identical to zero. In the quasi-elastic approximation [96] the limit
one-particle distribution function (5.5)

gijf(l)efl(tv(bp) = fo(t’q’p)’

satisfies the nonlinear friction kinetic equation for one-dimensional granular
gases [96]:

J 0 _ J 0

o0
0
+ 5 f dp1 [py — o] (91 — 1) £, 4, p1) £O(t, 4, p)-
—o0

Taking into consideration the result (5.4) on the Boltzmann-Grad as-
ymptotic behavior of the non-Markovian Enskog equation (5.1), for reduced
functionals of the state (4.2) in a one-dimensional space, the following state-
ment is true [43]:

W— ll_{% (Fs(taxla cy Lg ‘ Ff(t)) - fs(t,l‘l,...,l’s | fl(t))) = O> 5= 27 (57)

where in equality (5.7) the limit reduced functionals of the limit one-particle
distribution function (5.5) are determined by the series expansions with a
structure similar to series (4.2) and the generating operators represented by
expansions (4.3) over the cumulants of semigroups of scattering operators
of point hard rods with inelastic collisions in a one-dimensional space.
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As mentioned above, in the case of a system of hard rods with elastic
collisions, the limit reduced functionals of the state are the product of the
limit one-particle distribution functions, describing the free motion of point
particles.

Thus, the Boltzmann-Grad asymptotic behavior of solution (5.3) of the
non-Markovian Enskog equation (5.1) is governed by the Boltzmann kinetic
equation (5.6) for a one-dimensional granular gas.

We emphasize that the Boltzmann-type equation (5.6) describes the
memory effects in a one-dimensional granular gas. In addition, the limit of
reduced functionals of the state fs(t,z1,...,2, | fi(t)), s = 2, which are
defined above, describe the process of the propagation of initial chaos in a
one-dimensional granular gas, or, in other words, the process of creatiing
correlations in a system of hard rods with inelastic collisions.

It should be noted that the Boltzmann—Grad asymptotic behavior of the
non-Markovian Enskog equation with inelastic collisions in a multidimen-
sional space is analogous to the Boltzmann—Grad asymptotic behavior of
a hard sphere system with the elastic collisions [43], i.e., it is governed
by the Boltzmann equation for a granular gas [98,99], and the asymptotic
behavior of the reduced functionals of the state (4.2) is described by the
product of one-particle distribution functions of its solution, i.e., describes
the propagation of initial chaos.

5.2. Some bibliographic notes on collisional dynamics. Above, it
was studied systems of identical colliding particles, which are described
by means of functions of observables and distribution functions, which are
symmetrical with respect to arbitrary permutations of their arguments. In
papers [32,33,67,70,82], the theory of the hierarchies of evolution equations
for systems of many colliding particles described by non-symmetric func-
tions was developed. An example of such a system is a one-dimensional
system of particles interacting with their nearest neighbors, so-called non-
symmetric systems of particles [32].

As is known, many-entity systems of active soft condensed matter are
dynamic systems exhibiting a collective behavior that differs from the sta-
tistical behavior of ordinary gases. To describe the nature of entities (or self-
propelled particles), in the paper [78], collision dynamics based on Markov
jump processes, which should reflect the internal properties of living crea-
tures, were proposed. In works [36,45] an approach was developed to de-
scribe the collective behavior of complex systems of mathematical biology
within the framework of the evolution of observables of many colliding sto-
chastic processes, and the dual Vlasov hierarchy was constructed in the
mean field approximation. This representation of the kinetic evolution
seems, in fact, to be the direct mathematically fully consistent formulation
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modeling the kinetic evolution of biological systems, since the notion of
the state is more subtle and is an implicit characteristic of populations of
living creatures. In the paper [36] the processes of creation of correlations
generated by the dynamics of active soft matter and propagation of ini-
tial correlations have also been described by means of the non-Markovian
generalized kinetic equation with initial correlations, and, in particular, in
the mean-field scaling approximation, the Vlasov-type kinetic equation for
many colliding stochastic processes was constructed.

The study of systems of colliding particles in interaction with the envi-
ronment, the so-called open systems, involves a number of unsolved fun-
damental problems. One of them is related to the challenge of the ori-
gin of stochastic behavior in dynamical systems of many particles. In pa-
pers [48-50], based on the approaches to the derivation of kinetic equations
outlined above, a generalization of the Fokker—Planck equation for open
systems of colliding particles was justified.

In previous decades, a lot of work has been performed on discrete-velocity
models of the Boltzmann equation, which are of significant conceptual in-
terest for the kinetic theory of gases and, at the same time, represent a
fascinating mathematical subject [84]. In connection with this topic of re-
search, we note the works [39-41, 54|, in which the discrete-velocity model
was studied, related to the problem of deriving a model of the Enskog
discrete-velocity kinetic equation.

An overview of some modern applications of kinetic equations to the de-
scription of non-equilibrium processes in complex systems of various natures
is presented in the monograph [23].

5.3. Outlook. The purpose of this review was to analyze the development
and current advances of the theory of evolution equations for systems of
many colliding particles, in particular, kinetic equations and their relations
to the fundamental equations that describe the laws of nature.

The problem of constructing a solution to the Cauchy problem for hier-
archies of evolution equations of observables (2.1) and the state (2.17) of a
system of hard spheres with elastic collisions for initial data belonging to
some functional spaces is considered. As was established, solutions of hier-
archies of evolution equations are determined by groups of operators, which
are represented by expansions over the groups of particles whose evolution
is described by cumulants of the corresponding order of the groups of oper-
ators of the Liouville equations. Due to the fact that the cumulants of the
groups of operators are determined by cluster expansions of the groups of
operators of the Liouville equations, in the corresponding function spaces
there are different representations for solutions to the hierarchies of evolu-
tion equations. These cluster expansions of the groups of operators underlie



798

the classification of possible solution representations to the Cauchy problem
for the hierarchies of evolution equations of many colliding particles.

To describe the evolution of the state of a many-particle system, there is
an alternative approach that is based on the dynamics of correlations. In
this approach, a state of finitely many hard spheres is described with the
employment of functions determined by the cluster expansions of the prob-
ability distribution functions that are governed by the so-called Liouville
hierarchy (2.31). It was above established that the constructed dynamics of
correlation underlie the description of the dynamics of infinitely many hard
spheres governed by the BBGKY hierarchy for reduced distribution func-
tions (2.17) or the hierarchy of nonlinear evolution equations for reduced
correlation functions (2.60), i.e., of the cumulants of reduced distribution
functions. We emphasize the importance of the mathematical description of
the processes of the creation and propagation of correlations, in particular,
for numerous applications [2,3,86].

To describe the evolution of many hard spheres within the framework of
the evolution of states for an initial state close to "kinetic,” i.e., a state de-
scribed in terms of the state of a typical particle, there is another possibility:
by means of the so-called non-Markovian Enskog kinetic equation (4.7). In
other words, the origin of the collective behavior of a hard-sphere system
on a microscopic scale was examined above. As already mentioned, one of
the advantages of such an approach to the derivation of kinetic equations
from underlying collisional dynamics is the opportunity to construct the ki-
netic equations with initial correlations, which makes it possible to describe
the creation of correlations and propagation of initial correlations. Another
advantage of this approach is related to the rigorous derivation of the Boltz-
mann equation (3.15) with higher-order corrections to the canonical term
of the collision integral.

Thus, the concept of cumulants of the groups of operators of Liouville
equations underlies non-perturbative expansions of solutions to hierarchies
of fundamental evolution equations that describe the evolution of observ-
ables and a state of many colliding particles, as well as underlies the ki-
netic description of their collective behavior. We note that for quantum
many-particle systems the concept of cumulants of groups of operators is
considered in review [38].

In the paper, possible approaches to the rigorous derivation [35] and
justification [62,63] of the kinetic equations for many colliding particles
were considered. One of them is an approach to the description of the
kinetic evolution within the framework of the evolution of the observables
of many colliding particles [51]. The advances of the method based on the
dual Boltzmann hierarchy (3.8) are the opportunity to construct kinetic
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equations (3.21), taking into account the correlations of particles of the
initial state, and the description of the process of propagation of initial
correlations in scaling approximations (3.24).

The paper [69] considered the challenge of deriving hydrodynamic equa-
tions from the dual BBGKY hierarchy for reduced observed microscopic
phase densities. We notice that the rigorous derivation of hydrodynamic
equations from the dynamics of many colliding particles is still an open
problem. Regarding the classical problem of rigorous derivation of the
hydrodynamic equations from the Boltzmann kinetic equation in scaling
limits, we refer to the books [72,93].

Acknowledgements. Glory to Ukraine!
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Popmynun tTuny Kiaapka-OkoHa
Ha IIPOCTOPAX PeryjsspHUX OCHOBHUX
i y3aragpHeHnX (pyHKITI
B aHaJIi3i 6ijtoro mymy Jlesi

M. O. Kauanoscbkuii

Abstract. In the classical Gaussian analysis the Clark-Ocone formula can
be written in the form

F=EF + JE(atFLFt) Wy,

where a function (a random variable) F' is square integrable with respect to
the Gaussian measure and differentiable by Hida; E denotes the expectation;
E( o| ft)—the conditional expectation with respect to the full o-algebra F
that is generated by the Wiener process W up to the point of time t; 0.F
is the Hida derivative of F; §o(t)dW; denotes the Itd stochastic integral
with respect to the Wiener process. This formula has many applications, in
particular, in the stochastic analysis and in the financial mathematics.

In this paper we generalize the Clark-Ocone formula to spaces of regular
test and generalized functions of the Lévy white noise analysis. More ex-
actly, we obtain different Clark-Ocone type formulas on the above-mentioned
spaces, study the properties of the integrands in these formulas, establish the
conditions under which a Clark-Ocone type formula takes a classical form,
etc. In particular, we show that the restrictive condition of differentiability
by Hida for a random variable is not really significant.

Amnoranig. ¥V kiacuaHoMy raycciBcbkomy aHadisi dopmyiny Kiapka-Oxona
MOYKHA 3AIMCATH y BUTJISIL

F=EF + JE(atF|f,,)th,

ne dbyukuisa (Bunagkosa BeanduHa) F' € KBaIpaTuvHO iHTErPOBHOIO 3a Tayc-
ciBcbKOI0O Miporo Ta audepeHriiiioBHoo 3a Xinow; E mosHavae MmaremMaTnaHe
CIIOJTiBAHHS; E( o ]:t) — YMOBHE MaTeMaTHYHE CIIOAIBAHHS BiJITHOCHO ITOBHOIL
o-anrebpu JFi, mopozkenol BinepiBcbkuM nporiecom W 1o MoMmenTy 4acy t;
0.F — noxinna Ximu F So(t)th MIO3HAYAE CTOXACTUIHMI iHTerpas Ito 3a
BirepiBcbkuM mporiecom. g dopmysa mae 6arato 3acTocyBaHb, 30KpeMa, y
CTOXaCTUIHOMY aHaJIi3i Ta y (iHaHCOBiil MaremMaTH.
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CTUYHUI iHTerpast; cToxacTudHa noximgHa; dopmyra Krapka-Orona
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B wiit crarri mu y3araasuoemo dopmyiy Kiapka-Oxona Ha npocTopu pe-
I'YJISIPHUX OCHOBHUX 1 y3arajbHeHuHX (DYHKINH B aHasisi 6imoro mymy Jlesi.
Tounime, mu orpumyemo pizui dhopmynn tumy Kirapka-Oxona wa Buimesra-
JIAHUX MPOCTOPax, BUBYAEMO BJIACTUBOCTI MiJliHTErpajbHUX (DYHKINNH Yy IUX
dopmysiax, BCTAHOBJIIOEMO yMOBH, 3a fKux ¢opmyra tuiy Kmapka-Oxona
mpuitMae KJIACHYIHUN BUIJIS, TOITO. 30KPEMa, MU MOKA3yeEMO, IO 0OMEXKy-
BaJIbHA YMOBa JipepeHItitoBHOCTi 3a Xi/1010 /I BUIIA/KOBOI BEJIMIHUHU HE €
CyTTEBOIO.

Bceryn

ITosnauumo vepes D upoctip [IBapia, 1m0 CKIAIAETHCA 3 yCiX JIACHO-
3HAYHUX HECKiHUYeHHO-audepeHtiioBanx dyukiii #a Ry := [0, +00) 3 Kom-
nakTHEMHA HOcisimu. Jlo6pe Bijgomo (Hamp., [33]), mo D mMoxkHa HaAIIATH TO-
[TOJIOTIEI0 TPOEKTUBHOI IPAHUIL, TOPOKEHOIO CiM’€10 CODOJIEBCHKUX MPOC-
topis. Hexait D' — muOkuHA JHIHUX HemepepBHUX (QyHKILIOHATIB Ha D.
Bigzaauumo, mo D’ ta D € HEraTUBHUM Ta MO3UTUBHUM IPOCTOPAMU JIAH-
IIOKKA,

D' > L*(Ry) o D, (0.1)
ne L2(Ry) — mpoctip (kmaciB) mificHosnaunmx dbynkmiit na R, KBaapaT-
YHO IHTerpoBHUX 3a Miporo Jlebera (Hamp., [33]).

[Tosnaunmo uepes (-, -) ayajbHe CHapioBaHHs Mixk esemeHtamu D’ Ta
D, mopoyzKene ckamapruM 106yTkoM y L?(Ry); gepes mmxwiit immexc C
OyIeMo TO3HAYATH KOMILIEKCUMIKaIil JiHIHUX TOMOJIOTIYHUX MPOCTOPIB
(manpukian, enementamu D¢ € a+bi, a,b € D); wepes C(D') — nminapuany
o-anrebpy nHa D’.

Hexaii v — cranaprHa raycciseska mipa va (D', C(D')) (C(D’') BBazkaemo
HOMOBHEHOIO BiIHOCHO ), TO6TO fimoBipHicHa (v(D') = 1) mipa 3 neperso-
pennsm Jlamraca

ly(A) = j PNy (dz) = eMNV2 N e De.

Ak nobpe Bimomo (Hamp., [4,19,25]), KoXKHY KBaJApaTHIHO IHTEIPOBHY 32
v Ta audepeHtiioBHy 3a Xi00 KOMIJIEKCHO3HAYHY (DYHKILO (BUIAIKOBY
pesimanny) F ua D' MOXKHA NPEJICTABATH Y BULJIS

F:EF+JE@HEMW5 (0.2)

ne E nosnauae maremarnune cnonisanns; E( o |z,) — ymobHe MaremaTy-
9HEe CITOJIBaHHY BiJHOCHO ITOBHOI o-ajredpu JF;, MOPOI2KEHOI BiHEPIiBCHKUM
uporiecom W 10 Mmomenty 4acy ¢ (To6To F; — IONOBHEHHSI BiJIHOCHO 7 0-aJjl-
reGpu o(Wy, : u < t)); .F — noxinaa Xigu F; § o(t)dW; nosuauae croxacru-
quuil inTerpaJ ITo 3a BiHEpiBCHKUM IPOIECOM (I[J[SI inTerpasis mo Ry mu,
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sIK IIPABUJIO, HE BKA3YEMO I'DAHUII IHTEIDYBAHHS 3a/1JIsi CIIPOIIEHHS TT03HA~
4enb). Popmyna (0.2) mHazuBaerbes gopmyaoto Kaapra-Oxona. x 6aammo,
g popMysia, 30KpeMa, JT03BOJIsI€ TIOHOBUTH BEPCIIO I JiHTEerpabHOI PyHK-
il (119 dyHKIA He € €AMHOI0, B3araJi KaXKydn), sKIIO BiIOMUIl pe3yIbrar
CTOXaCTUYIHOI'O IHTEIPYBAHHS.

Sk Bigomo (mamp., [7,32]), dopmymna (0.2) 3anuIIaeThCst CIPaBeIMBOIO
(3 TouHiCTIO 710 3p0O3yMinux MoaudIiKaIiit), KO 3aMiCTh raycciBCbKOI Mipn
POBIIAIAETHCS IIyaCCOHIBChKA. Bi3HauynMo TakoXK, 0 MOYKHA, JIETKO YHU-
KHYTH 00MEXKYBaJIbHOTO IIPUITYIIEHHS, 1[0 BUII/IKOBA Bejnunna I mae Oy-
Tn nudepeHItiioBHOIO 3a Xi/I00: IOCTaTHRO y3araabauTu dopmyry Kirap-
ka-OKoHa Ha 11eBHI npocTopu y3arajabHeHux dyHKIii (npu npomy F moxe
3aJIMIIATUCH KBAIPATUIHO IHTEIPOBHOI), JIUB., HAID., |5, 6].

Qopmyna Knapka-Okona Ta 11 y3araJbHEHHS MAlOTh YHUCJIEHHI 3aCTOCY-
BaHHS, 30KPEMa, y CTOXaCTUIHOMY aHaJ i3l Ta y (iHaHCOBili MaTeMaTHIL,
JWB., Hamp., [1,6-8,10,22,26-28,32| i nocuianus Tam. 3aJIs 3a,/10BOJICH-
HsI TTOTped 3acTOoCyBaHb MOOYIOBAHO pizHOMaHITHI dopmynu tumy Kiaapka-
OkoHa Ha PI3HUX MPOCTOPAX, 3 BUKOPUCTAHHAM DPI3HUX CTOXACTUIHUX I10-
XiTHUX Ta 31 CTOXACTUIHUMHU IHTEIPAJIAMU 3a PISHUMU BUIIATKOBUMHU IIPOIIE-
camu i Mipamu, 1uB., 30Kpema, [1,2,5-7,13,14,18-20,22,32,36|. Hanpuka,
B [19,20] orpumano dbopmyy tuiy Kiapka-Okona, nos’s3any 3 mporecamu
JIeBi, gKa MICTHTH CTOXACTHYHI IHTErPAIU 33 BIHEPIBCHKUM IIPOIIECOM Ta 33
KOMIIEHCOBAHOIO ITyaCCOHIBCHKOIO BUIIAIKOBOIO MipOIO.

B [6] samponionosano iHmmii miaxin g0 nobymaosu dopmys tuny Kiapka-
Oxkona B anasisi JIesi, sakunit 6a3yeTbcs Ha Tak 3BaHOMY po3kJjia Hyamapra-
CkoyTeHca KBaJIpATUYIHO IHTEIPOBHUX BUIIAQJIKOBUX Bemdnd [24,30]; 3apa3
3rajiani OPMYyIIH MICTATH IHTErpasu 3a CIeliaJbHIMU BUIAJKOBUMHU I1PO-
necamu. Bapro BiggnauwTu, mo aBropu [6] Takoxk y3araJbHIOIOTH CBOI pe-
3yJIbTATH HA IIE€BHI MPOCTOPH y3araJbHEHUX BUIAIKOBUX BEJIUUIUH.

B po6orax aBropa [13,14,36] nobynosaro dopmyaun tuny Kiaapka-Oxona
Ha IIPOCTOPAX PEryJIAPHUX OCHOBHUX, KBAJIPATHIHO IHTEIPOBHUX Ta PEry-
JIAPHUX y3arajbHeHuX (QYyHKINH MalKCHEPiBCHLKOrO aHaJi3y Oioro mrymy.
[eit anasnis moB’si3anmii 3 y3arasjbHeHo Mipoo Maiikcaepa m [29] Ta 3
BiIOBiiHUM BumaKoBUM mporecoM MaiikcHepa, MOXiaHO aKOro (B ceHci
y3aranbHeHux GyHKIi [34]) € maiikcHepiBebkuit Gimii mrym (Miporo 1poro
HIyMy $IK y3araJbHEHOI'O BHUIIAKOBOrO mporecy [35] € m).

BayBaxkKuMo, MO IiakJjgac mnporeciB MaiikcHepa, SKUl CKIaIaeTbes 3i
CTAIllOHAPHUX BUIIQIKOBUX IIPOIIECIB, € JIOBOJII IIUPOKUM ITiJIKJIACOM IIPO-
necis Jlesi. Ilpore, nmobymosu [13, 14, 36| cyrreBOo Biapi3HAIOTHCA Bijg 1HO-
6yzos [19,20] Ta [6]: Mu Hamaramuch 36epertu, HACKIJIBKU 11 MOXKJIMBO,
kyacuaHy dopmy dopmys tuny Kiaapka-OkoHa, i TOMy BUKOPUCTOBYBAJIH
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CTOXACTHYHY TOXiTHY Xi/IM Ta CTOXACTUYHE IHTErPYBAHHS JIAIIE 33 MPOIIe-
coM MaiikcHepa.

Hana pobora B IIEBHOMY CEHCI € TIPOJOBXKEHHAM J0CTiixKenb [13,14,36],
3apa3 Hallla MeTa, [I0JIsATa€ B OTPUMaHHi Ta BuB4YeHHi hopmyst Tuiry Kinapka-
OxoHa Ha TPOCTOPaX TaK 3BAHOTO PETY/ISPHOTO MAPAMETPU30BAHOTO OCHA~
IIEHHS ITPOCTOPY KBAJAPATHIHO iIHTEIPOBHUX BUIIQIKOBUX BEJIMYINH B aHAJI3]
6istoro nrymy Jlesi [15,37]. 3okpema, MU BCTAHOBIIIOEMO HEOOXiIHY 1 jocTa~
THIO YMOBY, 3a KOl MOXKJIUBO oTpuMaTu ¢opmynu tuiy Kirapka-Okona 3
BUKOPHUCTAHHSM IHTETDYBAHHS JIUIIE 32 BUMAIKOBUM IIpoIitecoM JIesi; orpu-
Myemo pisHi ¢popmysmn tuny Kiaapka-OkoHa Ta BUBYAEMO BJIACTHBOCTI IIi-
JiHTErpaJibHUX MYHKINHN y X popMyIax; a TaKoXK 3'sdICOBYEMO HEOOXiTHY
i mocraTHIO yMOBY, 3a siKol popmysia tury Kirapka-Okona HabyBae KJracu-
guoro Burisry (0.2) (3 nmpomecom JleBi 3aMicTh BiHEPIBCHKOIO IIPOLIECY ).

CrarTio OpranizoBaHO HACTYITHUM YnHOM. B mepmomy po3zinai Mu HABO-
auMo HeoOxinHi morepeaHi BigomocTi: posrisgaaemo mporec Jlesi Ta Oymy-
€MO TIOB’sI3aHUN 3 HUM WMOBIPHICHUI TPOCTIp, 3PYyUHUN I TOMAJIBIIIONO
BUKJIaJLY; OImcyeMo 3amnponosoBate €. B. JlursunosuMm (21| y3aranbHeHHs
BJIACTUBOCTI XaOTUIHOTO PO3KJIaLy B aHasi3i 6imoro mymy Jlesi, Ha ocHO-
Bl AKOTO NOOY/IOBAHE peryJisipHE IapaMeTPU30BaHEe OCHAIIEHHSA IIPOCTODPY
KBAJIPATUYHO IHTErPOBHUX BUIAJIKOBUX BeJuduH [15]; HArayeMo KOHCTPY-
KIIIO 3raIJaHOr0 OCHAINEHHS; & TAKOXK OMMMCYEMO KOHCTPYKII PO3IIUPEHOrO
CTOXaCTUYIHOTO iHTerpaJia Ta CTOXaCTHYHOI moxigHol Xiau Ha #Oro mpocTo-
pax [15,16]. dpyruit po3ijg npucBsdeHo Ho6y0BI Ta BUBYEHHIO (HOPMYII
tuny Kirapka-Oxkona: posriisinyto dopmyny Kiapka-Okona B Haitmpocti-
[IIOMY YaCTUHHOMY BHUIAJKY; BCTAHOBJIEHO HEOOXiJHY i JOCTATHIO yMOBY,
3a KOl MOXKJIMBO orTpuMmaTu dopmysn tuity Kiaapka-OkoHa 3 BUKOpUCTa-
HHSIM CTOXACTHYHOT'O iHTErpyBaHHS JINIIE 33 BUIAIKOBUM IIporiecoM Jlesi;
OTPUMAHO 3rajiaHi GOpPMyJIM HARIPOCTIIIOrO Ta HAOJMKEHOTO 0 KJIaCH-
YHOT'O BUIJISIY; & TAKOXK BU3HAYEHO HEOOXIJIHY 1 JOCTATHIO YMOBY, 3a sIKOL
dopmyna Kiapka-Okona B anasizi JleBi nabyBae KJIacHIHOTO BUTJISLY.

1. TIOTIEPE/IHI BIJIOMOCTI

B wiit po6ori Gymemo noznadatu uepes | - |y abo |- |z Hopmy B IpocTOpI
H; wepes (-, -) g aificamit (Tobro Gininiiianiil) ckamsgpHuit 106y TOK B IPOCTOPI
H; gepes3 -, »g abo (-, )y AyajibHe CHAPIOBAHHSI, IIOPOJZKEHE CKAJISPHUM
106yTKOM B mipocTopi H; uepes BB 60opeiBCcbKy o-anarebpy; depes 1a iHau-
KaTOp MHOKUHE a60 moail A; Ta depe3 @ cuMeTpruIHe TeH30PHE MHOKEHHS.
Takok MM BUKOPHCTOBYEMO IIO3HauYeHHs Pr lim (BixnosinHo, ind lim) mua
IPOEKTUBHOI (BiIIOBITHO, 1H/lyKTUBHOI) rpaHuUIli ciM’l IPOCTOPIB; Iie T03HA~
YeHHS O3HAYAE, [0 M'PAHUYHUN POCTIP HAJIJIEHO TOIOJIOTIEI0 TPOEKTUBHOL
(BigmoBiHO, iHyKTUBHOI) rpanuni (auB., Haup., [33]).
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1.1. IIponec JleBi Ta iioro ifimoBipHicHmuii mpocTip. Hexaii
L = (Lt)tER+

— JifiCHO3HAYHMIA JIOKAJILHO KBaIpATUYHO iHTerpoBHuii npomuec Jlesi (Tobro
HellepepBHUH 3a HMOBIPHICTIO BUIIAIKOBU mIporiec HAa R 3i crarioHapHu-
MU He3aJe;KHUMU [IpupocTaMu i Takwii, mo Lo = 0, nus., Hanp., [3|) Ge3
raycciBebkol yactunu ta 3cyBy. Jlobpe Bigomo (aamp., [6]), mo xapakrepu-
cruvHa QyHKIg L Mae BUTTIAT

E[¢?1] = exp [t JR(W 1 ibx)w(d)], (1.1)

ne v — mipa Jlesi mpornecy L, mo € miporo Ha (R, B(R)). Hakmagemo momar-
KOBO TaKi YMOBH: V € Mipoto Padona 3 Hociem, w0 Micmumov HECKiHYeHHY
Kiavkicmo movor; v({0}) = 0; icuye € > 0 maxe, wo

f 22y (dx) < oo;
R

f 2?v(dz) = 1. (1.2)
R

Busnagumo mipy 6isoro mrymy mpomecy L.

Osnauenns 1.1.1. VmosipwicHa mipa p Ha Bumipromy mpocropi (D, C(D'))
3 neperBopentaM Pyp’e

J / e 1(dw) = exp UR R(ei‘p(t)x—1—ig0(t)x)dtv(da?) , peD, (1.3)
+ X

Ha3WBAETHCA Miporo 6isioro mrymy Jlesi.

KopekrHicTh 11010 Bu3HaueHHs (TOOTO ICHYBaHHS (1) BUILIUBAE 3 TEOPE-
mu Boxuepa-Miwtoca (manp., [11]), aus. [21]. Huxue Gymemo BBazkaTu, 1o
yuaindpusna o-anzebpa C(D') nonosnena 6idrnocro fi.

Tlozraunmo uepes

(L?):= L*(D',C(D'), n)

npocTip (KJIaciB) KBaJpaTUIHO IHTEIPOBHUX 34 (1 KOMIIIEKCHO3HATHUX (DY H-
kmiit ma D', Hexait f € L?(R) ta nociinosuicts (o) € D)ren 36iraeThes
no fy L*(Ry), xomu k — 0. Mozkna mokaszatu (mamp., [16,21]), mo

ouf) = (L3) = lim Co,00)

€ KOPeKTHO Bu3HadeHuM etemenToM (L?) (soxpema, (o, f) He 3amesxkuTh Bi
TOrO, SIKOIO CaMe IIOCJIIOBHICTIO esieMeHTiB D anpoKCuMOBaHO f).
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Hoxmnamemo 1jg gy = 0 (bopmanbamit nanisinrepsar [0, 0) mpupoaHO BBa-
JKATU MOPOKHBOK MHOXKMHOW0). 3 (1.1) Ta (1.3) Bunumsae, mo

(€0 2j0,))) sem,

MOKH& OTOTOXKHUTHU 3 mporecoM Jlesi Ha fimoBipricHOMy mpocTopi (itmMo-
BipHicuiit Tpiiiii) (D',C(D’'), 1) (ams., naup., [6,7]). Takum umHOM, 115t
KOxKHOTO t € R} Maemo

Ly = (o, 1jgp)) € (Lz)'

SayBaxKuMo, IO TMOXiTHA y CeHCl y3arajbHeHUX (DyHKIN mporecy Jlesi
(Tobro Gimit mym Jlesi)

L(w) ={(w,8)=w(),

1e 6 e neasra-dyukuicio Jdipaka. Orke, L € y3araibHeHIM BUIAIKOBUM
nporecom (B cenci [34]) 3 Tpaexropisivu 3 D/, a p € Mipowo L y KiaacuaaOMY
cenci [35].

1.2. JInTBuHiBCbKe y3arajlbHEHHsI BJIACTUBOCTI XAOTUYHOTO PO3-
KJIaay. Ak Bigomo, pyHIAMEHTAIBHY POJIb ¥ TayCCIBCHKOMY aHaJizi 6iyo-
ro IIyMy BiJirpae Tak 3BaHa 64aCMUBICMb Taomuurozo poskaady (BXP),
dKa TMOJArae, rpydo KaxKydu, y HACTYIITHOMY: KOXKHY KBQJIPATUIHO iHTE-
CPOBHY BUIIQJIKOBY BEJUYUMHY MOXKHA €IMHUM YUMHOM PO3KJIACTU B DAL 3
MOBTOPHUX CTOXACTUYIHMX IHTerpaJisB ITo Bij HeBumaakoBuX QyHKIH (1UB.
JleTanbHuil BUKIa I, Hanp., y [23]). Bukopucrosyroun BXP, moxkua GyyBa-
THU Pi3HI TPOCTOPU OCHOBHUX 1 y3arajabHEHUX (PYHKITH, YBOAUTU Ta JTOCJTi-
JKYBATH PI3HOMAHITHI Oleparopu i omepariii Ha 1ux npocropax (30Kpema,
CTOXACTHYHI iHTerpajm Ta NOXijHi, BIKIBCbKe MHOXKEHHsI ), TOIIO. B anai3i
6imoro mymy Jlesi, Ha xkanb, BXP nemae (rounime, cepes mnporecis Jle-
Bl TiJIbKM BIHEPIBCBKUII Ta IIyaCCOHIBCHKWI MalOTh ITI0 BJIACTUBICTD, JIWB.
nozpobur y [31]); ase mobymoBano HU3KY 11 y3arajbHeHb (KOPOTKHUI OmMuUC
TAKWUX y3arajbHEHb 13 BiJIIOBIIHUME IIOCHJIAHHAME MICTHTLCA y [37]).

B miit poboTi MU BHKOPHUCTOBYEMO OJHE 3 HAWKOPHUCHIIMINX y3arajbHEHb
BXP B anauisi Jlesi, 3anpornonosane €. B. JlurBunosum [21]. Koporko
OTIUIIIEMO TI€ y3araJIbHEeHH.

PosnoBcrionumo yBejieHe BuIle Mo3HAYEHHS -, ) HA JIyaJibHi CIIAPIOBAHHS
B CHMETDPHYHUX TEH30PHUX CTeleHsX KoMIureKcudikaril sanmoxkka (0.1).
Hexait Z := N u {0}. Ilosnaunmo depe3 P MHOXKUHY KOMIUIEKCHOZHATHIX
noJinomiB Ha D', gKa CKIAIA€ThCA 3 HyJIs Ta €JIEMEHTIB BUTJIALY

Ny R
flw)=D1® f), weD, fMeDE", Nyez,, fN) =o,
n=0
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Tyt N — cmenino noainomy f; {(w®, f 0y .= 0 ¢ D®0 C. Mipa 6imoro
mymy Jlesi 1 mae rosjomopdHe B HyJI IepeTBOPEHHS ﬂarmaca (e BUIIIH-
Bae 3 (1.3) Ta Bracrusocreit mipu Jlesi v, qus. [21]), orxke P € minbHO©O
vmozkumHoo y (L2) [38].

[Toznaunmo uepe3 Py, n € Z,, MHOXKUHY IOJIHOMIB CTelleHi He OLIbIe
n, aepes P, — samukanuga P, B (L?). Hexait qua n € N

P, :=P,OP,_1 (oprororansua pizammg B (L?)).

IMoknamemo Takox Pg := Pg. 3po3yMiso, 1o
o0
(L) = ® P,. (1.4)
n=0

Hexaii f(") e D(Cé)”, n € Z4. lloznaunmo yepe3

(0", f) e (L)
OPTOTOHAJILHY TPOeKIiio Moroma (o®m f(")> wa P,. Busnaunmo miiicui
(Giutimiiini) CIE&JIHpHi JOOYTKH (-, )ext HA Dgn, n € Zy, TOKJIABIINA JIJIsk
f) g e D%"

(F™) g,y e i'f (®, FOY (W gy (d). (1.5)
'

KopekTHicTh 1bOro BU3HAYEHHS JOBEJIEHO (3 TOYHICTIO JIO OYEBHJIHUX MO-
nudikariii) y [21].

[Tosnaunmo vepes | - |ep¢ HOPMHU, IIO BIANOBINAIOTH CKAJSIPHUM JT00Y-
tkaM (1.5), T00TO | - |ext := A/ (", ") ext-

OznauenHa 1.2.1. /i KoxkHOTO N € Z 4 BU3HAYUMO T'iJIEOEPTIB IIPOCTIp

H(n) D@ﬂ : :

eqt FK HONOBHEHHA D™ 3a BIJAIIOBIJIHOI HOPMOIO ‘ . |€$t (,ILHH CKAJIAPHUAX
. (n)

J00yTKIB Ta HOPM y IIPOCTOPAX Hemt

| ’ ‘emt Bi,ILHOBi,ZLHO).

MU 30€pezKeMO MO3HAUEHHST (-, *)ept TA

(n)

st xoxuoro F(™ e H,") pusnasumo sikiscorudi Momom

(08, F0): € (L) = lim (o, f"),
e Dgn ) f,gn o F(”) B ’ng% (KOPEKTHICTb I[bOT0 BU3HAYEHHS] MOYKHA J0-

BECTU MeTo;LOM <<3M1HIaHI/IX nocni;LOBHOCTeﬁ»). Jlerko 6auunTH 1110, 30KpeEMa,
:(o®0, F(0> (o®0, F(0)> FO Ta, :{o, s > = (o, Jas >
(mop. 3 [21]).

OcCKiJIBKH, SIK HEBAYKKO OATUTH,

P, = {:(c®" F™y: | F™ e %)

ext
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JIUISE KOYKHOTO 1 € Zy, TO 3 po3kany (1.4) BUIIMBAE TaKe TBEPIZKEHHS.

Teopema 1.2.2 (smrBuHIBCbKe y3aragbnenus BXP, nop. 3 [21]). Bunao-
xosa eeaununa F € (L?) axwo ma suwe axwo icrnye eduna nocaidosicmy

adep F™ ) e H™) n € Z, maxa, wo

ext’
o0
F =) :(c® Fny: (1.6)
n=0

(pad s6izacmvcea y (L?)) ma

0

|FIPy) = L/ |F(w)Pu(dw) = BIFP = Y nl|FM2, <. (17)
n=0

Hacainok 1.2.3. Jlaa F,G € (L?) diticnuti (Gininitinut) cranapruti do-
bymox mae suzand

0

(F,G)(Lz):f F(w)G(w)p(dw) = E Z FM G

/

de F(M G0 ¢ H" m?pa 3 posnnac%e (1.6) dasn F ma G eidnosiono.

ext

Bokpema, dan F™ e H") Ggm) e 3™ n,me Zy,

ext’ ext 7
(:¢o®", F): 2@, QU)o = Sl (FT), G,
de Spm — cumeon Kponexepa.

SayBaxkenus 1.2.4. Poskian (1.6) € aHaIoroMm poskiajy KBaJIpPaTHIHO
IHTErPOBHOI BUIIAIKOBOI BEJIMYUHU 33 OPTOTOHAJBHUME ToJiHOMaMu EpMi-
Ta, AKWI € eKBIBAJEHTHUM PO3KJAILY 38 HOBTOPHUMHU CTOXACTUIHUMU iH-
TerpajlaMu [To y raycciBcbkoMy anaJidi. B Toit ke dac BIKIBCbKI MOHOMHU
3 (1.6) € mosriHOMaM¥ JIHIIIe y TOMY BUIAJKY, KOs riporiec JIesi € cramionap-
HUM IpoliiecoM MaiikcHepa. 3aliKaBJIeHU YUTad MOXKE 3HANTU IeTaJIbHY
indopmario npo ue y [21].

(n)

Jljis oTpuManHs 6araThoxX pe3ysbTATIiB, OB A3aHIX 3 MPOCTOPaMu Hyrp,
HEOOXITHO paxyBaTu CKAJIAPHI JOOYTKU Ta HOPMH y IIUX mpocTropax. Hase-
nena Buie dpopmysia (1.5) npakTHIHO HepUAATHA JJI TAKUX [APaxXyHKIB;
ajie, Ha IMIACTs, ICHYE BIJITHOCHO TPOCTA sBHA (POpPMYyJIa JJIsi 3raJlaHuX CKa-
JAgpHUX J00yTKiB, orpumana €. B. JlursunoBuMm y poboti [21]. HaBememo
o opmysy y Tpoxu mozudikoBaniii popmi, orpumaniii y [16]. Hexait

pn(®) == 3" + ap 12"t 4+ an T,
anj €R, je{l,...,n—1}, neN,
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€ OpTOTOHAIBHEMY TIosTiIHOMaME y TipocTopi L2(R, v) (kTacis) KBaapaTmano
inrerposuux 3a mipoto Jlesi v (mgus. (1.1), (1.3)) nmiiicHo3naunux yHKIH
Ha R, TOOTO J71s TOBIIBHUX HATYPAIBHUX YUCEIT 7, M TAKHUX, 0 N = 1M,

f pn(x)pm<$)l/(dx) =0.
R

IMosnaummo wepes | - |, mopmy B L?(R, v). 3aysazkumo, mo p1(z) = z, a
tomy 3riguo 3 (1.2), ||p1], = 1.
Ta F™M G e H™ e N, maemo

ext’

(F("), G(TL))eajt = (F(")7 G("))H(n) —

ext

_ D n! (szlHu)?Sl (szk\lu)?% y
- I si! 1 1
kol el j=1,..k, 51 Sk b b

l1>1lg>>1y,
lysi4+lgsp=n

x j FUU (b1, oy b1y ey by s ooes by s ooy By o tsg s ooy Fsy bobs ) X
—— —_———

R11+»--+sk Iy Iy Iy

X G (L1, iy b1y ooy ooy bsg s ooy by botsgs ooy By oty ) A1 -+ - by oots, -
— —_——

11 l1 Ik

Bokpema, (FU, GW),,; = (F(l),G(l))Lz(R+)C,

2
(FO,G®),,, = (F(2)7G(2))L2(R+)g>2 n \P;Hyj FO@ DG (1, 1),
Ry

i 1. 1. 3ayBazkKuMo, IO JJIsi KOXKHOIO HaTypaJabHOro n > 1 mpocrtip Hgﬁ €

CHMETPUYHUM I IITPOCTOPOM IPOCTOPY (KJIaciB) KBAJAPATHIHO IHTErPOBHUX

3a IeBHOI0 Miporo Pajiona kommiekcHosHaunux yHnxmii ma R’} .
Hozraamvo H := L?(R,), Tomi He = L*(Ry)c. 3 (1.8) summsae, 1mo

7—[,(3193),; = Hc, i dan xoscnozo n € N\{1} npocmip HE"™ moorcna omomoorcru-

. . n
MU 13 8AGCHUM NIONPOCTNOPOM NPOCTOPY ’H((ix%,

Karouuz na diazonarary esemenmie (moomo mawux FM™ | axi micmamo

npedemasnura (Pyrryio) f™ e F maxy, wo f0)(t1,...,t,) =0, axwo
(n)

ext

AKUT CKAGDAEMDBCA 31 «3HU-

icnyromo k,je {1,...,n}: k=7, arety =t;). Y upomy cenci npocmip H
€ poswupernam (anen. extension) npocmopy ’H%", UM TOSICHIOETHCSA, IOMY
MU BHUKOPHCTOBYEMO IHJEKCH «ext» y HallMX HMO3HAYeHHSX. B HmomabIio-

(n)

. ®n
My, TOBOPAYM TIPO BKJIQJIeHHsA NpocTopiB HE" B mpocropu H,,; Ta BUKOPH-

(n)

eat> 3ABXKIU PO3yMIiEMO Taki

CTOBYIOYHM IIO3HAYEHHS HA KIITAJIT H%n c H
BKJIQJIEHHS Y TIIONHO OMMCAHOMY CEHCI.
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1.3. PerynsipHe oCHAaIlleHHS NPOCTOPY KBAJIPATUYHO IHTEIPOBHUX
BUNAAKOBUX BeandnH. [loznaunmo

Ny R
P = {f = 3 f0): | f® e DE" NyeZy | < (7).
n=0

Hexaii 5 € [0,1], ¢ € Z y Bunanky 5 = 0, 1a g € Z4 skuio 5 = 0. Buznauumo
miiicui (6ininiitai) ckaxapui 106yTKY (-, ), 8 Ha Py, TOKIABIIM IS

Ny Ny
f= 2 f s g = 3 (B g e Py
n=0 n=0

min(Ny,Ny)
(f,9)q8 = Z (n!) 020 (£ () .
n=0
Jlerko nepesiputn [9], mo (-, )43 380BOJIbHSAE AKCIOMHU CKAJISIPHOTO J00yT-
KY.
ITozHauuMo yepes (Lz)g riL0epToBi IPOCTOPH, 10 € HOINOBHEHHAME Py
3a HOPMaMH, TIOPOJZKEHUMH CKAJIIPHIMHE T00YTKaMH (-, )4 3, T& MOKJIAIEMO
0B . ; 2\8
(L7)7 := pr im(L7);.
g—+00
Jlerko 6auauTu, mo crpasejymBe Take TBepizKeHHs (mop. 3 Teopemoro 1.2.2
Ta, 1T HACJIIKOM).

TBepazkenns 1.3.1. 1. Bunadkosa seaununa F € (Lz)g AKWO MG AUULe

(n)

exrt’
posraadaemovca 6 pad (1.6), axuil s6izaemoves y (Lz)g, mobmo

AKWo icnye eduna nocaidosricmo adep FW e H n € Z+, maxa, wo F

0

IFIZ,00 = 3 () 52m PO, < o, (1.9)
n=0

2. Bunadkosa seaununa F e (L) axwo ma auwe saxwo i mosicha
edunum wurom npedcmasumu y euzandi (1.6), a sidnosidrnutd psd (1.9)
36i2aemuvea 0ns KoocHoz2o q € Ly .

3. Ina F,G € (L2)q5 cxaaapruti dobymox y (L2)q5 Ma€e 8U2AAD

0¢]
(Fa G)(Lz)ﬁ = Z (n!)1+62qn(F(n)’ G(n))extv
q

n=0
de FM G ¢ ”Hg;z — adpa 3 poskaadie (1.6) das F' ma G eidnosidno.

Hacrynme TBepmkenHs € TpuBiaabHOIO MOIUMIKAIIEIO BiIITOBI THOTO TBEP-
JokeHHs 3 [15].
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TBepaxkenusi 1.3.2. Jlaa dosinvhux B € (0,1] ma q € Z, max camo ax i

oan B =0 ma q € Zy, npocmip (LQ)g WIALHO MG HENEPEPEHO BKAGIEHO Y
npocmip (L?) = (L?).

[Tpuitasgsim 10 yBaru meil pe3ysibTar, ModyIyeEMO JIAHITIOKOK

(L) > (L2 2 (L) = (LA =2 (%] = (%), (1.10)

e (L2):§ ta (L?)7F = indlim(Lz)ig — [IPOCTODPH, CIPSI?KEH] BiJIIOBIIHO
q—+0

110 (L2)q’3 ta (L?)? Bimmocno (L?).

Osnavenns 1.3.3. Jlammoxok (1.10) HasmBaeTbCs MapaMeTPU30BAHIM
PeryJIspHUM OCHAIeHHAM TpocTopy (L?) KBajpaTwaHO iHTErpOBHUX BU-
aJKOBHUX BesmduH. IIpocropn (LQ)qﬂ ta (L?)? nasusaioThest napamMeTpuso-
BaHMMU IIpocTopaMu Tuily KoHJparbeBa peryssipHuX OCHOBHUX (DYHKIIii,
a IIpOCTOpHU (LQ):qB ta (L?)™7 — mapaMeTpE30BaHEUMHU IIPOCTOPAME THITY
KonpareeBa peryssipHux y3araJbHEHUX (QyHKILI.

Hactynme TBepkeHHs BUILINBaE O6€3MIOCEPETHBO i3 IIHOTO O3HAYEHHS Ta
3araJibHOI Teopil J1yabHOCTI.

Teepaxkenusi 1.3.4. (nop. 3 Teopemoro 1.2.2; i1 nacsigkom ta Teepxke-
aaaMm 1.3.1) 1. Pezyasapra ysazanvrena gynkuia (yaazarvhena sunadkosa

seaununa) F € (LQ):g AKWO A AUULE AKWO ICHYE €OUNA NOCAIIOEHICTD

adep F(™) ¢ 7—[&2%, n € Z4, maka, wo F poskaadaemoca 6 pad (1.6), axud

sbizacmuvca y (L?)”,, mobmo
o0
P00 = 2 () 2 PO, < o (111)
1 n=0

2. Peeyaspra ysazasvhena pynxuyis F € (LZ)_ﬂ AKULO0 MG AUULE AKULO
il mootcna edurum wurom npedcmasumu y suzasadi (1.6), a eidnosionud
pad (1.11) s6ieaemovca das dearozo q € Z. .

3. [aa F,G € (LQ):S cranapnuti 0o6ymox y (Lz):qﬂ MaE BU2AAD

o}
Z (n)) B2 () GM), .,

n=0

(F7 G)(L2):§ =

de FW G ¢ ”Hgg — adpa 3 poskaadie (1.6) das F' ma G eidnosiono.
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4. Hyanrvne cnaprosarnus miorc esemernmamu F e (L2):qﬁ ma f € (L2)qﬁ,
nopodotcene diticnum (Gininitinum) cxaraprum dobymmom y (L?), mae 6u-

250
o0

<<F7 f>>(L2) = Z n‘(F(n)a f(n))ea:ta

n=0

de F(n) f(n) ¢ H" - adpa 3 poskaadie (1.6) das F ma f eidnosiono.

ext

Bigznaummo, 1o Tepmin «peryisipHi» y HasBax JaHmoxkka (1.10) Ta
[IPOCTOPIB OCHOBHUX 1 y3arajbHeHUX (DyHKIIIN OB g3aHuil i3 TUM (HakTOM,

mo sapa 3 poskiaaais (1.6) emementis Bcix mpocropis sammoxka (1.10)
(n)

HaJICXKaTh OJTHUM 1 TUM CaMUM IIpocTopaM H ;.

Binbre Toro, mpocropn (L2)g , (L?) = (L?)8 a (L2):§ MAIOTh OJTHAKOBY
crpykrypy (mop. (1.9), (1.7) Ta (1.11)), Tomy B nojasbmioMmy Mu abcrpary-
€MOCBH BiJI TOTO, HIeThCA PO PEryAsSpPHI OCHOBHI, KB IPATHIHO IHTEIPOBHI
9M peryssipHi y3arajbHeHi QyHKIINI, Ta 6ydemo 3a YMOBUAGHHAM PO32AA0aA-
mu (LQ)qﬁ, Be[-1,1], g€ Z, 3 nopmoto (1.9).

3ayBaxkenus 1.3.5. Bukopucramua sar 29" came 3 gucjoMm 2 Ta 3 MiauM
¢ y BU3HAYEHHI CKaJIAPHHUX JOOYTKiB (-,:)y,3 HE € IPUHIUIIOBUM — MOYKHA
BUKOPHUCTOBYBaTHU Oibmr 3araabai Baru K 9" i3 mosieaumu K > 1 ta g € R.
Aute Taki y3araJbHEHHsI HE € CYTTEBUM JJIs KOJIa [TATAHb, sIKi PO3TJISIIAI0-
ThCS y CTATTi, TOMYy MU OOMEXKUMOCH PO3TJIsiioM Bunaiaky K =2 ta g€ Z
3aJJ1s1 CIPOIIECHHS (POPMYJI Ta TO3HAYUEHbD.

1.4. Po3mmpenuit croxactu4anuii inrerpas. Poskiaz (1.6) aus ese-

MEHTIB (LQ)g BU3HAYAE 130MeTpuuHMii i30MopdisM (y3arajbHeHUi i30MOpP-
dism Binepa-Iro-Cirasa)

—+ n
I: (1)2)5 - @0(71!)1 52“‘7—[;?% :
mia F e (L2)qf Bursiy (1.6)

IF = (FO FO e @ (n))*+Fomy™)

n=0 exrt:
Hexait 1 — oquanyanuit oneparop Ha He. Toji oneparop

Q0 Q0
IQ1: (L)]@He — (@ () P2 G @He = @ (n)' P27 (M @H)
€ i3oMeTprwIHUM i30MOPGIZMOM MizK TJIBOEPTOBUMHU ITPOCTOPAMU

LHj@He 10 & m) (A @ He).

n=0
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3po3ymisio, IO Jjisd JTOBIIbHUX M € Z4 Ta F™ e ng) ® Hc BEekTOpP

,...,0, F™ o, .. . ) HAJIEXKUTH TPOCTOPY 8—8 (n!)1+52q”(7{( ® Hc).
—— n=0

ext

m
IToxknanemo

(®m Fy 1@ 1)7Y0,...,0,F™,0,...) e (17)! @ He.
&-v__/
m
3a mobymosoro exementn : {o®", F.(n)> :, N € Z4, yTBOPIOIOTH OPTOTOHAJILHUI
6asuc y mpocropi (LQ)g ® Hc y Tomy cenci, mo F' nasescumo (LQ)g ®Hc
AxWo ma avwe axwo F moocna edunum wurnom npedcmasumu y eu2andi
pady

o0
)= DB EMy: E ey @ He, (1.12)
Axul 36120emovea Y (Lz)ﬁ ® Hc, mobmo
2 2 —
1l ytone = O DFIY (1 oy =

o (1.13)

Z n! 1Jr52‘1"|F 2 . < o0

HM @M e

OmnnieMo KOHCTPYKILIO PO3IIMPEHOIO CTOXAaCTUIHOTO IHTerpasa 3a mpo-
necoMm JleBi, sika 6asyerbcs na poskiaazi (1.12) (3anikasiennit auTad Moxke
sHafiTu Gibin geranbHuil Bukias y [15,16]).

(n)

Hexaix CIOYIATKY Fe (Lz) ®Hc € TakuM, mo gaapa F7 HaIEXKaTh Tpo-

CcTOpaM H®"®7—lc c Hix% ®Hc (aus. Minposnin 1.2). Toxi poskmar (1.12)
€KBIBaJIEHTHHUI TIpECTaBIEHHIO

tn t2
=r4 }: n'J‘ ‘[ J‘ "ty .. tw)dLy, - dLy,  (1.14)

[16] (mumB. Takox [12]), me psj CKIAIAETHCS 3 HMOBTOPHUX CTOXACTHYHHUX
irTerpaJis ITo; a posmupeHnii CTOXaCTUYIHAHN iHTErpaJ MOXKHA, BUSHAUUTH
3a KJIACUYHOIO CXEMOIO SK

®n+1 F(n> E(LQ)q .
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11e JalON= H%nﬂ c Héﬁjl), n € Zy, — cuMmerpusaril gjaep F™ 35 Beima

aprymMeHTamMu (TOYHIINE, TPOEKIT F™ e ’H%)" ® Hc Ha ’H%)"H).

Y sarajpHOMy BHNaJKy UpejcrasienHs (1.14) me mae micng (amke B
anasisi 6imoro mymy Jlesi BXP memae), a saapa F ¢ HEBU3HAYEHUMU,
OCKIJIbKH, B3araji KasKydd, HEMOKJIUBO IPOEKTYBATH €JIEMEHTH 3 IPOCTO-
pis ’Hg% ® Hc Ha mpocTopn "ngzrl) (muB. BayBakenusa 1.5.2 mmxge). Tum
HE MEHII, MOXKHA, 3pOOUTH HACTYIIHE IPUPOJHE y3araJbHEHHS.

Hexait F™ ¢ HS;“% ® Hc, n € N. ¥V knaci ekBiBaJeHTHOCTI ok obepeMo
: f(n) (n)
npejcrasauka (dyukiio) f277 € F' takoro, mo
Vit tne Ry {Fke{l,...n} it =t} = (6, ) =0 (1.16)
(TobTo ﬂ(n)(tl, ...y ty) = 0, gKII0 aprymeHT ¢ criBnajae xoda 6 3 OJHUM 3
apryMeHTiB t1,...,t,). Hexaii f (n) _ cuMeTpu3alliad QyHKIHT f.(n) 3an—+1

3MinHoro. Busnaunmo
F) ¢ ,H(n+1)

ext
(n+1)
ext

f ) e P (”)). Hactynme TBep/zKeHHS € TPUBIaAJLHOIO MOAUMIKAIIE0 BiImo-
BigHOTO pesysbrary 3 [16].

dK KJac eKBiBajieHTHOCTI B H , nopozkennit dyukuiero [ (TobTo

Jlema 1.4.1. /Jlas dosiavruxr n € N ma F™ e ’H(n) ® Hc esremenm

ext

Fn) ¢ 44t

ext

susnavenull Kopexmno (3oxpema, F ) e sanesrcumo 6id subopy npeo-

cMmasHuKa f.(n) € F.(n), axul 3adosoavrac ymosy (1.16)), ma

(n) (n)
™ gyt < T Ly gy

3ayBaxkenus 1.4.2. Jlerko 6auuTy, 1m0 AKIINO

(1.17)

™ e ’H%n ®He « H™ @ He,

TO INOHHO MOOYHOBaHE SJIPO F( ¢ 3ramanoo sume IIPOEKIIIEI0 F™ gq
H%TH_I - H(n+1).

ext

Osnavennsa 1.4.3. [na F € (Lz)’g ® Hc BU3HAYMMO PO3IIMPEHUN CTOXa-

cruanuit inTerpas 3a nponecom Jlesi | F(t) st € (Lz) HOKJIABIIIH

q—1

J (t)dL; = Z (@ )y (1.18)
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(nop. 3 (1.15)), ze FO = FO ¢ 34 = HY 1a FO) e ™D 5 e N,

ext ext
(n)
ext

Ockinbku (mus. (1.18), (1.9), (1.17) ra (1.13))

noby0BaHi 3a sapamMu F™en ® Hc 3 poskiamy (1.12) s F.

0
Ly = D) RO <
L 1 n=0

H f F(t)dL, 2

ext

[o0]

< (n!) 4+B9gn n+1 14+89—n+q—1 F . < (1‘19)
2241 IFO2
1+8o9—n+g—1
< g;%f[(nm 2 PR
IIe BUSHAUCHHS € KOPEKTHUM, & iHTerpaJ
f o(t)dLs : (I3 @ He — (1D, (1.20)

€ JTHITHUM 00MmedIceHUuM, & TOMY 1 HENePepeHUM OITEPATOPOM.

Binzuauumo, mo croxacruunuii inrerpan (1.20) HasuBaerbes poswupe-
HUM, OCKIJIbKH Y BUIAJKaX, KOJHI (LQ)g ® Hc € IpoCTOPOM PEryJIsipHUAX
y3azasvrenux abo KBaJIPATUIHO 1HTErpOBHUX QyHKI (To6TO Kostm 5 < 0
abo = 01iq < 0), BiH € y3araJbHeHHsIM CTOXaCTUIHOrO iHTerpaJa Iro [16].

Jlerko GauuTH, IO POSIMIUPEHNH CTOXACTUIHUN iHTErpaa MOXKHA BU3HA-
quru popmysioro (1.18) sk siHifiHMi HenepepBHUL OIEPATOD, IO JI€ 3 IPO-
cTOpy

(L*’ @ Hc := pr lim(Lz)g ®Hc

g+

B ipoctip (L?)?, a6o 3 mpocropy

(L2 P @ Hc = 1nd hm(LQ) ®Hc

B npoctip (L2)™?, 1yt B € [0,1]. o Toro x 3a amasorieio 3 (1.19) Moxna
HOKa3aTH, IO y BHIAAKY 5 = —1 pO3MIMPEHUii CTOXACTUIHMIH iHTeraJI €
MHIAHIM HemepepBHEM onepaTopoM, mo aie 3 npocropy (L)' ® He B
npocrip (L?); % ay sunmagky 3 € (—1,1], sk Bummsae 3 pesynsraris [15],
el iHTerpaJ MOXKHA IHTEPIIPEeTyBaTH K JIHIAHUNI HEOOMEXKEeHUH 3aMKHe-
HUii omepaTop, IO i€ 3 IPOCTOPY (LQ)qﬁ ® Hc B TpocTip (LZ)QE )

3ayBakenus 1.4.4. B miit poboru HaMm He 3HAIOOIATHCA CTOXACTUIHI iH-
Terpajy 3a BUMIDHUMHU MHOXKMHAMM, 10 BiApi3uAroThed Bijg Ry, aje Taki
iHTerpajm 49acTo BUHUKAIOTL Y 3aCTOCYBaHHAX. BusHadyeHHs 3raJanux iH-
TerpaJiiB MOXKHA JIATH y KJacuuHuii cnocib: s posinsaoro A € B(Ry)
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TIOKJI&JIEMO

Lo(t)JLt - fo(tm(t)cm.

3alikaBJaeHUN duTad MOXKE 3HAUTU JeTaJibHy iH(OpPMAIIo Mpo Taki iHTe-
rpaJiu, 30Kpema, y [15,16,37].

1.5. Croxactuyna moxigHa Ximu. OnuimeMo KOHCTPYKIIIO CTOXaCTH-
qHOI moxigHol Xiau Ha IpocTopax (L2)g , sika 6azyerbes Ha poskiazi (1.6)
(nerasbHime el Marepian BukJIageHo y [15,16]).

Hexait G e Hgl, neN,ig™ e G — npencrasaux G™. Posrismemo
g'(")(-), 10670 BimmimmMo omus apryment ¢, Ta BU3HAYEMO €TEeMEHT

Gy e 1™V @

ext
(n—1)

AK KJac ekBiBasieHTHOCTI y H,,; = & Hc, Hopomkennit dyHKITiEO g(">(-)

(10610 ¢ (-) € GM(-)).
Jlema 1.5.1. /lus dosisvnuz n € N ma G™ e ’Hg;% ENEMEHTN

e:ﬂt

susnauenuti xopexmno (3oxpema, G () ne zanescums 6id subopy npeo-
cmaenura ¢ € GM ) ma

G™ ) [

e Vene <G (1.21)

JToBe ieHHs IILOIO TBEPZKEHHS CIIBIAJIAE 3 TOUHICTIO 10 OYEBUHUX MO-
qudikarniit i3 1oBeieHHAM BiNOBIiHOTO pesyibrary y [16].

BayBarkenns 1.5.2. Bapro Bijg3HaunTy, 1110, He 3Barkaro4uu Ha OIiHKy (1.21),

(n—1)

ext

IIPOCTip )

exts € N\{1}, e € mignpocropom npocropy H ®Hc, OCKiTb-

(n—1)

ext

KU Di3Hi eJleMeHTH ’ng% MOXKYTh CIiBIagaTu y H ® Hc, ToOTO TIpE-
CTABHUKM PI3HUX KJIACIB €KBIBAJIEHTHOCTI y ’Hemt MO}KyTb [MOTPAILIATH Y
ONIMH 1 TO¥ caMuil Kjiac €KBiBaJEHTHOCTI y ’ngt ® Hc (a Tomy, 30Kpe-

Ma, HEMOKJIUBO TPOEKTYBATHU €JIEMEHTH Hemt ®H Ha 7—[( ") ra OynyBaTu
siapa poskiay (1.18) po3mupeHoro cToXacTHYHOrO iHTEerpasa 3a KJacu-
YHOIO CXEMOIO).

Osznavenns 1.5.3. [lna G € (LQ) g1 BU3HAUMMO CTOXaCTHYHY IOXiJIHY

Ximm 0.G € (L2)§ ® Hc, NOKJIABIIN

0.G = i n:(e® 1 G ()Y, (1.22)

n=1
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e G e ’ngi — sipa 3 poskiaiy (1.6) mua G, gKi po3yMilOTbCs K eJie-

(

Ockinbku (mus. (1.22), (1.13), (1.21) Ta (1.9))

o]

MeHT H b ® Hc (B ommcaHoMy BUINE CEHCH).

_ )8 20a(n—1) ()
H(?GH(Lg = Zl((n DY) Pnm29 VG ()%i’;t Depe S
- (1.23)
Z (n))+oolatn [yl ("+Q)]|G(")|H<ni < :
< max[n' 727 (”“]HGH :
neN
o€ BU3HAYECHHA € KOPEKTHUM, a HOXi,ZI,Ha
0. (LA, — (L) @ Hc (1.24)

€ JIHITHIM 00Mmedcerum, 8 TOMY 1 HenepepsHuM OIEPATOPOM.

3po3yMmisio, 110, FK i pO3IMIMPEHH CTOXACTUYHUI IHTErpaJsl, CTOXaCTUIHY
noxizay Xinn moxkaa BusHadnTu (opmystono (1.22) gk miniitauii Hemepeps-
Huit oreparop, mo gie 3 mpocropy (L?)? B npocrip (L?)P@Hc (B € [~1,1]).
o Toro x 3a axasoriero 3 (1.23) MoxkHa mOKa3aTH, MO y BUMaaky [ = 1
CTOXACTHYHA, MOXiaHa Xiaun € JIHINHIM HellepepBHUM OIIePATOPOM, IO i€ 3
IIPOCTOPY (LQ)é B IIPOCTIp (LQ)é ® Hc; ay Bunagky [ € [—1,1), gk Bumm-
Ba€ 3 pesysbraris [15], 1o moxigHy MOXKHA iHTEpIpeTyBaTH SK JiHIAHWIA
HeoOMeKeHUil 3aMKHEHUIM OIepaTop, IO Ji€ 3 IPOCTOPY (L2)§ B IIPOCTIp
(L?)5 ® M.

B macTymHOMY TBEpIKEHHI ONMMCAHO 3B'I30K MiK POBIIUPEHUM CTOXa~
CTUYHUM iHTErPAJIOM Ta CTOXACTUIHOIO ITOXiTHOIO XiJTu.

Teopema 1.5.4. Poswuperuti cmoracmusHut thmeapa.n
JodL (LA ®@He - (LH)7D

ma cmozacmuyuna noxiona Xiou (1.24) € e3aemmo cnpagicenumu onepamo-

pasu:
JOJL =(2)%, 0. = (JOJL)*, (1.25)

mobmo daz dosinvhuxr F e (Lz) ®Hc ma G e (Lz)qu1

<<f F(O)ALy, GYue) = CF(),0.GY1o)gme. (1.26)
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JoBeientst 3B0auThCs 10 BeTaHOBIeHHs piBHOCTI (1.26), sike mpoBoOan-
ThCS TAK caMo, AK 1 JUid iHTerpaa Ta Toxigmoi ma mpocropax (L?) ® Hc
ta (L?) Bimmosimno, mus. [16].

Bimsnaunmo, mo pesyabrar Teopemun 1.5.4 TpuBiaJilbHUM 9WHOM PO3IIO-
BCIOJIZKYETHCH HA BUIIAJIOK PAHUYHUX IIPOCTOPIB, TOOTO KOJIM CTOXACTH-
4mi inTerpas Ta moxigHa BusHaueni Bimmosimmo ma (L2)78 @ Hce ta (L?)P
(B € [-1,1]). fcHo Takox, mo piBrocti (1.25) MOXKYTh BUKOPHCTOBY BATHCh
JK aJIbTEPHATUBHI BU3HAYEHHS PO3IMIUPEHOTO CTOXACTUYHOIO iHTErpaJia Ta
CTOXACTUYHOI TTOXiaHOT Xiam.

3ayBaxkenns 1.5.5. Pesymbrar Teopemu 1.5.4 3aymmaersbes cpaBe/ -
BUM JIJII PO3IIUPEHOTO CTOXACTUIHOIO iHTerpaJa

[ewirs: ) ome — 137
Ta CTOXACTUIHOI TTOXigHO1 Xian
0.1 (L) — (L*); ® He,

[15] (muB. Takoxk [16]). 3 mporo pesysabTaTy BUILINBAE, 30KPEMA, 3aMKHe-
HICTh 3raJIAaHUX OIEPATOPIB.

Hacamkinenps 3ayBaKuMO, IO Y BUIAJIKAX, KOJHU 3aMIiCTh PO3IIMPEHOIO
croxacruaHoro inrerpana §o(t)dL; posrisnaerses inTerpan

f o(t)dL; = Jo(tm(t)cm, AcB(R,)
A

(muB. Baysaxkennsi 1.4.4), BiINOBIHUM CIPSIZKEHUM OIEPATOPOM € CTOXa-
cruuna noxigaa Xigun 1a(+)0., e TpuBiaabHUM YUHOM BUILIMBAE 3 PIBHO-
cri (1.26).

2. ®orPMYJIN TUITY KITAPKA-OKOHA TA CYMIXKHI IIUTAHHS

Hexait F;, t € Ry, — monoBHeHHs BimHOCHO Mipu 6Gijoro mymy Jlesi o-
anrebpu o (L, : u < t), nopomzkenol nporecom Jlesi L 10 MomenTy gacy t.
Hna F e (L2)g, Be[-1,0) tageZ,abo f=0r1a —q €N (Tobro nua y3a-
raJibHeHUX BUIIAQJKOBUX BEJIMYNH ), BUSHAYMMO MaTeMaTUIHe Cro/iBanHs E
Ta yMOBHe MaTeMaruiHe cnofisanus E( o |z,), nokiapmm

EF = {F, 1) = FY eC,

oo
E(F|z) =FO 4 Y :(c® F™M1g,a): e (L7)],

n=1

ne F™ e H™) — gipa s poskmnany (1.6) mus F. dxmo F € (L2) < (L2)2,

ext
TO, 9K Jierko Oauutu, EF' € 3BuyaitHuM mMareMaTudHuM cromiBanuam F'; i
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IJIKOM aHajoriano jgosezenuo Teopemu 4.2 B [17| moxkHa mOKa3aTu, IIo
E(F| ;t) € YMOBHUM MaTeMaTHIHUM cromiBaHHsaM F' Bignocuo JF;. Crmpa-

IOYNCh Ha Tie BU3HAYeHHs, st G € (LQ)g & H TIPUPOIHO MOKJIACTH

o0
E(G()z) = G¥ + Y «(c®, M1y .00 € (L2 @ He, (2.1)

n=1

Jie ™ eny™ ® Hc — anpa 3 poskiaay (1.12) qrsa G. 3posymino, 1o

ext

Mgy e HO @ He, |G g0 ] < |G™)|

H @M H @M

a tomy E( o (-)|x) € niHifinnM HenepepBHAM OIEPATOPOM B (LQ)g ® Hc.

2.1. ®opmyna Kmapka-OkoHa B HAUIIPOCTIIIIOMY YaCTUHHOMY BH-
naakKy. 9K i mpu ommci KOHCTPYKITT PO3IMIUPEHOTO CTOXACTUYHOTO iHTEe-
rpaja, po3TJITHEMO CIIOYATKY HAMIPOCTIMNN YAaCTUHHUM BUAIOK, B IKOMY
dopmyna Kirapka-Okona npuitMae KJIaCUIHAN BUTISI.

Teepaxxenns 2.1.1. Hexati F € (L2)g e maxum, wo adpa F™ neZ,, 3

posxaady (1.6) nasesrcams npocmopam H%n c ”Hg;g (dus. ITidposdia 1.2).
Toodi

F=EF + JE(&tFm)JLt (2.2)

(nop. 3 (0.2)).

Jlosederns. Bukopucrosyroun (1.22), (2.1) Ta (1.15), HeckaamHO npuitTu
JI0 BUCHOBKY, IO TIpeJCcTaBjeHHs (2.2) clpaBe/jiuBe, SKINO JJisi KOKHOIO

n e N\{1} i gns xoxmoro F(™ e H%”
nPr(F(”)(l, ey n—1, 'n>1[07,n)n—1 (-1, ey -nfl)) == F(n)

y IIpocTopi H%", TYT i HHmK4Ie Pr — onepaTop cuMeTpu3aliil 3a BciMa 3MiHHU-
Mu. AJte T PIBHICTH BUKOHYETBHCS Y BKA3aHOMY ITPOCTOPI, OCKIJIbKEU F' (n) ¢
CUMETPUYHOIO (DYHKIIEO (TOYHiIIe, KIac eKBiBageHTHOCTI F' (n) y IIpocTopi

H%" MICTUTH CUMETPUYHY (DYHKIHIO-IPEICTABHUKA), I PIBHUL t1, . .., ty
Pr1[07tn)n_1(t1, ceytp_1) = %, a IHIMMMH BUIMAJIKAMU MOYKHA 3HEXTYBATHU
Jepe3 HeaTOMapHicTb Mipu Jlebera. U

3ayBaxkenHs 2.1.2. Hexait F € (L2)g 3aJI0BOJIbHAE YMOBY TBepKeH-
Hs 2.1.1, a Takox € peryisiproro ocaoromw (8 > 0 abo 5 = 0 Ta q € N), a6o
KBapaTuaHo inTerposuoio (3 = ¢ = 0, F' € (L?)) ta mudepenmiiioBoo
3a Xinowo (0.F € (L?) ® Hc) dynkiiero. Tosmi E(&.F |7 ) € IHTerpoBHUM 3a,
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ITo BUmAIKOBUM HPOIECOM, & TOMY y IpeJcTaBjieHHi (2.2) MOXKHA BHKO-
pucToByBaTH croxacTuaHuii inTerpasn Ito (akwii crniBnajae B 3a3HAYCHUX
BUIAJKAX 3 PO3IIMPEHUM CTOXACTUIHUM iHTErPAJIOM).

VY 3araJbHOMY BUINAJKY NpeacTaBiIeHHs (2.2) He MOXKe OyTH CIpaBein-
BUM x09a O TOMYy, 110 He KOxKHe F' € (LQ)Q’B MOKHA ITPEJICTABUTH y BUTJIAI

F:EF+JG@@m (2.3)

e G — 6omait popmanbauii ps Bursary (1.12) (mus. Teopemy 2.2.1 Huk-
4e). Asie HaBiTH gKIO F' € TakuM, 110 HOro MOYKHA mojaTu y Burisii (2.3),
piBHiCTB (2.2) 0JJHAKOBO MOXKe He BUKOHYyBaTHCh. Hexail, HanpukJai,

F =:(c® FOy. p® ¢y

ext*

Toni EF = 0 ta, sk HeBaXKKO IijpaxysaTu 3a jornomoromno (1.22), (2.1)
Ta (1.18),

JE(&tF];t)JLt =

= (0D FO(1,9,3) (1,52 (1, 2) F 10,502 (3, 1)+ 10.1)2 (-2, 3) ) s

a Tomy, BukopuctoByoun (1.9) Ta (1.8), orpumyemo

7. |12 _ g8
|F - f B(0F |7 )AL s = 67 87
3 2
X {F( (1, 2, 3) (1= [L0,)2( 15 -2) + 110,902 (3 1)+ 110,102 (2, 3)]) |2, =
=967 8pa|; J EO (bt 1)L, gy dtadint
R
467 $0pall [ PO, 1)
R4
Axmo F®) e axmm, mo Sk, |FG)(ty,t1,t1)[2dty = 0, 10 :(o®3, FO)): morkna
npeacrasutu y Burasa (2.3) (mus. Teopemy 2.2.1 Huzkde); aje gKIIO MpH
BOMY
J . |FG)(t1, 1, t9) P Ly, sppydtrdts = 0,
R
10 F = (E(6,F|7,)dLt, o670 :{o®3, F(®)): e Moxua npescTapuTn y BHI-
s (2.2).

Y HACTYIHUX MiIPO3iaX MU BCTAHOBUMO HEOOXI/IHY i JIOCTATHIO YMOBY,
3a gkol F' € (Lz)g MOXKHA [IpeJicTaBuT y BUMIAdl (2.3); orpumaemo ¢dhop-
vy Tty Kitapka-Oxona a1t F'; a TakoxK 3’sicyeMo HeoOXiTHy 1 JoCTaTHIO
YMOBY, 3a Kol F' momyckae npejcraBienns y Burisii (2.2).
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2.2. HajexxHicTh BUIIAJIKOBUX BEJUYNH 00JIacTi 3HAYEHL PO3IIH-
PeHOoro cToXacTUYIHOro iHTerpasna. Posrignemo nmpoctuit mpukiaas. He-
Xai

F=:(c® 2y, @ ey
3posymiso, 1o sKio take F' MoxkHa npezgcrasuru y Buriaa (2.3), To

G() = :(o,GMy, ¢V en) @ He, FO _ GO,

ext

(muB. Iiaposmia 1.4). Ockinbku 3a no6yI0BOM0O GO mictuTs IpeICTaBHUKA

g rakoro, wo s xKoxmoro t € Ry g (¢, 1) = 0, MmaeMo Heobzidny ymoBy,

3a sxoi :(0®2, F(?)): moxma npeacrauty y Bursi (2.3):

o F'® wmae micmumu npedemasnura f2 maxozo, wo das xoscnozo t € Ry
fA,t)=o0.

Bisbie Toro, jerko 6aunTu, 1Mo 1st yMOBa, € i docmamHtboto: MOKJIAIEMO

¢ =@ e @ He

xt
. G(l) B F(g) .
(immmmu cooBamu, G. e aapo , AK€ PO3YMIETHCA 4K €JIEMEHT IIPO-

CTOPY ’ch)t ® Hc, mus. Iingposain 1.5), Toxi 3a BI(/II){OHaHHH 3rajlaHol YMOBU
1

vaemo G = F(2) (B sikocTi mpezcraBuuKa G.) M0 3aJI0BOJIbHIE yMO-
By (1.16), Mozkua B3sTH 3rajany suie Gyukmio f(2)), a romy srigao 3 (1.18)

J:<O,G§1)>:C/Z\Lt = :<o®2,F(2)>: =F

Y 3arajJbHOMY BUITAJKY CHTYyallisd, 3BicHO, momiOna: F € (L2)'g MOXKHA
npejcTaBuTy y BUIAA (2.3) (Take IpecTaBieHHs, B3araji KaxKydu, He €
€JIMHIM) SIKIIO Ta, JIMIIE SKIO sapa 3 poskaany (1.6) qaa F maoTs Biaa-
CTHBOCTI, IpuTaMaHHi sijpaM 3 po3kiamay (1.18) mis posummpenux croxa-
CTUYHUX iHTerpaJsis. TodHimme, cripaBeTuBe TaKe TBEPZKEHHS.

Teopema 2.2.1. Hexali F' € (Lz)g. Todi nacmynni meepdoicenns exeisa-
ACHIMHL:

(1) F mootcna npedcmasumu y euzandi (2.3), de G € (Lz)qﬁ@HC Y sunadky

5=0, maGEe (L2)q’871 R He, axwo 8 < 0;

(2) das woorcnozo n € N\{1} adpo F™ e ”Hgg 3 poskaady (1.6) dan F
micmumo npedemasnura f™ maxozo, wo f™ (t1,...,tn) = 0, arxwo

dan woorcnozo i € {1,...,n} icnye j e {1,...,n}\{i} maxe, wo t; =t;.
osedenns. CriouaTky JTOBEIEMO TEOPEMY JIJist

F =@ FOy. 0 e g™ e N\(1)

ext?

(Bumangku n =0 ta n = 1 € TpuBiaabHUME).



826 M. Kauanoscbkuii

(1)=(2) Hexaii :(o®" F(MY: = { G(t)dL,. 3posymiso, mo 3apa3

G() = :<o®n717 G.(n—l)>:’ G.(n—l) c H(n—l) ® He, ) — é(nfl)

ext

(mue. (1.18)). Ase 3a noGyzosoo G e Hgﬁ% 3a/I0BOJILHSIE YMOBY TBEP-
mxenns (2) (B axocti ™ moxkma obparu dynxmio ¢ Y e G mo

. (n—1) (n=1) )
€ CUMETPU3AIEI0 NIPEJICTABHUKA (. € G, , KU 3aJI0BOJIbHSE yMO-
By (1.16), nmus. ITinposmin 1.4).

(2)=(1) Hexait ") € F(") — onucanmii y TBepmKenni (2) mpeacTaBHEK
F() He BTPAYAIOYM 3arajJbHOCTI MOXKHA BBaXKaTH, 110 [ (n) ¢ CUMETPUIHOIO

dyukiiero. [Tokmamgemo

hn(tly s 7tn) = P7'1{t1:tn,tgztn,...,tn_lztn} =
1
= | Mei=ta to=tn,tnoa=t} T Ltamtnttimtnot,ostna=tn1} T (2.4)

+ -+ 1{t2:t1,t3=t17~--,tn:t1}]7

F™ (g, tn_1,t) .
P (’ tno1) == Pt im0 (s tne ) =0 (2.5)
h 1y+-+yln—1): .

0, hn(ti,. .. th—1,t) =0

(3ayBaxKuMO, 1m0 AKIO Ny (t1, ..., th—1,t) =0, TO

f(n)(tla : 7tn—17t) =0

(n—1)

3a YMOBOIO TBEDJZKEHHs (2), a TOMYy MOXKHA CKA3aTH, IO ¢. «36epirae
BC1o indopmanioy mpo dyukmio f). Bukopucrosyoun (1.8), mearomap-
HicTe Mipu Jlebera, Ta piBHICTH

hn(tly P AT 7ts1+-~+sk7 Y ) ts1+~~+sk’ t) =
h L (2.6)
1 s+ 1
= lueyt ——lu=n
JUTS PIBHUL t1, . . ., tg)4tsy,, T, KA BUILIMBAE Oe3rocepentbo 3 (2.4), me

kil,s.eN, Iy >-->1l, lsi+--+lsp=n—1,
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OTPUMAEMO
(n—1)2 _
97 v
_ D (n—1)! (szll\u)?sy,, (Hpulb)z%x
- l...g;1 | |
kil 5y€N: S1: Sk ll. lk

]':].,...7](:7 l1>~~~>lk,
l181+~~~+lk5k=n—1

(n—1) 2
X 9y (tl T AT t51+‘..+5 t51+...+3 ) X
’ Y I’ Y Y k?’ Y B ’
Rj}_'..“_;,_sk_;'_l ll lk

X dtl s dtler...JrSkdt =

—n Y n! (szlllu)%lm (szk\lu>28kx
Sl'Sk' ll' lk'

k,lj,S]'GNZ jzl,‘..,k,
l1>>lp>1,
l1s1++Hlgsp+1=n

2
X f ]f(")(tl,...,tl,...,t51+.‘.+sk,...,t81+‘..+sﬁ,t)‘ X

~~

2.7)

ROTRREL I

X dtl s dt51+...+5kdt+

n!
+n X
k,lj,s;€N: sil oo (sp + 1)l sp +1)

=1k, l1>->1=1,
lisi++lg_15k_1+sp+1=n

x (lel “”)281 . <|plkl|”>25k1 X
ll! lk-_1!

2
X J ‘f(n)(tl,...,tl,...,t51+...+5k_1+1,...,t51+...+5k,t)‘ X

Ri1+“‘+sk+1 I

X dty - dbg, 1y dt < nIF(")E{(n) < %

ext

.(n—l)

MOPOJIZKYE eJIEMEHT (KJIAC €KBiBAJEHTHOCT)

G Y e 1™ @ e

ext

Otxe, dyHKIIisA g

IToxknanemo

. (n—1)

GV ) = T

} € G.(n_l).

B ) '77/_1)1{'1:'n7'2:'n,~~-7'n—1:'n

3posywmiso, mo 1g GyHKIis 3a10B0abHsE€ yMoBy (1.16). Bpaxosyroun (2.4)
Ta (2.5), oTpUMy€EMO
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G () = Prg () =
= gglil)('l) ceey ’n—l)hn('la sy n) = f(n)(la ey TL) € F(n)a

ockinbkn f(™ — cumerpuuna GyHKII, O 330BOJIBHSIE YMOBY TBED/IZKEH-
us1 (2) (3ayBazkumo, mo sx6u byuxmis (™) e 3a10B0IbHSIIA 6 YMOBY TBEp-
JKeHH (2), ocTaHHs piBHICTH He MaJsa 6 Micis). 3 iHmoro 60Ky, dyHKIsS

V) nopomxkye sapo Gn=1 ¢ ”Hég%, SK€ BUKOPHUCTOBYETBHCS IIPU BU3HA-

YEHH] PO3HIMPEHOI0 CTOXACTHYHOIO IHTEerpaJia:
_ RN Al
J:<o®" 1,Gl(5n )>:st = :<o®n,G(" 1)>:

(mus. Ilimposmin 1.4). Orxe, Gn-1) = p(n) g %é’;i, a TOMY, TOKJIABIIH
G() = :<o®”_1,G.(n_l)>:, Maemo F' = SG(t)ciLt, TOOTO yMOBa TBEPJIZKEH-
us (1) BukoHaHA.

VY zarasbHOMY BUnaKy iMiutikaris (1)=>(2) TpuBiaabHIM IMHOM BUILIN-
Bae 3 (1.18) Ta BianosijHOT iMIUTIKALIT y MOHHO PO3IVIAHYTOMY YaCTUHHOMY
BUIIQJIKY.

Hosenemo immmikanito (2)=>(1). Hexait

S (n-1)
:Z:<o®"_1,G.n >,
n=1

e G. (n=1) ¢ gy(n— )®’H<c — sizipa, o0y moBaHi Buile st KozkHoro 1 € N\ {1},

ext

G = FU() e H = Hc. Hocrarubo gosecrn, mo G € (LQ)g ®Hcy

ert —
punmagky 3 = 0, ta G € (L2)5_1 ® Hc, axmo f < 0, Toxni piBHicTb (2.3)
putumBaTuMe 3 (1.18) Ta BignosigHOI iMIUiKamii y IMORHO PO3IJIAHYTOMY
YACTMHHOMY BUINaJIKY. Bukopucrosytoun (1.13), oninky

IR <nlF™P

ext

(” 1)@/}_[

(muB. (2.7); Bunasiok n = 1 € TpusianbauMm), Ta (1.9), orpumyemo s 5 = 0

Qa0
2 _ 14+85q(n—1)| ~(n—1)
16y, = 2 ((n = DG <
o0
Z () +B2am =8| p(n)2 ) < <279 F|? oy < 0,
Ta mst B < 0

= 1)

_ 1+B89(g—1)(n—1) | ~(n—1)|2

G220 e = 3 ((n =172 G DR gy, <

n=1
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[ee}
Z (n)I B o iy =B P2 <
— Hezt
<2- qmaX[Q n- ]HF|| 298 < 0,
neN
3BiIKHW I BUILIMBAE TTOTPiOHE. O

3ayBaxkenHs 2.2.2. Hexait BunajikoBy Besimaunny F € (L2)qﬁ MOKHa, (hop-
maavro npeacrasutu y surasai F = EF + (G(t)dL; (nop. 3 (2.3)), xe

o0
) = Z :<o®"*17g.("71)>;,
n=1

g'(n—l) c 7‘[( 1) ® He, — popmaavrutl psi, Ta

ext
~ w ~
Jg(t)st = Z (@ Gy
n=1

(mop. 3 (1.18)) — gopmanvruti croxactuanuii inrerpasn. Toxai s koxKHOrO
aapa F() e ’ngi (n € N) 3 poskuany (1.6) wia F maemo F(™ = =1,
a tomy F' 3amoBosibHsie ymMoBYy TBepKkenHsi (2) Teopemu 2.2.1, Bigrak F
MOXKHa Tpejcrasut y Bursai (2.3) 3 G € (LQ)qB ®Hc (B = 0) abo G €

(L)1 ®He (B<0).

Hacamxkinenp Binzaadummo, mo gximo ' = :<o®”,F(")>:, F) ¢ ngi,
n € N\{1}, memozksmBo npezacrasurn y Burisi (2.3), 0IHAKOBO MOXKHa, IO~

(n=1) ”H,(”;”

n)

BUITAIKY Gn=1) = F(n) g Heact (3apa3 \é(”’l) —F(”)\mt MICTHUTD iHTErpam
3a ciM’sIMM apryMeHTiB, jid skux byHKIis hy,, BusHadena y (2.4), mnopis-

oyaysartu sinpa G. ® Hc 3a dyskuismu (2.5). Ane B npoMy

HIOE HYJIIO) Ta \é(”’l)\emt < |F (”)]e;pt (1oBeIeHHS TIHOTO (HAKTY 3ATUITUMO
3aI[iKABJIEHOMY IUTATY ).

2.3. Haitnpocrima dopmyna tuny Kiaapka-Okona B 3arajibHOMY
Bunaaky. [lounemo 3 mesnol migrorosku. st n € N\{1} Ta ¢1,...,t, €
Ry BuU3HAYIMO

hn(ti, .. tn) = nhy(ty, ... tn), (2.8)
ne dyHkil h, Bu3HaveHi dpopmysiorwo (2.4); mokaagemo takox hy = 1. Jaui,

aa G e Hw)t ® Hc, n € Z, 1OKIaIEMO

G™ (4yem)
(’::,'(n)('17 e n) — hn+1(-11,...,-n,-)7 AKIIO hn-l—l(-l, ey, ) =0 (2'9)
0, AKIITO hn—f—l('l;---v'n,') =0.
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Jlerko 6aunTu, 10 é(n) € H(n) ® Hc Ta

ext

|é.(”)|Hg% e < IG.(”)]HS;% e (2.10)
Hna G € (L2)qﬁ ® Hc BU3HAIUMO
w ~
= 3" :(e®, Gy, (2.11)
n=0
e aapa G™ nobGyIoBaHi 1o sapaM o™ 3 poskiany (1.12) mua G. 3

omiaku (2.10) BunsmBae, mo A € JHIHEUM HenepepeéHuMm ONEpaTOpOM B

(L5 @ He.

TBepmxenus 2.3.1. Hexaii F' € (LZ)g. Todi
AbFe(LH)2®@Hc dan B=0

AQF e (L) @He dan B <0,
de 0. — noxiona Xidu (1.24).

Josedenns. Y Bunayiky 3 < 0 pe3ysbraT TBep/KEeHHs BUILIUBAE GE3110Ce-
PeJIHbO 3 BJacTUBOCTEl oneparopis 0. Ta A. Posrisaemo Bumaiok 5 = 0.
3 (1.22) Ta (2.11) Bunmsae, 1mo
o]
AQF = ) (@ FM (),
n=1
Jie sapa ﬁ‘(”)( )€ ”Hg;l) ®He nobynosani o sapam F(™ 3 poskaamy (1.6)

ang F') axi po3yMiloThes K eJIeMEeHTH IIPOCTOPiB ’Hgm 2 ® He (mus. Iig-

posain 1.5). Bukopucrosytoun (1.8), mearomapuicrs mipu Jlebera, (2.6)
a (2.8), nmonibHo 1o BuKIaAKN (2.7) MOXKHA BCTAHOBUTH, II[O

|”F(n)(')\i(n;1)®ﬂ < n|F™M? H) (2.12)

Ckopucrasmmucs (1.13), nieto onjakoro Ta (1.9), orpumyenmo

0
HA&F”?L?)E@HC - Zl((n — 1)!)14-52‘1(71—1)|nF(n)(.)|§{ .

e¢]
Z ()P =8| p(n) 2 o) < <9 q|‘FH(L2 5 < 0,

3BiJIKM #I BUILIMBAE MOTPiOHE. Il

CdopmyitroeMo i 10BEIEMO OCHOBHU PE3yJIBTAT I IPO3IIILY.



Qopmysu tuny Kirapka-Oxona 831

Teopema 2.3.2. Hezat sunadkosa seauvuna F' € (L2)5 Moorce bymu npeo-
cmasaena y suzandi (2.3) (dus. Teopemy 2.2.1). Todi mae micue npedcmas-
aenns (Popmyaa muny Kaapra-Oxona)

F=EF + JAatFJLt (2.13)

(nop. 3 (2.2)).
Jlosederma. Crouarky posegeMo Teopemy st I = :(o® F)y. pn) ¢

Hg;);, n € N\{1} (Bumaggku n = 0 tan = 1 € TpI(/]IBia.HbHI/IMI/I). Bas
CIPOIIEHHsA MO3HAYeHb TPUiiMeMO 3a BU3HadeHHAM ; := 0. Buxopucro-

Byoun (1.22), (2.11), (2.9) Ta (2.8), orpumyemo

A0.:(®" F(M)Y: = p: (o®1 F()): =

et AR TR ')>: — (o, AR CTRII ')>:’
hn('la-"a'nfla') hn('ly"'v'nfla')

=n:{o

ne f (n) ¢ p) ¢ Hgg% — cuMeTpuyuHa (DYHKIliA, OMUCAHA Y TBEP/I2KEH-
Hi (2) Teopemu 2.2.1 (HaragaemMo, Mo AKIIO JJIsl JEAKOTO HAOOPY apryMeHTIB
t1,...,th—1,t € R, BuKOHAHA yMOBa

Bn(t1, - tne1,t) = B (t1, ... ta_1,t) =0,

10 fO)(t1,... tu_1,t) = 0). Ase 3a H06y11/03010 STTEP PO3IIUPEHOTO CTOXA-

cruaHoro inrerpada (aus. Ilinposmin 1.4) f}in) =f (n) ¢ F(”), 3BIIKH MaEMO,

110

f (A0.:(o®" FMY ) (1) dL, = f Ay (®" FY:dLy = :(o®", FM):,

o 1 Tpeba OysI0 JTOBECTH.
TBep/KeHHs TeOpeME B 3arajbHOMY BHIIAJIKY BHUILIUBAE 3 TBEp/KeH-
us 2.3.1, (1.18) Ta mOAHO TOBEIEHOTO PE3YJILTATY. O

SayBakenns 2.3.3. Hexait F' € (LZ)g MOXKHA IIPEJICTABUTU y BHIVISI-
i (2.3). 3 Baysaxkenns 2.2.2, Tepmkenns 2.3.1 Ta upejacrasienns (2.13)
BUILIMBAE, 1[0 B KOCTI HigiHTerpanbaol gpyHkuil G(-) moxHa obparu Ad. F
(nactpasui came y Burssigi A0 F, xodu i B iHmumx nosnadenssx, G(-) 6yso
nobyoBano npu josejerni Teopemu 2.2.1).

2.4. Ilpamuit anasor ¢dopmynaun Kaapka-OkoHna B 3arajibHOMY BU-
naaky. Koucrpyxkiis miminrerpaabuoi ¢yukiil y dopmyni tuny Kirap-
ka-Oxona (2.13) € BimHOCHO mpocromo, aJsie I dopMysa He € Ge3nocepe-
JIHIM y3arasjbHeHHsSM Kiacudaol dopmysm Kiapka-Oxona (2.2). Cupasi,
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mexait ' € (LQ)’g 3a10BOJIbHAE yMOBY TBepmxkenns 2.1.1. Bukopucrosyro-
qu (1.22), (2.11), (2.9), (2.8), (2.4) Ta (2.1), HEBaKKO HOKA3aTH, 10 B IILOMY
BUTIAIKY

0
AQF = ) (ot Py,
n=1

B TOH 4Yac gdK
o0

E(0.F|F) = Z n: (0@ P ()1 yn-1): = AO.F,
n=1
B3aras kaxkyan (tyr F(" n e N, - sapa 3 poskmany (1.6) mis F, sxi

PO3YMIIOTBCA K €JIEMEHTH ITPOCTOPIB Hg; 2 ® Hc, mus. Iigposmin 1.5).

[Moxi6ua curyamnis Mae Mmicie i B raycciBcbkoMy anauisi, qus. [13].
OTrpumaemo npamMuii aHaJor, To0To be3rnocepe iHe y3arajbHeHHs hopMmy-
mu Kirapka-Okona (2.2) Ha BUIAJI0K, KOJIM BUIIAQJIKOBY Benduny F' MOXKHA
npecraBuTy y BurasAa (2.3), ame ymoBa TBepmkenus 2.1.1 e BUKOHAHA.
HnaneNmraty,... t,,te R, noknamgemo
0, sxkmo Jie{l,....n}:t; >t
Xnt(t1, ..o ty) 1= ra Vje{l,...,n}\{i} t; = ¢; (2.14)
1, B iHmmx Bumagkax
TO6TO Xn.t(t1,- .., tn) = 0, fKmo icuye t; kparuocti 1 (cebro t; He JOpiBHIOE
JKOITHOMY iHIIOMY t;, j = 1), Glibire 3a t abo pisxe t. Hanpukiasz,
o x34(7,7,2) =1 (2 < 4, 7 mae kparHicTb 2),
® x34(5,5,5) = x34(2,2,2) =1 (Bigcyrni aprymentu KparHocTi 1),
o x34(7,2,2) =0 (7 > 4, 7 mae xkparnicrs 1),
* x34(4,2,2) =0 (€ OnHOKpATHUII apTyMeHT, IO JOPiBHIOE 4).

IMoknamemo takox xo,. = 1. s G e (Lz)g ® Hc BU3HAYIMMO

0
(BG)() =Y, (®, G,
= (2.15)
=G0 4+ Z :<o®”,G.(n)Xn7.>: € (LZ)g ®Hc
n=1
(mop. 3 (2.1)), ne G e Hgg ® Hc — szapa 3 poskiaary (1.12) maa G.
3pozymisio, 1o

G xn, € HE) @ He, G X |

ext

< |G™)

H " @He H M oH

a orke E. € niHifiHUM HenepepBHUM OIIEpPaTOPOM B (L2)’g ® Hc.-
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TBepmxkenns 2.4.1. (nop. 3 Teepmxenusnm 2.3.1) Hexati F' € (LQ)qB. Todi
Ed0Fe (L) ®@He dan B=0

E0Fe (L*))  ®@Hc dan B <0,
de 0. — noxiona Xidu (1.24).
Zlosedenns. Y Bumauky [ < 0 pe3yiabrar TBepIKEHHsI BUILINBAE Ge3roce-
pPeIHbo 3 BiaacTuBocTeil orneparopis 0. Ta E.. Posriagremo sunamok 8 = 0.

3 (1.22) Ta (2.15) Bunamusae, Imo

E.0.F = i (n+1):®", FFD )y, S, (2.16)
n=0

ae FHY) — gipa 3 poskiay (1.6) musa F', sxi po3yMitOTbCs SIK €JIEMEeHTH
IIPOCTOPIB 'HS;% ®Hc (mus. igposain 1.5). s Toro, mob omiHuTH HOPMY
E.0.F B npocropi (L2)§ ® Hc, moTpibeH Takuii TEXHIYHUN PE3YIbTAT.
Jema 2.4.2. Jaa dosinvnuz n € Zy ma FO+D e 5

(n+ 1)|F(n+l)(')Xn,~’2 < ’F(n+1) i{(nJrl) (2.17)

HEJZL%®HC h ext
(nop. 3 (2.12)).

Jlosederins. Bukopucrosywouu (1.8), (2.14), Hearomapsicrs mipu JleGera Ta
TO# moOpe Bimommit dakT, IO IJIS cumempuyrol iHTerpoBHOI 3a Jleberom
dbynxmii f: R? — Ry, meN,

f(tl,...,tm)dtl...dtm =m dtlj f(tl,...,tm)dtz...dtm,
R+ [07t1)m71

R
OTPUMYEMO
(n+1) . 2 _
(n+1)|F ( )Xn,-|H$1®HC
R = N ARCTARCN
gl 1 [
kil N o175k ! k!

j=1,...,]€, ll>--->lk7
1151+---+lksk:n

X J |F("+1)(t1,...,tl,...,t51+...+5k,...,tsl_s_.._s_s,z,t)x

-

"

R+ h I

X Xt (F1s ooy F1y ooy by oty ooy sy toopsy )| 2L - by gy b =
S ——

<

"

I lk
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_ > (n+1)! (lelHu)Qsl_“ (llpzkHy)%kx
l...g.! | |
k,lj,SjeN: S1- Sk- ll. lk-
=10k, l1>->1>1,

lisi++lgsp=n

1 2
X |F(n+ )(tl,...,tl,...,t51+...+sk,...,t31+...+5k,t)| X
——

~~

R+ h I

X dtl s dt51+...+5kdt+

(n 4 1) £ ]pay [l 251 |1y, o\ 2551
+ Z sq! - !( zl!) (i) x

|
Kl ,55€N: Sk 1!
j=1,...k, li>-->l=1,
l1s1++Hlg_18k_1+s=n

X j |F(n+1) (t]_, vy tl, ey t31+"‘+3k—1+1’ vy t31+“‘+5k’ t) X
~—

RELT skt I
+

2
X Xyt (F1y ooy £y ooy by 141 oo by oty )| b1+ dbsy s dt =
l1
_ D (n+1)! (sz1 Hu>251 (szkHu)%kX
l...g,.1 | |
kijseN:  S1TT TSk ! !

=10k, l1>>1>1,
lis1++lgsg=n

2
X J [FOTD (1, oy 8, ooy by tsgs coos by oty £)] X
~—— 5

-~

Rttt h I

X dty - dbgy g di+

+ Z (TL —+ 1)! <th”l/)281 o <’plk1 ’V)%kl y

... 5.1 ! !
kL, 55€N: S1- Sk ll. lk—l'

j=1,‘..,k, ll>--->lk=1,
l1s1++Hlgp_18k_1+Sg=n

X J dtdty - -dtg,4..qs, , ¥

sybsp_1+1

Ry

1 2
X J ‘F(nJr )(tl, ceey tl, ceny t81+"'+5k—1+17 ceey t81+~--+sk7t)’ X
[0,t)%k I

x dt51+"'+5k71+1 U dt81+-~~+8k =
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_ > (n+1)! (lel Hu)Qsl_“ (llpzkHy)%kx
81!"-8 ! lll lk'

k,l;,5;€N: k
=10k, l1>->1>1,
l1s1++lpsg+1=n+1

1 2
X |F(n+ )(tl,...,tl,...,t51+...+sk,...,t31+...+5k,t)| X
——

~~

Ry h I
X dtl e dt51+...+5kdt+

+ Z (n + 1)' (thHV)zsl o (plk-—l V)st—l »
51!‘~'(8k+1)! l1! lk—l!

k,lj,SjEN:
7j=1,...k, l1>-->1,
lisit+lg—15k—1+sp+1=n+1

(n+1 2
j |F ) ..,tl "’t31+"‘+3k71+1’"”t31+“‘+5k’t)| X

51+ +sk+1

X dty - dbsyyo.qs,dt < |F(n+1)\H(n+1)

ext

(BayBazkuMoO, 110 SIKITO F+1) 3a710B0/bHSIE yMOBY, HAK/IAJICHY HA SIPa Y
rBepkenHi (2) Teopemu 2.2.1, T0 Ha OCTAHHBOMY KPOI Ma€MO DIiBHICTb,

TOOTO B TAKOMY BUIIAKY

(n+ D[FE"™ Dy,

F(n+1) 2
’H(n)®7-{, ‘ ‘ 5217

O

JIOBECTH 1€ MPOIOHYETHCsI 3AIlIKABJIEHOMY YUTAMYy.)
IToBepreMoch 110 f0OBesieHHsT TBepzKeHHsl. CKOPUCTABIIUCH (OpMyJIa-

u (2.16), (1.13), (2.17) Ta (1.9), orpumyemo

o0
_ N1+89gn 2| (n)
B2 1 g, = 30274 D1 O B, <

<274 2 n+1)! )1+,32(I(n+1)(n +1)” B‘F (n+1) H(n+1) <
n=0 ext
<UF,, <o,
3BiIKW I BUILIMBAE TTOTPiOHE.

CdopmyitroeMo # 10BEIEMO OCHOBHUI PE3yJIBTAT I IPO3IILY.

Teopema 2.4.3 (mop. 3 Teopemoro 2.3.2). Hezati sunadrosa seaununa F €
(L2)qﬁ mootce bymu npedcmasaena y suzandi (2.3) (dus. Teopemy 2.2.1).
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Todi mae micue npedcmasaenna (popmyaa muny Kaapra-Orona)
F=EF + f E.0,FdL, (2.18)

(nop. 3 (2.2), (2.13)).

Zosedenns. CriouaTky HOBEIEMO TEOPEMY JIJIst

F=:(o® Fmy. FMm e 5™ neN\{1}

ext?

(Bumanku n = 0 tan = 1 e rpusiansauMn). Bukopucroyioun (1.22), (2.15)

a (1.18), orpumyemo

JEtat: (®", F™YdL;, = n:{o®", F(”m_l,.> :

orzKe, Tpeba joectH, mo nF M () y,_1,. = F) g ’Hgﬁ% Hexait f( ¢ F(™)
— cuMerpuyHa (YHKIs, onucana y TBepkenHi (2) Teopemu 2.2.1. Hara-

naemo, mo saapo F()(-)y,_1,. mopouzxkene cumerpusaiiero byHKIIT

f(n)('h ey n—1y ')X’I’L—l,~('17 ey 'n—1)1{~1:~,...,~n,1:~}
3a Bcima 3MimHUME, nuB. lligposmin 1.4. BukopucroByroun (1 8), BIACTH-
Bocti dyuknii £, moiiHO 3ragaHy KOHCTPYKILIO SLIpa F(”)() Xn—1, Ta

HeaToMapHicTh Mipu Jlebera, orpumyemo

FO) PO, P = 1™ = nf 0o, Py =

_ Z n! (lel HV) S1 o (plkl V)Zskl y
81!...8k! ll' lkfl!

k‘,lj,SjEN:
=1k, l1>->l;=1,
lisi++lg_15p—1+skg=n

f ‘f t1,---, "7t51+"‘+$k71+17"'7t51+"'+5k)[1_

31+ tok

{t51+”'+5k’—1+1<t51+'”+sk’tsl+'“+Sk—1+2<t51+”'+5k""’t51+'”+5k71 <t51+'”+5k}}_

- 1{t51+“'+5k <t51+'”+sk71’t51+"'+5k71+1<t51+'”+sk71""’t31+'“+5k72<t31+'“+Sk*1}_

- — X
1{t51+'“+Sk—1+2<t51+"'+5k—1+1""’t31+"'+sk <t51+"'+5k—1+1}”

X dty - dtg s, =0

(Itst PIBNUT Tg) 4oty +1s- - -3 bsytets, ONAH 1 TUIBKM OAMH IHIAUKATOD B
il BUKJIAAMI JOPIBHIOE OMMHMUIN; IHII BUIIAQJKKA MOXKHA ITHOPYBATH 4Yepe3
HeaToMapHicTh Mipu JleGera).

TBep/KeHHsT TeOpEeMH B 3arajbHOMY BHIIAQJIKY BHUILIUBAE 3 TBep/rKeH-
Ha 2.4.1, (1.18) Ta mIOHO 10BEIEHOrO PEe3yIIbTaTy. O
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Bigznaunmo, mo axmo F' € (LQ)’g 3a10BOJIbHAE YMOBY TBepzkenns 2.1.1
(To6To SAKILO s1/1pa FM™ neZ,, 3 posknary (1.6) mgust F' masiexarhb 1po-
cropam ’H%n c ’Héﬁi), dopmyna (2.18) peaykyernes 1o (2.2) (moectu 1e
[POIIOHYETHCS 3AIiKABJICHOMY YUTAYY ).

SayBakennsi 2.4.4. (nop. 3 Saysaxkenusm 2.3.3) Hexaii F' € (LQ)g MO-
JKHa npejcraBuTu y Burisii (2.3). 3 3aysaxkenns 2.2.2, Trepizkenns 2.4.1

Ta npezcrasieHHs (2.18) BuiuuBae, 10 B SKOCTI i iHTerpaabHol dyHKII
G(-) moxnua obparun E.0.F.

2.5. Knacuuyna dopmyina Kmaapka-Okona. V Ilinposmiai 2.1 mu BcTa-
HOBUJIM JIOBOJII OOTAXKJIMBY JOCMamHmio yMOBY Ha BHUTIQJKOBY Beanmduny F
3a sikol dopmyna Kinapka-Okona st F' npuiiMae kiacuaaunii Buriisi (2.2)
(muB. Teeppkenns 2.1.1). Ha macrs, 15 ymMoBa He € He0OXiTHOO, 1 KJIac BU-
[A/IKOBUX BEJIMYUH, JIJIs sIKUX CIIpaBeIuBe npejcraBieHHs (2.2), € goBoui
MUPOKUM. PO3TIISTHEMO 1€ TTUTaHHS JOKJIAIHO.

Hexait F = :(o® FG)): FG) ¢ Hgi)t VMoBoto, 3a dKol 1e F' MOXKHA
upejcTaBuTy y Burisi (2.3), € piBuicTs SR+ |FG)(t,t,t)]2dt = 0, mus. Tlin-
posmin 2.1. Aute, ik Mu 6a9MIIH Y 3raJaHOMY THAPO3/IiJIl, JIJIsT IPEICTABIIE-

uua F'y Burssazi (2.2) mporo HeJ0CTaTHBO: NMOTPIGHA M€ PiBHICTH

fQ ’F(S)(tl')t17t2)|21{t12t2}dt1dt2 = 07
R

+

sika BUKOHyeThes, skiio FG) micmume npedemasnura, axuti dopiemnioe y-
M0, KOAU KPAMMHICMb HATUOIADUW020 apeymenmy biavuia 3a 0dunuyto (rpy6o
kaxyan, skimo FO)(ty,t1,ty) = 0, xkomu t; > to). Busisiersest, mo s
F e (L2)qﬁ nozibHa ymoBa Ha sapa 3 poskiaaay (1.6) i € HeoOXimHO0O Ta
JIOCTATHBOIO JJIst nipejicraBiends Fy sursiai (2.2). Cdhopmynoemo ta j10-
BEJIEMO BiJIIOBigHE TBEPIKEHHS; AJI€ CIIOYATKY IMOACHUMO, YOMY BUHUKAE
caMe Taka yMOBA.

Hexait F' € (L2)§ MOXKHA IpejcTaBuTy y Burias (2.3) (macupasii 3a
BUKOHAHHS 3raJIAHOT BUIIE YMOBHU I BUMOTa BUKOHAHA ABTOMATUYHO, JIUB.
Baysaxkenns 2.5.2 auzkue). [Ipeacrasienns (2.18), sike € OJHIEIO 3 KOHKpe-
Tu3aniit npeacrasiaends (2.3) (nuB. 3ayBazkenus 2.4.4), BiIpi3HAETHCS B
Hpe/icTaBIeH s (2.2) BUKOpUCTaHHAM (bYyHKIiH Xy, (qus. (2.14)) 3amicTs
inukaTopis 1 .y» y miginTerpampaoMy Bupasi (mop. (2.15) Ta (2.1)). Ane,
Ha BiIMiHYy Bij iHIMKaTODIB, DYHKIT X5, «HE PEaryloTb» Ha IIOBEIHKY»
TUX apryMEeHTIB, KPATHICTb SKUX € OLIBINOI0 38 OMUHUIO; OTXKE, JIJI TO-
ro, o6 BUpas3u y npasux dactuHax (2.18) ra (2.2) cniBnasm, «pearyBaTuy
MAIOTh sapa 3 poskaary (1.6) mia F.
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Teopema 2.5.1 (nop. 3 Teopemoto 2.2.1). Hexati F € (LQ)QB. Hacmynmni
MBEPINCEHHA CKEIGANCHIMNI:

(1) F mooicna npedemasumu y uzandi (2.2), de E(0.F|x) € (Lz)qﬁ ® Hc
y eunadxy 8 =0, ma E(&.F]}j) € (LQ)B_1 QR Hce, axwo B < 0;

(2) 0aa woorcrozo n € N\{1} adpo F™) ¢ ’H( % 3 poskaady (1.6) das F
micmumo npedemasnura f™ makoeo, wo f ")(tl,..., tn) = 0, axwo
ichyromon i, 5 € {1,...,n}, i = j, maxi, wo

max{tl, - ,tn} =t =1,

(mobmo axwo kpammicms Halibiavwozo t. € {t1,. .., t,} Giavwa 3a 0du-
HUYI0).

Zosederns. CrouaTky HOBEIEMO TEOPEMY JIJIst

F=:(® FMy. M ey 5 e N\(1},

ext’

(Bumagxu n = 0 ta n = 1 ¢ Tpusiamsunvu). Hexaiit () e F(™) — cumerpn-
YHUH TPEeICTAaBHUK KJIACY €KBiBaJEHTHOCTI F(™) g npocropi Hézz Buxkopun-
croByoun (1.22), (2.1) Ta KOHCTPYKILIO s/Iep PO3MUPEHOTO CTOXACTHIHOTO

inrerpasa (mus. Ilinposzin 1.4), orpumyemo
fE(atF|ft)ELt :f (04:¢0®, FY:| 2, )L, =
= fn:<o®”17 Fr) (t)1[07t)n71>:&\.[/t =

= :<o®n, f(n)nP’l“l[gj.n)n—l (1 eyt

ne, 9K i pasime, Pr —omeparop CHMeTpH3aui'1' 3a Bcima smirnauMu. OTXKe, BU-
nakoBy Besmamny F = :(o®" F(). MO}KHa [PEeICTABUTH y BUIIIsi (2.2)
gKIo Ta smme sxmo ¢ysxii £ ra f* nPTl[O ) 1(*1y .0y 1) HAJIE-

(n)

JKATH OIHOMY 1 TOMY caMoMy Kiacy eksisaienraocri F() B Herr.

(1)=(2) dxmo F moxkHa mpeicraBuTH y BUNIAL (2.2), TO, K IIONHHO
BCTAHOBJIEHO, f(")nPr1[07,n)n_1(-1, < ym_1) € F(_ Jlerko mepesipuru, 1o
15 (DYHKILisI 38/I0BOJILHSE YMOBY TBEDJZKEHHs (2) TeopeMu.

(2)=(1) Hexait f® e F — ommcammit y TBepmkenni (2) mpemcras-
muk F(™. He BTpavaloyyd 3arajibHOCTI MOXKHA BBaKaTu, IO f(") € cu-
MeTpI/I‘{HOIO dyukiieo. Jlerko nmokasaru, 1o 3apa3 CIIPaBEJINBA PIBHICTH
) = ¢ nPrl[ : )n—l(‘l, ey 'n—1), a TOMy F MOXKHA IIpecTaBUTH Y BUT-
i (2.2).

Y zarajapHOMY BUNaJIKY iMiutikanis (1)=>(2) TpuBiajbHUM YMHOM BUILIU-
Bae 3 (1.18) Ta BianoBijHOT iMIUTIKALT y IOAHO PO3IVISHYTOMY YaCTUHHOMY
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BunajKy; immiikamis (2)=(1) — 3 Toro daxry, 0 38 BUKOHAHHS yMOBH
TBepKeHHs (2)

E(0.F|r) =E.0.F

(muB. mosenenus Teepikenns 2.5.3 wuxkue), Teepmkenns 2.4.1, (1.18) Ta
IOWHO JIOBEJIEHOI BiIITOBITHOT IMILTIKAIIT y YACTUHHOMY BUTIAJIKY . U

3ayBaxkeHHs 2.5.2. Bigsmaunmo, mo axmo gesgke F € (LQ)g 3a10BOJIb-
Hste yMOBY TBep/KeHHd (2) Teopemu 2.5.1, To e F' 3a70BOIBHSE it yMOBY
TBepzkenns (2) Teopemu 2.2.1, ockinbku npejcrasiaents (2.2) aus F e
ozHi€0 3 KOHKpeTu3aniil npencrasienns (2.3). doBectu e mMoxkua it 6e3-
[TOCEPEIHBO, IO HMPOIOHYETHCI 3POOUTU B AKOCTI BIPABHU 3aI[iKABJICHOMY
qATaTy.

Sk Bxke Bimzmauasocs, dopmyna tumy Kiaapka-Oxona (2.18) e 6e3moce-
peaHiM y3arajbHeHHsSIM KiaacudHol dopmyan Kinapka-Okona (2.2). Touni-
1I€e, CIPaBEJINBE TAKE TBEPIZKCHHS.

TBepmxkenus 2.5.3. fAxwo F € (LQ)’g MOHCHA, NPEICMABUNU Y BUAA-
di (2.2), mo
E(0.F|r) =E.0.F (2.19)

6 (LQ)g ® Hc y sunadky B =0 ma 6 (LQ)f_1 ® He y sunadky S < 0.
Hosedenna. Cnodarky J0BEIEMO TBEDIKCHHS I

F=:(® Fmy. 0 eqy™ e N1}

ext?
(Bumagxu n = 0 Ta n = 1 e rpusiampamvu). Hexair f) e F()
canuit B ymoBi TBepzkenns (2) Teopemu 2.5.1 npencraBuuk F (") 3rixmo

3 (1.22), (2.1) Ta (2.15) 1oCTATHBO MOKA3ATH, 110
F ()10 m1 = F()xn—1.

® Hc. Jlerko mepeBipuTH, MO AKIIO I TEAKUX t1, ..., th—1,1

— OIIu-

(n—1)
ext

BH
Li,¢yn—1 (t1, . s tn—1) = Xn—1,t(t1, .-, tno1),

TO KPaTHICTb Max{ti,...,ty_1,t} € OLIBIIOI 3a OJUHUINO; & Y TAKOMY BU-
nagxy f( (t1,...,tp—1,t) = 0. Orke, st OyIb-sIKOrO HAOOPY API'YMEHTIB
FO ot D)L gt (B -y tae1) = Xa—1(t1, - -y tae1)] = 0

i Tomy

L™ () [Lo.yn-1 — Xn—1,]

o 1 Tpeba 6ysI0 JT0BECTH.

Ho e = O

VY zarajpHOMY BUNaJIKY piBHicTb (2.19) B mpocropi (L2)qﬂ_1 ® Hc € Ha-
CJIZIKOM TIOIHO JTOBEICHOTO Pe3yJIbTATy Ta HEelepepBHOCTI OmepaTopis 0.,
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E(o ()\]:) i E.; a gakmo § = 0, To 3rigHo 3 TBepmKeHHaM 2.4.1 11s piBHICTD

€ CIIPABEJJINBOIO B IPOCTOPI (L2)’g ®Hc < (L2)§71 ® Hc. O

Biggunaunmo, mo pesyabTaTd i€l CTaTTi 3a/MIIaloThCs CIPaBeIJIMBUMU
nust Bunaakosux semann F e (L2)?, B e [—1,1], B poMy Bumaixky miin-
TerpaabHi ByHKIHI HATEKATH Bigmosi M mpocropanm (L) @ He.

HacaMkinenp 3ayBazKuMo, [0 KPIiM IIPOCTOPIB 3 PEryasgpHOro OCHAIIEH-
usa npocropy (L?) (1.10), B amamisi 6imoro mymy Jlesi yBonaThes Ta Bu-
BUAIOTHCS TaK 3BaHi HMPOCTOPU HEPe2YAAPHUL OCHOBHUX 1 y3arajJbHEHHX
dyukuiii [15,37], a TakoK BU3HAYAIOTHCS Ta, JOCIIKYIOTHCS PI3HOMAHITHI

omepaTopu i omepariii Ha TakuxX IMpocTopax. Bapro 3a3HaduTu, 10 JesKi
BJIACTUBOCTI 3raJIaHUX MIPOCTOPIB CYTTEBO BiAPI3HAIOTHCS BiZl BIaCTUBOCTEH
IPOCTOPIB (L2)g . [lobymosi it nocuimxentto gpopmyn tumy Kirapka-Okona
Ha MPOCTOPaX HEPEryJAPHUX OCHOBHUX 1 y3arajbHeHHX (DYHKIIH OyIyTh
PUCBsAYEH] iHMI poboTu aBTopa.

A mupo Bagunwmit npodecopy B. I. T'epacumenky 3a mporo3uiiito Harm-
CATH IO CTATTIO Ta BCEOIYHY MiITPUMKY.
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The theory of dynamical systems
of conflict in the framework
of functional analysis

Volodymyr Koshmanenko

Abstract. In this article, we give an introduction to the mathematical set-
ting of problems related to the phenomenon of conflict in terms of construc-
tions in Hilbert spaces. The struggle (conflict, game) between opponents
(adversaries, players) will be represented by operator transformations of vec-
tors in Hilbert spaces and probabilistic distributions on the territory of life
resources. The phenomenon of conflict as a contradiction between opponents
appears in mathematical terms as an intersection the domains of definition
for operators and overlapping of corresponding measures.

Conflict interaction between opponents in the physical sense is described
by the specific transformation of states in a Hilbert space. In turn, this is a
mapping that changes the spectral measurements. Thus, a complex dynam-
ical system arises, which we call a dynamical system of conflict. Then the
following main problems arise as fundamental questions. What reasonable
law of engagement (game or war) should be adopted to resolve the initial
intersections? What is a fair limiting distribution of the resource territory?

In a more general formulation, solving conflict problems means the de-
tailed describing of all possible outcomes on opponents states of the type:
victories, defeats, states of equilibrium, compromises as fixed points together
with their basins of attraction.

Amwnoranisi. CrarTs NpucBsiYeHa BBEIEHHIO MATEMaTHIHOI [MOCTAHOBKHU 3a-
Jiad, TOB’S3aHUX 13 (peHOMEH KOHMJIKTY, B TepMiHaX KOHCTDYKIIi y Tiab-
6eproBux mpocropax. Bopors6a (kouduiiKT, rpa) MixK ononentamu (Cymnpo-
TUBHUKAMHM, IPABLAMHU) Gyjie [peJICTaBIeHa OEePATOPHIMHE I1€PETBOPEHHAMI
BEKTOPIB y TiIbOEpTOBUX MPOCTOPAX Ta HMOBIPHICHUMU PO3MOiIaMHI HA TTPO-
cropi KuTTeBUX pecypciB. Penomen KOHQIIIKTY, K CYIEpPedHICTb MiXK OIT0-
HEHTaMM, B MATEMATHIHUX TEPMiHAX O3HAYAE IEPETUH 00JIacTell BU3HAYECHHS
JIJ1SI OIIEPATOPIB Ta HEPEKPUTTS HOCIIB BIMOBIIHUX Mip.

Kondaikrua, y dizuanomy ceHci, B3aEMO/IisI MiK OITOHEHTAMU OIUCYETHC
crenudiTHIM IEPEeTBOPEHHSM CTaHIB y TiIbOEPTOBOMY MpOCTOpi. ¥ CBOIO
9epry, Ii BigoOparKeHHs 3MIHIOIOTh CIIEKTPAJIbHI BuMiptoBaHHs. Takum 4un-
HOM, BUHUKA€E CKJIQ/IHA JUHAMIYHA CUCTEMA, Ky MU HA3UBAEMO JIMHAMITHOIO
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cucreMoro KOHQUIKTY. ZK OCHOBHI mpobJieMy IOCTAIOTh HACTYIHI (yHIa-
MeHTaJIbHI nuTanHs. dKuil po3yMmHuuii 3akoH KOHMIIIKTHOT B3aeMoil (rpu uu
BiliHN) Tpeba MPUHHATH s PO3B’A3aHHS TIOYATKOBUX TepeTrHiB? AKuM mae
OyTu clpaBeUIMBUil IPAHUYHUI PO3IOJIIJI TEPUTOPIl XKUTTEBOIO pecypcy?

YV 6Ginpm 3arampHOMY (OPMYJIOBAHHI, PO3B’s3aHHA KOHMJIKTHUX IIPO-
Os1eM O3HAYAE JETAIBHUI OMUC YCIX MOMKJINBUX PE3YIbTATIB PO CTAHU OIO-
HEHTIB TUILY: IIEPEMOI'H, II0Pa3KU, PIBHOBAIrM, KOMIPOMICH, SIK HEPYXOMi TO-
YKH, pa30M 3 OacefiHaMU IX IPUTATAHHS.

Having created the world,
God has appointed for everyone

a place at paradise, but
Dewil invented a conflict

1. INTRODUCTION

1.1. A bit of history. The classical approaches to the conflict phenome-
non and its applications have been discussed in many publications (see, for
example, [5-8|, [11], [14-17], [20], [10,21-23|, [27]). Here we shortly recall
only some of well-known relating equations, models and versions:

— the Malthus-Verhulst population equation describing the dynamics of
internal competition,

P ,
E—(b—d)P—CP,

— the logistic equation
Tpi1 =12y (1 —zy)

which has been used to explain many population phenomena and exis-
tence of different evolution cycles,
— the Lotka-Volterra equations

N =aN — bNP, P=—cP+dNP
with wide spectrum of applications to behavior of hostile essences (for
example, the predator-prey model).

Besides, there are many problems with collision situations reflected in the
game theory (see, for example, [39] “Theory of Games and Economic Be-
havior”, by John von Neumann and Oskar Morgenstern).

1.2. Transition to a new vision. However, it is impossible to understand
the global picture of conflict phenomena on a universal scale, without mov-
ing from classical approaches to posing problems in terms of the modern
theory of dynamic systems, using of Hilbert or Banach spaces, theory of
self-adjoint operators and methods of functional analysis.
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Today, it is obvious that a wide range of phenomena in the natural
environment, such as, for example, biological populations or the dramatic
evolution of society, can be understood at least partially only with the help
of complex systems theory.

So, in world there are several powerful scientific centers to study of com-
plex systems (of type Santa Fe Institute in Mexico). In this direction the
main mathematical instruments are the non-linear analysis, the theory of
dynamical systems, and the computer modelling. According to the theory
developing in [19,40] well constructed non-linear dynamical system has
always enough equilibrium states, both repulsive and attractive which sep-
arate the phase space into zones with different regimes of behavior for
trajectories. The equilibrium states here play the same role as eigenvectors
for operator in the linear analysis.

Moreover, we have to use all powerful instruments already developed in
mathematical physics and functional analysis. This transition to using of
contemporary methods is similar to going from classical physics to quantum
mechanics and quantum field theory.

One of the important feature of a new approach to description of results
(instead of construction of deterministic trajectories) is the going to sta-
tistical (probabilistic) interpretation of results. It means that in general
that it is impossible to predict, who will be a winner and how many he
obtains in each single case of the game. Thus, all prediction results of con-
flict interactions will be presented in a form of probabilistic distributions
on infinitely dimensional space. So, we need to use the methods of Hilbert
or Banach spaces.

Further, a notion of the conflict transformation as a some mapping in
the states space may be adequately represented by a specific linear operator
in a Hilbert space. It should correspond to the physical process of conflict
interaction between large (in a real, infinity) amount of alternative sides
(opponents, players, agents).

We start with obvious remark that only two forms of rough interaction
are observed in our living environment, namely, repulsive and attractive.
It follows that the construction of a universal conflict transformation in
the dynamical equations can be based on two operations corresponding to
simple mathematical signs: minus and plus. This is similar to the creation
and annihilation operators in quantum field theory. This is why we have
to look for construction of equations with two basic transformations that
represent the attraction and repulsion in each dynamical conflict model and
that are analogous to the creation and annihilation operators in quantum
field theory. It is important that these equations are necessarily non-linear,
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since the value of the terms corresponding to each opponent changes non-
additively at each moment of the conflict game.

Finally, we note that despite the important impact of abstract outcomes
on our understanding of various processes, especially in multi-component
and multi-agent models represented by mean-field games with total payoffs,
from the point of view of concrete applications, the results of an abstract
theory are of little use. In fact, we need to develop a more advanced
universal conflict theory of the type of axiomatic approach in quantum
field theory.

In the next sections, we will consider only the simplest versions of conflict
transformations without taking into account external influences. For more
discussion and results see the constructions in (2], [4], [24]-[25], [28]-[37], [35].

2. THE UNIVERSAL LAW OF CONFLICT INTERACTION

Who should be here,
me or my enemy, that is the question

Here we discuss the mathematical writing of a heuristic version of the
universal law of interaction between alternative opponents. In other words,
we are trying to build a simple mapping that describes the elementary act
of physical collision between abstract adversaries. In the following con-
structions of complex conflict systems, this map will be transformed into a
more convenient and perfect form.

Consider a standard situation. Let A and B be two alternative opponents
living in the common resource space ). Alternativeness means that any
interaction between A and B occurs according to the law of mutual repulsion
in the sense probable presence. Therefore, we will use the probabilistic
approach.

Let P4 = PA(A) (PB = PP(A)) denote probability of presence A (B)
in some disputed region A < Q at the initial moment of discrete time.
It is then natural to expect that any single act of conflict between these
opponents will change these initial probabilities to new ones determined by
simple formulas:

PfCW(A) = PA(l - PB)7 Prllacw

(A) = PB(1—PA). (2.1)

The right-hand sides of these equalities contain the products of two val-
ues: the probability of being in the A region for one of the rivals and the
probability of not being in the same region for the second.

We call the law (2.1) a generalized formula of William Shakespeare, con-
sidering PC, (A) = PY(1 —PY), C = A, B as its usual variant, which was
implemented in the logistic equation.



Theory of dynamical systems of conflict 847

We take this universal law as the basic part of all formulas describing the
conflict struggle. So, in specific models of dynamical systems of conflict,
this law of struggle is consistently repeated until the moment of victory
or defeat, or to a certain kind of balance (compromise), or, finally, to the
achievement of cyclic orbits.

In particular, if continuous time is used, then the above heuristic law of
conflict transformation can be written in the form of a system of nonlinear
differential equations:

d d
—PA=PA1-PP —PB=PP(1-P4).
= (1-P"), : (1- P4
To clarify this law, we are taking another important step: regionalization
of the resource space of the conflict. Formally, this means the decomposition

Q) to a set of partitioned regions:

N

m

Q=[] 2<m<w (2.2)
In fact, all real conflict processes take place in some space or territory that
is always there is naturally divided into separate ones parts (we call them
regions) that are separated from each other and in each of which there
are purely local relations between the presence of conflicting parties (oppo-
nents). The structure of such partitions can be significantly different in the
mathematical sense, from (2; as ideal subsets to manifolds with complex
even fractal supports. In what follows we assume that some decompo-
sition (2.2) are fixed. However, it may change in the course of conflict
resolution similar as it happened when one state intervenes on another.
Next, we assume that some separation (2.2) is fixed. However, this can
change during conflict resolution, such as when one state intervenes in an-
other. Moreover, in models describing the infinite repetition of biological
populations that compete with each other, it is necessary to carry out a
self-similar division of each region €2; at all moments of time ¢t =1,2,.. .:

- UQ'11227 R 21 Zk 1_ U Qzl Zk7 = L.

12=1 =1

Here we will make only one step. Let P = PA4(Q;,t) and PP =
P5(Q;,t) denote the independent probabilities of capturing region €2; by
opponents A and B, respectively, at time ¢t. Then, if we assume the uni-
formity of such distributions into regions €2;, then the above law takes the
form of a system of 2m differential equations:

%PA APA(1 - PP, dﬁPB APB(1—PH), iel,m,
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where A is a normalization factor.
In what follows we use discrete time, so instead of the above differential
equations let’s move on to the differences:

it = i1 =), rft =il =pp), t=0,1,..., (2.3)
where the notation is entered, p! := PA(Q;,t), vt = PB(Q;,t). Since we
use a statistical approach, vectors p' = (pl,...,pl), vt = (rt,... rl)) are

stochastic for each ¢:

m m
dpi=1= )7
i=1 i=1
It is not difficult to notice that the normalization coefficient A\ in (2.3)
depends on time and has the form
m
A=1/2, Z=1-10", 0" = (ptart)zngrf'
i=1
Difference equations (2.3) establishes the simplest probabilistic law for
conflict transformation which we will denote as x. Models of dynamical

conflict systems
P00 25 ), e =12

generated by the difference system equations of the type (2.3), has already
been studied in a number of publications (see [28-34,36,37]). One of our
main ones results confirm the convergence of all trajectories of the dy-
namic systems described above to equilibrium states. We call this result
the conflict theorem. It can be formulated as follows (see [32] and references
therein).

Theorem 2.1. Each trajectory {pt,r'} of CDS generated by the system of
equations (2.3) starting with of an arbitrary point {p°,7°} given by a pair of
stochastic vectors p°, 0 which are different, (p°,7°) # 1, converges to the
limit state (fized point),
{pt7rt} - {pOOaTOO}7 t—> 0,
which consists with two orthogonal vectors, p*© L r®. That is,
— if at the initial moment of time the inequality p{ > 19 was fulfilled for
some coordinates, then

py >0, r® =0,
— ifpg < 7“2, then

py =0, ri0 >0,
— and ifp? = 7“?, then
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Values of non-zero boundary coordinates pi® > 0, r° > 0 are proportional
to the initial differences d; = p? — 7’?, dp = r,g — pg, i.e.

p;}O:dz/Da ’I"zo:dk/D,

where the proportionality coefficient D is independent of indices of non-zero
coordinates.

Thus, the struggle of opponents for possession of regions in space (2.2)
is only able to redistribute the initial values probabilities of their presence
in different regions in accordance with the law alternative conflict of the
form (2.3). That is, the dominance of one of the players in some €2; leads to
the disappearance of another in the same region. Presence is redistributed
in such a way that opponents are located in different regions that do not
overlap. Therefore, all trajectories of the dynamic system (2.3) converge
to the equilibrium states given by orthogonal vectors in the sense of R™ if
m < oo or in the Hilbert space [ if m = 00. Any compromise states in pure
alternative dynamics are impossible.

3. CONNECTION WITH PERTURBATION THEORY

Perturbation theory in mathematical physics provides a powerful tool for
its use in conflict theory. First, let’s briefly recall the background.

3.1. Perturbed operators and their scattering. Let a Hilbert space
‘H be the state space of some physical system and H be its free Hamil-
tonian. For example, H = Lo(R3), and H = —A — the Laplace operator.
Then, according to quantum mechanics, the dynamics is described by the
Schrédinger equation. Its solutions are written by vector functions of the
form W(t) = exp~®H ¥(0), which describe the time evolution of the trajec-
tories, starting from states ¥ (0) € H.

Let us now consider two perturbations V; and V5 of H, which can be con-
sidered as the influence of alternative opponents on free evolution. Suppose
both sums, Hy = H + Vi, k = 1,2, are well-defined self-adjoint operators
of H. Then, again according to the abstract Schréodinger equation

d
—W(t) = HpW(t
there appear two different time evolutions:
Wy (t) = e Hg(0), Wy (t) = e H2g(0).

The physical collision between such different behaviors is described in
perturbation theory by the so-called scattering operator

S = W+(W_)*7
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where

Wt = lim etHze—tH
t—+o0

is defined as the wave operators [26]. The existence problem of the wave
and scattering operators are non-trivial and has long history. Especially in
the case of singular perturbations (see, for example, [33]).

Here we want to look at Hj as operator strategies that correspond to
the alternative behavior of a certain entity (population, political ideolo-
gies, opinions, etc.). Then W (t) represent its independent time evolutions
with the initial state ¥(0). But instead of the collision in the above form
of the scattering operator, we propose to find a new description of the con-
frontation between opposite sides in the form of a discrete-time sequence
of acts of redistribution for the initial positions in the life space according
to the universal nonlinear rule.

3.2. Infinite-dimensional space of living resources. Thus, we need to
define the conflict composition * in terms of vector-states of Hilbert space,

Uy ()« Uylt) =2, t=0,1,2,...

The transformation x= will correspond to interaction between alternative
sides for presence in the living (resources) space H.

One of the way is to engage an observation the position operator Q. Its
spectrum, €2 := o(Q), we will treat as the living (or resources) space for
alternative opponents. Then the independent time evolutions in such space
may be described in terms of probability measures

ph(A) i= (Eq(A)Wh, wh), A e B,

where B is the Borel algebra of subsets on 2, and Eg(A) denotes the
operator spectral measure (the identity resolution of operator Q).

It is worth recalling the physical interpretation. According to the princi-
ples of quantum physics (see, for example, J. von Neumann “Mathematis-
che Fundamentals of Quantum Mechanics”) the values pf(A), pub(A) can be
considered as the independent probabilities of finding opposite sides repre-
sented by states ¥, in the subset A € Q. In other words, its are the math-
ematical expectations to observe (to measure) the presence of opponents
with strategies Hy, Ho in states W}, U} restricted to subspace Eg(A)H.

The conflict interaction causes a certain deformation of these indepen-
dent expectations.

Now we will explain the idea for construction of the mathematical trans-
formation * corresponding to a conflict interaction in a Hilbert space.

We suppose that each conflict dynamics has its own time, continuous or
discrete, in general different from the independent (free) time evolutions of
physical systems. Here we develop an abstract approach to definition of the
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conflict transformation. Let uf, /! denote a couple of probability measures
of above type on the measurable space (2 = o(Q), B). Putting

P, (A) = pi(A), P, (A) = p5(A), AeB,

we define conflict transformation in terms of these measures:

t t+1
21 *, t 1%
{ }—*{ }H} (1) = p1, 1§ = pa),

1 5

where we use discrete time t = 0,1,.... At each step, the measures are
modified using a generated William Shakespeare type formula (2.1):

i (A) = PITH(A) ~ P (A) - (1 - P, (A)),
o (A) = PR (A) ~ P (A) - (1= P, (A)).

The inverse problem, i.e., the reconstruction of vectors W', W% on the mea-
sures p!, pb will be considered in further sections.

3.3. Singular perturbation as a cause of conflict.

Conflict is caused
by the singular structure of matter

Here we show that alternative behavior strategies corresponding to the
above operators Hj arise naturally under a singular perturbation of the
free Hamiltonian.

Briefly, the splitting of unity (free Hamiltonian) into contradiction sides
(H} operators) can be described within the framework of singular pertur-
bation theory.

In our approach, the phenomenon of conflict between alternative parties
looks like a kind of explosion of free evolution, “exit from paradise”. Math-
ematically, this means splitting the free Hamiltonian H on two or more
branches of conflicting evolution. We associate this path with the singular
perturbation H. But first we mention the usual approach again.

Let us consider a free energy operator H with domain D(H) in a Hilbert
space H. Let

D= (e D(H),|¥| = 1}

denote some initial set of states for the physical system associated with
operator H. We note that in general in real situation, each concrete physical
system involves in the “life” not all vectors from D(H). So, D is only a part
of D(H), but it is assumed that D is a dense subset in H. Each vector ¥ € S
has a pure deterministic free time evolution described by the Schrédinger
equation, W(t) = exp " ¥,
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If the physical influence on the system is described as a “rough” pertur-
bation written in the form Hy; = H + Vi, where V] is a fairly good operator
that has an interpretation of the external field, then the problem is to de-
scribe the perturbed picture of the new evolution, including the spectral
analysis of H;. Moving on to another perturbation V5, we get some new
evolution picture, U(t) = exp 2 I evolution. There is no conflicting
phenomenon on this way.

Further we need in the following

Definition 3.3.1 ([33]). A self-adjoint operator H is called (purely) sin-
gularly perturbed with respect to H if the linear set

Dr = {f € Dom(H) n Dom(H) | Hf = Hf}
is dense in the Hilbert space H.

Here, I' is associated with some extremely small set in physical space
that is responsible for the singular perturbation.

For more detailed facts connected with definition of singular perturbation
see [33]

Formally every singular perturbed operator may appear in the following
way. At first one consider a restriction of H into some dense linear subset
Dr = D < D(H) with consequent extension to any a new self-adjoint
operators H; such that:

H;|Dr = H|Dr, > 2.

We will always assume that D; = Dr n D(H;) are dense in H.

Now, the evolution of the physical system associated with different oper-
ators H; will have a certain kind of uncertainty because these operators are
quite close (they are identical on a dense set) but still different (due to a sin-
gular perturbation on a very small set I'). Hence, opposite and conflicting
paths may arise for the evolutions started from the vectors ¥ € n;D;. The
theory of the dynamic system of conflict is designed to give a description
of this kind of evolution and to solve the problem of “fair” redistribution of
the conflict territory Q = o(Q) which the spectrum of Q.

To this aim, we need to select and use an explicit law of conflict interac-
tions that will govern the time dependence of the trajectories of the conflict
dynamical system.

3.4. The law of conflict interaction in terms of states. Here we will
describe one of the possible variants of conflict dynamics in terms pairs of
non-orthogonal states ¥ € D;, & € Dy which correspond to two conditional
opponents. It will be performed by a composition marked * and operating
in the Hilbert space H.
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Let @ denote the self-adjoint operator in H corresponding to the obser-
vation, which is called a position. Its spectrum represents the resource area
for all other observations.

Put in correspondence to a couple ¥, ® their spectral representations
with respect the operator Q:

U () = (Eg(A)T, ),
® - v(A) == (Eg(A)d, &), AeB,

where Eg(A) stands for the operator spectral measure of () and B denotes
the Borel o-algebra. In what follows we denote this map by symbol K.
These probability measures p, v we interpret as two starting indepen-
dent distributions for a couple of some opponents (individuals) along the
territory Q = o(Q) where o(Q) denotes the spectrum of Q. If the states of
the opponents are orthogonal, ¥ | &, then the measure carriers u, v have
a zero intersection and there is no conflict between the opponents. But if

supp(u) N supp(v) # &,

then the opponents start to struggle (conflict interaction) with the aim of
displacing each other from the territory of joint coexistence.
The simplest version for the evolution law * of opponent sides,

0 t
PO\ et fn
{0} {t} (1’ =p, V¥ =v), =0,

may be described by the nonlinear equations of a view:

d tot .t d ot ot

— — —U ~ — 1
k=0 =, il R (3.1)
where O = O(ut,v!) ;= (H®!, ¥') stands for the multiplicative Hamilton-
ian of the system and n' = n'(u, v) denotes the so-called conflict occupation

measure. Here we used an isometric correspondence
K:H 3V« puly «— (t) € Ly(Q, dEg(x)), =€ Q (3.2)

(¢(¢) is the density of uf, with respect to the spectral measure of @) which
is constructed on the basis of the spectral theorem for the operator @
(see [9] for details). In fact formulas (3.1) are analogies of the products
P! (A)- (1 =P, (A)) from the above Shakespeare’s formula.

Now we need to give some explanation about the concept of the conflict
occupation measure in the abstract situation. Let u, v be a pair of positive
measures on (€2, B). Of course, we can assume that as above

n(A) = (Eq(A)¥, W)y, v(A) = (Eq(A)®, @)y
with the assumption that supp(u) N supp(v) # 2.
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Suppose that the conflict territory €2 is separated into a finite amount of
regions: € = (J€;. Then we define the conflict occupation (intervention)
measure for the starting couple {u, v} as n :=n, + n,, where

nl/(A) Varu = Sllp ZXW Z i ) Aa Al € [37

_UZ’L

1, ifw(d;) =0,
0, otherwise

and

Mu(A) := Var,(p) =  sup ZX Ai),
A CANQ

1, if —w(4A;) =0,

0, otherwise

Xfw(Ai) — {

where w := u — v is the signed measure associated with u, . In particular,
if A is a set of absolute domination for u:

W(A') = v(A), VA € A,

then 7, (A) = v(A). And similarly for 7, if v absolute dominates on some
A, ie.,

V(A = u(A), YA € A,

then 7,(A) = p(A). Thus, the value 7,(A) estimates the “intervention
strength” of opponent for p on a set where it has absolute dominance,
and vice versa, 1,(A) has a similar but opposite meaning, it evaluates the
strength of occupation of another opponent which is represented by p on a
set A, where now v has absolute dominance.

It should be noted that in general the conflict occupation measure is
not probabilistic, i.e., n(©2) < 1. In addition, we can say that conflict
confrontation is very weak whenever 7(£2) ~ 0 and extremely strong if 1(2)
is close to 1.

We propose some illustrative example: 7, (A) may estimate how many
English-speaking persons lives in Ukraine, while 7,(A) gives values of
Ukrainian-speaking persons there are in some fixed region A in the USA.
These values refer to the initial time ¢ = 0 and will change according to the
conflict dynamics in a form (3.1).

Theorem 3.5 (Theorem of conflict in terms of states in a Hilbert space).
Let states of a couple opponents at a time moment t = 0 are given by two
unite non-orthogonal vectors U, ® € H. Using the mapping (3.2) put in
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correspondence to W, ® measures py, vg. Assume that the set

supp(pw) ﬂsupp(wp) # .
Then the trajectory of the conflict dynamical system
v * ¢ v 0 0
R
with the conflict composition x generated by equations of type (3.1) in terms

of measures py(-) = (Eq(-)¥, V), va(-) = (Eg(-)®, ®), converges to a fized
point {U®, ®F}. Thus, there exist the limits in the strong sense in H

U* = lim ¥, d® = lim .
t—00 t—00
That is
U* | p*
and
supp(pug=) [ | supp(ve=) = 0.
Proof. Here we give only some sketch of our arguments.

At first, we come from equations (3.1) to its difference variants, i.e., to
the conflict dynamics at the discrete time

\IJO .t \I/t
o0~ Yot =01

where each couple W', ®! is defined by the iteration procedure in accordance
with dynamics of the associated measures:

_ (D)1 46" —7'(A)

t+1

g (A) = 1+ +wt 53
VEFL(A) = vg(A)(1+0") —n'(A)

® 1+t +wt ’

where A € B, ©! = (HU!, &), and W' = n'(Q).

Further, for proving of the limiting measures

pi = w' /2, vg =w /2,

we use a suitable version of arguments (see, for instance [32]), where w™/z,,
w™ /2, denote the normalized components of the Hahn-Jordan decomposi-
tion for signed measure w = py —vp = w +w™. And finally, we come back
from Lo(€2,dEq(x)) to the Hilbert space using the inverse transformation
KL

* = K 1ug, d* = K WP, O
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A more general theorem is also true if we modify the conflict interaction
law (3.3). Namely, instead of ©! = (HW!, &!), we take O} = (H; V!, ®') and
O = (HyW!, ®'), where Hy, Hs is a pair of singularly perturbed operators.
They arise as a pair of self-adjoint extensions of the symmetric restriction
H to the domain Dr, where I' < Q is the zero set with respect to the
spectral measure of the operator Q:

me%%w:avmm&mmm

3.6. The method of rigged spaces. Quite often, the conflict struggle
arises between rather close, almost identical living conceptions. This kind
of proximity can be accurately described in terms of singular perturbations
of the general free Hamiltonian. Then, as in the real situation, each ad-
versary will have its own Hamiltonian, which determines the strategy of its
evolution in time.

Let us describe this approach in more details.

Let H be a strongly positive self-adjoint operator in a Hilbert space H
and

H_2H 23Hy =DomH
denotes the associated rigged (equipped) space (for details see [9]). Here =

stands for the dense inclusion. This rigged space is only some part of the
so-called H-scale of Hilbert spaces,

H p 29H=Ho 2 Hyp =DomH*? k>0,

The concept of a singular perturbation first appears in physical consid-
erations (see [3|) related to the problem of the expression

—A+ X, \e R!,

where —A is the Laplace operator, and § stands for the Dirac delta func-
tion treated as a singular one-point potential. The corresponding linear
functional

I59) = 0.8 i= | Sap(@)e(@)de = plan), € CRY

is singular in Lo(R3, dx) since its null set ker(l5) creates a dense domain
in Lo. In an abstract approach, the singularity property was extended to
quadratic forms in the rigged spaces.

Definition 3.6.1 ([33]). A positive quadratic form ~(-,-) on H is called
singular in H if for each W € H there exists a sequence ¢, € H such that
pn — W and Y[pn] = Y(pn, pn) — 0 as n — 0.
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It is clear that a quadratic form ~ is singular if its null set

ker(y) = {p € Hy| ] =0} = Do
creates a dense domain in H, i.e. DS = H (cl = closure). Thus, v contains
practically unobservable physical information.

Despite this “almost zero information”, singular quadratic forms can exert
a strong physical influence on the H Hamiltonian. In particular, singular
quadratic forms can carry singular perturbations H, which significantly
change the behavior of evolutions in time.

Let v be fixed and its null set ker(y) = Dy be dense in H. Then the
restrictions

H := H|Dy

defines some symmetric operator in H. We assume that its deficiency in-
dices are equal and nonzero:

nt(H) =n"(H) # 0.

The family of its self-adjoint extensions
{H =H" | H|p, = Hp, }

represents all possible candidates for a singular perturbed operator. The
resolvent of each operator H allows an explicit construction according to
the so-called Krein’s formula. We will give only the most famous sample of
Krein’s formula: N N

H™'= H,' + BPy,,
where P);, denotes the orthogonal projector onto the defect subspace Ny
of H, and B represents the extension parameter. It is some self-adjoint
operator in Ny. Above Hp denotes the Friedrichs extension of H which
often coincides with H. Depending on the operator E, the corresponding
singular perturbed extension H can have many new spectral properties in
comparison with the original H.

We note that each operator Bis closely connected with singular quadratic
form . Since it is usually assumed that ~ is continuous on ‘H there exists
the associated bounded operator B, : Hy — H_. And all B in fact is
also obtained using some singular quadratic form «p in the rigged Hilbert
space.

It is important that all operators H are the same on the dense in H
domain Dy. So, one able to consider the conflict dynamical system with
many, m > 2, opponents. Every of them will have its own strategy of
behavior in a form of the operator H;. Thus, for any family of self-adjoint
extensions {H;}!", defined by the above formula,

H7'=Hz' + B, Py, (3.4)
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we have
H,Y =HVY, UeD,.

This fact causes a certain uncertainty of the evolution in time of arbi-
trary vectors W € H, if they are interpreted as the states of some biological
system. Since the singular perturbation is located on a very small, in the
physical sense, set, we denote it I' (for example, at a single point, as a delta
potential, or on a fractal that has zero Lebesgue measure), it is difficult
to take into account, it is not visible. From the point of view of biological
essence, this kind of violation does not exist. But nevertheless, different
elements of the biological population under the influence of a singular influ-
ence choose different strategies of behavior corresponding to Hamiltonian
among the set {ﬁ }. Thus, any singular perturbation can be interpreted as
the cause of the splitting of the behavior of the biological population into
different branches of evolution over time with subsequent confrontational
struggle between them.

So, if we fix some family of self-adjoint extensions {H;}[",, m > 2 and
associate to each H; some kind of “society” (as a linear set of vectors D;
from H), then its evolution admits description similar to the previous ones
for a couple of players. Thus, we have the Theorem of conflict for a complex
system with many opponents fighting each one against all others.

Theorem 3.7. For V; € H, i€ 1,m, put u;i(-) = (Eq(-)¥;,V;) and de-
fine the “mean field” measures v;(-) = ﬁZk# pg. Consider the conflict
dynamical system with trajectories

*, &
{1,y —— A, i}, £ 20
produced by formulas

d
%:U‘z @t 777,7 ,U’? = M, (35)

where ©F := (H;'WL1/(m — 1)), ., Vi) with H; defined by the Krein
formula (3.4) cmd M = Ny, + N5 18 the occupation measure for a couple
Wi, Vi. Assume that all differences

~ ~ o
Dii’ = BZ — Bi’7 1,1 € l,m

are compact operators. Then, under some pure technical additional as-
sumptions on the family p;, for each A € B there exist limits

p(A) = lim (D), pf Lpg, it i

That is,
/‘go = w;_ / Ruwis
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where wj/zwi denotes the mormalized positive component of the Hahn-
Jordan decomposition for family of signed measures w; = p; — v;.
In particular, for the vectors W' := K‘l,uf we have convergence in the
strong sense:
lim U! = 0,

t—00

where all vectors ¥* := K~1u® are orthogonal in H.

One may consider the family of the limiting vectors {¥}!”, as the
equilibrium state for the starting conflict system.

The proof of this theorem faces new difficulties due to the fact that
in (3.5) the functional ©F is not the same for all components, but depends
on H;. Besides, it is necessary to coordinate the procedure of the Hahn-
Jordan decomposition for family of signed measures w;. In application this
decomposition means the separation of the common living territory between
alternative players.

We recall that according to the well-known Hahn-Jordan theorem [13],
there exist two kinds of decomposition connected with a signed measure
of a view w; = p; — v;. Namely, for the set, €, = supp(w;) and for
Wi, Wi = wf — w; , where measures w;r and w; are orthogonal. The first
decomposition has a form

7 )

Q=21 9

+ .
where Qw? = supp(w; ). That is

2% =2

and where the positive and negative components w
nition as follows,

Wi (A) = Vary(wi, A) := sup w;(4A),

(2

+

., w; are uniquely defi-

A'CA
w; (A) =Var_(w;,A) = fAi/anwi(A’), A" A eB.
This theorem states that
H(A) = uP(A) >0, fACQ.,
pi(A) — 0, fAcSQ -

The set
Qu,,.. v, = USUPP(%'TZD
i
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naturally to treat as the common living territory for m players associated
with vectors Wq,...,W¥,,. Due to conflict transformation,

Q,,+ = supp(w;") = supp(u;”),

and therefore the set Qy, v
without intersections:

m
i=1

was separated into new family of regions

m

7

Thus, the conflict is resolved since there appears the equilibrium state

£,..., Uy described in terms of the associate limiting measures:
t 0 _ , ,t
H1 , p = wi /2
* . 0 w0 -/
: - : ) pi Lopgrs i
t © _
Hn Hin = Wi/ Za
where

supp(p;”) = €+

The last equality shows that every measure u;* is concentrated in region
of the initial absolute domination of u; over all u;, i # 1.

On this way we may consider a model of an abstract society represented
by two conflict clusters of vectors S = S;|JS2. Each subsystem Si,.S2
contains a finite number, mq, mo, of players represented by unite vectors

v, e S Dy cD(H), &y € So Dy D(H).
Then there appear two clusters of the associated probability measures:
pi(-) = EQ()¥, ), ¥ € Dy, k() = (EQ(-)®k, Pk), Pk € D2
and their “mean field” alternative variants

ﬂizl/mgzyk, Dkzl/le,Uz
k i

Theorem 3.8 (Conflict between two clusters of opponents). All trajecto-
ries of the conflict dynamical system

0 0 0 0 * 1 t t t t
{Hl,...,uml, V17"‘7Vmg}—){ul7"'7l"bm17 Vl?"‘7Vm2}7 tZO,
generated by formulas of type
d d
ki = O =, TV = O — 1l

converges to a fixed point (an equilibrium state):

a0 o0 a0 o0 a0 o0 .
{1,y V1 s Vms b wio L v, Vi k.
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3.9. Towards physical examples. Let H denote the Hamiltonian of some
physical system of some elements (particles) with +/— charge or +1/ — 1
sign of spines.

Then subspaces D; < D(H), i = 1,2 differ due to chosen priority with
respect to positive-negative charges or right-left sign of spins.

At starting time moment there are many vectors ¥;, &5 with the mixed
distribution along an above physical property. The conflict interaction bet-
ween possessing to one of them produces the separation all mixed states
into two orthogonal subspaces:

H =H1 D Ho.

The close pictures appear in the Ising model describing the behavior of
nuts in a lattice of magnetic dipoles with +1 or —1 spins, as well as in po-
tential theory which deals with the existence problem of minimizing signed
measures supported on a condenser A = A4 [ JA_.

Else one example gives a model of quantum harmonic oscillator. Let

H = Ly(R',dzx), H=1/2m(Q*+ P?, Q=~=z, P =~idldz.

The operator H has the discrete spectrum:

He; = \e;, i = (i+1/2)hw, w is the oscillation phase,
where

ei(r) ~ exp(—z?/2)H;(z), H,(z) are Hermite polynomials.
In the simplest case we consider the system {¥, ®} with two unit vectors,
U, ®eD(H):

e}

0
U = Zaiei, D = Zbiei, ai,bieC,
j= =0

=0
W) =>pi=1=>ri=[2), pi=lal>, ri=][b
i 7

The conflict interaction between W, & deforms their free dynamics given by
the Schrédinger equation. The problem of “right” redistribution of starting
priorities along the spectrum we write in a symbolic form as ¥¢x®!? In other
words we regard W, ® as opponents whose projection weights (amplitudes)
pi, T; on e; show their priority relations with respect to eigenvalues \;.

Let us separate all basic oscillators e; into two subsets Dy, D¢ using the
priority domination produced by ¥ and ®:

elep\l/aleEN‘I/:{Z|pl>r’b}a
ey € Dy, if ke Ny = {k | r, > pi},
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where recall, p; (r) is a probability to find ¥ (®) in a pure state e;, (eg).
Now we are able to define the occupation discrete measure (¥, ®) = n:

_ {pi, ifpi <m
N =

— (PO
n = (Ni)i=o; v i < g

We assert the existence of an equilibrium limiting state for such conflict
dynamics at discrete time. Namely, by the Theorem of conflict there exist
the limits

lim p! = p® lim ri = r®
tﬁoopz P, ST k

such that p}” =0, 7€ Ng, 7> = 0, k € Ny. The system {¥®, ®*} with the
limit vectors

o] 0 0 0
v = Z a; e;, O = Z b; ek
€Ny keNg

creates a fixed point, U® 1 . It is easy to see that this equilibrium state
is extremely unstable.

4. CONNECTIONS WITH POTENTIAL THEORY

In this section, we are going to substantiate our idea about the connection
between the well-known Gaussian minimization problem in potential theory
and the existence of a limit state of equilibrium in conflict theory. In other
words, we want to show that the minimizing measure in the potential theory
as the equilibrium charge on the capacitor essentially coincides with state
of compromise redistribution in dynamical system of conflict (DSC). To
formulate our goal in more detail, we need additional preparations.

But at first we recall shortly some facts from the classical theory of
capacities of compact sets [12,38| following the papers [41-45|. This theory
was initiated by Wiener and developed by many scientists, we remind only
Frostman, Riesz, de la Vallee-Poussin. The modern notion of inner and
outer capacities was originated by Cartan. He observed that the cone of all
positive measures on R? with finite Newtonian energy is complete in the
energy norm. The using of the strong and the so-called vague topologies
enabled Fuglede to extend a theory of capacities for measures on a locally
compact space X for positive definite kernels x on X. Ohtsuka developed
this approach for vector-valued Radon measures u;,i € I on X, where
dim I < oo.

The last fact is important for application in theory of dynamical systems
of conflict when we want to study the models with an arbitrary amount of
opponents associated with vectors ¥;,7 € I in a Hilbert space H of type
Lo(Q, dEg(x)) with Q = X < R" where @ is so-called the position operator.



Theory of dynamical systems of conflict 863

In [45] was developed and investigated the theory of inner capacities and
inner capacitary measures and proved a series of theorem on convergence
of above measures and their potentials for monotone families of sets. We
used some results from [45] to prove Theorem 4.1 (see below).

Let M, M™ denote the sets of all signed and positive measures on X,
and M7 (X) denotes the set of all probability measures on X.

Let G(z,y),z,y € X be a positive definite kernel on a locally compact
Hausdorff space X. For a given kernel G the function

Ug(z) = G(o, 1) = JG(%y)du(y), pe M

is called the potential of a measure pu and the value

Ecly] = G, p) := ﬂG(w,y)du(ﬂf)du(w

is its energy.
Consider a compact set K < X. Given G and a compact set K < X,
the value

. -1
o(K) = capg(K) = [inf{Eg[u] : pe M{(X), u(K)=1}]
is called [1,12,38] the interior capacity of a set K with respect to G.

The capacity of the set can be defined in another way [1] in terms of
smooth functions,

c(K):= inf{HgoH%br i peC, (@) =1on K},

where H . means a positive Hilbert space built on a given kernel G (in fact,
it is some Sobolev space).

One of main results of the potential theory asserts that under rather
wide assumptions on a set K there exists the so-called equilibrium measure
v € M™ supported on K such that

c(K) = Echl] = |l
and
Ul(z)=1, VzekK,
where | - |3, denotes the norm in the Hilbert space associated with G.
Further we assume that X € R" and that a kernel G is perfect in the B.
Fuglede’s sense [18]. In particular, G(z,y) is a symmetric and lower semi-
continuous. So, using the notation from [45], we may put G(z,y) = k(z,y),
where k(z,y) denotes one of the perfect kernels of type:
— Newton
Ii(ﬂj,y) = ‘x - y’2in’ n = 3’
— Riesz
e, y) =z —y[*" 0 <a<mn,
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— or general Green ones
k(z,y) = gr(z,y), I <R"™

For given strictly positive definite kernel k on X we define the Hilbert
space H, = Hy by the standard procedure of compactification and fac-
torization of the linear space from signed measures M(X) with the inner
product

(w1, w2)p, = k(wi,w2)

and the norm |w| = 4/k[w].

According to [45] there are various ways for solution for “the problem
of minimizing energy integrals over various unite charge distributions” on
a set K with a presence of an extreme field. This problem is frequently
referred to as the Gauss variational ones.

In particular, for arbitrary K < R™ and the kernel x denote by M™(K)
the cone of all positive measures p concentrated on K and which have finite
energy Fy[p]. It is known that this cone is strongly complete in the norm of
H,. Then for any K < R"™ with finite inner capacity ¢(K), there exists the
equilibrium measure g which is uniquely determined by the two relations

klyi] = Iy, = e(K),
k(z,yx) =1 on K.

It is remarkable that similar kind of the result is true for a set K which
is replaced by the condenser of a view = Q_ [ Q4 and instead of positive
measures u need to take signed measures w. In the simplest reading, the
solution of the minimizing problem meant that for wide kind of sets of type
a condenser with finite k-capacity there exists the signed measure

Y=+ — - € M(Q), (4.1)
Vi € MFT(Qy), v— € MT(Q_), such that
Eq[y] = 6(7,7) = cx(2), k(z,v) =1 -~ — almost everywhere.

Here ¢4(€)) denotes a capacity of the condenser Q with respect a given
kernel k(z,y).

Our hypothesis is that the minimizing measure v may be constructed as
the limiting distribution in the DSC. In a symbol we are going to write (see
below Theorem 4.1)

1Y = Y+ pE =,
with v, and y_ defined as follows:

Jim (g« pip} = {p, p,
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where * denotes the conflict interaction in the space of probability measures
on . In other worlds it means that the measures u!y, p'; corresponds to
two alternative opponents A, B after the conflict interaction at the time
moment ¢ creates a sequence of signed measures w’ which converges to the
minimizing measure v under a fixed condenser 2. That is, the conflict
interaction mapping * have to be constructed with using the kernel &, and
we extend our considerations to construction of the DSC in the Hilbert
space H, with the inner product

(wr w2, = f (2, ) d(wn @ wa) (2, )

and the norm
lwlz, = v E(w,w).

So we formulate our intentions in the form of a theorem, although we do
not have a complete proof of it today.

Theorem 4.1. Let H,Q be a self-adjoint operators in Hilbert space H.
Assume the spectrum Q is absolutely continuous, 0(Q) = o4c = X < R,
n =1, H is strongly positive, and its inverse has an integral representation
in La(0(Q),dEq(z)) given by a kernel:

(H1W, @) = (1w, 10) Ly(0(Q) dEq (z) = J o K(z,y)dpw (z)dpe (y),

where
pu() = (EQ(1)¥,¥), pa() = (Eq(-)®,®)
and the associated with H~' integral kernel r(z,y) is perfect in sense Fu-
glede (see [18]).
Let H, Hg denote a couple self-adjoint extension of the symmetric ope-
rator
H:= HDO, DO c D(H)

which has a nontrivial deficiency indices n™(H) = n~(H) # 0. These
operators, Ha, Hp, are corresponded to the Hamiltonians of two opponent
sides, A and B. They admit interpretations as the strategies of the dynam-
ical behavior.

Let the DSC' associated with Ha, Hp is fized by a number of components
ma +mp =m < o and a decomposition of o(Q) = Q into some kind of
condenser:

Q:Q_UQ+, O = U Qj, O, = U Q,
jEN_ €Ny (4.2)
N_={1,...,mp}, Ny ={1,...,mu},
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such that
QdﬂAd @, i # ]

The states of this DSC' are consisted from a set of m vectors

{U} € D(Ha)}ien, , {®% € D(Hp)}jen_
which change
(o) {oie)
@2 @54’1 ’
in the discrete time t = 0,1,... in accordance with the law of conflict

interaction = given in the terms of associated measures:
1y, (A)(1 4 0") —ni(A))

t+1 A) =
v (&) 1+ + Wi ’
(4.3)
t t t
1) _ P (B0 56 i (2)
®j 1+ 60+ Wi ’
where A € B,
iely,jelp i J

and where the occupation measures n(-) and 775() are defined under as-
sumption that every €); is a set of absolute domination for pw, in the sense
that:

My, (A/> = Z/Z'(A/), VA < Q;, (45)
and similarly every ;, j € Ip is a set of absolute domination for pe;:
Ho; (A/) = VJ(A/)’ VA’ Qja (46)

where measures v;, vj are defined as the “mean fields” created by the opponent
sides:

vi(A) =1/mp Y pa;(A) +1/(ma—1) Y p, (A

jelp k#1
vi(A) =1/ma Y pu (D) +1/(mp —1) Y pa, (A).
i€l k#j

That is, m;(-), nj(-) are defined as it was described in Subsection 3.4 starting
with signed measures w; := [y, — v; and w;j = Ha; — Vj.

Then the minimizing problem for above fixed condenser Q@ = o(Q) of
view (4.2) with above assumptions (4.5) and (4.6), admits unique solution
Yo in the following space of probability measures

ML(Q) x ML(Q) ==
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= {:u\I/Z? H‘I)jallli € D(HA)u(P] € D(HB)) H\I”LH = Hq)]H = 1}

In particular, it means that there exists the trajectory of DSC that converges
to the equilibrium signed measure g = vo_ + va, where

= lim =
t—o0 2 qu ’ tli{glo Z MCD
i€l Jelp
Here we represent only some arguments for proving of the above theorem.
At first, we remark that in according Theorems 3.5 and 3.7, there exist
limiting measures

o0 . t o0 . t . .
=1 . =1 ., €ly,j€Ip,
Ky, tg& Ky, He, ti{%lo He, tela, ] € 1B
which are supported on the corresponded subsets €2; or {};, respectively.

The last fact follows from assumption that for every starting measure py,
or ug; the set (); or respectively {2} is a set of absolute domination:

py, (A" = v (A, VA" < Q,
pa; (A") = vi(A'), VA" < Q.

By this, the values of occupation measures n;(A’), n%(A’), which, we re-
call, estimate the “intervention strength” of opponents and the “strength of
competition” with ufpk, k # i and '“f?k’ k # j, respectively, on sets €);, €1,
converges to zero with ¢ — o for any A" < Q; and A’ < Q;. And vice
versa, by the same reason of absolute dominance, values of all measures
pg, (A") and ,ufpj (A') goes to zero when A’ did not belong to Q; and Q;,
respectively.

Note that 7,(A) has a similar but opposite meaning, it evaluates the
strength of occupation of another opponent which is represented by p on a
set A, where now v has absolute dominance.

Here it is worth recalling the property of absolute dominance in the
abstract case. Consider a couple of probability measures u,v € M™*(X),
i # v. Assume that for some A one of the measures p or v has a local
priority with respect other. It means that for any Borel A’ € A following
inequality is fulfilled:

pA)Ev(A)  or p(d) < v(A).

Using this tool we introduce on of the main characteristic of an opponent,
its dominant territory as the maximal subset where one of above inequalities
are fulfilled. In the case of two measures, this problem has a solution in
terms of the classical Hahn decomposition for the charge w =y — v.

In the theory for conflict dynamical systems with many alternative op-
ponents associated with an arbitrary family of probability measures {u;}
on the measurable space (€2, B) there appears a similar task as a part of the
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equilibrium states problem. Importantly that supports of limiting measures
corresponding to the equilibrium state just coincide with subsets from de-
composition of €2 into the maximal regions of dominance for each measure
; over all others in the sense, u;(F) = ug(F), Yk # 1.

We assert that under fixed integral kernel x constructed by a suitable
operator H, the minimizing measures ~; for each subset {2; admits construc-
tion among a family of the limiting measures ;;° which appear in DSC with
arbitrary sets of starting opponent components m = m4 + mp < 0.

It should be noted that above the decomposition (4.2) was originally
fixed, while in theory the complex systems composed with a family of m > 2
advisories, say A, B, C, ... which are associated with probabilities measures
Wi, © = 3 on a space (2, B) the analogous decomposition

0= o
=1

appears as result of long fighting. Here Q;r is not unique and dependents
on the starting relations between measures p;. Therefore, it coincides with
the union of all subsets of absolute dominance for one of the opponents.
Equivalently, this means that every p; exceeds all other measures in the
sense that

pi(F) = ue(F), Vk+i, YFcQf[)B.

Although the same set also appears as support of the limit measure p°.
In fact, it is a nontrivial problem to generalize the above kind of decom-
position for a case of several opponents. From the one hand side it may be
performed using the classic Hahn-Jordan decomposition for each couple of
measures [i;, ¥; which define a signed measure w; = pu; — v;, where

vi:=1/(m—1) Z -
k#i

The difficulties connected with a fact that p;(F) > v;(F') does not imply
that p;(F) = pk(F) for k # i and therefore the set of absolute domination
for p; in general is less than a positive subset of w;. So we need to extend the
classic Hahn-Jordan decomposition into positive and negative components,
w = w_ + w4, on the case of multipolar expansions for a family of signed
measures: wjk = [tj — fg, %k € [1I,m],m > 3. On the other hand in the
theory of DSC with many opponents, this problem is closely related to
the problem of finding equilibrium states and the limiting redistribution of
resource space as a result of the conflict interaction.

4.2. A case of conflict interaction between a finite number of ab-
stract societies. Let A;, i € 1,m denote m > 1 abstract societies living
in the resource territory {2 < X, which is a compact set in R”. Match each
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A; with a set of some individuals. Mathematically, this means a family of
vectors ¥, a; € I; < o0 in the Hilbert space H or probability measures
L, € M7 () associated with the vectors ¥, in the spectral representation
of the position operator @ with o(Q) = Q. We assume that each A; has
priority in some region 2; < {2 of the resource area. In other words, €2;
denotes the domain of absolute dominance for the family of measures jiq,:

Y = up{pe M{(X) | pa,(E) = pro,(E), VE € F, Yk # i}.

Let {A;,Q = J,; i, *} denote the dynamical system of conflict between
abstract societies A;. Here % and corresponds to the law of conflict inter-
action and controls the behavior of trajectories in terms of vectors \1ng or
measures ,ugi, t =0,1,... The mathematical definition of % depends on the
specific real model. In general, in what form this mapping is implemented,
the question is open. It can be constructed similarly to formulas (4.3) with
additional terms corresponding to the division of the entire system into clus-
ters. The question about the form of the energy functional ©f, see (4.4),
is especially important since it is defined by some Hamiltonian H whose
inverse H—! and its quadratic form (H~!- )3 is used for construction of
the integral kernel kg (-, ) = k(+, ). The question of the form of the energy
functional ©F, see (4.4), is particularly important, since it is determined
by some Hamiltonian H, the inverse of which H~! and its quadratic form
(H=1. )% is used to construct the integral kernel kg (-,-) = x(-, ).

Thus, under all technical assumptions about the structure of the resource
space 2 = [ J; Q;, as a generalized condenser, the kernel kg, and the prop-
erties of the potential function k(z, ), where the measures of p we take
from M7 () (for details see [41-45]), we can formulate our hypothesis in
the form of a theorem as follows.

Theorem 4.3. The minimizing measure yo = Y, ~; for which

k(12,79) = Ihel?  and k(%) = cn(),

where ¢, () is the capacity of the set ; can be defined among the family
of limit measures p° that arise in the above-described dynamical system of
conflict with arbitrary sets of starting combinations p; € M;(Q).

It is important that the minimizing measure vq as an equilibrium state
of the conflict system allows approximate construction using iterative se-
quences according to formulas of the type (4.3).

Finally, we note that an essential technical trick in the proof of the above
theorem is based on the notion of inner balayage for measures in the sense
of the following definition [45].
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For the set ; < ©, the inner balayage % ue M*(Q) is defined as the
measure with minimum energy x(v, ) in the class

ré = {ve MY Q) | k(- v) = k(- 1) on O},

i.e.
|u)? = min [v|.
Vel u
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Posmupeni Mo>KJIMBOCTI aHAJIITUYIHOL
MEeXaHIKW CYI[IJILHOTO CepeIOBUIIA

0. C. JIumapuenko

Abstract. Advanced potentials of analytical mechanics of continuum me-
dium and sources promoted the appearance, development and high achieve-
ments of this direction of research namely in Ukraine are under discussion.
We traced connections of this direction with D. O. Grave and his follower
M. O. Kilchevsky. We shortly state and show by examples new elements
of this approach and its advantages. It is shown that similar research are
developed now in Ukraine.

Amnorarisi. O6roBoprOIOTHCS PO3IIMPEH] MOXKJIMBOCTI AHATITUIHOT MEXaHIKHI
CYIIJIBHOTO CEPEJIOBUINA 1 JKepeJia, sKi CIPUSIN BUHUKHEHHIO, PO3BUTKY 1
BUCOKHM JIOCSITHEHHSIM TAKOT'O HANPSIMKY JIOC/i/IKeHb came B YKpaiui. Bin-
CTEXYIOThCS 3B'SI3KM IHOr0 HAIpsiMKy gociimkens 3 JI. O. I'pase i iforo
yaaem M. O. KinpueBcbkuM. CKOpPOYEHO BHKJIAJEHO 1 MPOLTIOCTPOBAHO HA
Pl TPUKJIAIIB HOBI €JIEMEHTH TAKOrO Mifaxoy i itoro mepesaru. [lokazano,
1o 1o/1i0HI JOC/TIIZKEHHSI 1 JIoTernep pO3BUBAIOTHCA caMe B YKpaiHi.

Bceryn

IIpu BuKIadeHHI TEOPETUIHOI MEXAHIKKM Ta JEeAKUX PO3ILIiB (isuku 1me-
PEBaYKHO aHAJITUYHIA MEXaHIIll BiIBOIUTHCS POJIb JEAKOIO arnapaTa, KUl
10 AHAJIOT1 3 APYTUM 3aKOHOM HBIOTOHA TO3BOJIAE OJepKATH MATEMATHIHY
MOJIeJIb CUCTEMHM Y BUJISIII JudpepeHiiaabHuX piBHsaHb. CrenudiaHo 0co-
OIMBICTIO METO/IIB AHAJITUIHOI MEXAHIKM € Te, IO Ha MPOCTUX IIPUKJIAIAX
yCi TIepeBarm Takoro IiJIXOAy He PO3KPUBAIOTHCHA, IIPOTe HAJIMIPHA T'POMi-
BIKICTh 1 CKIaJHICTD MatoTh Micie. OCKIJIbKY y 3BUYANHUX BHUIIIBCHKUX
Kypcax OOMEXKYIOThCS CaMe TAaKUMU MPUKJIAJIAME, TO 3arajibHE BPAXKEHHS
BiJI METOJIIB aHAJITUYIHOI MEXaHIKH 3aJIUIIAETHCA TaKe, 10 el miaxim He €
KOHCTPYKTUBHUM, & € JIUIIE MEeTOIUIHUM. B GibIocTi BB MeToau ana-
JITUYHOI MEXaHiKM CYIJIbHUX CEPEIOBUII B3araji HE BUBUYAOTLCd. Kosm
M. O. KisbueBcbKOMY B pi3HUX OOTOBOPEHHSIX IIIOJI0 METOIB aHAJITHIHOL
MEeXaHIKM Ka3aJIH IIpo MOAiOHy 0OMEXKeHiCTh aHAJITUYHOI MEXaHiKHU, TO BiH
qacTo BkKUBaB Bimomuit adopusm . I. Menneneesa «HadTa ne manuso,
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ONAJTIOBATH MOXKHa I acurHamigmmy. B poboTi Oymae maHO onmmc posIrupe-
HUX MOXKJIMBOCTEN METOJIIB aHAJITUYHOI MEXAHIKU CYILIBHUX CEPEJIOBUII B
TEOPETUIHOMY i KOHCTPYKTUBHOMY HAIPIMKaX.

1. MukoJiA OJEKCAHAPOBUY KIJIbYEBCHKUM, 1909-1979

Meni nomacruio 6ytu acmiparTom akageMika AH YPCP Mukoau Oge-
kcanyposuya Kinsaescobkoro. Ilin vyac nasyannsa B KuiBcbkomy yriBepcu-
TeTi BIH MEHI He YUTaB JIEKIIil, ajie 3a IIiIKa3KO0I0 JIOCBIIYEHUX JIOIEHTIB Ka-
denpu TeopeTHIHOI MEXaHIK!, Ha AKiil sT IPOXOIUB CIEIlaIi3alliio, 1 I03Ha-
womuBcs 3 M. O. KijibueBcbKuM 1 mic/ist KOPOTKUX OOrOBOPEHDb 1 YTOYHEHD
TeMU JATIJIOMHOI POOOTH caMe i HOro KEPiBHUIITBOM sI IIPOBIB TOCIIiI>KEH-
He 331291 PO iMITyIbCHE 30YPEeHHS PYXy CTUCIUBOTO a3y B IMIIHIPUIHIH
kamepi. B xomi nBox 3ycTpideit 3 HUM s O/ep2KaB MPOIIO3UII0 BCTYIUTH
0 HBOTO B acuipautypy. Jlis Mene Oyo fUBHUM, aJie MOHANMEHIIE 11’ ITh
ocib 3 yuiBepcurery i 3 [acruryry mexaniku AH YPCP szacrepiramo mene
Bix BCcTymy B acuipanTypy came jmo0 M. O. KinmsueBcbkoro. Aje st moobi-
8B, Tepeios Ha pobory B Incruryr mexaniku AH YPCP, Berynus 1o
acHipanTypu, JOCTPOKOBO 3aXUCTUB KAHIUJIATCHKY JUCEPTAIIO 1 HIKOJIN HE
mkoayBaB 1o mirmos npamoBatu came 3 M. O. KinsaeBcbkum. Criogarky
M. O. KinbueBcbKuii MpOXOJIOMHO 10 MEHe BiTHOCHUBCH, MPOTE IIPOEK3a-
MEHYBABIIIN» MEHE 10 Psijly MUTaHb (HAYKOBUX i 3arajlbHUX) CTaB BiTHOCH-
THuCs OibIN TpusizHO. Ha Moe mpoxaHHsi BUSHAYUTH MEHI TeMy JTUCePTaIlil
BiH BIiZIITOBIB, IO AypPHIM BU3HAYAE TEMHU CaM, & PO3YMHI IIe MaIOTh POOUTH
caMOCTiltHO. Yepe3 THKIEHD g 3aIIPOIOHYBAB TEMY, SKY BiH CXBaJIUB, X044
Bi/IMITUB, IO OYiKyBaB iHIUN HAIPAMOK. Tak g cTaB 3afiMaTuCd 3aada-
MU AUHAMIKA KOHCTPYKINH 3 PIAMHOIO 3 BIJIBHOIO IOBEPXHEIO, ITPUUOMY 3
IepImxX KPOKiB B CyMicHI# i B HemiHilHI# mocTtanosmi. HammM Gecigam He
Jiaie 3a TeMoro Mo€l pobortu cupusiiio Te, mo b. €. Ilaron, skuit cam ciy-
xaB Jieknii M. O. Kisbsuescbkoro, nanpasiisisB Mukosi OJjieKcauapoBudy Ha
€KCIIePTU3y MPOEKTH BCIX «BIYHUX JABUTYHIBY 1 «Oe3iHEpIIHUX PYIIiiBY, AKi
maaxoamm 10 Ilpesunii AH YPCP. 3azsuuait M. O. Kinbuesckuii naBas
10 Yep3i TaKi MPOEKTH CBOIM aclipaHTaM, a IMOTIM YBaXKHO CJIyXaB ITiITOTOB-
JIeHi Bepcil BIITYKIB acmipaHTiB, YTOYHIOBAB 1X i 3a MimucaMu akaJeMiKa
Ta achipaHTa et Biaryk noepeprascst 10 Ilpesunii AH YPCP. Iloctymoso
s «HAOUB pyKy» 1 Maiike Bci Bifrykm nucas cam. IIpu obrosopenni Taxkmx
IpOEKTIB npibuuie He Oys0. 4 mimiaraB »KOPCTKil KPUTHIN AK 38 MaHe-
pu MOOYIOBYM pedeHb Ha HAYKOBI T€MHU, Tak 1 3a CTUJIb HAIMCAHHS. 3a IO
st 6e3mexkno Basianamii M. O. KijbueBcbKOMY: CTUJIb BUKJIAJIEHHST MaTepia-
sty BiH MmeHi npumenus. Yacro takoxx M. O. KinsueBcbKuit mopydas MeHi
rOTYyBaTHU BiATyKHU Ha aBTopedepaTn aucepTariii.
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M. O. KinbueBcbkuit He OyB 6u cobOI0 sIKOU I1ij1 9ac pi3HUX OOIOBOPEHD
TaKUX IIPOEKTIB 1 MOIX MOCJI?KeHb BiH OM He pOOWB ITOCUJIAHHS Ha CBiif
[IOTIePeIHI# JTOCBi, CBOIX KOJIEr i CBOIO HAYKOBY IIKOJIYy. 3 BEJIUYE3HOIO
BasguHicTIO BiH 3ramysas . O. ['paBe, SIKOrO BBAasKaB CBOIM KEPIBHHKOM.
Bragyroun mpo JI. O. I'paBe Mukoma OJieKCaHIPOBHY 3aBXK/IM BiI3HAUAB
Oro HAyKOBY 1 KyJIBTYPHY €HIIUKJIONEeINIHICTh. Bin 6yB HAyKOBUM eKcIep-
TOM TIO IMAPOKOMY KOJIY MHATAHb, 3aBXKIM 3BEPTAB YBArY Ha KyJIbTYPHUI
piBens criBpobitankis. Yuenumsa JI. O. I'pase T. B. Ilyrsita posmosinamna
mo ma ksaprupi JI. O. I'pase BinGysasiucs 3ycrpidi acmipanTis i criBpo-
OiTHUKIB, Ha AKUX OOOB’SI3KOBOIO CKJIAJIOBOIO OYyJIO BUKOHAHHSA MY3WYIHUX
napriit Ha dopren’sHo. Bimbm Toro, JI. O. I'paBe Mir ckasari mpuGIH3HO
HacTymnHe: «Barlre BUKOHAHHS ITHOTO TBOPY CBIAYUTH, 10 CHOT'OJIHI BU HE T'O-
TOB] JI0 HAYKOBOI KOHCYJIbTallil». To6TO BiH Yepe3 My3uKy 0a4uuB JIyXOBHHUIA
CTaH i CXUIBHICTD 10 TBOPYOCTi. Bin BumB BCix mo6puM MaHepaM, HOBUHKAM
KyJbTypHu Ta HOBuM morjsgam B Haymi. M. O. KimsueBcpkuit posmnosinas,
mo . O. fpaBe BCE YKUTTS BiJITOYyBaB CBOIO JIEKIIHHY MaiicTepHiCTh. 3
ITOCMIIIIKOIO BiH po3mOBizaB mpo omuH Meromuwunmii BuHaxim . O. fpaBe.
ITTo6 marosocuTH, 110 JeAKi BEIMIUHU B MaTeMATHUIl fI MexaHilli He € Ma-
JIMMHY, BiH MaJIIOBaB audepeHIial i JedKi BEeKTOPH Jiedb He Ha BCIO JOIIKY,
IIPU IILOMY BiH CHJILHO BJAPsB KPEHJI0I0 B TOHI ITOYATKy BEKTOpA, a II0-
TiM 4Yepe3 JIeKiTbKa KPOKIiB B30BXK JOIIKHU 3aBEPIIYBaB HOBUM yIapPOM IO
JOIII KiHelb BeKTopa. ToMmy, Koy iHKOIU OYyJI0 YyTHO 3HAYHUU IIIyM, TO
BCi 3 HOCMIIIKOIO KazaJm, 1o TypOysarucs me Tpeba, mpocro JI. O. I'pase
giitmoB 110 300pazkenus gudepentiaia. . O. fpaBe Kaz3aB, M0 Ha JIEKIIl
BUKJIa/Ia9 Ma€ OyTHu i 3HABIEM, i TIearorom, i aKTOPOM OJIHOYACHO.

Ha mouarky MuHYJIOTO CTOMITTS B MEXaHIIi OY/I0 /IBa MOTYXKHUX «CTPUO-
Kay: ImepBUHHE POPMYBAHHS aCUMITOTHIHUX METOMIB HEJIIHINHOI MEXaHIKHI
Ta Meperidl JesIKUX IOJIOXKEHb ILITHOI Ha TOoi dac Teopil obosionok. I1le
A. A#tamrraiin BKazaB Ha TEBHY CYIEPETHICTH TeOpil 0OOJIOHOK, sike GyJTo
[IOB’I3aHE 3 THUM, III0 KJIACUIHI METO/IM TeOpil 00OJIOHOK IIPUBOIUIN J0 €JIi-
OTUYHUX KPAHOBUX 33/1a9 3 HECKIHYEHNMU IIBUIKOCTIMU HOMIUPEHH 30y-
penb, a ¢izuuHo BiporimamMmu Majau 6 OyTu TinmepOOJidIHI TOCTAHOBKHU 3a-
Jad, AKUM IPUTaMaHHI CKiHYeHI ITBUIKOCTI mormupenns 30ypenb. Bimomo
npo kourakti JI. O. I'paBe 3 A. AHHIITEHAHOM 3 MUTAHD TEOPii BiJHOCHOCTI
(s He GauymB OMIIHiHOrO HiATBEP/IKEHHS IHOTO, HIPOTE OYJIN 3TaJKH PO
1e) i He BUKJIIOYEHO, IO §i IIUpIIe KOJIO IIUTaHb OOGrOBOPIOBAJIOCS HUM.
B KwuiBcokomy momitexnianomy imctutyTi B Ti wacu npamosas C. I1. Tu-
MoOIIIeHKO, sskuii B KoHTakTi 3 II. C. Epenrdecrom crBopus Teopito H6ajok i
000JIOHOK, KA B2KE MPU3BOIUIIA 0 CUCTEM PIBHAHB Till€pOOJIIHOTO THITY.
IIpore s Teopid, sgka BKJIOYAJIA IHEPIHIO 3CYBHUX PYyXiB mepepiziB mpy-
JKHUX TiJI, HE BUIVIAJIAIA CTPOrO0 MATEMATHYIHO OOI'DYHTOBAHOK. 3 TOYKH
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zopy M. O. KinpaeBcbkoro 1e OyJia Teopist, M0 BKIIOYAJIA JOJIATKOBY Me-
XaHIYHY TioTe3y, dKa He BUJIsaa a 6e310ranno oorpyaToBanon. Tomy Ha
novarky 30-x pokiB mumysioro cromitrs M. O. KinbueBcbKuii i HE3a1€2KHO
I. M. Bekya moJasu CTBOpEHHS HOBAX MATEMATHIHO OOI'DYHTOBAHUX TEO-
piit obosorok. Ak migcymoxk Takoi ycmimraoi pobotn M. O. Kinsueschkuit B
1939 porii 3axuCTUB JOKTOPCHKY muceprariio. Jepes cmeprs JI. O. I'pase
HayKOBUM KOHCYJIbTaHTOM I1i€l pobotu Buctynus [. dA. [Mltaepman. IlizHi-
me M. O. KinbaeBcbkuit 6yB 3aaydeHnii 10 BUKOHAHHS PI3HUX 0OOPOHHUX
3aMOBJIEHD, & MOTIM 30CEPEJINB CBOIO YBary Ha 3a/1adi Ipo JWHAMIdHE KOHTA-
KTHE CTUCKAHHS TBEPIAMUX TiJ, 3a 110 OyB Haropojzkenunii JlepkaBHOIO mpe-
mietro YPCP, a moriM mocsizoBHo OyB 0OpaHWil “JI€HOM-KOPECIIOHIEHTOM
AH YPCP i akanemikom AH YPCP. Kpim Toro M. O. KinbueBcbkuit 6yB
obpanwuit 1o ckiaay 6ropo Hamionanpraoro Komitery CPCP 3 Teopermanol
Ta TMPUKJIQTHOI MEXAHIKA, IO aBTOMATUYIHO BKJIOYAJIO MOTO JI0 CKJIay 3a-
npoIieHnx rocreit Ha 3acimanus Axamgemil mHayk CPCP, Ttomy Bim OyB y
KypcCl BCiX OCHOBHUX HOBUH HAyKOBOT'O KUTTS 1 MaB YMCJEHHI KOHTAKTHU 3
KOJIeraMU He JIUIIe 3 Y KpaiHu.

M. O. KinpueBchbKOMY HAJIEKUTH BUJATHUN JTBOTOMHMIA TPy YHUK 3 Te-
opeTtnvHol MexaHiku. g KHHUTA € He JIUIe KHUTOIO 3 TEOPETHIHOI MeXa-
HIKW, & € Ie # BUAATHOI poboToro 3 disocodil mpupomunyunx Hayk. B
90-1i poku s1 moszHaitomuBcs 3 akagemikom HAH Ykpainu M. B. Tlomosu-
geM, Bigomum dinmocodom, mosmitukoM. Bin posmnosigas, mo y cBol mMoJiomi
POKH YUTaB JIEKIIl 3 (pisocodil TpUpoI03HABCTBA CTY/IEHTAM, 1HXKEHEPaM.
OmHoro pasy micjs JeKIil BiH oep:KaB Bi JOCBIIYEHOrO CIyXada 3HATHY
MIOPIIi0 KPUTUKHU T4 HACTAHOBY, IO HOMY CJIiJT IPOYUTATH IiIPYIHUK 3 TE€O-
pernanoi mexaniku M. O. KijgpaeBchbkoro, 1mob BIOPSIKYBATHA CBOI 3HAHHS.
M. B. IlomoBuu posmosigaB MeHi, 1mo BiH OyB B 3aXBaTi BiJl I[bOTO HiIpy-
YHUKA | HABITb HE OYIKYBaB IO OJIEPXKUTH TAaKe JIZKEPEJIO JJIA TTOIAJIBIITIOTO
posyMinasg mpobstem. 1o Bxke KazaTu Ipo 3HAYEHHS IIHOTO I APYTHUKA JIJIsT
daxiBIiB-MexaHiKiB. XapaKTepHOIO PUCOIO IHOTO IiIPYIHUKA € BUKJIAICH-
HS MEXaHIKMA 9K CKJIaJIOBOI YaCTUHU IIPUPOJO3HABCTBA B IIJIOMY 1 MaTeMa-
TUKHW, & HE TIPOCTO iHxKeHepii, Mo 6e3yMOBHO 0yJI0 3pOOJIEHO i BIJIMBOM
pobit JI. O. I'pase [9,15].

Hagami M. O. KinbueBcbKuii MpuIiiuB OCHOBHY YBAry pPO3BUHEHHIO Me-
TOJIIB aHAJITHIHOI MEXaHIKM KOHTUHYAJIbHUX cucTeM. Bin 3i ciBaBTOpaMu
BUILYCTHB TP MOHOrpadii « OCHOBBI aHAJIMTUIECKONH MEXaHUKH 0D0JIOIEKY,
«JlekIuyu 1O AHAIUTHYECKON MeXaHUKe 0DO0JIOYEK», «AHaJIUTUYEeCKas Me-
XaHUKA KOHTUHYAJbHBIX cucTeM». POKu, cTan 3710poB’d Opajiu CBOE i CBOIO
nyOsiKaIiiiny aKTUBHICTE BiH 3uHu3uB. [IpoTe MeHi momacTuio mig gac Ju-
cenpanx 3ycrpiveit 3 M. O. KispueBcbKuM 00roBOpuTH 6arato HayKOBHUX i
HayKOBO-METOJIMIHUX TTPOOJIEM aHAJIITUIHOI MEXaHIKMA Ta, g IyMaio, BipHO
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3pO3yMITH HOro CTaBJIEHHS JI0 OaraTbOX €TAIiB Ii€l Teopil, OCHOBHI eTaru
AKOI s HaJIaJ I CIpoOyIo JOHECTH J0 YNTAYIB. 3BUYAHO IIi MTOJIOXKEHHS 3Ha~
YHOIO MIpOIO IepesIOMJIeH] Yepe3 Miif JOCBizg i MOe 3aCBOEHHS (CrIOiBAIOCS
He XubHe) TUX IpobIeM.

2. OCHOBHI ITEPEBATU METO/IIB AHAJIITUYHOI MEXAHIKN B 3AJTAYAX
PYXY CYUIJIBHUX CEPEJOBUIIL

Buknamennsa marepiany B 1bOMY PO3/Iiii IPOBOIUTHLCA HA OCHOBI imeit i
dopmymoarb M. O. Kinbuercbkoro, ajie B MOIil iHTepIiperarii i 3 MoiMu
OCYyJYaCHEHUMHU YTOUYHEHHAMU Ta JOTMOBHEHHAMU ¥ ITEPEBAXKHO HE HA OCHOBI
crareil, KHUYKOK, a HA OCHOBI Oecif mij 4ac KOHCY/IbTAIiil B Hepiom MOro
HaBYaHHA B acuipanTypi. ToMy 3a Bci HETOYHOCTI Ta HemOJIKHU Oepy Biaro-
BimaspHiCTBH Ha cebe.

Bapiamiitui npununu mexaniku OyBaioTh pisauMu. B ocHOBHOMY iX T10-
MAgI0Ts Ha 1Bl rpynu: audepeHiiaabHi Ta iHTerpasbui npuaimnm. Mix
00010 T[i MPUHIUNY MOMJAIOTbCA IK (HOpMOIO (DYHKITIOHAJIB, TaK 1 BU-
6opoM pPyXiB MOpiBHgHHA. TpPamuIiino BUNAIKU, KOJIU HE iCHYE (PYHKIT-
OHAJIIB, a € JIWIIle BapialliiiHi CITIBBIHOIIEHHS, HA3WBAIOTh BapialiitHuMu
npusimnamMu ymoao. M. O. KiibueBcbKuil 0cobuBy rimbumy 3micry 6a-
quB came y BHOODI pyxiB nopiBuanHg. BaraTopivuni mocitimKkeHHd B rajay3i
BapialiiHuX TPUHIMIIIB CBi4aTh MPO Te, IO HayacTille BUKOPUCTOBYE-
Thes Bapiamiianit mpuHun [amigbrona — OcTporpajchbKoro, SKuit 10 TO-
ro K € HalbIIbIT YHIBEPCAJBHUM | KOHCTPYKTUBHUM B ILIAHI OJEp>KAHHS
NpUKJIAIHUX pe3ysbrariB. Tomy Hamami B 1iit poboTi 6y1eMo OpieHTyBaTH-
cd Ha Ieil BapiaHT Bapiamiitnoro npuHiuny. Hacammepes cain BU3HaINTH
CITIBBITHOTIIEHHA MiXK cucTeMOI0 3aKoHIB HbioToHa i BapialiffHUMU ITPUH-
[IUIIAMU MEXaHIKA. 3HAYHA JaCTUHA JOC/TIIHUKIB BiIBOIATEL BapialiitHOMy
npunnuy ['amizbrona — OcTporpaicbKoro minopsIKOBAHUN CTATYC, CTaB-
JIg9u Ha 1epine Micie 3akoHu Hpiorona. B Ginmbrmocti mizpyvHukis 3 me-
XaHIKU JIOBEJIEHHSIM KOPEKTHOCTI BapialliifHOTO MPUHITAIY BBAXKAETHCA Te€,
o Bapianiituuii npunnun amisbrona — OcTporpajicbKOro MOXKHA, BHUBE-
ctu 3 piBHgHb HpbioTona (KopekTHime 3 audepeHIiaapHoro BapiamiitHoro
npunmuny Jamambepa — Jlarpamxka). IIpore me 3 wacis I1. Moneptioi mae
[IPaBO Ha KUTTH ¥ IHINA JYyMKA, 10 B TOOY/I0Bi OCHOBHUX 3aKOHIB MEXAHIKHT
Bapianiitui npuHmnu Ta 3akonu HeloToHa € ekBiBasienTHuMu [14].

Hait6inbpm moBHO OCHOBHI IepeBary BapialliifHMX MTPUHIAINB MEXaHIKHT
Oysm Buksazeni B [14]. B ocHOBHOMY BOHM 3BOJSATHCS JIO TAKUX BIIACTHBO-
creii.

1. TuapianTHicTb HOPMY/TIOBAHL BapialliiHUX IPUHIIAIIB BiTHOCHO Teo-
MeTpil BUBYaeEMUX 00JIaCTel, M0 CTBOPIOE 3HAYHI IIEPEBATY IIPU JOC/Ii IZKEH-
Hi 338729 3 HEKAHOHIYHUMU (HOpMAMU ODJIACTEH.
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2. BukopucranHg BapiallifHUX TPUHITAINB B MEXAHII CYIIJIBHAX cepe-
JTOBHII 3a0e3Ie9ye KOPEKTHICTh MOCTAHOBKH KpaitoBux 3ajad. Ilpu mbomy
KiHEMATWYHI TPAHWYHI YMOBU € HEOJMIHHOIO CKJIAJOBOIO YAaCTUHOIO pPea-
Jlizarii BapialifHUX MPUHIAIIB i MaloTh OyTH 3310BIIbHEH] 3a31aJerian, a
JUHAMIYHI TPAHUTHI YMOBH € IPUPOTHUMH I Bapiaritaux (popMyIioBaHb
zagad. Tomy dopma i KiTbKicTh TPAHHIHAX YMOB € HEBIJIIILHOIO CKJIAI0-
BOIO peaJsiiariii Bapiamiiimoro amapary. Bigemr Toro, meit anapar He Oyae
IIPAITIOBATH JIJIsT HEKOPEKTHO TOCTABJEHUX 3aJlad, IO BiJpa3y BUKJIMKAE
noTpeby B peBisil BuXimHOI TOCTAHOBKYU mpodseMu i, OiJIbIIT TOTO, BKA3ye Ha
Micrie, JIe s peBisist moTpibHa.

3. Bapiamiitai mpuHIUIT TPUPOTHUM YUHOM OMUCYIOTH PYX BCiX KOMIIO-
HEHT CHUCTeMHU Ta 11 B3a€MO/III0 Ha OCHOBI BJIACTUBOCTI aJIUTUBHOCTI eHepre-
TUYIHAX XaPaKTEPUCTUK. BapitoBaHHA NPU3BOAUTH A0 OJEP2KAHHS B aHAJII-
TUIHOMY BUTJISIJI CHJI B3a€MO/IIl Mi’K KOMITOHEHTAMU. AJIMTUBHICTD €Hep-
PeTUYHUX XapPAKTEPUCTUK JIO3BOJISE TTOETHYBATA MEXAHIUHI CUCTEMU 3 TTiJI-
CHCTEMaMU HEMEXAHIYHOI NPUPOJIN, HAIPUKJIA, 3 TEIIOBUMHU SBUIIAMU,
€JIEKTPOMATHITHUMHU TOIIIO.

4. OCHOBHI CKJIaJHOCTI METOIUYHOIO THILY, siKi TOTPEOYIOTH 3HAYHOI yBa-
M TpU 3aCTOCYBAHHI METOJIB PO3B’SI3aHHS 3aCHOBAHUX HA ITOCTAHOBKAX
3a/1a9 B JudepeHIiajibHOMY BUIISl, CTAIOTH CXOBAHUMU MpU (bOPMaJIbHIl
peastizariil aJirOpuTMiB BapiariifHuX MeTOMiB 1 JoJalThed Ha erari ¢op-
MaJIbHOTO BUKOHAHHS TEXHIKU BapirOBaHHSI.

Icuye Takoxx po3mMpeHHsT BapiaifHOrO MPUHIWIY Ha PEIATUBICTCHKI
CHUCTEMH, TIPOTE TYT MU He OyJIeMO aHAJI3yBaTH II0 TeMy. 3a3BU4Yail BBa-
2KaJtocd 110 caMe MM BUYePITyBaJIUC MOXKJIMBOCT] BapialliifHUX TPUHITAIIIB.
M. O. KinpueBchbKuii HAroJIONIyBaB, IO M'OJIOBHUM Y BapialliifHUX MPWHIHI-
max MEXaHIKU € He camMe eKCTpeMaJIbHEe CITBBiIHOIIEHHs, a BUOIp Bapiariit
3MiHHUX, pyXiB nopiBugaung. Haramaemo, mo B Bapiaritnomy npuaiuii [a-
MmisbToHa — OCTPOrpajchbKoro Bapialiil 3MiHHUX BH3HAYAIOTH PYXHU IOPIB-
HSHHS Ta OOMPAIOTHCS AK MOKJIMBI ITepeMileHHs J0IaTKOBO HAaIiIeH] BU-
MOTOI0 i3oxporHOCTI. OTXKE, B MACYMKY PYXU MOPIBHAHHS BU3HATAIOTHCS
TK

1) maJii mepeMilleHHsT TOYOK CHCTEMH,

2) ski B 3aanuit MOMEHT 4dacy (9Yac 3yIHuHEHO)

3) 3a0BOJILHSIOTH KIHEMATHIHAM OOMEKEHHSIM 3a/1adi (B’s35M, a y BU-
HaJKy CYIIJIBHOTO CePEIOBUINA IIe 1 IHIUM 0OMEeXKeHHSIM) 1 €

4) i130XpOHHUMH.

Omrxe, IyHKT 1) BU3HAUAE TEXHIKY BapitoBaHHs (DYHKI[IOHAJIA, IYHKTH 2)
i 3) BU3HAUYAIOTH XapaKTep 3a/I0BI/IbHEHHS B's13€il, & IyHKT 4) J03BOJISE Clie-
nudikyBaTu ekcTpemati. ['0/I0BHOIO Tpo6IeMOIO € 3BUYaiHO 38/I0BIIbHEHHST
B'aseir. M. O. KisipueBcbKuil B3araji BBaskaB, 10 «AHAJITUIHA MEXaHIKA
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€ Haykomo mpo B’a3i». Ha ocHoBi amasizy B’g3eil i IX MOpiBHAHHS 3TiTHO 3
HOro miIxoaoM MOXKHA 3po0uTH 6araTo KOPUCHUX BUCHOBKIB IIPO MTOBEIIHKY
CHACTEMU.

Hosuwm enementom, sikmit 6yB Bigznadenuit y 6ecigax i3 M. O. Kigsaes-
CbKHMM OyJIO BU3HAYEHHS MipU OOMEXKEHHS PyXy CUCTEMHU, sIKE HAKJIAJIAE-
Thest B a3samu. [lepemymoBoro € Bijoma Teopema [8] mpo 36ibiieHHs: 9acToT
KOJIMBAaHDb pHU HaKjaagaHHl B'a3eii. [[okarkemo Xim Takoro aHasisy Ha mIpHU-
KJIAZ pyxy pe3epByapa 3 pimmnoro. Bimomo, 1o cymicamii pyx pesepByapa
3 PiAMHOIO 3 BiJILHOIO ITOBEPXHEIO OIMUCYETHCA JOCTATHBO CKJIAIHOIO MOIEJI-
mo [13], mpore y Bunajky 3a1a4i IpO BU3HAUEHHs YACTOT 3aJa9a 3HATHO
crpoinyerbesi. Cucrema pesepByap — piuHA IPU MOCTYIAJBHOMY 1 KyTO-
BOMY pyXaXxX TiJIa—HOCIA B PEXKUMI CyMICHOTO PYXY CKJIQJOBUX CHUCTEMH B
paMKax JIHIHHOI MOJieJli 3 YTPUMAHHAM B PIBHAHHAX JIMITE MEPIITOl aHTH-
cuMeTpudHOI (POpPMU KOJUBAHL PIAUHUA OMUCYETHCA TAKOI MATEMATUIHOIO
MOJIEJLITIO:

. 1 . 1 .
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Tyt a1 amrutiTyna 30y/12KeHHsT KOJUBAHb PIiIUHU 3a MEPIIO AHTHUCHME-
TPUIHOIO (DOPMOIO, €, 1 (o — MApaMeTPH MOCTYIAJBHOIO i KyTOBOTO Py-
xy pe3epByapa. Lli mapaMeTpu € He3aJ€KHOIO CYKYITHICTIO TapaMeTpiB, dKi
ITOBHICTIO XapaKTePU3YIOTh PyX CUCTeMU. B PIBHAHHIX TAKOXK BUKOPUCTAHO
TaKi IO3HAYEHHA p — I'YCTUHA PiIMHU, ¢ — IPUCKOPEHHS BiJTLHOTO MaIiHHS,
H — piBenn 3anoBuenns, M, i M) — maca pe3epByapa i pigwau, hy i h, — 3Mmi-
IIEHHS IIEHTPIB Baru PiJWHU i pe3epByapa BiJJHOCHO IUIONMHU HE30ypeHol
BisbHOT moBepxHi, Il — Ten3op imepmil pesepByapa, BUSHAYEHUH BiTHOCHO
IIOJTIOCA, CTOCOBHO SIKOT'O OIIMCYEThCA 00epTaHHs pe3epByapa. IHjaekcHi Koe-
ditienTu € mipaMu 3B’93aHOCTI PYXY PiAUHU B pe3epByapi i3 MOCTyIaJIbHUM
i KyToBUM pyxoM (BOHM JIOKJIa/IHO IIpoaHaJizoBaHi B [13]).

Posrngunemo msi 3agaqi. Hexait pe3epByap He pyxaerbcd. B 1miboMy Bu-
najKy JApyre i rpere piBHsiHHs cucteMu (2.1) BUKJIIOUAIOTHCS, & 3 MEPIIOro
PIBHAHHS BU3HAYAETHCA YACTOTA KOJMBAHDL PiUHU:

/ H
wo = %tanh %
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Posriianemo npyry 3amady. Hexail Temep pesepByap MoOxKe 3iHCHIOBATH
pyx B ropusonTasgbHoMy Hampamky. [Ilo BimOysmocs 3 Toukm 30py aHaJi-
3y B’a3eit? PakTUIHO B’4A3b, dKa 00MeXKyBaJjia MOCTYIIAJbHUN PyX, 3HATA.
Buxonuts, 1o yacrora mae 3menmurucsd. [Ipore, BusHadenns 4acToTu Ccy-
MICHUX KOJIMBaHb CUCTEMH HA OCHOBI PiBHAHB CYMICHOTO PYXY MPU3BOIUTH
JI0 TaKOl 3aJIE?KHOCTI

2 _ wp
p(Bi,)”
af (M; + M,)

Bupaz y 3namennuky MeHITHi 3a OIWHUITIO, OCKIJIBKM BCi 3MiHHI g0maTHI
Ta, 6epyvn 10 yBaru 1o 3HAMEHHUK OijIbIlle 3a HyJib, BUXOIUTD, 110 9aCTO-
Ta HeodikyBaHO 30inbpmimiiacda. Ha ocHOBI migxojiy aHaJiTHYHOI MEXaHIKH
Ta BJIACTUBOCTEN B’sI3eil 1e MOIJIO BiOyTHCH JIUIE BHACIIIOK HAKJIAIaH-
Ha HOBUX B's3eft. JlilicHo, mic/is 3HATTS 0OMEXKEHHS HA MOCTYIAJbHUNE PyX
pe3epByapa, JIpyre PiBHIHHsS CUCTEMH MOXKHA MPOIHTEIPYyBaTH Ta 3 HHOT'O
OJIEPKYETHCA (PAKTUIHO 3aKOH 30€Pe’KEHHS TIOJIOYKEHHSI IIEHTPY MaC CUCTe-
MU (Ile BUILIMBAE TAKOXK 3 TEOPEMU PO PYX HEHTPY MAC CHCTEMH).

Takum 9uHOM MU 3’sICyBaJjHU IO 3 SIBUJIACS HOBA, B'$I3b, KA JO TOTO 2K
npu3Besia J10 30UIbIIeHHs YacTOTH (1[I0 B'3b MOXKHA OJIEPKATH IPOCTO Oe3-
HOCEPE/IHIM 1HTErPYBAHHSAM JIDYTOrO PIBHSAHHS 33 9aCOM).

I Ty BUCHOBOK, sIKWi1 B JiiTeparypi BiACyTHI: obmeorcenns na pyx, oo-
YMOBAEHOMY 6 A3AMU NPU 3AKDINAECHHT PEIEPEYAPA, € MEHWUMU, HIHC 0OME-
IHCEHMA, AKT HAKAQDGE 6°A3D, ULO BUHAUAE HESMIHHICTIIL TLOAONHCEHHA UCH-
mpy Mmac cucmemt. PakKTUIHO B IIbOMY AJTOPUTMI CXOBAHUN METOJ, TO-
OyZ0BU PEUTHHTY B’sI3€il 3a MipOI0 IXHBOI'O BILJIUBY Ha OOMEXKEHHS PYXiB
TOYOK CUCTEMH.

B xomi Takux obrosopens M. O. Kissaecbkuii 1mie Bij3HavuaB, M0 HACIIII-
K# 0araTboX TiloTe3, SKi M0IaTKOBO MPUAMAIOTHCS JIJIsI CIPOINEHHS OCTa-
HOBOK 3a/1a9, MOYKHA ITPOAHAII3YBATA 0 PO3B’sA3aHHS 3329l 3 MO3UI
aHaJi3y B’a3i. Tpeba BigzHauwTh, Mo KiHEMaTUIHI OOMEXKeHHs B 3a/1a9aX
MeXaHIKN CYIJIbHOTO CepeIOBUINA MOXKYTh IpUUMATH HE3BUIHI (opMu B
IMOPIBHAHHI 13 3aadaMi MEXaHIKI JUCKPETHUX CHUCTEM.

Hanpukiiaz, ymMoBa HEPO3PUBHOCTI (BMUMOra CyIiJIBHOCTI PyXy piauHmn)
JJIS BUMAJKY MOTEHINAJBHOTO PYyXy i1eajbHOI HECTUCIUBOI piguuu Haby-
Bae Buryisry A = 01 crae s 3a1a4i Tedil piiuHn cTapimuM IudepeHI-
aJgbHUM omeparopoM. Jlo KiHeMaTuIHNX OOMEXKEHBb CJIi/l TAKOXK BiTHOCUTH
yMOBH 30epexKeHHsd 00’eMy PiIMHU Ta YMOBU PO3B’43yBaHOCTI KpaOBUX 3a-
mad, 9Ki TexX HabyBaroTh He3BuaHUX Gopm. IIpore mHamasai Taki ymoBu He
BUILIMBAIOTH 3 Bapialifinoro npusanuiy [amiasrona — Ocrporpajcskoro (He
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€ MPUPOJTHUMHU) 1 TOMY MalOTh OyTH 3a/I0BLIbHEHI Ha PiBHI KiHEMATHIHUX
B’s13eil 10 pO3B’dA3aHHA BapialiiftHol 3a1adi.

Jpyruit TPpUHIATIOBUIT MOMEHT IIOJIATAE€ B OIIIHIOBAHHI ITOTEHIHAJIBHUX
MOXKJIMBOCTEI BapialliiiHUX MPUHIWINB B KOHCTPYKTUBHOMY HAIIPSAMKY. 3a
qacie M. O. KinbueBcbKkoro Bapialiiiii TpUHIIAIN BUKOPUCTOBYBAJIMCS JIH-
IIe JJ1s1 TOBEJIeHHS 1XHBOI €KBiBAJIEHTHOCTI ITOCTAHOBKAM 347189 BUBEIEHUX
Ha OCHOBI 3akoHiB HpioToHa ab0 i1 BUBEICHHS MaTEeMaTHIHOI MOJEJI CHU-
cremu. Hajtuacrime miciast omeprkaHHS MaTeMaTHIHOI MOMENi 3aJadi Io-
YUHAJIOCH 3aCTOCYBaHHS PI3HUX CHPONTyBAJBLHUX TillOTE3 i PI3HUX METOIB
o0y moBr po3B’sizky. OmHiero 3 mpobieM OyJIo i Te, M0 B CKJIAIHUX 3318~
JaxX MEeXaHIKH, Kl ONHUCYBaJIHM CyMICHUM PyX JEKiJbKOX KOMIIOHEHT CHCTe-
MU, OJIePKYBaJIACd MaTEeMaTUIHA MOJE/Ib HEOIHOPIIHOI CTPYKTYPH, HAIIPHU-
KJIaJI, 3B’g3ani cucreMu qudepeHIliaJbHIX PIBHAHD B YACTUHHUX 1 TIOBHUX
MOXIJIHUX, PIBHAHHA PyXy PIJIWHU Ta MPYKHOTO TiJIa B €lJIEPOBUX 1 JIarpaH-
JKEBUX 3MIHHUX (JJIs1 IKUX [O-PI3HOMY 33/IAl0ThCs TPAHUYHI YMOBH).

[TpuHIMTIOBOO TTPOTIO3UITETD, siKa BUTLIMBAJIA 31 crikyBanas 3 M. O. Kinb-
9eBCHKUM, OyJI0 6e3mocepeHE 3aCTOCYBaHHS PI3HUX METOJIB PO3B’SI3aHHSA
i rimoTe3 CIpoIIeHHd 0 BapialiiftHoro gopMyaoBaHHA 3a1a4di. B 6ibImo-
CTi 3aJa4 1ie MIPUBOUJIO JIO OJIEPYKAHHS MAaTEeMaTUIHOI MOJIEJIi OJIHOPITHOL
CTPYKTYPH Y BUIJISIII CUCTEMU 3BUYANHUX IudEPEHITIaJbHUX PIBHIHD Bijl-
HOCHO aMILTITYJIHUX [TapaMeTPiB PyXy CKJIAIOBUX MeXaHidHOl cuctemu. Ma-
JIO TOTO, 9K ITPABUJIO 3HAYHO CIIPOILYBAJIOCHd BUIIJIEHHS HE3AJIEXKHUX Bapi-
ariiif, a B OL/IBIIIOCT] BUIAJIKIB BaBaJiocst ToOyayBaTu yHKI0 Jlarpamnxka
BITHOCHO AMIIITYIHUX MMapaMeTpiB 1 MOTIM OJIep:KATH MAaTEMATHYIHy MO-
JleJIb Ha OCHOBI mudepeHItiajbHuX piBHAHD Jlarpamxka apyroro poxay. I tyr
B Haroxi 6yB meroy Kanroposuua [11], 3rinHo 3 gxuMm jyid 33189 MexaHi-
KJ MATEMATUYIHO OOI'PDYHTOBAHO BIAETHCS BBECTHU IIPEICTABIICHHS PO3B A3KY
3aJ1a4di 3 BiJJOKPEMJIEHUMH aMILTITYIHUME ITapaMeTpamu. [likaBo 1110 B 1py-
riit mosoBuHi 90-x pokiB 3’sBuBcs Meron, Kypxenena — Jlesi, B sskomy Oysin
BuKOopucTani mojibui izel, xoua mu 3 M. O. KisbueBcbkum 00roBoproBaJin
Taki criocobu B Apyriit monosuHi 70-x, a B 1979 g 3aXuCTUB KaHIUIATCHKY
JVICEPTAITIO 3 BUKOPUCTAHHAM IIHOTO METOLY .

s 6istbInn TIMOOKOTO PO3YyMiHHSA HOBOBBEIEHD IMPEICTABAMO JIBi CXEMU
BUKOPUCTAHHS BapialifiHNX IPUHIINIIIB MEXaHIKIA. Y MOBHO TX Ha3BEeMO KJla-
crdHa cxeMa i MoandikoBaHa cxeMma.

Kaacuuna cxema. Ilpu 3a10BibHEHH] BCiX KiHEMATHIHUX OOMEYKEHD 32~
madi Oymyerbca dyukmia Jlarpamka g mexamiaaol cucremu. [lpu mpo-
BeJIeHHI TIPOIeyPY BUJIIJIEHHS HE3AJEKHUX Bapialliil Ha BUXOl OJIEPIKYIO-
ThCA PIBHAHHA PYXy CUCTEMU, TUHAMIUHI TPAHWUYHI YMOBH, CUJIA B3AEMOJIIT
MiXK CKJIAJOBAMEU KOMIIOHEHTAMHU CUCTEMHU B aHAJITHIHOMY BUIJIAMi. B 3a-
JIEYKHOCT1 BiJl CKJIaJly KOMIIOHEHT CUCTEMU, IO JIOCJIIZKYEThCs, OJIep2KaHAa
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MaTeMaTUIHa MOJIENTb MOYKEe MaTH HEOJHOPITHY MaTeMaTUIHY CTPYKTYPY.
3BepHEMO yBary, IO KOHCTPYKTHUBHA CKJIAJIOBa B ILIAHI HAOJUKEHHS 0
PO3B’sI3aHHA CUCTEMU PIBHAHD B IPUHIAII BiJACYTHH.

Moodugpixosana cxema. Ilpu 3a10BiIbHEHH] BCIX KiIHEMATHIHUX OOMEKEHD
zagadi Oymyerbes dyukmig Jlarpamxka g mexanigmnol cucremu. Popma
IIIyKAHOTO PO3B’sI3KY CIIPOIILYETHCA HA OCHOBI PI3HUX ifeil po3mijieHHs py-
XiB, JI0 IKMX BXOJSTH YaCTOTHE | aMILITyIHe PO3JijeHHs PyXiB (acHMIITO-
TUYHI METOM HeJIHIHOI MeXaHIK1), IPOCTOPOBE PO3/IIEHHS PYXiB (MeTOI
KanToposuua, inmii Bapiariitai MmeToan MareMaTnaHOl (Di3UKHA B TOMY 9HUCJIL
1 METOJIA TTIOTOYKOBOI JUCKPETU3allil, HAIIPUKJIAI, METO CKIHYEHUX eJIEMEH-
TiB, MacmTabHe PO3/iIeHHs PYXiB HA OCHOBI METO/y BeBJIETIB), BUKOPH-
CTaHHS TIIOTE3, eMIIIPUYHUX | eKCIIEPUMEHTAIbHUX CITiBBiAHOIICHD. Baxu-
BOIO PHCOIO0 BUKOPUCTAHHS METOIB PO3B’sI3aHHS HA €Talll 10 BXKUBAHHS Te-
XHIKM BapiloBaHHS € BIacTUBICTH Biepine Biamivena JI. A. Kozno6oro [12],
AKa TOJIATaE B TOMY, 1110 BCI HAOJIMKEHHH, 1110 BUKOPUCTOBYIOTHCI B PAMKaX
peastizariil Bapiamiitaoro nmpuaiuny [amisibrona — OcTporpaicbkoro Haby-
BAIOTHL BJIACTUBOCTeH i3oeHepreTruunocti. To6TO HA IILOMY eTalli BUKOPHU-
craHHd HaOJIMKEHb HE IOPYIIYE 3aKOHIB 30eperkeHHst eHeprii. Brkupanms
TAaKUX METOJIB y BIJIpMBI Bij| BaplalliifHOrO HNPUHITAILY BXKE HE MA€ TaKUX
BaactuBocreil. IIpu nmposenenni nporeypu BUIIJIEHHS He3aJeKHUX Bapia-
it abo TpU oJiep:KaHHl PIBHSHL HA OCHOBI meperBopenol dyHKIil Jlarpan-
2Ka Ha BUXOJI OJEPKYIOTHCA PIBHIHHA PYXY CHUCTEMH, fKi 33JI0BIILHIIOTH
JUHAMIYHUM TPAHUYHUM yMOBaM, CUJIM B3a€MOJIII MiXK CKJIQJIOBUMH KOM-
MIOHEHTAMM CUCTEMU B AHAJITUYHOMY BUTJIS, BUPAXKEHI B aMILTITYTHUX
napamerpax. Ojep:kana MOJIEJb € CUCTEMOIO 3BUYAHNX JTn(ePeHITiaIbHIX
piBHsSIHB (Ma€ OIHOPIIHY MaTeMaTHIHy CTPYKTYpY ). KisbKicTh piBHAHD MO-
JesIl JOPIBHIOE KiJBKOCTI CTYIIEHIB BIJIBHOCTI MEXaHIIHOI crucTeMu, TOOTO 3
TOYKHU 30pPy PO3MIPHOCTI Taka MOJeb € MiHiMabHot0. Oiep2Kana cucreMa
PIBHSIHB IIPOCTO 3BOAUTHCA 110 popMmu Kortri, 1110 CTBOPIOE ITEPELyMOBH IS
ITOJAJIBIIIOTO BUKOPUCTAHHS AKICHUX METOIB JudepeHIliaJIbHIX PiBHIHD i
METOJIIB YUCETbHOTO iIHTErpyBaHHS.

Came Takuil miaxiz OyB OCHOBOIO ISt JOCJIIXKEHHS HEJIHIMHUX KOJIH-
BaHb PIJIMHA 3 BLILHOIO ITOBEPXHEIO B CYMICHI ITOCTAHOBII 33/1a4i, IO J0-
3BOJIMJIO BIEPIIIE PO3B’(3aTH 3aJadi IPO PyX CHCTEM IIPU KyTOBOMY pPyci
KOHCTPYKIII-HOCIfA, PyX piauHE B pe3epByapax pidHol reoMeTpuvHOl (hop-
MU, TapaMeTpUYHI KOJMBAHHS Pe3epPByapiB 3 PiAMHOIO, 3a/1a49i KEpYBaHHH
PYXOM KOHCTPYKII#l 3 PiAWMHOI0, JUHAMIKY TPYOOIIPOBO/IIB 3 PiMHOIO, IO
teue [1,2,4,13].

Sapas Bapiallifiii MeTOIM MeXaHIKM aKTHUBHO BUKOPHCTOBYIOTHCSI B Pi-
BHUX PO3/iJaxXx MeXaHiKu. TeHIeHIliss Taka, IO UMM CKJIAIHINIA 3aJada i
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quM Oisibllie B IIiil 3a7a4i CKJIQ0BUX (YacTO HABITH HEMEXAHIYHOI IPUPO-
JIN), TUM 9YacTillle BAKOPUCTOBYIOThCA Bapiamiitui npuaimnu. Coriyg Big3Ha-
9UTH TAKOXK, IO TPAJIUIIAHO yKPalHCHKI BYEHI YacTillle BUKOPUCTOBYIOTH
BapiaIiiifi TpUHININ MeXaHIKMA B MTOPIBHAHHI 3 BUeHNMH 1HINNX Kpain. Ha-
npukial, B lacturyri maremaruku HAH Vkpainn M. O. Jlykocbkuii i
O. M. Tumoxa aKTUBHO PO3BUBAIOTH BapialliiiHi METOAM HOCJIIXKEHHS 3a-
Jad MeXaHIKM PiJIMHU 3 BIJILHOIO ITIOBEPXHEIO Ha OCHOBI BapialliifHOro IpUH-
nury Befirmena, a panimre criBpoOITHUKY ITi€T TITKOJIM AKTUBHO BUKOPHUCTO-
BYBaJIW BapialliitHi MeTO N JIJIS JIOCTIIZKEHHS 38,184 PO BU3HAYEHHS 9YaCTOT
i dopM KOJIMBAHD PiIUHM, BKIIIOYAIOYN 33Ja4i PO TiApONpPy2KHI KOJIUBAaH-
. Pusukny cTBepKyBaTH, IO Hijle y CBITI Tak IJIiITHO i KOHCTPYKTUBHO
BapiaIiiiii TPUHIUIN MEeXaHIKN He BXKUBAaIOThCs. Haitbinbim iMOBIpHO 110
came BB JI. O. I'pase i M. O. KigbueBcbkoro i iX UHCICHHEX ydUHIB-
BUKJIaJIa49iB 0OYMOBUB CBOEPiJIHE CHPUAHATTH YKPAIHCHKUMHU BUYCHUMU Ba-
plaIiifHIX TPUHITAIIB MEXAHIKU.

3. KOMMBAHHSA PIAVMHU 3 BIJIbHOIO IIOBEPXHEIO B PESBEPBYAPAX
HEIUJITHIPUYHOI ®OPMU

OpauM i3 sicKpaBUX TPUKJIAJIIB 3aCTOCYBAHHST BapialliitHOrO MPUHIIAILY
Tlaminbrona — OcTporpaJicbKOTo 3 MOIVIMOJIEHUM AHAJI30M KiHEMATHIHUX
obMeXKeHb 3a/1a4l € 3a1a49a, PO HeJIHIMHI KOJMBaHHS 171eaJIbHOI OJHOPI AHOT
pisuau B pe3epByapi y dopwmi Tija obepTaHHs.

Ila 3amaga € akTyaJabHOIO B TEOPETUYHOMY i TPAKTUYHOMY CEHCI i, monpu
JaBHE 00roBOpeHHst criocobiB 11 pO3B’si3aHHsA, iICHY€E MaJIO IPAKTUIHUX AJII0O-
PUTMIB peaJtizaliil TakKuX IiIX0/1iB. 3BUYaiHO IIe 1T0B’I3aHe i3 HeIuIiHIPHU-
qHICTIO 00J1aCTi, SIKy 3aifiMae piauHa, i TOIO BJIACTUBICTIO, IO MaTEMATHIHA
3a/1a9a JJI PiAUHU CTABUTHCA JJIs 00JIaCTi, KA 3HAXOIUTHCS HUKIE DIBHS
BiJIbHOI TIOBEPXHi, 8 PO3B’A30K 3a/1a49i Ma€ 3a/I0BIIbHATA YMOBI HelepeTika-
HHS Ha, Till 9aCTUHI CTIHKH, IKa& 3aXO/IUTHCS BUIIE PiBHS BIJILHOI MOBEPXHI
(I1e crovaTKy piHU HEMAE), OCKIIBKY TY/IH MiAiHMAIOTHCA IPeOHI XBUJIb.
IIpore s wacTuHA CTIHKY B TPAAUIIHY MATEMATUIHY ITOCTAHOBKY B3araJi
He BXOIUTh.

Braxkaemo, 1110 pe3epByap 3/1iiiCHIOE TIOCTYIAIbHAN PYX, CTIHKI PE3EPBY-
apa € abCOJIFOTHO TBEPAUMU, PyX PiAWHE € 6E3BUXPOBUM. 3a OCHOBY I00Y-
JIOBU PO3B’sI3yBaJIbHOI CUCTEMU PIBHSIHD B3ATO MeToJ [13], sikuit ocHoBaHuMit
Ha BUKOPUCTaHHI Bapiariiinoro npusiuny [amiasrona — OcTporpaichKoro,
i BUKOPHUCTOBYBABCH [IJId BUIMAJAKY HOPOXKHUH MUIIHIAPUIHOT (pOpPMH.

CrapuMo 331249y MOOYIyBATH MATEMATUIHY MOJEJb CUCTEMHU B aMILTITY-
JTHUX TapaMeTpax KOJUBAHD BiJIbHOI MOBEPXHI piaunu 3a BIacHUMEU (hOpMa-
MU Ta IapaMeTpax pyxy pesepsyapa. Bapiamiitauit npunmun amisprona —
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OcTpOorpaChbKOro Jjisi TAKOl CUCTEMU MAa€ BUTJISIT

t2
§I =0, /:LeL:JLdt, L=T-1L (3.1)

t1

Tyr dynkuia Jlarpanzka Mae BUIJIs/T

1 - . 1 .
L= 2,0J(V<p +&)%dr + §MT(5)2 + pfg' rdr — (M, + My)e,g. (3.2)

T T

Y mux piBusgaHax T i II BianoBizHo KiHeTHYHa 1 TOTEHITIAIbHA €HEPTid CH-
CTEMH, (Y € TIOTEHITIaJIOM XBUJIBOBOTO PYXY PiJIVHM, £- MTOCTYTAJIbHA ITBUJI-
KIiCTh PyXy pe3epByapa, I’ — pajiiyc-BeKTOP JIOBUIHLHOI TOUYKY PiIUHU BiTHOC-
HO IIEHTPY He30ypeHOl BiJIbHOI MOBEPXHI piaumHu, sika oOpaHa 3a MOYATOK
CHUCTEMM KOODJMHAT HE3MIHHO 3B’sI3aHOI 3 pe3epByapoM, 7i — OJWHUIHMUIA
BEKTOP HOPMAaJIb JI0 TOBEpXHi, p — rycruna pimwau, M, i M; maca pinuau
Ta pesepsyapa, § = {0,0, —g}, Jile ¢ — IPUCKOPEHHSsI BLILHOIO MAJ[IHHS.

Hamasti OymemMo TakoK BUKOPUCTOBYBATH MO3HAYEHHSA T — 00JIACTD, AKY
zaiiMae piguHa, S — 30ypeHa BijbHA MOBEPXHS PiIWHM, Y. — 3MOYYBAaHA I10-
BEpXHS KOHTAKTY PiuHU 3 pe3epByapoM y 30yperomy pyci. 1li x Beauanamn
3 imgmexkcom «0» € BinoBinmHMMU mapaMerpamMu y He3d0ypeHomy craui. Ilo-
3HauUMO Takoxk AY, = ¥ — ¥y — 3MiHa 3MOYyBAHOI TOBEPXHI KOHTAKTY
piivHE 3 pe3epByapoM, sika 00yMOBJIEHA 30yPEHUM PYXOM CHCTEMH.

Iiist epeKTUBHOTO PO3B’sI3aHHs 3a/a9l 3 BUKOPUCTAHHSM METOMIY 30y-
peHb Tpeba, 1mob He30ypeHa BiJbHA ITOBEPXHS i MOBEPXHsI KOHTAKTY PiIu-
HU 3 pe3epByapoM OyJin KOOPAWHATHUMH TOBepxHAMU. Iy mporo 3amicTb
OWTHIPUIHOI CUCTEMU KOODIMHAT BBEIEMO HEJIEKAPTOBY IapaMeTPU3AIIiIo
obJtacti, 9Ky 3aiiMae piguna

z

o= 8= I

B nux cuissigHomennax r = f(z) € piBHAHHAM TBIpHOI Tijia 06epTaHHs, sKe
yTBOPIOE pe3epByap, H — rimbrna 3amoBHeHHs pe3epByapa piannoro. Temep
mwromuaa 8 = 0 cniBnagae i3 He30YPEHOIO BLIBHOO IMOBEPXHEIO PiauHu S), a
moBepxHda o = 1 crmiBnagae 3 He30yPeHOIO OITHOI0 MOBEPXHEIO KOHTAKTY Pi-
JIMHY 3 pe3epByapoM g. B mapamerpax «, 0, 8, ski BBeJieHI 3aMiCTb IUJTiH-
JIPUYHOI cucTeMu KoopauHaT (f — KyToBa KOODAMHATA IIUJIHIPUIHOI CUCTe-
mu) obsiacThb piauau T HaOyBae nutiHapuaHol dopmu (« € [0,1],6 € [0, 27]
i B mesGypenomy crani € [—1,0]).
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Buxonsguan 3 nmumiaapuarocTi 061acTi y HOBiit mapaMerpu3altil piBHIHHA
BiJIbHOI TTOBEPXHI pinHU B 30y peHOMY PYyCi MOXKHA, IPEJACTABATH Y PO3B’ A3a-
HOMY BUIJISI BiJJHOCHO KOOPAWHATH (3

1
B = =¢(,0,1). (3.3)

Taka dopma npejcraBienns BiabHOI moBepxHi (3.3) 103BOssAE edDEKTUBHO
3acTocyBaTu MeTos 30ypeHb i merox KanTopoBuya mjis moby1oBu HEJTHIHA-
HOI CKiHYEHHOBUMIPHOI MOJIEJTI IMHAMIKY pe3epByapa 3 PiIMHOIO 3 BiIHHOIO
[TOBEPXHEIO y BUIAJKY Pe3epByapa y BUIVIAI] Tijla 0OepTAHHS.

Briguo 3 Bapianiitaum npuanmnom Favinsrona — Ocrporpascskoro (3.1),
(3.2) Bapianil 3MiHHEX MAlOTh 3aJ0BIIBHATH BCIM KiHEMATHIHUM OOMerKe-
HHSM 33J1a4i, J0 IKUX BIJHOCATHCS

a) Ap = 0 B 06s1acTi T, siKe € PIBHSHHSIM HEPO3PUBHOCTI JIJIsi PYXY PiMHI
B 30ypeHiit obiacti T;

6) gi —(0 )Ha noBepxHi Y abo B po3ropHyTiit dopmi W f'5e % = 0 upu
r=f(2);

!
B) 5 + ]}2 gi gz + a%ﬂ%% — %g—ig—f = ?;0 Ha 30ypeHiit BiIbHIN TOBEPXHI

S , IO € BUMOTO0IO 30iry pyxXy B HAIIPAMKY HOpMaJIi YaCTUHOK PiIWHU Ta
PYXy TOYOK BiJTbHOI TIOBEPXHI PiIWHU;

r) JI0 KiHeMaTHIHUX OOMEKEHb CJIiJI BIJIHECTH YMOBY PO3B 13y BaHOCTI Kpa-
tioBol 3ama4ui Heiimana nyist piBagaas Jlamiaca mig 36ypeHoro ob’emy
piguau 7. IlpeacTaBuMo 10 YMOBY Y TAKOMY BHUIJISIII

‘[a¢d + J‘awd +ﬂ[a¢d (3.4)

A

3rifiHO 3 ifesMU AHAJITUIHOI MEXaHIKM JYepe3 Te, IO Il TPU IHTerpasn
ABJISIIOTH COD0I0 OOMEXKEeHHS Ha PI3HUX MOBEPXHAX, KOXKEH 3 ITUX JIOJIaHKIB
Ma€ OyTH HYJbOBHM. 3a CBOIM 3MICTOM Ii YMOBH BiJIOBIZAlOTh BHMOTaM
36epekeHHd 00’eMy pinmuu B i1 30ypenomy pyci. PiBricTh Hyst0 meprioro
inTerpaja mybJiroe yMOBY HemepeTikanug Ha OidHill moBepxHi pe3epByapa.
Tpetst ymoBa MOoxke OyTu IepeTBOPEHA, 10 BUTJISILY

fwd % gs,
ot
So

BisibHOI TTOBepxHi. pyruit wien O6yMOB.HeHI/II/I HeJIHIAHICTIO POPMYITIOBAH-
HA 3a7a4] 1 Bi/IMOBi1ae BUMO31 3a/I0BiIbHEHHSA YMOBI HelepeTiKaHHA PiIuHA
Ha rpebeHdax XBUJIb, TOOTO Ieil WieH BiAIoBiae 3a pyX piAuHu BUIE PiBHSI
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He30ypeHol BiJIbHOI MOBEpXHI Ta (PAKTUIHO € BHMOTOIO, 00 piguHa «Bis-
CTeXKyBaJjiay CTIHKY pe3epByapa IMpH MiaiioMax HaJl He30yPEHOIO BibHOIO
ITOBEPXHEIO.

IIpoBenennit anamiz KiHeMaTHIHIX OOMEXKeHb 3a0a11 MiCTUTDH ITeBHI OpH-
riHaJbHI MOMEHTH. YMOBA &), IONPH Te, 1[0 BOHA OMHUCYETHCs TUdEpEeHIii-
AJbHUM OIIEPATOPOM CTAPIIOrO MOPSIKY, MO CyTi € KiHeMAaTHIHUM OOMe-
JKEHHSAM, IIPOTE BOHO 33JA€ThCd HE Ha SKiCh I'PAHUIN, & Y BCbOMY 00’eMi.
YMoBa 1), fIKa € HACTIIKOM YMOBHU PO3B’si3yBaHOCTI KpaioBol 3a/1a4i, po3-
aJIA€THCA HA TPU YMOBH, 3 AKUX OIHA € 3aJIE2KHA, JIPYTra € YMOBOIO 30epe-
JKeHHd 00’eMy piuHuU, & TPeTd BiANOBiTae BUMO3I, 11100 pianHa HAJI BiTbHOIO
MOBEPXHEI0 «BiJCTEXKyBaIa» TBEPIY CTIHKY. 3ayBaykKUMO, IO B TPATUITIH-
Hiif IOCTAHOBII 3a/a4i Ta PN BUKOPUCTAHHI MEeTOMIB 30ypeHsb indopmarris
PO CTIHKY pe3epByapa Ha/l BIILHOIO TIOBEPXHEIO PIJIMHA B ITOCTAHOBKY 3a-
madi B3araji He BXOIUTL. ToMy B OIJIBIIOCTI METOIIB PO3B’d3aHHS 3a/at
KOJIMBAHDb PiIMHU B Pe3epByapax HEIMIHIPUIHOI (DOPMU ITIEI0 YMOBOIO He-
XTYIOTb.

BciM num KineMaTuaHIM 00MEXKEHHIM a)-T') Tpeba 3a/I0BIIHUTH JI0 PO3-
B’si3aHHsI Bapiamiiinol 3amgadi. [Ipu BuBemeHHi MaTeMaTHIHOTO (DOPMYIIIO-
BAHHS IIMX OOMEKEHb MU CKOPUCTAJIUCS TiIXOIAMU aHAJIITUIHOI MEXAHIKH.
Bei 111 o6MekeHHs 38 CBOEIO MPHUPOJIOI0 € KIHEMATUIHUMU (BOHU HE 3aJie-
JKaTh BiJl 3aKOHIB PyXY), IIPOTe YaCTUHA 3 HUX He 30ira€ThCsl 3 TPAHUIHUMU
yMOBaMHU, siKi B 6araTbox poboTax BBaXKAIOTh €IMHUM JI2KEPEJTIOM BHHUKHE-
HHsI KiIHEMATHYHUX OOMEXKEHb. J0KpeMa, OOMEXKeHHsI a) 1 TpeTsl JacTHHA
YMOBU PO3B’sI3yBaHOCTI KpailoBol 3a/1a4i He € HACJIIKOM TPAHUIHUX YMOB.

Ilepeiimemo Temep 10 BUKOHAHHA BCIX KIHEMATHIHUX OOMEXKEHb 3aJadi.
Binomo, o 3aa1ua 1po Bu3HAUEHHS YacTOT i OPM KOJIMBAHD PIJIMHU TTPU-
BOJIUTHCS JIO TAKOTO BUTJISILY

Ap=08T, % =0 na X, % = Ay Ha Sp. (3.5)

on on

3rigHO 3 €0 TOCTAHOBKOIO 33184l PO3B’sA3KM Oy/IyTh 33/I0BIILHATH KiHe-
MATUIHOMY OOMEXKEHHIO a), KiHeMATHJHIl IpaHWYHI# yMOBI Ha MOBEPXHI
KOHTAaKTy pe3epByap-piauHa Y, aje 6e3 BUKOHaHHs yMoBu Ha A i Jji-
HilHI/ YacTWHI KiHEMATWYHOI IPAHWMYHO!I yMOBH Ha BiJIbHIM moBepxHi S).
Taka 3ama9a yCIinuo po3B’a3yeThed HA OCHOBI MeToy Pirma 3 Bukopucra-
HHAM YaCTUHHUX PO3B’s3KiB piBHAHHH Jlammaca y dopmi rapMOHIIHUX 10~
miHoMiB [13], sIKi 0JIep2KYIOTHCS IISIXOM IIPUBE/IEHHS YACTUHHUX PO3B’SA3KIB
piBugnuag Jlamraca y cepuaHux KOOpAMHATAX [0 IMTIHIPATIHOI CHCTEME
KOOD/IMHAT.

IIpoimocTpyemo 1m0 3amady Ha puc. 3.1. PopmysaoBanHd 3a71a4di podu-
ThCs JJi 7T 3 OIYHOIO I'paHUIE0 Y 1 BiIbHOIO IOBepxHeo S. 3rigHo 3 He-
JliHifiHOTO (QOPMYJIIOBAHHS 3324l piAuHa Ma€ BiICTEKYBaTH CTIHKY HAJ
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BiJIbHOIO TTOBEPXHEIO, TOOTO BOHA MA€ 3a0BIIHHATH YMOBI HEIT€pETiKAHHS
HaJ[ BUILHOIO ITOBEpXHEIO piamnu Ha moBepxHi AY (Ha MaJIOHKY Ha y3i

AAy).

A
AE

Au
E

Puc. 3.1. 3aranpauii Burs obacti, gKy 3aiiMae piguHa

st moBULIBHOT TOYKHU A I BUMOTa MOKe OYTH 3alliCaHa Y BULJISI PO3-
Kaay y pan Teitopa

e 1., Pp

do| _dp K A
onon Ao 2 6n6712 Ao

— .= 0.
onl, on Ao

+¢
Tyt 4epe3 7| MO3HAYEHO BEKTOP JOTUYHOIO HAIPAMKY. depe3 IOBiIbHICTD
36ypennb BibHOT TOBepxHi £ B Toulli Ay Mae BUKOHYBATHCS BHMOTa

e
onoTi 4,

JocimKenHs MOKA3yI0Th, 110 HOPpMaJIbHI MOXiaHI B TOUIi Ay y BUMAIKY
HEIWTHIPUYHAX Pe3epByapiB B3araJi He ICHYIOTH 4epe3 Te, 1o To4YKa Ag €
CHUHTYJISIDHOIO. 3 IPyroro 6OKy He MOXKHA HAKJIAJATHA HA PO3B’A3KU Kpahio-
BOI 331841 APyTroro MOPsIKY JOJATKOBI YMOBH HMOPSIKY BHUIIOrO ab0o PiBHOIO
3a TOPsiJIOK OCHOBHOI'O PiBHsIHHSI, TOOTO YMOBHU TOPSJIKY BUIIE OJUHUIL €
HEKOPEKTHUMU. B MmijcyMKy Iie CBIiITYUTH MpO Te, IO HE MOXKHA BUKOPHU-
CTOBYBaTH PO3B’S3KM 3314l MIPO BJIACHI 9acTOTU Ta (HPOPMU KOJIUBAHD HAK
KOODIMHATHUX (PYHKINN IPU PO3B’si3aHHI HEJIHIAHOI 3a/1a9i, a TaKOXK HE
MOYKHA, HAKJIaJaTU SKiCh JT0/IATKOBI 0OMEKeHHs Ha 3aJa4y PO BiIbHI KO-
JINBAHHS PIJINHA 3 METOI0 BUKOHAHHS IPAHUYHOI YMOBHU HEllePeTiKaHHA Ha
IPOIOBKEHHI OiYHOI MOBEPXHI pe3epByapa, Kyl MOXKYTb J0CATaTh I'pebHi
XBUJIb.

B po6orax H. €. 2Kykoscbkoro 6ysio nokazano [10], skiio piguaa 3 pis-
HEeM 3allOBHCHHA JO TOYKU A BUKOHY€E€ KOJIMBaHHA, TO O6J'[a.CTb pllLI/IHI/I 0
piBHst A) BUKOHYy€E Taki K caMi pyxu (B KIHEMATUIHOMY CEHCI) 5K 1 piguHa
B pe3epByapi 3 00’eMoM 3amoBHeHHsI 710 piBHs Ag. Tobro momana dactuHa
piMHM Ha KiHEMATHWKY PyXy BUXIJHOI pizuHu (XapakTep Tedil) He YNHUTH
BILIUB 33 BUKJ/IIOYEHHIM YACTOT KOJIMBAHL. 1OMYy OyJI0 3aIIPOTIOHOBAHO Me-
TO1, OIOMIXKHOT ob6Jtacti [3] auist BusHaUeHHs KOOpAMHATHUX (DYHKIHH J11st

=0 gna k=1,2,...
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PO3B’sI3aHHA HETHIAHOI 3a/1a4i PO KOJMBAHHS PiJMHA 3 BIJIHLHOIO ITOBEPX-
Helo, fKi 3aJ0BIIbHAIOTh I'PAHUYHIN YMOBI HellepeTiKaHHS Ha CTiHKaX pe-
3epByapa BUIIE PiBHS He30yPEHOI BIJILHOI TOBEPXHI, Ky MOXKYTb JTOCATaATH
rpebHi XBUIb.

Inesa meromy mosisirae B TOMYy, IO PO3B’A3ye€ThCs 3a/iada PO BiJIbHI KO-
JIMBAHHS PIiAWHU JUId 00J1acTi piauHu i3 3amoBHEHHAM 10 Touku A, nasi
3a KoopamHaTHI YHKIT 111 061acTi 7 6epyThCd BU3HAYEHI KOOPAWHATHI
PyHKIII, 9Ki 3aJ0BIILHAIOTE YMOBI HellepeTiKaHHs Ha MOBEpPXHI Lo + A,
a 3a KOOpAWHATHI (pyHKIT Ha BiJIbHIN OBepxHI piguau Sy 6epyThcs QyHK-
Ii1, gKi 0JIEPKYIOThCA HAa TOPU30HTAJTLHOMY TEPEPi3i, MO MPOXO/IUThH YepPe3
ToUKy Ag. 3a CBOIM XapakTepoM MeTOJI € HaDJIMKEHUM, IIPOTe BiH BPaxXOBY€
CHHTYJSIPHI BJIACTUBOCTI. YCIHINIHICTD MOJAJIBITOIO0 BUKOPUCTAHHS METOIY
B OCHOBHOMY BHU3HAYAETLCS THUM, IO KOHTYP i3 CHHTYJAPHUMU BJIACTUBO-
cramu (HaKTUIHO TIEPEHOCUTHC Bill PiBHdA, AKUH BiANOBIIAE MOJIOXKEHHIO
touku Ag Ha piBeHb TOUkM A, Kyau pifuHa BKe B3araji He jocsirae. la-
K€ BUHECEHHsI CUHTYJIIPHUX TOYOK 3a MeXKi 00JIacTi piiuHu T € TUIIOBUM B
IHIMUX 33Ja9aX MEXaHIKH 1JIeaJ bHOl PiIUHU.

IIpakTrvHe BUKOPUCTAHHSA TAKOTO IiIXOMY M TOOYIOBU KOOPANHATHIX
PyHKIIIA A1 TpeICTaBIeH s O3B’ A3KIB HeJIHIHHOI 3a1a4l JUHAMIKY Piau-
HU B PI3HUX pe3epByapax HemuIiHapuaHoi ¢popmu (Konyc, cdepa, rinepbo-
JI011, ejtincois, napabosoin [1,3]) 103BoJuIIO JOCATHY TH BiIHOCHOT TOYHOCTI
3a/10BiIbHEH S IpaHmyHol yMOBH Ha Yo mopsaky 1072 i 1072 ma mosepxwi
A3, mo 6imbmre wixk B 100 pasiB kparne HiXK T (DYHKIIH, BUSHAYEHIX
3a KJACUIHUM MeTOJoM. B mijicyMKy 11e J03BOJIA€ 3 BUCOKOIO TOYHICTIO 3a-
JIOBUIBHUTH YMOBaM PO3B’sI3yBAHOCTI HEJIIHIWHOI 3a/1a4i PO pyX PiauHu 3
BIIBHOIO 1TOBepXHEIO (3.3) 1 miBUIIye TOYHICTD 3a/10BIIbHEHHS 3aKOHIB 306~
peXKeHHs eHepril Ta MacH, a TaKOXK CTIfKICTh 00UNC/IIOBAIBHUX ITPOLIELY].

Ilics BuKOpuCTaHHS PO3B’sI3KIB 3a/1a4i Ha BJIACHI KOJWBAHHS PiIWHU B
pe3epByapi JOMOBHEHOI METOIOM JIOMTOMIZKHOI 00JIACTI JIMIIAIOTHCS He 38,10~
BIIbHEHUMU KiHEMATUYHA I'PAHUYHA YMOBA Ha BiJIbHIM MOBEPXHI Ta BUMOTA
36epezkeHHst 06’eMy pijuHu y 30yperoMy pyci. 3riguo 3 [3] npuiimemo Taxi
[Ipe/ICTABIEHHS IIYKAHUX PO3B’A3KiB, AKi 11d 1iel 3a1a4i € hakTwaHo hop-
MOIO TIOIIYKY PO3B’si3Ky 3a meromom Kamroposumdua. Kpim Toro, depes Te,
110 pe3epByap € TiioM obepTaHHd HAIA I MOXKJINBE BiIOKPEMJIEHHS KyTOBOI
KOODJIMHATHU Yy MPEACTaBIeHH] (DOPMU MOITYKY PO3B I3KY.

£=¢(t) + Z ai(t)bi(@)Ti(0),  ¢= Z bi(t)i(e, B)T5(0),  (3.6)

e

Q;.(a)_% — <la¢i _af’&z/%)
S 0z BZO_ H o f o« 5:0'
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Taxox BBejieHO To3HauenHa &(t) — byHKIiA, fAKa 3a6e3Medye BUKOHAHHS
3aKOHY 30eperkeHHst 00’eMmy pimunau y 11 30ypeHoMy pyci i obymoBieHa He-
I IpEYHicTIo 06acTi 7, 1 (o) T;(0) — bopma KommBaHb BiTHHOT TTIOBEPXHI
pimunn, ¥ («, §)T;(0) — noTeHIiag MBUIKOCTI, MO BiAMOBITAE PYXy PiauHU
3a 1iieto dpopmoro. B mpecrasienni po3s’sasky (3.6) a;(t) i b;(t) e Bignosigno
AMILTITYIHIMHA TTapaMeTpamMu 30y/I2KeHHSA KOJUBAHD BiTHbHOT IOBEPXHI pimau-
HU Ta MOTEHINAJIy IIBUIKOCTeH, Mo BiAIOBIIa0Th -1 hOpMi KOJIUBAHD.

3rifiHO 3 TeopeMor, 10 OE3BUXPOBUI PYX ijleajbHOI OHOPIAHOT HECTH-
CJIMBOI PiJIMHY MOBHICTIO BU3HAYAETHCA PYXOM 11 'paHUIlh, 3MIHHI @; pa3oM
3 MapaMeTpaMu pyxy pe3epByapa £ € He3aJeKHUMH apaMeTpaMU, sTKi BH-
3HAYAIOTH PyX TPAHMIB obsacTi, a 3umirHi b; i € € 3ameskumvm. ITokazke-
MO K BUKOHYETHCS BUKJ/IIOUEHHS ITUX 3AJICXKHUX 3MIHHUX 3 KiHEMATHAIHUX
obMexkeHb, a caMe 3 BUMOru 30epexkeHHsa 00’e€My piauHU Ta KiHEMaTHWIHOI
FPAHWYHOI YMOBH Ha BijIbHIN MOBEPXHI piauHu. 3ayBaskuMO TAKOXK, IO Ca-
Me 11 ABi BUMOrHu (POPMYJIIOIOTHCA U€pe3 HesIiHilHI CIiBBiTHONIEHHS 1 M1
IXHBOTO BUKOHAHHA OYIyTb 3aCTOCOBAHI ACUMITOTHUYHI METOIU HETiHIAHOT
MeXaHIK/ 3 TPHUIYIIEHHAM PO MaJlicThb 30ypeHb BiJLHOI MMOBEPXHI piauHu
€.

Benmunna £ BU3HAYAECTHCS 3 BUMOIHT 36€pezKeHHs 00’eMy pinunu y i1 30y-
peHoMy pyci. 3 BUKOPUCTAHHSAM PO3KJIay 3HAYEHHs iHTerpaJia, 3i 3MiHHOO
BEPXHBOIO I'PAHUIEIO B pss 110 & B okouii & = (0 0Iep:KUMO 3 TOUHICTIO 0
BEJIMYUH TPETHOrO MOPsJIKY MaJjocTi (mpaBopyd Bei dyukmii f i Tx moxiasi
6epyTbes st = 0).

1 [e/H
J f [f(HB)*dB| aHdah =
0

0

AV =

1-2§ , &2 ” &
J_f E—'—ffﬁ (f +ff)ﬁ+... aHdab.
0

D%ﬁw O%g:

SIKIo mpencTaBuTH & Y BUIIS POSKIAILY 33 CTYIIEHSIMH MAJOCTI 30y-
penns BibHOI moBepxHi pimuan &, &€ = & + & + &3 + &4 (HyKHIR iHIEKC
BIZIIIOBI/Ia€ MOPSIJIKY MAJIOCTI BEJIMYMHY BiJTHOCHO 3HAUEHHS &), TO OJIEPXKU-
MO (BeJIMYMHU 3 BEPXHIM IHIEKCOM «v» € iHTerpajsamMu Bij (hopM KOJMBaHb,
BUpA3 JJisl IKUX TYT HE TPUBOJATHCS )

& =0, & = _7{f Zaiajﬁfj,
“ 3.7
_ _f/2 + ffn ( )

&y = 3 f? QA Y ks - - -

i7j7k
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Tenep miciist 3HAXOIKEHHST 3aI€2KHOCTI & BiJ| a; IIPEICTABICHHS PO3B A3KY
3asadi (3.6) 3a10BlIbHSAE BUMO3i 30epezKeHHsT 00’ €My DiIMHE 3 TOYHICTIO JI0
BEJIMYNH TPETHOTO MOPSIKY MAaJIOCTI BiaHOCHO &.
s BusHAUYeHHS 3aJ1exKHOCTI b; Bix a; ckopucTaemocst meromoM [aabop-
Ki"a. BBemgemo 10 posrisany audepeHiiaabHuil OIepaTop
I 08 1 080y 1 080p af 0 dp &go_o
&) =5t Panda 200 f dads oz "
Buxomsau 3 Toro, mo cucreMa (DyHKI 1), € bopMaMu KOJIUBAHb BIIBHOL
[TIOBEPXHI, 8 3HAYUTH BOHHU € IIOBHOIO CUCTEMOIO (DYHKIIIH, CKaJIAPHI JOOYyTKHI
HEB’SI30K BU3HAYUMO 38 CXEMOIO

fL*@,so)\kadszo, k=12
So

Opu oMY AuepeHIiagabauil oneparop L* po3KIamaeTbesa B Pl 3a CTe-
rmeHaMu £, 1Mo eKBIBAJIEHTHO HOro IMIPOEKTYBAHHIO Ha He30ypeHy BiJIbHY I10-
BepxHio Sy. [licss mincraBienns: po3kJIaIiB mykanux Hesigomux (3.6) omep-
JKMMO HACTYIIHI BUPA3U I 3aJI€2KHOCTI BeJIMYIuH b; Bix a;

1 . 30 2 ) 0
bé ) = Z aiﬂipv bl(7 ) = Z aiajr)/ijp’
z i.j
(3.8)
b = > aiajardy,, b = ), diajarahly,
igk gkl

Y cuiBBigHOmeHHs (3.8) BXOAATH KOEDIIIEHTH, 0 BU3HAYAIOTHCS UepPes3
KBaJIPATYpu Bix dyHKIM 1)), i 1), 10 He3Gypeniit BinpHii mosepxwui. Ilicas
BU3HAYEHHST 3asiekHocTedl (3.7) 1 (3.8) mapameTpn aj MOKHA BBasKaTH OB~
HOIO HE3aJIEXKHOIO CHUCTEMOIO 3MIHHUX, 10 XaPAKTEPU3YIOTh PyX 0OMEXKEeHO-
ro 0o6’emy pinuau (y BUIAAKY PyXOMOIO pe3epByapa Tpeba J0 IHUX mapamMe-
TPIB Ie J0aTu mapaMeTpu pyxy Tina-aocis). L 3ameskuocri BcTanossieHi
aHaiTHIHO (y KBaJpaTypax) Jis JOBLIHHOI KIIBKOCTI (DOPM KOJUBAHB [0
po3B’si3aHHd Bapiariitnoi 3aa4i. Tenep posksiaau mykanux 3minaux (3.6),
JonoBHeH] criBBinHomenusamu (3.7) i (3.8), BiamoBizaoors BinbHi Mexamni-
9HI# cucTeMi, PyX SKOI BU3HAUAETHCS HE3AJIEKHUMH IapaMeTpaMyu ag, IO
XapaKTepu3yIlTh PYX BIJIBHOI MMOBEPXHI PiAUHU Ta mapaMeTrpam £, 10 Xa-
PaKTepU3yIOTh PyX TiJIa-HOCId.

OCKiJIBKE OCHOBHOIO METOIO I[i€l pOOOTH € BUKJIAJIEHHS PO3IIHPEHIX MO-
JKJTMBOCTEH BapialiifHuX METO/iB MEXaHIKH, sKi e(peKTUBHO MIPAIIOIOTH IIi-
CJIs HAJIEXKHOT'O aHAJIi3y BCiX KiHEMATHYHUX OOMEXKEHb 3a/1a4di Ta BUKJIIO-
JeHH] mux OOMEXKeHb JI0 peaJiizarlil BapiariiHOro IPUHITUITY, BUKJIAICHHS
aHAJI3y KIHEMATUIHIX 0OMEYKEHDb 33/1a191 BUKOHAHO JOKJIAIHO, a be3mocepe-
JIHIO peaJiizariito BapiarmiitHoro npuniuny [amigsrona — OcTporpaicbkoro
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Mu He Oy/ieMO BUKJIaIATH jAeTajbHo. [le BUK/IMKAHO TuM, 1O micjs moly-
JIOBU PO3KJajiB 3MiHHUX (7), AKi depe3 BuGIp KOOpAMHATHUX (DYHKIGH i
BUKJIIOUEHHST 3aJI€2KHUX [IapaMeTpiB Ha OCHOBI cmiBBigHomens (3.7) 1 (3.8),
CcHCTeMa, IO JIOCTIIXKYEThCs, ByXKE CTa€ BIIBHOMIO 1 6araro TeXHIYHUX MPO-
6J1eM 3HUKAIOTD.

[To6ymnoBani poskiaau (3.6) MoxkHA Ge31M0CEPETHBO MIACTABIATA Y (DYH-
kmifo Jlarpamka i mpu mpoMy cucTeMa mapaMerpiB ag i €; BiAmoBizae Kiib-
KOCTi CTYIIEHIB BIJILHOCTI CUCTEMH B PaMKax MPUHAHATO] MOJEN Ta 3a KiJab-
KiCTIO 3MIHHMX € MiHiMaJibHOW0. CxeMa moby10BH JUCKPETHOT MOJIEI CKJIa-
MAETHhCA 3 JIBOX eTaIliB meperBopenns GyHKIl Jlarpamxa

L(£7 9075_‘) - L(a’iu bjuga 5) I L(aiv a]a 5)

Taka cxema i0CTpy€e Hepexis CroYaTKy Bl 3B’s3aHOI KOHTUHYAJIHHOI CHU-
CTeMUu 10 3B’s3aHOI JUCKPETHOI CHUCTEMM, a IMOTIM, BUK/IOYAIOYN KiHEMa-
TUYHI TPAHUYHI YMOBU HA BiJIbHINl MOBEpXHI Ta YMOBY 30epe:KeHHs 00’ €My
piguau y 11 30yperoMy pyci, 3ailicHioeTbea nepexin no dyukiii Jlarpamxa,
IO Bi/IMOBiTa€ BIIBHIN cUCTEMI 3 YUCJIOM TTapaMeTpPiB, gKe JIOPIBHIOE YUCILY
CTYTIEHIB BIJIBHOCTI CUCTEMH.

s mepexoy BiJi KOHTHHYaJILHOI CTPYKTYPU MOJEI Tijio — pinuHa 1o
JUCKPEeTHOI MO/esi MOXKHA 3acTocyBaTu MeTod KaHTopoBuva 10 Bapialiii-
HOro (POPMYJIIOBAHHS 33a9i, OTPUMAHOTO Ha OCHOBI mpuHIMNY ['aMiabTo-
uva — Ocrporpajicbkoro. [Ipocropose i moBepxHeBe iHTerpyBaHHS y PYHKITIT
Jlarpan»ka mpoBOAUTHCsT B 3MIHHUX «, 0, 8. B miginrerpaabaomy Bupasi Bif-
OyBaeTbCa auEPEHIIoBaHHA 10 [ 4YIEHIB, IO MICTATH ITOTEHI[AJ IIBUI-
KOCTeil p, i MoOyTKIB WX WJIEHIB Ha sIKODIaH epexo/ly Bif IeKapTOBOI Teo-
MeTpil JI0 HeJIeKapTOBOI mapaMeTpu3ariii obJsracTi 7g, gKy 3aiiMae piguHa B
He30ypenomy crasi. Jljis mopoykHUHM 0OepTaHHs B IIJIOMY BiMiHHOCTI Bij
BUIIQJIKY Pe3epBYyapiB MUIIHAPUIHOT (DOPMHU MOJI[ATAIOTh B TOMY, IO,

— mo-tepire, GYHKINI, 38 SKUME Bi0YBAE€ThCs PO3KJIAT TIOTEHITIALY IITBU/I-
KOCTell, 3aJ0BITbHAIOTh YMOBH HENIEPETIKAHHS Ha 3MOTYBAHNX IPAHUIIAX
HabJIMKEHO,

— MO-ApyTe, M0ITaEThCA YMOBa 30eperkeHHst 00’eMy pimguHu y i1 30ypeHomy
pyci, i,

— MO-TPEeTE, IPU BUKOHAHHI 3HECEHHS HA HEe30ypeHy BiJIbHY MOBEPXHIO Pi-
JIUHU 32 JIOITOMOTroI0 paxy Teitaopa okpemux 4ieHiB pyHukiii Jlarpamxka,
KiHEMATHIHOI TPAHUYHOI YMOBHU Ha BiIbHI# moBepxHi i ymMOBHU 30epexke-
HHg 00’emy pimmuaum y i1 30ypeHoMy pyci y MOPIiBHSHHI 3 BUIAIKOM ITH-
JUHIAPUYIHOI 00JIACT] MOMAIOThCI TeOMETPUIHI HeJTiHiffHOCTI 06yMOBIeH
IIepexoIoM 10 HEJIEKapTOBOI mapamerpu3ariii 06/1acTi, Ky 3aiiMae piam-
Ha;
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— BUYETBEpTE, CJIiJ 3a0e3MeYnTH, 00 KOOPAMHATHI (PYHKITT 38 10BIIbHIIN
YMOBi HemepeTikaHHga Ha OiYHIM MOBEPXHI PiAWHYU HE JIUIE JJIA TOBEpPX-
Hi KOHTaKTy y He30ypeHOMy CTaHi Yo, a 1 Ha 1T IeBHOMY IIPOJOBYKEHHI
HaJl piBHEM HE30yPEeHOI BIJILHOI MOBEPXHI KYIU MOXKYTH JOCATaTH IPebHi
XBWIb AY.

B pesynbraTi 3acTocyBaHHA JIAHOI METOIUKU MOYKHA OTPUMATHU PIBHIHHSA
Jlarpamzka JIpyroro pojy — piBHAHHS CYMICHOTO PyXy CHUCTEMU «Pe3epByap-
piMHA» B aMILNTYIHUX HapaMeTrpax PyXy PiIMHU 3 BiJIbHOIO ITOBEPXHEIO
aj, Ta mapamMeTpax pyxy TiJa-HocCisd €

N N+3
D pkr(ai )i+ Y pre(ai, @5)E- N = qr(ai a5,60,6m).  (3.9)
k=1 k=N-+1

Yepes Te, 1110 APYTi HOXinHI B I1i PiBHAHHA BXOAATDH JIHIAHO, CHCTEMA 3BU-
qaiiuux audepeHIiaIbHuX PiBHAHD JIETKO NPUBOAUTHCH 110 (dpopmu Ko,
IO CHPULAE MOJAJBIIIOMY AHAJITHYHOMY 1 YUCEJBHOMY JIOCJIJZKEHHIO 3a-
madi. JIerko moka3yeTbes, M0 MOPOIKyBaJIbHA CUCTEMa, TudepeHItiaaIbHuX
PIBHSHB € HEBUPO/ZKEHOIO, PO3IIO/IiI YACTOT € BiJIOMUM 1 Tialla30H PO3TAIILY-
BaHHS 9aCTOT € KOMITAKTHUM, IO MPAKTUYIHO BUKJIIOUAE MPODIEMU TTPOABY
edeKTy KOPCTKOCTI P YMCeIbHOMY iHTerpyBanti cucremu (3.9).

4. BIBPAUIMHE 3BYIXKEHHA PYXY CUCTEMU PE3EPBYAP-PIJIUHA B
PEXKUMI CYMICHOTO PYXY

Ax mpukian epeKTUBHOI TOOYIOBA MOJE PO CYMICHUN pYyX pPe3epBy-
apa 1 piiuEN 3 BIJIPHOIO IOBEPXHEIO HA OCHOBI METOJIB AHAJJITUYHOI Me-
XaHIKM KOHTHHYaJbHUX CUCTEM PO3TJISTHEMO BUIAJIOK pe3epByapa y dopmi
estinicoimy obepranus, maca sikoro M, = 0.2M; (npostB pyxoMocTi pijuHu
Ha PyX pesepByapa Oyje cyTreBrM ). PO3IIISHYTO BUNAIOK €JIIICOIIATBEHOTO
pesepByapa 3 miBocaMu a = 1 1 b = 2. Bumamok BigmoBizmae po3rsirHeHO-
My IO BepTUKaJI eJiincoina 3 rimbunoio 3amoBuenns H = (0.75. PesepByap
3MICHIOE PYX B TOPU3OHTAJIBHIN IJIOMIWHI 31 CTaHy CIIOKOIO TiJT JTIEI0 CUJIA
F, = A(M, + M) coswt (A — MHOXKHVK, SIKWil [T PI3HUX PEKUMIB 11101~
paBcs Tak, 1m0 cucTeMa BUXOIUJIA HA PEYKUM HEJIHINHUX KOJUBAHb, KOJIH
30ypeHHs Ha BijbHi TTOBepxHI MaloTh mOpAA0K 0,2 Bim pasiyca BijIbHOI 110-
BEpXHI PiuHNM).

AnanizyBasmcs Taki BUMAIKU 3MIHE 9aCTOT W = k,We, 1€

k, = 0.9, 0.98, 1.0, 1.02, 1.1, 1.5,

a W, — 9aCTOTA CyMICHAX KOJIMBAHb CUCTEMU PE3EPByapP-PiAnHa 32 MMEePIIOI0
dopwmoro. Ha puc. 4.1 npeacrasieni pe3yabraru po3paxyHKiB 3MiHU B 1Uaci
30ypeHb BibHOI mMOBepxHI pinnau wa OivHINl mOBEpXHI pe3epByapa B ILIO-
muHl 20x, B SIKifl BiIOYBAOTHCS KOJTUBAHHS.
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Ha pucynky 3/1iBa Bropi npuBeieHO IJIMOWHY 3allOBHEHHsI, 3TOPU B IICH-
Ti — 3HAYEHHS BiTHOCHOI YaCTOTU Ta aMILTITYIHOTO HapaMeTpa 30yIKeHHs
KOJINBAHb CHUCTEMH. 3BEPHEMO yBary Ha Te, IO JJIfd YaCTOT CYyTTEBO MEH-
XX 33 PE30HAHCHI KOJUBAHHS BIJILHOI IIOBEPXHI 3HAYHO BiIPI3HSIIOTHCA Bil
CUHYCOIJIAJIbHOTO 3aKOHY 1 CIOCTEPIraeThes Jipeiid CepeHbOro 3HAYEHHS.
IIpu nabiumkenHi 10 PE3OHAHCHOI YaCTOTU CIIOCTEPIra€ThCH BUCOKA Y TJIH-
BiCTh cmcTeMu 0 aMILTITyau 30yIKeHHsI i HABITH 10 3MIHH 9aCcTOTH Ha
JeKiabKa MPOIEeHTIB. B xapakTepi pO3BUHEHHS KOJIUBAHD CyTTEBO MIPOABIIs-
€TbCA MOJIYJIAIS, TIPU IIbOMY YaCTOTa 3MIiHU KPHUBOI MOJYJILI] CIOYATKY
3MEHIITYETHCA 1 € HallMeHIO 11 BigHocHOI 9actoTn 0.98, a moriM 3HOBY
napocrae. Ile cBiguuTh mpo Te, 1m0 HETIHIAHOCTI B Takiil cucTeMi € M SIKOTO
THUILY.

/0,050, A: 0.547

,/0,:0.90, A: 0.156 Te

0)/0;:098, A: 0015 Te

oo 100, A: 0027
01
00
o1

oo 102, A: 0062

/052 1.10, A: 0250 ;

/0150, A: 0562 1o

Puc. 4.1. 36ypenHs BiJIbHOI MOBEPXHI PIAVHKA B PI3HUX 4a-
CTOTHHUX Jiala30Hax

Buxin cucremu Ha peKMM yCcTaJeHUX KOJIMBAHBb HE CIIOCTEPIraBcs, MPO-
Te s BigHOcHOT vacTtoTr (.98 1mepios MOMYSIIHOT KPUBOI € JOCTATHBO
BEJIUKAM 1 B OKpeMux poboTax Iie MOMUJIKOBO CIPUUMAJIOCH AK BUXII Ha
yCTaJIeHUI PeKUM KOJIMBaHb. BiJIMITUMO TaKOXK, 1110 JIJTs BITHOCHOT YaCTOTH
1 cyTTe€BO MPOABIAECTHCA BiIMIYEHU B €KCIIEPUMEHTAX PEKUM AHTUPE30-
HAHCA, KOJIX IPOTArOM JEKIJILKOX MEePio/iB KOJMBAHHS Ha BIJIbHINA ITOBEPXHI
dakTraHO 3HUKAIOTH (1X AMIUIITY/a KOJMBAHD € HE3HAYHOIO), 10 MOMITHO
B okoJti wacy npubsmsuo 60 c i 120 c. Jliniitna Teopia mporuosye momibHicTh
[TOBEIIHKU CUCTEMH depe3 HaOJIMKeHnH 30ir 9acToT MOILYJIAIN] /I)Id 3HAYTEHD
BIJIHOCHUX 9YaCTOT CUMETPUYHMX BiJIHOCHO BiiacHOI yacroru [7]. Asie B Ha-
momy Bunaaky g gactoT 0.9 i 1.1 me He crocTepiraeTbCs, Mo MOB’ da3aHe
i3 BUXOJIOM Ha PEXKUM, KOJIU IIpu (POPMYBaHHI MOIY/IIl] O€PYTh yIacTh HE
nBi dopmu KosmBaHb, a Oijbmie. JlomaTkosBi HesiHiliHI BIaCTUBOCTI mOBE-
JIHKHW CHCTEMU BU3HAYAIOTHCI YEPe3 TPAHCIIEH/IEHTHY 3aJIEXKHICTh YaCTOT
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Big HOMepa dbopmu, BiamiveHoro B [5] i BiAMOBITHOTO yIIIJIBHEHHS CIIEKTPA
KoJIuBaHb. 1le 00yMOBJIIOE BiJICyTHICTh yCTAJIEHUX PEXKUMIB KOJIMBAHD.

Byso poss’asano rpymy 3amad juia pisHEX BapiaHTIB esimcoimiB i pis-
HiB TX 3allOBHEHHs. AHAJI3yIOYN B KOMILIEKCI OIEpXKaHl Pe3yJIbTaTH CJIiI
3a3HAYNTH, IO, ITO-TIEPIIe, CHCTEMAa Pe3epByap-piAnHa TeMOHCTPYE BUCOKY
9y TJIUBICTD JI0 3MiHA 9aCTOT OCOOJINBO B GE3MOCEPETHBOMY OKOJI Pe30HaH-
cy.

Ilo-apyre, 3HAYHOIO MIpOIO IIPHM OJHAKOBUX BiIHOCHUX aMILTITymZax 30y-
pPeHb BUJILHOI IMMOBEPXHI PIIMHYU MTPOAB HEJIIHIHHOCTI BU3HAYAETHCA HAXUIIOM
CTiHOK B OKOJIi HEe30ypeHol BibHOI moBepxHi. Tak /i Maaux riiuOuH i mjsd
BUIAKIB CTUCHEHOI (DOPMU €JIIICOima HAXWUJI CTIHKKA pe3epByapa B OKOJII
BiJIbHOI TOBEPXHI 3HAYHO BiIPI3HAETHCA Bil BepTUKaIbHUX CTiHOK. [le cpu-
€ T ACUJIEHHIO TTPOsBY HEJIHIMHOTO XapaKTepy KOJIUBAHb, OCKIIbKY HADJIN-
JKEHHS HAXWIY CTIHOK Pe3epByapa /10 BEPTUKAJIBLHOTO IMOJIOXKEHHS TPU3BO-
JUTH IO 3POCTAHHSA OOMEXKEHb HAa PYX PiauHU, i, O TOTO 2K 0 3POCTAHHSI
qacToT i Bizcraneit mixk Humu. Ile 3menrye B3aeMoBILINB (POPM KOJIMBAHb,
a 3HAYUTH CIPOIIYE XapaKTep PO3BUHEHHS KOJMBAHb.

Ilo-TpeTe, BaroMo mposiBISETHCA KOMILIEKC HEJTIHINHUX eeKTiB pO3BU-
HEHHsI KOJINBAHb, a caMe JIpeiid cepeiHhOr0 3HAYEHHS KOJIMBAHb HA HU3b-
KHX YaCTOTaX, MOMYJIsAIlisd KOJUBAHb, BTPATA PETYJIAPHOCTI KOJIUBAHb Ha
BUCOKHUX 9aCTOTaX, aHTUPE30HAHC, IEPEBEPIINEeHHST BUCOTU ropba XBUJI HAJT
11 BOAIUHOIO.

B-ueTrBepre, Ha Bcix pekmMax BUXiJ CUCTEMH pe3epByap-pijuHa Ha pe-
KUM yCTaJIeHUX KOJUBaHb He criocrepiraBcs. OnepKani pe3yabTaT y3ro-
JKYIOTHCS 3 BIIIOMUMU TEOPETHYHUMHU Ta €KCIIEPUMEHTATBLHUMU JaHUMU [6].

5. BUCHOBKU

Y poboTi BUKJIAIEHO OPUTIHAJBHI i7el BUKOPUCTAHHSA PO3IIUPEHUX MO-
KJIMBOCTEN aHaAJIITUYHOI MEXAHIKM CYIIIJIBHOTO CEPEIOBUINA, 3aPOJIZKEHHH
SIKIX, CyJIST9H 3 YChOTO, BiaOymocs B pamkax Haykosol mxomn JI. O. I'pa-
Be i mizmime maykopoi mkosm M. O. KinsaeBcbkoro. i imei € ocHoBomO
OTJIOJIEHOTO AHAJII3Y TTOCTAHOBKM 33149 MEXAHIKHU CYIJIbHUX CEPEIOBHIIL
i cOpUAIOTh PO3BUHEHHIO KOHCTPYKTHUBHHUX METOJIiB, CTBOPEHUX HA OCHOBI
aHAJITUIHOI MeXaHiKu. BifiMideHi mepeBaru i OpuriHaJIbHICTb IIUX ITiIXO/TIB
IIPOLTFOCTPOBAHO HA 33Iadi PO HeJIiHIWHI KOJIWBAHHS PiIMHYT 3 BLIBHOIO 10~
BEPXHEIO, SKY PO3IVIAHYTO B paMKax HeJTHIHHOI 3a/1a4i TMHAMIKY CyMiCHOTO
PYXY CHCTEMU, BKJIIOYAIOYN BUIIAI0K Pe3epByapa HEIUIIHIPUIHOT (hOPMU.
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Diffeomorphism groups of Morse-Bott
foliation on the solid Klein bottle by
Klein bottles parallel to the boundary

Sergiy Maksymenko

Abstract. Let G be a Morse-Bott foliation on the solid Klein bottle K
into 2-dimensional Klein bottles parallel to the boundary and one singular
circle St. Let also S*%X.S? be the twisted bundle over S which is a union
of two solid Klein bottles Ko and K; with common boundary K. Then
the above foliation G on both Ko and K; gives a foliation G’ on S* %S>
into parallel Klein bottles and two singluar circles. The paper computes
the homotopy types of groups of foliated (sending leaves to leaves) and leaf
preserving diffeomorphisms for foliations G and G'.

Amwnorauisi. Hexait G — mapysanas Mopca-Borra na s3amoBHeHiii mismmii
Knaitna K wa gsoBumipni mwismku Kisitna napasenshi go mexi 0K ta
nerrpasbie koso S, Hexait takox S'XS? — TorasbHuit IpocTip €uMHOrO
HeTPUBIAILHOrO S2-posiapyBanHs Hajl KoJoM S, sike € 00’€HAHHIM JIBOX
komiit Ko ta K 3amoBaenol misimku Koasiiaa 3i crisbaoo Mmexkero K. Toumi
mapysanns G Ha koxuii konii Ko ta K Busnadae mapysanns G’ na S* X S?
Ha napaJjieibai sk Kirgiina ta gBa CHHIyJIapHi KoJsia. B pobori obuuciie-
HO ToMoTOmiuHi TuIM rpyn audeomopdisMis mapysanb G Ta G’

1. INTRODUCTION

Let D? = {Jw| < 1} be the unit disk in the complex plane, S' = dD? be
its boundary, and T = S* x D? be the solid torus. Define the following C*
function

F:T=[0:1],  f(zw) =|w]?,
and for every r € [0; 1] let T, :== f~!(r) be the inverse image of 7. Evidently,
T, is a 2-torus for r € (0;1] and Ty is a circle. Let also

F=AT, |rel0;1]}
be the partition on T into the inverse images of f.

Notice that f is a Morse-Bott function (in some sense the most simplest
one), and the corresponding partition F is a Morse-Bott foliation, see e.g. [1,
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6,17]. Such foliations play and important role in Hamiltonian and Poisson
geometries, however in the present paper we will not use this interpretation.

Given a partition F on a manifold M we will say that a diffeomorphism
h: M — M is F-leaf preserving if it leaves invaraint each leaf of F, i.e.
h(w) = w for all w € F. Also, h is F-foliated whenever the image h(w)
of each leaf w € F is again a (perhaps some other) leaf of 7. Then for a
subset X < M we will denote by D'P(F, X) and D/°(F, X) respectively
the groups of F-leaf preserving and F-foliated diffeomorphisms of M. If
X = @, we will omit it from notations. Evidently, D'P(F, X) is a normal
subgroup of Df°(F, X).

In a series of previous papers by the author and O. Khokhliuk [9-12,
16] there were computed homotopy types of groups of foliated and leaf
preserving diffeomorphisms of the above foliation F on T. Namely, the
following results are obtained:

Theorem 1.1 ([12, Theorem 1.1.1]). The group D'P(F,0T) is weakly con-
tractible.

Theorem 1.2 ([16]). The pair (DP(F),D'?(F,0T)) is a strong deforma-
tion retract of the pair (D/°Y(F), D/°Y(F,0T)).

It is also known that the group D(T, 0T) of diffeomorphisms of T fixed
on its boundary is contractible (N. Ivanov [8, Theorem 2|), while the group
of all diffeomorphisms D(T), contains as a deformation retract a certain
semidirect product A := (S x S') x U, where

U={(; 5 lede{xl},neZ} cSL(2,Z)

(this is a classical result). In particular, 7yD(T) = U. In fact, A is con-
tained even in D' (F,0T), and Theorems 1.1 and 1.2 imply that the fol-
lowing inclusions are weak homotopy equivalences:

{idr} & D(F,0T) = D/F,0T) —— D(T,T),
A DP(F) s DIYF) — s D(T).

Furthermore, gluing two copies Ty and T of the solid torus by some dif-
feomorphisms between their boundaries, one gets a lens space L, . Then
the foliation F on each of those tori gives a foliation F, , on L, 4 into two
singluar circles and parallel 2-tori. In [12,16] there were also computed the
homotopy types of the groups D(F,,) and Df N Fpq)-

In the present paper we will make similar computations for the non-
orientable counterpatrs of T and lens spaces: the solid Klein bottle K and
the twisted S2-bundle over the circle S* X 2.
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More precisely, consider the following orientation reversing diffeomor-
phism & : T — T of order 2 given by {(w, z) = (w, —z). Then the quotient
space K := T/¢ is called the solid Klein bottle. It is a non-orientable 3-
manifold and the corresponding quotient map p : T — K is its orientable
double covering. Moreover, it is evident that fo& = f, whence there exists a
C* function g : K — [0;1] such that f = gop. For t € [0;1] let K; = g~ *(¢)
be the corresponding level set of g, so Ky is a circle, while for ¢ € (0;1] the
set K3 is a (2-dimensional) Klein bottle. In particular, K; = JK.

Note also that 7, = p~!(K;) and the restriction maps p : T, — K;
(oriented for r > 0) double coverings.

Let G = {Ki}e[0;1) be the partition of K into level sets of g. Then g is
a Morse-Bott function for which Kj is a non-degenerate critical manifold,
and all other points of K are regular for g. Therefore one can regard G as
a Morse-Bott foliation with the singluar leaf Kj.

Our aim is to compute the homotopy types of the groups D°/(G) and
D (G) of G-foliated and G-leaf preserving diffeomorphism of K respectively,
and their respective subgroups fixed on K. In fact most of the preliminary
work is done in the mentioned above papers, and here we will just use
their results for explicit computations. We are also aimed here to illustrate
usefulness of the developed methods.

First we recall the following statement:

Lemma 1.3. D(K, 0K) is contractible, while D(K) is homotopy equivalent
to S x Zy x Zy, i.e. to the disjoint union of 4 circles.

History of proof. W. B. R. Likorish [14] shown that moD(K) =~ Zs®Zs and
that each diffeomorphism of 0K extends to some diffeomorphism of K. The
latter can be rephrased so that the restriction map p : D(K) — D(0K),
p(h) = hlsk, (being also a continuous homomorphism) is surjective. Evi-
dently, its kernel is the group D(K, dK) of diffeomorphisms of K fixed on
the boundary. Notice that the map p is known to be a locally trivial fibra-
tion which is a particular case of “local triviality for embeddings” statement
independently proved by J.Cerf [2], R. Palais [18|, and E. Lima [15].

Also, N. Ivanov [8] obtianed a general result on Waldhausen manifold
which includes the statement that D(K, 0K) is contractible.

This implies that p is a homotopy equivalence. Moreover, it is also proved
by C. Earle and J. Eeels [5] and A. Gramain [7] that the path components
of D(0K) are homotopy equivalent to the circle. Hence D(K) is homotopy
equivalent to S x Zo x Zs, i.e. to the disjoint union of 4 circles. U
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Our first result shows that the corresponding G-foliated and G-leaf pre-
serving counterparts of the groups from Lemma 1.3 have the same homo-
topy types. So the situation here is literally the same as in Theorems 1.1
and 1.2.

Theorem 1.4. The following statements hold.

(1) The group D'(G,0K) is weakly contractible.

(2) The pair (DP(G),D(G,K)) is a strong deformation retract of the
pair (D/°4(G), D?(G, 0K)).

They imply that the following maps denoted by (w.)h.e. are (weak) homo-

topy equivalences:

h.e

{ldK} w.h.e Dl”(g, 6K) C h.e DfOl(g, (3K) C w.h.e D(K,&K)

Dlp(G) 2 o prol(g) e pK) —P>» D(IK) ~ 'Z'Sl’

h.e.

)

where the notations in bold denote new results and implications.

This theorem will be proved in Section 3.

As mentioned above a lens space is a 3-manifold obtianed by gluing two
solid tori Ty and T; by some diffeomorphism between their boundaries,
and there are infinitely many mutually non-diffeomorphic lens spaces. On
the other hand, since every diffeomorphism of the Klein bottle K extends
to a diffeomorphism of the solid Klein bottle K, it follows that gluing two
copies of K by some diffeomorphism of their boundaries gives always rise
to the same manifold S X S? being a total space of a unique non-trivial
S2-bundle over S! called the twisted S?-bundle over S*.

Therefore one can regard S' X S? as the union of two Solid klein bot-
tles Go and G; glued by the indentity diffeomorphism of their boundaries.
On each K;, i = 0,1, we have defined above the foliation G into paralled
2-dimensional Klein bottles and one singluar circle. These foliations con-
stitute together a foliation on S' X S? into parallel Klein bottles and two
singluar circles Sil c K;. We will denote that foliation by G , and it will be
convenient to call it polar.

As a consequence of Theorem 1.4 we get the following description of
the homotopy types of G-foliated and G-leaf preserving diffeomorphisms of
S X S2. Notice that each h € Dlp(é) leaves invariant the common boun-
dary 0Ky = 0K which we will denote by K. Hence we have a well-defined
continuous restriction homomorphism p : Dlp(é) — D(K), p(h) = h|k.
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Its kernel is eveidently the group D'? (Q , K) of G-leaf preserving diffeomor-
phisms fixed on K.

Denote by D_{OZ(QA) the (index 2) subgroup of Df Ol(é) consisting of diffe-
omorphisms leaving invaraint each singular circle Sé and S{. Our second
result if the following Theorem 1.5 which will be proved in Section 4:

Theorem 1.5. The following statements hold.
(1) The group DP(G) is a strong deformation retract of Di‘)l(g).
(2) The “restriction to K := Ko = 0Ky homomorphism”
p:D?(G) — D(K)
is a weak homotopy equivalence.

In particular, Dlp(ﬁ) and ij’l(gA) are weakly homotopy equivalent to the

disoint union of 4 circles, while Df"l(é) is homotopy equivalent to the
disjoint union of 8 circles.

Note that M. Kim and F. Raymond [13], shown that
moD(S' X S?) ~ Zy @ Zo,
and the generators of that group can be chosen to be also the generators of
7oD'P(G). This gives the following
Corollary 1.6. The inclusions Dlp(é) c Di"l(é) c D(S' X S?) induce
bijections on my groups:
m0DP(G) = moDIN(G) = moD(S' X §?) = Zy ® Zo.

On the other hand, the homotopy type of D(S! X §?) is more compli-
cated. It was described in E. César and C. Rourke [4, Theorem 2|, which
in turn extended the technnique from PhD theses by E. César [3].

2. TWISTED BUNDLES OVER THE CIRCLE

In this sections we present an explicit model for the solid Klein bottle K
and the universal covers of K and K\Kj. These notations will be used in
the proof of Theorem 1.4.

2.1. Universal cover of the solid Klein bottle K. Let
k:R xC— R, K(s,w) = s,

be the trivial vector bundle (of real dimension 2), and ¢’ : R x C — R be
a C* function given by ¢/(s,w) = |w|®. It determines a norm (or scalar
product) on the fibers of .
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Consider the following C* vector bundle isomorphism (§,7) reversing
orientation and having no fixed points:

& (s,w) > (s+1, )

RxC RxC
l i (2.1)
R n:s—s+1 R

It defines a free and properly discontinuous action of Z on R x C. Denote
by S' X C = (R x C)/Z the quotient space. Then R/ = S* and the corres-
ponding quotient maps 3 : R x C — S X C and 0 : R — S, o(s) = €2™,
are universal coverings maps. Moreover, we get the well-defined quotient
vector bundle 7 : S X C = (R x C)/¢ — R/n = S' such that the following
diagram is commutative:

RxC_»81%C

H,l \L”f
R—>— 4!
Evidently, ¢’ o £ = ¢/, whence there exists a unique C* function
g: 81X C >R,
such that ¢ = go 3. Then K := g_l([(); 1]) is the solid Klein bottle,
S :R x D?> — K is the universal cover of K, and
G ={K, =g (") }ep]
consists of level sets of g. Note that we also have a norm on the fibers
[ |:STXC—[0;+0], |z = Vg(2),
for z € S* X C, so K, consists of elements of S* X C of norm /7.
For r € [0; 1] denote:
K, =g ([0;r]) = {we S'XCllz| <vr}, C =g '([r;1]).

Thus K, is a “thinner” solid Klein bottle with boundary K., while C" is a
collar of the boundary Klein bottle K. In particular, Ky is a circle being
also the zero section of ~.

2.2. Universal cover of K\K(,. Consider also another universal covering
map

o R x (0:40) > R x (C\{0}),  afs,6,7) = (s,7¢™™).
Then the composition:

CiR2 x (0;1] %5 R x (DA\{0}) - K\ K
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is the universal covering map for K\ Ky. Evidently, for each leaf K, r > 0,
its inverse (~!(K,) is the horizontal plane R? x r. In other words, the
composition
g =g oa:R%x (0;+m) — (0;+x0)
is just the coordinate projection, ¢”(s, ¢,7) = r.
One easily checks that the group of covering translations of ( is generated
by the following diffeomorphisms

a,b:R? x (0 + w) — R? x (0+ ),
a(s?qb?,r.) = (S’¢+1’r)’ b(S’ ¢’T) = (S+1’7¢7r)7
and that the following identities holds:

(2.2)

aoa=q, aob=¢oq, boa=a lob.

Let us collect all those spaces and maps into the following commutative
diagram:

R? x (0;1] ¢ R? x (0; +0)

e o¢

[ Rx(D2\{0}) —— > RxD*C— ~ RxC

N\ | (A

"

g

K\K) —— K=g"(0;1) — S'xC R
\ S\Ll /
(2.3)
7|
¢
Ao L LR (0]
S l a

FIGURE 2.1. Universal coverings of K and K\ Kj
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2.3. Liftings of diffemorphisms. We will also use the following simple
statement concerning covering maps:

Lemma 2.4. Let B : X — Y be a covering map between path connected
topological spaces, and € : X — X be any covering transformation, i.e. a
homeomorphism satisfying 8o & = 3. Let also h : Y — Y be a continuous
map having a lifting h' : X — X, so Boh’ = ho 3. Then each of the
following conditions implies that h' commutes with &, i.e. Eoh’ = h' o &.
(1) There exists a point x € X such that £ o W/ (x) = h' o &(x).
(2) There exists a subset A 'Y being invariant under £, i.e. §(A) = A,
and such that h' is fized on A.

Proof. (1) Notice that £ o b’ and h’ o £ are also liftings of h, since
ol of=Eofoh=Foh,  WotoB=hoB=Foh.

Moreover, by assumption, they coincide at . Then by uniqueness of liftings
with one prescribed value, they should identically coincide on all of X.

(2) Let « € A be any point. Then, by assumption, £(z) € A. As b/ is fixed
on A we have that h' o &(x) = £(x) = o h/(z). Hence by (1), W o =Eoh/
on all of X. O

Notice that each h € D(K, 0K) lifts to a unique diffeomorphism
K :Rx D* - R x D?

fixed on R x S!, so Boh' = hof3. Since R x S! is invariant under &, it
follows from Lemma 2.4 that A’ commutes with &.

Moreover, suppose in addition that h(Ky) = Ko, (R x 0) = R x 0, then
the restriction h’ \RX( p2\{o}) lifts in turn to a unique diffeomorphism

B R? x (0;1] — R? x (0;1]
fixed on R? x 1, so
aoh” =hoa:R?x (0;1] — R x (D*\{0}).

Again, since R? x 1 is invariant under a and b, we get from Lemma 2.4
that h” commutes with a and b. These liftings i’ and h” of h will play an
important role for our proofs.

Let us also mention that the group D'P(G,0K) can be defined as the
subgroup of D(K, 0K) consisting of diffeomorphisms preserving the func-
tion g, i.e. satisfying the identity: g o h = g. Moreover, if h € D?(G, 0K),
both liftings A’ and h” are defined and they satisfy the following idenitities:
goh' =g and ¢" o W' = ¢".
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3. PROOF OF THEOREM 1.4

The second statement (2) that the pair (D(G), D?(G, JK)) is a strong
deformation retract of (Df °lG), DG, GK)) is a particular case of results
from [16].

For the proof of (1) we need to define an explicit model for the solid
Klein bottle K and the universal covers of K and K\Kj.

(1) The proof of contractibility of the group D" (G, dK) almost literally
follows the proof of main result from [12]| for similar foliation on the solid
torus, since the results of that paper are proved in a greater generality and
are applicable in the current situation. For the convenience of the reader

we will repeat certain arguments. Namely, we will define four subgroups of
D (G, 0K):

By c B3 ¢ By ¢ By ¢ By=D"G,K),

and show' that all the inclusions are homotopy equivalences, while the
smallest group By is weakly contractible.

To proceed with the proof it will be convenient to fix some C* function
w: [0;1] — [0; 1] such that g =0 on [0;0.2] and =1 on [0;0.8].

1) Inclusion B; c By.

Let us define the group B;. Let h € By = D'?(G,0K) be any element
and ' : R x D? — R x D? be its unique lifting fixed on R x S'. Since
h(Ky) = Ky, it follows that A'(R x 0) = R x 0, so there exists an orientation
preserving diffeomorphism o(h) : R — R commuting with £ and such that

W(s,0) = (o(h)(s), 0), seR.
is R x 0 is also invariant under £. In particular,
W o&(s,0)=H(s+1,0) = (a(h)(s+1),0),
o h'(s,0) =¢(a(h)(s),0) = (a(h)(s) + 1,0),

so a(h)(s +1) = a(h)(s) + 1 for all s € R. Let D, (R) be the group of
all orientation preserving diffeomorphisms ¢ of R satisfying the identity
q(s+1) =q(s) + 1 for all s € R. Then the correspondence h — o(h) is a
well-defined map o : By — D;f (R). One easily check that o is a continuous
homomorphism.

Let By := ker(o) be the kernel of . Thus B; consists of G-leaf preserving
diffeomorphisms h such that their unique lifting A’ to the universal cover
R x D? fixed on R x S! is also fixed on R x 0.

'We also “reorder” here the groups B; in comparison with their counterparts from [12].
Namely, we will make our diffeomorphisms fixed on the collar of 0K at the fourth step,
while in [12] that was done from the beginning. This will slightly simplify the exposition.
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We claim that B; is a strong deformation retract of By. The proof it
easy and consists of two statements. Let us recall the arguments from [12].

a) o admits a continuous section s : Dy (R) — D?(G,0K) = By satisfy-
ing s(idr) = idk. Thus s is a continuous map (not necessarily a homomor-
phism) such that o o s(g) = g for all g € D;F (R).

Indeed, note that each ¢ € D;f (R) extends to a diffeomorphism

@:RxD*>RxD?  §(w,s)= (w,u(lw)a(s) + (1 - p(lwl)s))

fixed even on the set p~1(C%®) = {(w, s) | |w| € [0.8;1]}. One easily checks
that ¢ also commutes with &, and preserves the sets p~!(K,), 7 € [0; 1], being
the inverses of the leaves of G. Hence ¢ yields a unique diffeomorphism
s(q) of K preserving the leaves of G and fixed on C”8. In other words,
s(q) € D'"(G, 0K) = By. Moreover, ¢ is in turn a unique lifting of s(q) fixed
on R x S, whence the correspondence g — s(q) is the desired section of o.

b) The group D,J]r (R) is convezx, and therefore contractible into the point
idg via the “stantard” homotopy:

. Dt . + —_ ;
H : Dy (R) x [0;1] — Dy (R), H(q,t) = (1 —t)q + tidg.
Then a) allows to construct the following homeomorphism
n:B1 x DF(R) = ker(o) x D (R) — D(G,C"¥),
n(h;q) = hos(q).

which is “fixed on By” in the sense that n(h,idg) = h for all h € B;. As
Dy (R) is contractible into the point idg, it now follows that B; is a strong

deformation retract of By = D'(G, C*®). We refer the reader to [12] for
the details.

2) Inclusion By c B;.

Define By to be the subgroup of By consisting of diffeomorphisms A co-
inciding with some vector bundle morphism ¢ : S' x C — S x C on K.

To see what this means consider the standard disk bundle 7 : K — S*
from (2.3), and for every y € S and r € (0; 1] denote by

D, (y) = “/71@) N K,

the closed 2-disk of radius r in the fibre over y. Notice that the intersec-
tions of D, (y) with the leaves of G constitute the partition of D, (y) into
concentric circles. The following lemma is easy and directly follows from
definitions of the above covering maps.

Lemma 3.1. Let h € By then the following conditions are equivalent:
(1) he BQ;
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(2) h(Do2(y)) = Do2(y) for each y € S' and the restriction
h: Dr(y) = Dr(y)

is a rotation (i.e. a linear isomorphism preserving concentric circles);
(3) there exists a C* function A\p : R — R such that

K (w, ) = (we™ () ), An(s + 1) = =An(s),
for all s € R and w € D? with |w| < 0.2;
(4) there exists a C* function A\p : R — R such that
h'(s,¢,1) = (5,0 + An(s),7), An(s +1) = =An(s),
for all s e R and r € (0;0.2];

In this case such a function A\ in (3) and (4) is the same, and it is also
unique. O

Proof. Equivalence of conditions (1)-(4) is easy. It also follows from (4)
that A is uniquely determined by h”. O

Now, by “linearization theorem” [11], the inclusion By < B is a homo-
topy equivalence. Notice that in our situation G consists of level sets of a
positive definite 2-homogeneous on fibers function g. In this case the proof
of that “linearization theorem” can be simplified as it was shown in [12, The-
orem 3.1.2].

More precisely, the deformation of 1 into Bs can be defined as follows.
Let U be a neighborhood of the central circle Ky (i.e. the zero section of
p:S'XC — SY and h: U — S'XC a smooth embedding such that
h(Ko) = Ko, but it is not necessarily fixed on K. Then one can define the
following vector bundle isomorphism

Ten(h) 1 81X C - S'XC,  Tan(h)(x) = lim 1h(te),

which can be regarded as a “partial derivative” of h at points of Ky in
the direction of fibers of the vector bundle p : S X C — S, see [11]. In
particular, Tgp(h) is well defined for all h € B;. It is easy to see that if
h € By, so it coincides with some vector bundle morphism ¢ on Kjo, then
T (h) = ¢ on all of S* x C.

Define also the following function

¢:[0;1] x (S'XC) >R,  ¢(t,x) =t + (1 —t)u(|z|).
Evidently, ¢(t,z) = 0 exactly on the set 0 x Kpo. Now a deformation
H : By x [0;1] — By of By into By can be given by the following formula:
h T
{W, (t,z) € ([0;1] x K)\(0 x Kq.2),

T = @), <0< Ko
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Inbdeed, one can show (using Hadamard lemma) that H(h,t) is a diffeo-
morphism of K belonging to B; for all (h,t) € By x [0;1], and the map H
is continuous with respect to the corrresponding C* Whitney topologies,
see [12, Theorem 3.1.2]. Moreover, it is evident, that

Hy(h) = h, Ho(h)Ko5 = Tin(h) Ko .-

The latter means that Hy(h) coincides with the vector bundle morphism
Ten (k) on K2, and thus Hy(h) belongs to By. Finally, if A is already in Ba,
then it easily follows from the formulas for H, that Hy(h) = h = Tgp(h) on
Ko.2. Thus H is a homotopy of By which deforms B; into By and leaves By
invariant. This means that H is a deformation of B into By, and therefore
the inclusion By < B; is a homotopy equivalence whose homotopy inverse
is the map Hy : By — Bo.

3) Inclusion B3 c Bs.

Denote by C£(R,R) the subset of the space C*(R,R) consisting of func-
tions d : R — R satisfying the identity 6(s + 1) + d(s) = 0 for all s € R.

Recall that, by Lemma 3.1, to each h € By one associates a unique
C® function A\ : R — R satisfying conditions of Lemma 3.1. In particular,
An € CP(R,R), and thus we get a well-defined map A : Bo — C°(R,R). One
easily checks Ay on, = An, + An, for all hq, he € Ba, so the correspondence
h — A, is a continuous homomorphism of topological groups.

Let Bs := ker(\) be the kernel of A, so it consists of elements h € By for
which A, = 0, i.e. h” is fixed on R? x (0;0.2]. One easily checks that the
following two statements hold.

a) CLX(R,R) is convex and therefore contractible.

b) The homomorphism X\ : By — CL(R,R) admits a continuous section
s : CP(R,R) — By. Actually, for each 6 € CP(R,R) we have the
following diffeomorphism

hs:R x D* - R x D?, hs(s,w) = (s, we?™ LRI,

Evidently, it is fixed near R x S*, fixed on R x 0, commutes with the
covering translation £ : R x D?> — R x D? and preserves the function
¢'. Hence hj yields a unique diffeomorphism hs; : K — K, which is
fixed near 0K and preserves g. In turn, hj is lifting of hs and is of the
form (3) of Lemma 3.1. Hence h; € Ba.
Now, similarly to the proof for the inclusion By < By, these conditions
imply that Bs is a strong deformation retract of Bs.

4) Inclusion B, < Bs.

Let By be the subgroup of B3 consisting of G-leaf preserving diffeomor-
phisms fixed on the collar C%8. Then the inclusion By < Bs is a homotopy
equivalence. Indeed, the deformation H : Bs x [0; 1] — Bs of Bs into B, can
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be given by:
H(h,t)(z) = h((t|:z:|—|—(1—t)u(|:c[))|i—|), |z| >0,
’ - h(z), |z| <0.2.

Thus Hy(h) = h, Hy is fixed on C%8,

5) Weak contractibility of 5,.

Similarly to the last step of the proof of [12, Theorem 1.1.1] the group
By can be embedded into the loop space of the group of diffeomorphisms
of K, and that inclusion is a weak homotopy equivalence.

Namely, for each h € B, define the following path ~;, : [0;1] — D(K)
given by
x, t=0,

Yu(t)(w) = {%h(ta:), t € (0;1].

Since h is fixed near K and preserves “parallel” Klein bottles K, t € (0;1],
it follows that 7, is a well-defined continuous loop such that +(¢) = idx for
t €10;0.2] U [0.8;1].
Moreover, the additional assumptions that for each h € By
— its lifting A’ is fixed near R x 0
— while the lifting h” of hlg\ f, is fixed on R? x (0;0.2],
imply that h actually represents a null-homotopic loops in Q(Djq(K)). Thus
the correspondence h — -, is an embedded of By into the path component
Qo(Dia(K),idg) of Q(Dig(K),idx) consisting of null-homotopic loops.
It is shown in [10, Corollary 1.10] that the latter inclusion

By < Qo(Dia(K),idk)

is a weak homotopy equivalence. In particular, for ¢ > 1 we have the
following isomorphisms:

By = WiQQ(Did(K),idK) = 7Ti+1Djd(K) = 7TZ'+151 = 0.
Hence all homotopy groups of By vanish.

This completes the proof of Theorem 3. U

Remark 3.2. Formula (3.1) for the homotopy in the case 4) is also appli-
cable for all » € D'P(G) not only belonging to B3, and it gives a deformation
of D?(G) into D (G, C%®). In particular, DP(G, C*®) is also weakly con-
tractible.

4. PROOF OF THEOREM 1.5

Let S' X S? be the twisted S2-bundle over S! glued from two copies of Kg
and K by some diffeomorphism of their boundaries, and K := 0Ky = 0Ky
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be their common boundary. Let also é be the foliation into two circles and
Klein bottles parallel ot K.

Statement (1) that the group D' (é) is a strong deformation retract of
Di‘)l(é) is a direct consequence of results from [16].

(2) We should prove that the “restriction to K homomorphism”

p:D"(G) - D(K)

is a weak homotopy equivalence.

As noted above, due to [2,15,18], this homomorphism is a locally trivial
fibration whose fiber, D (QA , K), is the group of diffeomorphisms fixed on
K. Since p is surjective, it suffices to show weak contractibility of Dlp(é ,K).

Let C be a neighborhood of K being a union of collars C%® of K in
Ko and K;. Then the inclusion D(G,C) « D'P(G,K) is a homotopy
equivalence. The proof is similar to the formula (3.1) in the proof of the
case 4) of Theorem 1.4.

On the other hand, D' (é\ , C') is homeomorphic to the product
Dlp(g, CO.S) > Dlp(é’ CO.S)

of two copies of Dlp(é, C8) being weakly contractible by Remark 3.2.

Hence D'P (é ,O) is weakly contractible as well. Therefore D' (Q\ , K) is also
weakly contractible. Theorem 1.5 is completed.
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IarerpanbHi Teopemu B
CKiHYeHHOBUMIipHIilI KOMYTaTUBHIl
aJreopi

C. A. Ilnakca, B. C. IIInakiBcbkuit

Abstract. For monogenic (continuous and differentiable in the sense of
Gateaux) functions given in special real subspaces of an arbitrary finite-
dimensional commutative associative algebra over the complex field and tak-
ing values in this algebra, we establish basic properties analogous to prop-
erties of holomorphic functions of a complex variable. Methods for proving
results are based on a representation of monogenic functions via holomorphic
functions of complex variables that allows to establish analogues of Cauchy-
Riemann conditions and the continuity of Gateaux derivatives of all orders
for monogenic functions. In such a way, analogues of a number of classical
theorems of complex analysis (the Cauchy integral theorem for a curvilin-
ear integral, the Cauchy integral formula, the Morera theorem, the Taylor
theorem) are proved and different equivalent definitions for the mentioned
monogenic functions are established. An analogue of the Cauchy theorem for
an integral over non piecewise smooth surfaces is proved.

Amnoranisi. Jlyns MoHoreHHux (HemepeppHUX 1 judepeniiiiopaux 3a Iaro)
GbyHKIIH, M0 BU3HAYEHI y CHEMIAJBHUX MICHUX MAMPOCTOPAX MOBLIBHOT
CKIHYEeHHOBUMIPHOI KOMYTATHBHOI acoIiaTUBHOI aJredpy HaJl KOMILJIEKCHUM
I10JIEM 1 IPUMAIOTh 3HAYEHHH B Iiil ajiredpi, BCTAHOBJIEHO OCHOBHI BJIACTHBO-
CTi, aHAJIOTIYHI BJIACTHBOCTSM TOJTOMOPMHUX (DYHKITIH KOMILTEKCHOT 3MiHHOT.
Meroau nocitikentst 6a3y0ThCAd Ha TPEICTABICHHI MOHOI€HHUX (DyHKITIH
gepe3 ToJoMOPdHI (DYHKINT KOMIIJIEKCHUX 3MIiHHUX, IO JIa€ 3MOTY BCTaHO-
ButHu anajoru ymos Komri-Pimana ta HenepepsHicTs moxiganx ['aTo Beix mo-
PSJIKIB JIJ1sT MOHOTeHHUX (hyHKIIIH. Y Takuii criocib J0BeJIeHO aHAJIOIH PAJLY
KJIACMYHUX TeOpeM KOMIUIEKCHOro aHaulisy (iHrerpasnbha Teopema Komi mst
KPUBOJIHIIHOTO iHTerpasa, inTerpaabuaa dopmyaa Korr, Teopema Mopepu,
reopema Teiisiopa) Ta BCTAHOBJIEHO Di3HI €KBIBAJIEHTHI O3HAYEHHS MOHOI€H-
nux oyukuiit. Jloegeno anasor Teopemu Ko /1711 moBep3HeBoro inTerpasia
0 HE KYCKOBO TVIQJIKUX MMOBEPXHSIX.
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1. Bcryn

3 cepeaunn 70-x pokiB MuHyJOro croiTrs B lHCTHTYTI MaTemaTukn
HAH Vkpainu, nounnaouu 3 poboru 1. II. Meabruuenka [55], cucrema-
TUIHO 1 TOCTIIOBHO PO3POOIISETHCSA AAreOpaITHO-AaHATITHIHINR IiaXia 10
OCHOBHUX EJIIITUYHUX PIBHAHb MaTeMAaTHUYIHOI (Di3WKM, TKAM OB’ I3aHUM 3
BUKOPUCTAHHSAM KOMYTATUBHUX aJIre0P.

Inest Takoro migxomy mosiATaE y 3HAXOMKEHHI KOMYTATUBHUX OAHAXOBHUX
arebp Takux, mob gudepentiitosni 3a ['aTo dyHKIIl 31 3HAMEHHAMEI B ITHX
ajrebpax MaJIu KOMIIOHEHTH, sIKi € PO3B’I3KaMU 33/[aHUX PIBHIHD 3 YaCTUH-
HUMU ITOXITHUMU.

Taki anrebpu Oymu 3uaiineni [. II. MenpHudeHKOM [jI9 TPUBUMIPHOTO
piBustaHg Jlamnaca (mus. [55,58,59]) i esinTudHUX DIBHSHB 3 BUPOJZKEH-
HSIM Ha OC, 110 OIKMCYIOTh OCECUMETPUYHI ToTeHIiasbHi moss (jus. [56,59]),
B. ®. KosasboBuwMm i I. I1. MenbuudenkoM it IBOBUMIpHOTO GirapMoHi-
qHOrO piBHsAHHA (muB. [51,57]) i y3arajbHeHOro 6irapMOHIYHOTO PIBHSIHHS
(muB. [52]). Bromom, B poborax [27,31] nmokasaHo, 110 It OLKCY BCiX IIPO-
CTOPOBUX TapMOHIYHUX (QYHKIH y dopMi KOMIOHEHT IudepeHIliiioBHUX
3a l'aro rinepkoMiuiekcHUX (DYHKINN BiAIOBIIHI HECKIHIEHHOBUMIDHI KO-
MyTaTUBHI OaHaxoBi ajaredpu HEOOXiTHO BKJIIOYUUTHU Y TOIOJIOTiYHI BEKTOPHI
IIPOCTOPHU 3 TUM 2Ke 0a3UCOM 1 TOTIOJIOTIEI TTOKOOPIUHATHOI 3012KHOCTI.

IaTepec mo mocrimkerts MYHKINN B KOMyTATUBHUX ajredpax rirmepKoM-
IJIEKCHUX YUCEJT OCTAHHIM 9aCOM 3POCTA€ y 3B’sI3KY 3 MOETHAHHSIM 3DYIHO-
cTeil BJIACTUBOCTI KOMYTATHBHOCTI 3 IMIUPOKUMHU MOXKJIMBOCTSIMU 3aCTOCY-
Banb (muB., Hanpukiaaa, monorpadil I.B, Ilpaiica (35|, 1. Bokamerti ta
ir. [9], M.E. Jlyna-Enizappapac ta in. [24] i po6orun B.B. Kicina |20, 21],
A. Tloropysi, M.H. Poapireca-/lanino i M. Ilanipo [34], B sikux BuBuaio-
ThCsI PI3HOMAHITHI aJireOpaldHi, reoMeTprudHi i aHAJITHYHI acleKTH Teopil
PMePKOMIIIEKCHUX YUCE).

3po3yMmijo, IO JUId YCIHITHOI peaJidalfil BKa3aHOTO BHUINE IMIIXOIY 10
OCHOBHUX EJINTHYHUX PIBHAHb MaTeMaTWIHOI (Pi3uKu, HEOOXiITHO PO3IIo-
BCIOJIUTH KJIACUIHI METOIH Teopil rooMopdHIX DyHKITI I KOMIIJIEKCHOT 3MiH-
ool Ha gudepentiitori 3a ['ato dyukil, 3amani B baHaxoBux aJjredpax,
ACOIIIOBAHNX 3 PIBHAHHAME MaTEMATUIHOI (Pi3uKM. YCKJIAIHEHICTD CUTya~
il TpU IBOMY IOJIATAE B OOMEXKEHOCTI MOKJIMBOCTEH IEPEHOCY KJIACHIHUX
TeopeM KOMILJIEKCHOTO aHAJi3y B aHa i3 Ha ODAHAXOBUX aJredpax.

Y pobori E. P. Jlopxa 23] poseneno inrerpasnbry Teopemy Ko Ta in-
terpasibay dopmyiny Ko, Teopemu Teitmopa ta Mopepa s dyHKIIIH,
mudepentiiioBaux y cenci Jlopxa B 1oBiIbHIN omyKJIiit 06J1acTi KOMYTaTHB-
HOl OaraxoBol ajaredbpu. YMOBY OMyKJIOCTI 00J1acTi B IUX pe3yJabTrarax O0yJio
susro E.K. Biomowm [5].
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Y Toit ke yac, 3acTocyBaHHs JudepeHIioBHX OYHKINN 31 3HAYCHHS-
MH B KOMYyTaTUBHAX OaHAXOBHUX aJiredpax 0 MOOYIOBH PO3B’A3KiB piB-
HAHb MATEeMATHIHO! (DI3UKM BUMAra€ JOCIIIXKeHHs TaKuxX (QPYHKILR y cre-
maJgbHAX [CHUX MAIPOCTOpax BKa3aHWX ajredp (auB. nuroBaHi pobo-
T [27,31,51,52,55,57-59] Ta poboru II. B. Keruyma [18,19], JI. Cobpe-
po [45]) i M. H. Pomkyznens [39].

VY wniit poboTi po3rIIAIAI0THCS MOHOTEHH] (TOOTO HenepepsHi Ta audepeH-
niiosHi 3a laro) dyskuil ¢ :  — A, mo BusHaveni B obiacri {2 neBHOrO
gificaoro mignpocTopy Fs CKiHIeHHOBUMIpPHOT KOMYTATHBHOI ACOIiaTUBHOL
aredbpu A 3 OMHUIEIO HAJL TOJIeM KOMILIEKCHUX THCeJ 1 TPUiAMAaroTh 3Ha-
YeHHS B it aarebpi.

dAx Oyme moKa3aHO, OCHOBHI BJIACTUBOCTI TaKUX MOHOTEHHUX (DYHKITIi
AHAJIOTIYHI BJACTUBOCTAM TOJOMOPGMHUX (QYHKINH KOMIIJIEKCHOI 3MiHHOI.
Metonu nmocrimxkenns 6a3y0ThCa Ha TPEICTABICHHI MOHOTEHHUX (DYHKILIi
4qepe3 rojgomMopdHi QyHKINT KOMIJIEKCHUX 3MIHHUX, IO JA€ 3MOT'Y BCTAHO-
BuTu anajoru ymoB Komri-Pimana ta wenepepsuicTh moximaux ['ato Bcix
MOPSIKIB JIJIST MOHOTeHHUX (DYyHKIIM. Y Takwuil crocid I0BeIeHO aHaJIOrn
Py KJIACHIHUX T€OPEM KOMILJIEKCHOrO aHaJli3y (iHrerpasibua Teopema Ko-
i 77T KPUBOJIiHIAHOTO iHTerpaJia, interpasnbua dopmysaa Korri, Teopema
Mopepu, reopema Teiisiopa) Ta BCTAHOBJIEHO Pi3HI €KBIBAJEHTHI O3HAYECHHST
MOHOTE€HHUX (DYHKITIH.

Bceranosiieni pesysibraTu y3araabHIOOTh BiANOBiIHI pe3ysbraru pobir [26,
28-30,33| ay1st MOHOreHHUX (DYHKIIIH B KOHKPETHUX CKIHUEHHOBUMIPHUX KO-
MYTaTUBHUX ACOIIaTUBHUX ajiredbpax. 3ragaemo Takok poboru I1.B. Kerwuy-
ma [18,19], B. T'onuaposa [14] i M.H. Pomkyeng [38,40|, B skux anasoru
teopemu Ko Ta inTerpasnpuol dopmynu Kot jyis kpuBostiniiiHoro inTe-
rpaJjia BCTAHOBJIEHO B iHINMX KOHKPETHUX KOMYTATHBHUX ajredpax.

Bkaxkemo poboru, B IKHUX JesKi iHTErpabHi TeOpeMu JO0BEIEHO B HEKO-
MyTaTUBHHUX aJiredpax. Tak, psii TillepKOMILIEKCHUX aHAJIOTIB iHTerpaJib-
Hol Teopemu Ko /i1 KpUBOJIiHIHOTO iHTErpaJia BCTAHOBJIEHO B pOOOTaX
A. Canbepi [48], ®. Konombo, I. Cabazini i 1. Crpynmu [11]. B po6orax
A. Caznbepi [48], ®. Bpekca, P. lenanra i ®. Commena [7], B. B. Kpas-
genka i M. B. ITanipo [22], C. Bepuurreiin [4], O. ®. Iepyca [49] noxi6ui
TEOpeMH JOBEJIEHO /JIs IOBEPXHEBOTO iHTErpaJa.

2. MOHOTEHHI ®VHKIIII B CKIHYUEHHOBUMIPHIN KOMYTATHUBHIN
ACOIIIATUBHIN AJITEBPI

Hexait A — n-BuMmipHa KOMyTaTWBHA acoriaTuBHA OaHaxoBa aiarebpa 3
omuHUIEo 1 Hamg moJjieM aiiicHux umces R abo Hal MoJeM KOMILIEKCHHX
uncen C, 3 < n < .
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Posrisgaemo B anrebpi A BekTopu e; = 1, eg, e3, JiHIAHO He3aJIeKHI HAT,
nosteM R. Ile o3nadgae, 1o piBHICTH

are1 + azeg + azes =0, ay,az,a3 € R,

BUKOHYETHCS TOJIi 1 TIIBKA TOMI, KON 1 = g = w3 = (.

Hexait F3 := {¢ := wey + yea + zes : x,y,z € R} — niniiina o6osoHKa
BEKTOPIB €1, €9, e3 Ha mosieM R.

By/eMo BUKOPHCTOBYBATH OJ[HAKOBE Io3HadenHs () 1uist obmacti < R3
i nyis obstacti B 3, sika € KOHI'PYEHTHO 70 objacti (.

2.1. dundepenuiiioBuicts 3a Jlopxowm i 3a I'aro. Monorensi i anaJti-
TuaHi pyukIii. Posrigaemo dyukmiio ¢: (2 — A, Busnadeny B obsacti
Q) < Es, i nousarrsa audepentiiioprocTi i€l dyukiii 3a Jlopxom i 3a [aro.

Qyukiis @: 0 — A mazuBaernes dugepenyitiosroro 3a Jlopxom (nus. [23])
B obutacti Q < Es, aximio it koxuol Touku ( € ) icuye enement @ (¢) € A
TaKuii, Mo 171 KoxKHoro € > 0 icuye 6 > 0 Take, 1mo s Bcix h € B3, msa
aKuX ||h| < 0, BUKOHY€TbCSI HEPIBHICTD

|2(¢ +h) = @(¢) = h@L(Q] < [A]e. (2.1)

Ouesnno, mo B Hepisuocti (2.1) noxidna JIopza @ (¢) € bdyunkiieo 3minHol
¢, To6ro P} : 1 — A.

BazHaunMo, 1Mo AuHMepeHIitoBHuME 3a JIopxoM (OyHKIISIMI B KOMYyTa-
TUBHUX aCOIaTHBHUX OGanaxoBux anrebpax man mosem C e, 3oxkpema, T0-
J0BHI mposoBxkeHHs (auB., Hanpukiaa, monorpadio E. Ximre i P. ®in-
minca [63, ¢. 182]) rosomopduux dyHKINH KOMIIEKCHOT 3MiHHOL. fKIno
KoMIIeKcHa QyHKIsS F € rosomopduow B obmacti D < C, To s ycix
¢ € A, ciekTp sKUX MICTUTbCs B D), TOJIOBHE TPOIOBXKeHHsI PyHKIHl F
BUPAXKAETHCS PIBHICTIO

1

211
r

F(t)(t—¢)dt, (2.2)

ge I' — noBisibHA 3aMKHEHA CHPSIMJIIOBaHA YKOPJAHOBA, Kpuba B D, dKa 0X0-
ILTIOE CIIEKTD ejieMeHTa (.

Bukopucrosyoun qudepentian Faro, I. I1. Meabauuenko [55] posriisinys
noxigay I'aro dyuakiil ®: ) — A rakox sk dyHKI0O ToukH ( € ).

Mu xazkemo, mo ¢dyukmis ®: Q — A e dugpepenuitiosnoro 3a Tamo B
obmacti ) C FEj3, sikimno fyist koxkuOl ToukE ¢ € (2 ichye exement P (() € A
TaKWiA, 10

Slim (®(C+0h) — ®(¢)) 0 = hd(() VYhe Es. (2.3)
Ouesnro, mo noxidra Tamo P () mns xKoxuoro Bekropa h € E3 € y3a-
raJIbHEeHHSIM KJIACHIHOI ITOXITHOT 38 HAIIPSIMKOM.
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BayBaxkumo, 110 06m1Ba o3HadeHHs: moximanol JIopxa (2.1) i moxigaol 'a-
10 (2.3), — BpAXOBYIOTh iCHYBaHHsI HEOOOPOTHUX eJleMeHTIB h B airebpi A,
OCKIJIbKM B IIMX O3HAYEHHHAX HE BUKOPUCTOBYETLCH JIJIEHHS HA €JI€MEHTH
ajreOpu Ha BiIMiHY Bifl KJIACHYHOTO O3HAYEHHS MOXiIHOI (DYHKINT KOMILIe-
KCHOI 3MiHHOI.

Ouepnano, mo Gyukiis ¢, mudepenrmiitora 3a JlopxoMm B obaacti €2, €
Takok Judepentiiiosroo 3a Iaro i ) (¢) = @4, (¢) mns Beix ¢ € Q. O6ep-
HEHE TBEP/I2KEHHS HE € iICTHHHUM IIOAIOHO /IO TOTO, SIK iCHYBAaHHSA KJIACHIHUX
OXiJHUX y TOYUII 33 yCciMa HApAMKAME HE TapaHTYE CHUJIbHOI JudepeHIi-
fiosroCTi (i HaBiTH HemepepBHOCTI) dYHKIT y Ii# TOUIL].

st pysrmii @: 0 — A posryisiHeEMO TOHATTSI MOHOTEHHOCTI Ta aHAJITH-
9HOCTI.

Mu roBopumo, 1o ¢yukiig ®: Q — A monozenna B obiacti ) < Ejs,
gaxmo ® menepepsHa i nudepentiiiopra 3a ['aTo B koxHiit TouUr obacti ().

My BUKOPHCTOBYEMO IOHATTS MOHOTI€HHOI (DYHKIIl y CceHCl icHyBaHHS
Jutst Hel moxianx ancest (qus. monorpadil E. I'ypcea [15] i FO. FO. Tpoxum-
uyyka [62]) y moenHanHi 3 HenepepBHICTIO i€l DyHKIT.

Y HayKOBiil iTepaTypi Ha3Ba MOHOTEHHA (PYHKITisT BAKOPUCTOBYETHCS Ta~
KOXK Jyig DYHKITIH, dKi 3a/1aHi Y HEKOMYTaTUBHUX aJredpax i 3a/10BOJILHS-
I0Th JIesiKi yMOBH, 1I0/Ii0H] 110 Kiaacuaaux ymoB Komi-Pivana (nus., Hanpu-
ka1, pobory k. Paitana [41]). Taki dyHKIiii HA3UBaIOTh TAKOXK PEryJIsip-
HuMu (7uB., Hanpukaa, pobory A. Camubepi [48]) abo rineprosomopdauMu
(mumB., Hanpukia, monorpadiro B. B. Kpasuenka i M. B. ITamnipo [22]).

Oyukmiio © :  — A HasuBaIOTL anaimuyHoto B obiacti ) C Ej3, 9Kimno
B JIEIKOMY OKOJII KOKHOI Toukm (o € {) BOHA MOYKe OYTH MPEICTABICHA Y
BUIJIsAI cyMH 3012KHOTO CTEIIEHEBOIrO PsJIy 3 KoedilienTamMu, 1Mo HAJIeXKATh
arebpi A.

OugeBumgHO, MO0 KOXKHA aHagiTHIHA QyHKIA P : () — A € MoHOTeHHOIO B
Jami O6yayTh BKasaHi J0CTaTHI yMOBHU, 33 AKUX MOHOT€HHA, (DYHKITisS

d:0— A

€ aHaJiTH4HOIO B obsacti ) ¢ Fjs.

2.2. IlpencraBiaeHHsas MOHOreHHUX (QYHKIN 3a JOMOMOTOIO IrOJIO-
MopdHUX (PYHKITiH KOMIIJIEKCHUX 3MinuuX. Hexaii reniep A — 10Bijib-
Ha N-BUMipHA KOMYTATHUBHA ACOIaTHBHA ajredpa 3 OJUHUIEIO0 HAJ] TOJIEM
komiiekcHux uucest. E. Kapran y pob6oti [8] nosis, mo B anrebpi A ichye
6azuc {I;}}'_, 1 icHYIOTb CTPYKTYpPHI KOHCTaHTH Tfn’ i TaKl, IO BUKOHYIOTbCH
HACTYIIHI IPaBUJIa, MHOYKEHHS:

0 ;
1) Vrse[l,m]AN: II :{ pn A

I, mpu r=s;
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2) Vr,sem+1,nnN: LI, = > Y5, Ik
k=max{r,s}+1 ’
3) Vsem+1,n]nN3luse[l,m|nN Vre[l,m|]nN:

0 mpu 7 # ug,
IrIsz{ p s
I, mpum r = usg,

ne N — mHOXKUHA HaTypaabHux [qucesl. O4UeBUHO, IO mepr m 6a3ucHuX
BekTOpiB {I,}I" | € iIleMIoTeHTaMH 1 HOPO/RKYIOTH HAIIIBIIPOCTY Mifanrebpy
S anrebpu A, a BexTopu {I.}]'_, | | HOPOIKYIOTH HiILIIOTEHTHY TIijareopy

N ujei anre6pu. Hamani anre6py A 3 6azucom Kaprama mozmadaTumemo
m
AT Opununero anrebpu A)' € enement 1 = ) I,,.
u=1
n
Hopwma enemenrta v = ) v,1, anrebpu A" BU3HAYAETHCS PIBHICTIO

Anrebpa A]' MiCTUTH M MaKCHMAaJIbHUX i/1eatiB

Iu::{ Z )\kfk\)\kec}> u=12...,m.

k=1, k#u

Busnaunmo m miHiiHNX HemepepBHUX MYJIBTUILIIKATUBHUX (DYHKITIOHA~
aiB f, : AT — C piBHOCTSIMU

fu(Iu) =1, fu(w) =0,
st BCix w € I, u = 1,2, ..., m. Hexait
n n
e1 =1, ey = Z a1, e3 = Z b, I, (2.4)
r=1 r=1

pu a,, b, € C — Tpiiika BekTOpiB B anredpi A", aki JiHifiHO He3aIe2KHI Ha T
moJsiem R.
Hexait ( := xe1 + yes + zes3, ne x,y,z € R.
Ouesngao, mo &, = fu(¢) = = + yay, + 2by, u=1,2,...,m.
Haxkmnamemo mactyae obMerkeHHsT Ha BuOIp JiHiiHOT 0booHKH F3:

fu(Es) :={fu({): (€ E3} =C, u=1,2,...,m, (2.5)

10610 00pazoM fy(Fs3) MHOXKMHU Fj3 1pu KOXKHOMY BimoOpakeHHi f, mae
6yTu Bcs KOMIUTeKcHA iommua (auB. [28]). OgeBumno, mo e mMae micre
TOJI i TIJIBKU TOMi, KOJIM IPU KOXKHOMY (pikcoBanomy u = 1,2,...,m xo4a
6 oxHe 3 gmces a,, au b, nHamexkutb C\R.
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g obacti ) < E3 gepe3 D, mo3HAYNMO 00JIaCTb KOMILIEKCHOI ILJI0-
muHY, Ha Ky {) BimobparkaeTbca MYHKITIOHATIOM fy.
Y pobori [43] noBeieHO HACTYIIHE NPEICTABIEHHS PE30JIbBEHTH:

n s—m+1 Q
(ter — Q)7 = 2 Lt ), T, (26)

= s=m+1 k=2 _fus)
VteC:t#&, u=12,....,m,

Jie Qs BUBHAYCHI TAKUMH PEKYPEHTHUMHU CITiBBi/THOIICHH AMMU:

QQ,S = TS, Qk,s = Z Qk—l,r Br,s, k= 3a4a'--a5*m+1’

r=k+m—2
s—1
upu Ts := yas + zbs, By s := D, Cffs, s=m+2,...,n, a HATYPAJbHI
k=m+1

IHCIIA Us BU3HAYEHI y MPABUJ MHOXKeHHs 3) ajreOpu A
I3 criBBinHOmens (2.6) BumMBaE, Mo ToUKM (T,y, 2) € R, axi Biamosi-
JTal0Th HeOOOPOTHUM ejieMeHTaM ( € A", jrlexkaTh Ha IPSIMUX

x4+ yReay, +2Reb, =0,
L, : {

yIlma, + zImb, = 0. (2.7)

Hacrynma Teopema MicTuTbh mpecTaB/IeHHsS MOHOTEHHUX (DYHKILH, 110
NpUiiMarTh 3HaUeHHsT B ajareopi A" depes3 rosiomopdHi PyHKIHT KOMILIE-
KCHUX 3MIHHUX.

n ’

Teopema 2.3 ([43]). Hexat suxonyemocsa ymosa (2.5) i obaacmo Q < Es
€ onyKA0t0 6 Hanpamky npamux L, npu ecix uw =1,2,...,m. Todi koocra
monozernna dymnxyia © 1 Q — AT nodaemuvea y sueandi

@(q):Z JF )t —¢) " Ldt+
(2.8)

+ZI JG )t —¢)"Ldt,

s=m+1

de F,, — deaxa zonomoppra pynxuis 6 obaacmi D, i G — deaxa 2oaromopdra
bynwyia 6 obaacmi D, , al'q — samxrena srcopdarosa cnpamatosana Kpuea,
AaKa aedxcumsv 6 obaacmi Dy, oxonaoe mouky &, @ ne micmumb mouok &g,
(=1,2,...,m,¢L #q.

3ayBakeHHus 2.4. OcHOBHA BIIMIHHICTb MiXK IHTEIpPaJILHAM OIIEPATOPOM
(2.8) i rosloBHEM TpOzIOBKeHHAM (2.2) rosoMopdHux QyHKIH y KOMyTa-
TUBHY OaHaxXOBy aJjredpy Iojdra€ B Tomy, 1o Kpusa ', He 3000B’d3aHa
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OXOILTIOBATH BCi TOYKM crieKTpa ejementa (. Tomy imTerpasbHumit omepa-
Top (2.8) 3aCTOCOBHMIT TAKOXK Yy BHIAJIKY, KOJIU JEdKi TOYKU 3raJaHOrO
CIIEKTpa He HaJexkaTh obyacti D.

Basznaunmo, mo Teopemy 2.3 y3arambaeHO B poboTi [44| Ha Buma 0K Mo-
HoreHHux yHkiii @ : 2 — A zanamaux B obnacri 2 < Ly, ne

k
Ek = {C: E.ijej: .ijR}
Jj=1

— JiHifina 000J0HKA BEKTOPIiB €1 = 1,e9,...,¢ex, 2 < k < 2n, mixiiiao He-
zajiexkHuX Haj mosieM R. OTpuMaHi MpecTaB/IeHHST MOHOTEHHUX (DYHKILii
Y3arajbHIOITh BiANOBiAHI pe3ynbraTu pobiT (28,33, 50,60, 61| Ta psax in-
IIIAX PE3y/IbTATIB PO MPEICTABICHH aHAJITHIHUX (DYHKITH B KOHKPETHUX
CKIHYEHHOBUMIPHAX KOMYTATUBHUX ajredpax, 1o 6epyTh CBiil MOYaATOK Bif
po6oru ®. Pinrsneba (37|, skuil orpumas aHAJOrIYHE IIPEJICTABJIEHHS aHA~
JITHYHUX DYHKI# OiKOMILIEKCHOT 3MiHHOI.

[TpuanmnoBuMu Hacaigkamu piBaocTi (2.8) € TBep/RKeHHs, cHOPMYIIBO-
BaHI B HACTYIIHIM TeopeMi, siKa ClipaBeJInBa sl JTOBLIBHOL objiacti () < Ej.

Teopema 2.5. Hexali suxonyemuvcs ymosa (2.5) i pynruis ® : Q@ — A" e
MOHO02eHH010 68 Josiabhill obaacmi 2 < Es. Todi:

1) ¢ynruyia ® e dupepenuiosroro 3a Jloprom 6 obaacmi ) ;

(r)
G

2) noxioni F'amo @5’ € monozennumu gynryismu 6  das 6cix .

Zosedenns. Pogrisaemo moBuibay TOUKy (o € 2 i Kymio U < () 3 mieHTpoM

y Touri (p.
Ockinbku U — omykJja MHOXKWHA, TO (yHKINS ® momaerbes y BUTIIS-
ai (2.8) B U. 3Bigcu Bumuusae, mo koMmuonenTu Uy pO3KJIaLy

Q) = . ey, ) I 29)
k=1

€ R-mudepentniitiopunmu dyukitismMu B obsacti U, TOOTO CITiBBiIHOIIICHHS
Uk(.T + A:c,y + Aya zZ+ AZ) - Uk(.’E,y, Z) =

_ aUk(l’,y,Z) Ar + é’Uk(a:,y,z) Ay+ 8Uk(a:,y,z) A

ox oy 0z ot

+o (VAP + (AP +(B2) ), (An)? + (Ay)* + (A2)2 0,

BUKOHYIOThCsI JIIsl BCIX (7,7, 2) € U.
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Tenep mudepenniioBuicts dyukmii ¢ 3a Jlopxom B obsracti U BcTaHOB-
JIIOETHCA IOBHICTIO AHAJIOTIYHO 10 JarpepeHIiiioBHOCTI PYHKITT KOMILIE-
KCHOI 3MiHHOI 3a YMOBH, IO 11 JificHa i yaBHA 9acTHHU € Tn(epPEeHITOBHUMEI
dyskiismu 1Box mificaux 3minaux (aus., Hanpukiaag, M.O. JlaBpenToes i
B.B. IITa6ar [53, c. 21]).

Buxkopucrosyioun npejcrasienns (2.8) dyukiii ® B obsacti U, orpumy-
€MO HACTYIHWM BUPa3 Jjd moxinnol ['aTo mopsaaky 7:

2= 31 g [Ro(e—0) s

u=1 r,

+ ) 12% f Gs(t)<(tel —g)—l)H1 dt, V(eOU.
Cug

s=m+1

Binbmr toro, mg noxigHa € HemepepBHOW (yHKIE B obsacti O. OTke,
. T .
noxigua ['ato <I>(G) € MOHOTE€HHOIO (DYHKINEI B U A1 OyIb-sIKOTrO 7.
B cuny mosinbrocTi Bubopy Toukm (o i Kysi O Bci TBep2KEHHSI TEOPEMHU

cripaBienauBi B obsacti ). (Il

Posrigaemo nmuranmsa npo anasorun ymosB Kormmi-Pimana gk mneobximnmx i
. : S m
JIOCTATHIX yMOB MOHOreHHOCTI dyHKIii @ : ) — AT,

Teopema 2.6. Hexatl suxonyemoca ymosa (2.5). Jlas mozo, wob dynryis
®: Q) — AT byaa monozennoro 6 obaacmi Q) < E3, HeobxidHo 1 docmamHbo,
w06 yci pynxuii Uy : Q — C 6 poskaadi (2.9) 6yau R-dugepenyiosnumu 6
obaacmi £ 1 6 Yitll 06AGCMI BUKOHYBAAUCA YMOBU

o® 00 od 00

- a FE

LHosedenns. Heobxidnicms. R-mudepentiitopuicts dyukin Uy : Q — C

B poskJiagi (2.9) sumusae 3 npezcrasients (2.8) monorenHol dyukiii
(muB. noBesieHHS Teopemu 2.5).

Bubuparouu B piBroCTi (2.3) M0CTiI0BHO ejieMenTn €1 = 1, €3, €3 y sIKOCTi
BeKTOpa h, OTpUMyeEMO PiBHOCTI

0P 0d 0P

= = ¥(0). oy — 2 %6(0) 5, = %60,

(2.10)

HACJIJIKOM fKUX € piBHOCTI (2.10).

ZLlocmamnicmsd TOBOAUTHCS MOBHICTIO AHAJOTIYHO 0 TOTO, K 1€ pobu-
ThCsI TIPU JIOBEICHHI BiIOBITHOT TeopeMu PO audepeHIiitoBHICTb DyHKIIIiT
KOMILIEKCHOT 3MinHOI (ymB., Hanpukiaaa, M. O. JlaBpenteer i B. B. Illa-
6ar [53, c. 21]). O
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Orxke, ymoBu (2.10) 3a CBOEIO IPUPOJIOIO AHATIOTTYHI JT0 KITACHIHUX YMOB
Komri-Pimana misa romomopdauIx QyHKIHH KOMILIEKCHO! 3MIHHOI.

3. KOHTYPHI IHTEI'PAJIBHI TEOPEMU JIJIsI MOHOTEHHUX ®YHKIIIN B
CKIHYEHHOBUMIPHIN KOMYTATUBHIN ACOILIIATUBHIN AJITEBPI

Posrisinemo Jtininy 000JI0HKY
Es :={¢ =xe1 +yes + ze3 | z,y,z € R},

HOPOJIZKeHY BekTopamu (2.4).

Buzraunmo xpuBosiniitamit inTerpast B mpocropi £3. Bymemo BukopucTo-
BYBATH Te caMe MO3HAUCHHS Y /I KpuBoi B R? i j1j1s1 KOHrpyeHTHOT KpuBOi
B Fj3.

T cpsiMimioBaHOT sKopaanoBoi Kpusoi ¥ B R? i nenepepsroi dynkiii
Uy — AT, poskiajenoi 3a 6asucom {I;}}_; y Bursamui

n n

k=1 k=1
ne (z,y,z) € yiUg:v — R, Vi : v > R, Bu3HauumMo iHTErpajl B3J0BK
KpuBol v € FEs3 piBHICTIO

| v©dc= Y 0 [V do Y, ealy Vst dys
k=1 5

v v k=1

+ Z egkaUk(x,y,z) dz +1 Z IkJVk(a;,y, z) dx+
k=1 g k=1 3

+1 Z eﬂkJVk(az,y, z)dy +1i Z esl}, ij(af;,y, z)dz,
k=1 g k=1 g

ne d¢ :=ejdr + eady + ez dz.

Buznaunmo Ttakoxk moBepxHeBuil iHTerpasi B npoctopi Fs3. Mu Bukopu-
CTOBYEMO Te caMe HO3HAYeHHd Y Jyis nosepxui B R? i jyuig kourpyenrtHOl
rnoepepxHi B Fs3.

Hexait ¥ — nosepxust B R3 3 BumipauMu 3a 2KopIaHoM IpOEKIHAMI Ha
koopauHaTHi mwiomman. s wHerepepsHol dyuknii ¥ @ ¥ — AT poskia-
neHoi 3a 6asucom {Ii}7_, y Buraani (3.1), ne (z,y,2) € ¥ iU, : ¥ - R,
Vi : ¥ — R, Bu3HaunMo inTerpaJ mo mosepxui X 3 nudepeHianabHon Gop-
Moo dx dy piBHICTIO

J\I’(Q dx dy := Z IkJUk(az,y,z) dxdy +i Z kaVk(:L“,y,z) dx dy.
> k=1 > k=1 S
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AHaJIOriYHO BU3HAYAIOTHCS IHTErpasu 3 AudeperuiaasauMu popMamu dydz
Ta dzdx.

O3znavenns KPUBOJIHIAHOTO i TTOBEPXHEBOI'O iHTErpaJiiB Bij dyHKIIl Ti-
MMEPKOMILIEKCHOI 3MIHHOI KOPEKTHI B TOMY CEHCi, IO iX 3HAYEHHs He 3a-
JIeXKaTh Bil BUOOpPY MOIMYCTUMHX HapaMeTPU3alliil BiJIOBIIHO KPUBOI U
IOBEPXHi, OCKIJIbKU TINEPKOMILJIEKCHI 1HTerpaJJu BU3HAYAIOTHCA Uepe3 Bill-
MOBIAHI JilicHI IHTerpaJIn.

3.1. ®opmyna Crokca i reopema Koini ajis kpuBodtiniiiHoro inrte-

rpaJia. Hacrynue TBepikennsa micturs anasor dopmynmu CTokca B ajre-
opi A",

Teopema 3.2. fxuwo pynryia ® : Q — A" nenepepsna pazom 3 wacmumn-
HUMU NOTIORUMU NEePUL020 NOPAJKY 6 00aacmi ) C F3 i X — kyckoso-2aa0ka
nosepxha 6 ), kpali AKoL Y € KYcko60-24a0K010 24COPIaH06010 KPUBO0, Mo
cnpasedausull wacmynnut ananoe gopmyasu Cmoxca:

fCI)(C) d¢ = J (gi)eg — ?21;(31> dx dy+
¥ 2

0 0P 0P 0P
+ (83/63 — 8262> dydz + <(9z61 — 85663> dz dx.

Temep mepmuit KPoK B HoBeieHHI Teopemu Ko g TinepKOMILIEKCHO-
0 KPUBOJIHIMHOTO iHTErpaJa IMOJAra€ y BUKOPUCTAHHI HEIIEPEPBHOCTI TI0-
xiygaol I'aTo MOHOTEHHOT (DYHKIII, sIKy BCTAHOBJIEHO B TeopeMi 2.5 3a yMo-
Bu (2.5), anasioris ymo Komri-Pimana (2.10) i Teopemu 3.2. B pesysbrari
OTPUMYEMO HACTYITHE TBEPJI2KEHHSI.

Teopema 3.3. Hexat suxonyemwvces ymosa (2.5). Hexat ® : Q — A" -
Monozenna Pynruia 6 obaacmi  C E3 1 X — KYcko6o-24a0Ka NOGEPITHA 6
Q, kpati Ax0i 7y € KYcroso-2aadko010 dHcopdanosoro kpusoro. Todi

J@(g) d¢ = 0. (3.2)
)

SayBarkenHust 3.4. 30kpema, PiBHICTD (3.2) BUKOHYETHCS Y BUIAJIKY , KOJIU
v — Mexka A 6ynb-sakoro TpukytHukKa A, mo Mictutbes B ). [logcanmo,
IO T TPUKYTHUKOM A\ MU PO3yMi€MO ILIOCKY Dirypy, 0OMEKeHy TPbOMa
Bipi3KaMu, 110 3’€HYIOTh TPU HOr0 BEPIIUHH, a MexKa 0/\ PO3IJIsIaeThCs
V BIJTHOCHI#1 TOIIOJIOTII TIJIOMUHA TPUKY THUAKA.

Hpyruit kpok B moBemenni Teopemu Korri /i1 rinepKOMIIJIEKCHOTO KPHU-
BOJIIHIMHOTO iHTerpaJja 3IiiiCHIOEThCS Y BUMAJKY, KOJU 0bjacth () © K3 €
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OILYKJIOIO 1 7Y — JIOBI/IbHA 3aMKHEHA CIIPAMJIIOBAHA YKOP/IAHOBA KPUBa B 00JIa-
cri . Y mpoMy BUHAJKY PiBHICTB (3.2) /it KOKHOI MOHOI'€HHOI (PyHKIT
® : ) - AT moxke OyTH HOBelleHa KJIACUIHUM CIIOCODOM TaK, K Iie 3poOuB
E. P. Jlopx [23] B omyxkuiiii obiacti yciel anrebpu.

Yepes v[(1, (2] Oyaemo mo3HaYATH YTy OPIEHTOBAHOI JKOPJIAHOBOI KPUBOI
v, #ae (1 — movyaToK i€l ayru i (o — 11 KiHerb.

Hapemrri, moBeaeMo HaCTyITHUH TiTEPKOMILIEKCHUN aHAJIOT iHTErpaIbHOT
Teopemu Kori.

Teopema 3.5. Hexati sukonyemovca ymosa (2.5) i pynruyia © : Q@ — A"
€ monozennoto 6 obaacmi ) < E3. Todi das dosinvrol samrnenoi scopda-
HOB0T CNPAMAIOBAHOT KPUBOT Y, AKa 20MomonHa movyi 6 §), cnpasedausa
pisnicmo (3.2).

Zosedenns. 3acrocyeMo cxeMmy J0BelieHHsT Teopemu 3.2 3 poboru E. Birro-
ma [5]. Hexaii kpusa v mae napamerpuzamnio ( = ¢(t), 0 < ¢t < 1, npu
mpomy ¢(0) = ¢(1) = (o, i mexait v — romoromna touri (p. Tomi icmye
dyukuis H(s,t) n1Box miicHUX 3MIHHUX S 1 ¢, sIKa HEIlEPEePBHA HA KBAJPATi
Q@ :=[0,1] x [0,1] i npuitmae 3HavenHs B obsacti 2, Taka, 1m0

HO0,t) = (1), H(1,t)=¢  Vtelo,1],
H(s,0) = H(s,1) = (p Vsel0,1].

Ockisnibku dyHKIig H — HellepepBHA HA KOMIIAKTHIN MHOXKUHI (), TO 0bpa3
K :={H(s,t) : (s,t) € Q} € xomnakTHOIO MHOKUHOWO B ). [TozHaunmo

— : r_ M.
Pi= e in I<" = ¢

Ockisibku ¢yHKIis H — pIBHOMIPHO HelepepBHA Ha MHOXKUHI (), TO icHye
0 > 0 Take, 10

|H(s',t') — H(s,1)| < p/2 (33)

st Beix (s, t), (s',t)) |8 —s| < 6, | —t| <.
Bubepemo wmcima 0 = &g < t1 < ... < t, = 1, M0 3a8I0BOJILHSIIOTH
HepiBHOCTI t; —t;_1 <0, j = 1,2,...,n, i mokmagemo s; = t1. [losmadammo

Coj == H(0,t;), C1j := H(s1,tj) mpm j = 1,2,...,n — 1. Takoxk depe3 L;
HO3HAYMMO BIJPI30K 3 HOYATKOM y TO4I (o ; 1 KiHIEM y TouIi ( ;.

Beenemo B posrusin kpusy 1 = {H(s1,t) : 0 < ¢t < 1}. He 3men-
IIYIOYN 3araJibHOCTi, MOXKEMO BBarkaTH, III0 KPUBA 7] € CHPAMJIIOBAHOIO,
OCKIJIbKU, AKIIO I1€ HeOOXiTHO, 1 MOXKe OyTH 3aMiHeHa TOMOTOIHOIO Tif Jia-
MaHOIO, gKa CKJIQJIAE€ThCA 3 BiJPI3KIiB, MO TOCJIIOBHO CHOJIYYalOTh TOYKU
Cos €1,15C1,25 - -+ C1me

B cuiy mepisrocrti (3.3) ayru v[Co, Co1], 71[Co, C11] 1 Biapizok L1 mictsarbes
B KyJIi

B(¢o) :=1{¢e E3: ¢ — o] < p}-
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Ockinbku B((p) — omykja MHOXKHHA, IO MICTHTHCA B ), TO

| 2@ + [oa = [ e (3.4)

¥[¢o,¢o1] Ly 71[C0,¢11]
Ipu j =1,2,...,n — 2 3 (3.3) BUIUINBAIOTb HACTYIIHI HEPIBHOCTI:
1€ = Col < /2, VCE[Coss Cog+1l;
I¢ =Gl <p/2, V(e Gytl,
1G5 = Coill < p/2,

B cuty axux xyra ¥[Coj, Co,j+1], Y1(¢1,5,¢1, 5 + 1] i Bimpisku Lj, Ljy1 mi-
crarecsa B Kymi B((o;) = {¢ € E3 : | — (o]l < p}. Ockinexn B((o,j) —
OIlyKJIa MHOXKHMHA, 10 MICTUTLCA B ), TO

Jeou + [ewa + [e@a = [eod @5
L 7(C0,5:60,5+1] Ljya Y1[¢1,5,C1,5+1]

j=1,2,...,n—2.
Haperri, noxi6ro mo pisuocti (3.4) orpumyemo piBHICTH

- Jeoi 4 [ea = [ea @o

Ln—1 7[€0,n—1,0] 71[¢1,n—1,¢0]

Homaroun Bci pisuocti (3.4), (3.5) i (3.6), 6aummo, MO 3HHUILYIOTHCS BC
iHTerpaJ/m B3J0BXK BiJIPI3KiB 1 3aJIUIIAE€THCA PiBHICTH

[ = [ (3.7)

¥ M
Hani mokmamaemo s; = t; i BBomuMo B posruisf, Kpusy v; := {H(sj,1) :
0<t<1}upuj=23,...,n IogibHO 10 Y1, HE 3MEHIIYIOUN 3aTATLHOCTI,

MOZKEMO BBaXKaTH, IO BCl KPUBI 7yj € CHPAMJIIOBAHUMMU.
Tenep moi6HO 110 piBHOCTI (3.7) OTpUMy€EMO piBHOCTI

J ¢)d¢ = J =j<1>(C)dC.

Tn

TakuM 9uHOM, MU OTPUMAJIH PiBHICTD

[e@ac = [ec
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B fKiil KpUBa 7, BUPO/KYETHCs B TOUKY, ockiabku H(1,t) = (. Orxe,

[ e©ic=o

Tn

i piBaicTs (3.2) noBeEHO. O

3.6. Teopema Mopepu. Yepes s[(1, (2] mo3HAUUMO BiJIPI30K 3 TOYATKOM

(1 1 kiamem (o.
CupageyiuBuii HACTYITHEIH aHas0r TeopeMu Mopepa jist GyHKIIii 31 3Ha-
YeHHAMU B ajarebpi A"

Teopema 3.7. fxwo pynxyia @ : Q@ — A" nenepepena 6 obaacmi ) < E3
i 300080ALHAE PIBHICTIL

[EGES (3.8)
oA

0AA KOJICHO20 Mpurymuura 2\, wo micmumosea 6 obaacmi 2, mo Pynryia
O ¢ monozennoro 6 obaacmi ).

Hosedenns. Hexait a — nosiimbHa ¢ikcoBana Touka B ). Posrnsgaemo ¢yH-
KIIiI0
U(() = f O(7)dr.
sla(]
ITokaxkemo, o dyukiis ¥ € monorernroo B obsacti €2 i

5(¢) = @(¢). (3.9)

Bizememo h € F3 i § > 0 Taki, mo TpukyTHUK /\ 3 BepruHaMu a, ¢ i
¢ 4 0h MmictuTrbest B 2.
BukopucroBytouu piBaicTh (3.8), IEpETBOPIOEMO PI3HUITIO

W(C+ 6h) — () = f@(f)df - fq»(T)dT _

sla,(+5h] sla(]
= f@(r) dr + J@(T) dr + J(I)(T) dr — j@(r) dr = (3.10)
sla,+oh] s[¢a] s[¢+6hy(] s[C+6h.(]

:f@(T)dT + fcp(T)dT _ j@(T)dT.

ZAN s[¢,¢+6h] s[¢,¢+6h]
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Bukopucrosytoun pisaicts (3.10), i HenepepsricTs dyskiil ® B Touri (,
OTPUMYEMO CIIiBBITHOTIIEHHS

U(¢+ 5? 4 — B(O)h| = % fq)(T) dr — ®(¢)oh
s[¢,¢+dh]
1 M
-5 Jem-ear < F [1em) - e <
s[¢,C+0h] s[c C+6h] (3.11)
M
< & sup |®(T) = 2(¢)] - J ldr|| <
T€s([¢,¢+6h] SC.Croh]
<SM|h|  sap [@(7) - 2(¢))| -0, I—0,

T€s[(,(+0h]

ne M — nestka abCOJIIOTHA CTAJIA.
3i cuiBBignomenns (3.11) BuminBae piBHIiCTH

- W(C+6h) —T(C) _
52810 5 = 2(0)h,

HACJIIKOM KOl € piBHicTb (3.9).

Ockinpku B poBimbHOMY OKOJi Toukm ( dyukiig ¢ € moxigmoro [arto
MoHoreHHOT MyHKINT ¥ : {2 — Ajs, To B cuity Teopemu 2.5 ¢ € MOHOIE€HHOO
dyukriieo B obmacti (2. ]

3.8. Interpanbua dopmyna Koimi. Mu BukopucroByemMo Te came Io-
3HavYeHHs L, /g MHOXKUHU B F3, 10 € KOHIPYEHTHOIO 70 psiMol (2.7) B
R3. Hexait
Go := woe1 + Yoea + 2o€3

— goBinmbHa TouKa obsracti 2 < E3. B okomi Touku (jy, siKnit MiCTUTHCST B
Q, BizbMemo kos10 C'({p) 3 merrpom B Touni (y. HYepes C, no3HaummMo obpas
kosta C({y) npu Bimobpaxkenni f,, u = 1,2,...,m. Ilpunycrumo, 1mo Koo
C(Co) oxonaroe muoorcuny (mus. [28])

m

{C0+C:(e U Lu}. (3.12)

u=1
Ile o3nauae, mo kpusa C), obmexye obracts D), taky, mo f,((y) € D., npu
u=12,...,m

CkazkeMo, 1110 KpuBa vy C § 0dun pas oxonaroe mhoocuny (3.12) (mus. [28]),

gk icaye Koo C((p), fKe OXOILTIOE BKA3aHy MHOKUHY i TOMOTOITHE KPH-

Biit v B obJtacti Q\{CO +(:Ce QlLu}.
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Bisbmemo kosto C(0) 3 merTpom B Tourii 0, sike mictutbes B 3 1 oxormioe

m

muokuny | J Ly. Ockimbku dynxiia (1 — nenepepsna na kpusiit C(0),
u=1

TO iCHy€ iHTerpaJ

A= f T dr. (3.13)
c(0)
B cumy Teopemu 3.5, 3Hauenns inrerpasa (3.13) He 3asexxurh Bij BuGOpy
m
koisa C(0), ske oxormmoe MHOKUHY | | Ly,.
u=1

Hacrynme TBepmkenHss MicTuTh anajor iaTerpajbaol dopmyiu Kormri
Ju1st MoHOreHHUX byHKIiR @ : @ — A 3amannux B obsacti ) < Ejs.

Teopema 3.9. Hexati sukonyemocsa ymosa (2.5) @ gynxuyia ® : Q — A" e
MoHozennoto 8 obaacmi ) < Fs. Todi das xoorcnoi mouxu (o € ) suxonye-
MbCA HACMYNHA DPIBHICTND:

AD(Go) = f () (¢ — o)~ dc, (3.14)

Y

de v — d06iAbHA 3AMKHEHA HCOPIAHOBA CNPAMAIOEAHA Kpusa 6 ), AKa 0To-
natoe 00un pa3 mnodrcuny (3.12).

Josedenna. s nosinbraoro € € (0,1) po3risiHeMo KOJIO

C(Go,€) :={Co + (¢ = o) : C € C )},

ne C(Cp) — Koo, iCHYBaHHsI SIKOI'O BUILIMBAE 3 TOTO, II0 KPUBA 7 OXOILIIOE
onuH pa3 MHOXKHHY (3.12).

Ockinbku v romoronsa Koy C((p,e) B obacri Q\{Co +¢:¢e U Lu},
u=1
TO 3 BUKOPUCTAHHSAM TEOPEMU 3.5 OTPUMYEMO PiBHICTH
Jeo-a e = [e0c-w T a @s)
Y C (o)

Hauii, npencrapistoan iHTerpaJ B npasiii yactusi pisHocri (3.15) y Bur-
JIAZ CyMH JBOX IHTErpaJiiB, OTPUMYEMO

Joo€-aa = [@O-s@)c-a) "
v C(Go.e)
+0G) [T =
C(Go.e)
Tyt Jo = A®({p) B cumy pisaocti (3.13) nmpu 7 = ¢ — (p.

(3.16)
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ITigiarerpanspua dyukiiis B inTerpaJsi J; odMexkeHa KOHCTAHTOIO, siKa He
zasiexkuTh Bij €. [liiicno, B cuity Teopemu 2.5 dyukiis ¢ gudepentiioBaa
3a Jlopxom B obmacti € i moxinma ®) = ®( Hemepepsma B ). Tomy 3i
criBBigHOMeHHs (2.1) BUILUIMBAE HEPiBHICTD

[2(¢) = 2(Co)| < e V(e (o 2),

ne crama ¢ He 3ajexkuTh Bim €. Kpim toro, dyukmia (¢ — (o)}, aka e
Hernepepsroo Ha C((p), € Takoxk obmexkenoro ua C((p). B pesynabrari mu
OTPUMYEMO OIIHKY

=)™ < &7 max [ = G)7! < e YOOl

Jie cTajia ¢ He 3aJIeXKUTh BiJl €. 3 OTPUMAHUX OIIHOK BUILIUBAE, IO (DYHKITisS
(®(¢) — ®(¢0))(¢ — o)™t obmerxena ma xomi C((p,€) KOHCTAHTOIO, SKA He
3ayiekuTh Bin €. OTke, iHTerpan Ji npsamye mo wynsd, Komau € — 0.
Hapemri, nepexomsiau ;1o rpaauili B pisHocti (3.16) npu e — 0, orpumy-
emo piBHicTb (3.14). O

Ha sinminy Bin mozmi6uux pesysbraris E. Jlopxa [23] i E. Buoma [5],
dyuknia ¢ : Q@ — AT B Teopemi 3.9 3amana Tinpku B obsacti (2 mimmnpo-
cropy FEs, a me B objacti 3 yciel anrebpu. Binbimn Toro, 3ayBakumo, 110
inrerpanbaa dopmyina Ko, Bcranosiena y poborax [5,23], He 3acTocos-
Ha 70 MoHorenHol ¢yuknii ® : @ — A, ockisbku B Hiil iHTerpyBanHS
3IICHIOETHCA B3/I0BXK KPUBOI, Ha dAKi#t ¢pyukiia P, B3araai Kaxkydu, HE
BU3HAUEHA.

Teopema 3.10. Cmasa \, susnauena pisnicmio (3.13), € obopommum ene-
MeHMOM 6 anzebpt AT,

Jlosederns. 3 poskiay (2.6) BummBae piBHICTD
n ~
C:_l = Z A I, (3.17)
k=1

3 KoedinienramMmu Ay, 0 BU3HAYAIOTHCI PIBHOCTAMUI
1

]
&u

- s—m—+1 @k
A Z gk’s’ s=m+1m+2,...,n,
k=2  Sus

A,

u=12,...,m,

(3.18)
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B AKX () s BU3HAYAIOTHCA PEKyPEHTHUMH CITiBBiTHONICHHAMN:

QQ s — T 87
~ ~ (3.19)
Qk,s:_ Z Qk—l,rBr,& k:3,4,...,s—m+1,
r=k+m—2
e
Ts := yas + zbs, s=m+1m+2,...,n, (3.20)
s—1
B, s := Z T,Y7 s=m+2,m+3,...,n, (3.21)
p=m+1

a crpykrypHi cram YT i marypasbni uncia us BU3HAYEHI BiIMOBIIHO B
paBuIax MHOXKeHHd 2) 1 3) anrebpu A
Bpaxosytoun piBHicts (3.17) i cuiBBigHOIIEHHS

m

d¢ =drei +dyes+dzez = Z (d:c+audy—|—budz>lu+

u=1
+ zn: <ardy+b dz)] —deul + Z T, I,
r=m-+1 r=m+1

OTPUMYEMO HACTYIHY PIiBHICTB:

i dé, I, + i A, dT, I+

=t r=mil (3.22)

n

Z dgu51+2 ZAdTII Zn]aklk.
k=1

s=m-+ s=m+1r=m+1
Tenep, BpaxoBytoun pisaocti (3.22) i (3.18), obuuncaroemo

f iaulu:ilu deuz%iilu:%i,

u=1 u=1 u=1

1e Cy,(0) — obpas koma C(0) npu Binobpaskenni f,. Tomy

n
A=2mi+ > Iy
k=m+1 c(0)

i A € 0OOPOTHUM E€JIEMEHTOM. O
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Orxe, inTeranbua dhopmysna Komi (3.14) moxke OyTu nepenvcasa y BUr-
JISLTI

(o) = A~ f@(o (¢ — o) d. (3.23)

¢
B nesikux crenjanpaux Bunajgxax (mus. [28,29,33|) BcranoiseHo, 1110

A = 2mi, (3.24)

gK 1 B KOMILJIEKCHIH IIJIOIIMHI.
OueBniHo, 110 piBHICTH (3.24) BUKOHYETHCS TOMI i TIIBKU TOJI, KOJIH

JUkZO Vk=m+1,...,n, (3.25)
C(0)

aste ymMoBH (3.25) BaKKO II€PEBIPUTHU B 3araJIbHOMY BUIIAJIKY.

Bkaskemo ofuH crerjiajgbHuil BUIAI0K, KO yMOBH (3.25) Jerko mepesi-
psatoTes i piBaicTb (3.24) BUKOHYeThCsI. BUKOpHCTAEMO TIPEICTABIEHHS AJl-
rebpu Al y Bursani Hamiupsamol cymu A = S @y N, e S — m-Bumipna
Hamnispocra migaarebpa i N — (n —m)-BumipHa HiJbIOTEHTHA TTigATEOPA.

Teopema 3.11. Hezati A" = S@®s N i B3 ¢ S. Todi suxonyemocs pis-
nicmo (3.24).

Losedenns. 3 ymosu E3 ¢ S Bummsae, 1o
ap = bk =0

st BCix kK =m + 1,...,n B poskaazi (2.4). Tomy ayisi mosiabHOrO ¢ € E3,
yci dynkuil T 1 By s y cuiBBignomenusx (3.20) i (3.21) pisai myutio.
Tenep, BpaxoByun cruissignomenss (3.19), pobuMoO BUCHOBOK IIpO Te,

~

mo B piBHOCcTAX (3.18), Ay = 0 mpu s = m + 1,...,n. 3Bigcu mMurTeBO
BUILIUBAIOTH piBHOCTI 0 = 0 pu k = m + 1,...,n i ycix ( € F3. OTxke,
yMoBH (3.25) 3a0BOILHSIOTHCH 1 PiBHICTD (3.24) BUKOHYETHCSL. O

3a3HaunMMo, 0 y BUIIAJKY TPUBUMIPHOI JiHIHOI obosioHku F3 Teope-
Mma 3.11 y3aranpHioe |28, Teopema 6|, q0BeneHy /118 HAIIBIPOCTHX ajredp,

Ha ayrebpu AT sKi, B3araji KaXKydu, He € HalliBIIPOCTUMU.
m

Skimo kpuBa inrepyBamus B piBHocri (3.13) ne oxommoe muoxkuny | ) Ly,
u=1
To inTerpai B (3.13) moxke 6yTu HeoGopoTHEM estlemerToM anarebpu AT, Ile
MATBEP/ZKYE HACTYITHUM MTPUKJIIAJ.

IIpukaazn 3.12. Posrisinemo anrebpy Ag (mus. [60]) 3 6asucom {Z,Zs, p}
i TAOJIUIIEI0 MHOXKEHHST:

TP=1,, I3=1,, TiI,=0, p°=0 ZIip=0, Iyp=p.
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Tyr 6asuc ckIamaeTbea 3 ABOX imeMoTeHTHHUX ejeMenTis [y = 71, Io = 1o
i HimboTenTHOTO esilemenTa I3 = p, Tobro n =3 i m = 2.
Posrigaemo inmmit 6a3uc B aarebpi Ao:

e1=1=11 + I, eo =111 + p, es = 11o.
Hus ( = xep + yes + zes Mmaemo
Si=z+uy o =&uy =2+ iz
O6epuennit exement (3.17) mae BurIsz
- Y
(M=~ Z1 + = Iz P
& &2 &

Tak Mo BCi HeoOOpOTHI eeMeHTH ( € F3 PO3MINIYIOTHCA HA JBOX KOODIU-
HaTHUX npsamux L = {ze3: z € R} i Ly = {yea : y € R}.
Bizpmemo ko0
cvlt .= {T =xe; + e+ zes: 2 4 2% = R2},

SKe OXOILToE HpsaMy Lo, aje me oxommoe npamy Li. Toni mia ¢ € CYE
MaeMo
d¢ =drei +dzez =dx1y + d&o 1o,

(hd¢ = (111+ I — S >(da:Il+d§2I2):

+ &2
dx gy dfz
r+1 ! 52 52

JIerko o0YMCIIOETHCA IHTErpaJI

ng d¢ = 2mi T,
Cv,R
TOOTO 1Iell iHTerpas € HeOOOPOTHUM eJleMeHTOM ajredpu A7,

3.13. Teopema Teitsiopa. Bukonyioun poskiaz dbysxuil (3.23) y cremne-
HEeBUH psif MOAIOHO 10 PO3KIAIY TOJOMOPPHUX (DYHKIIIH, 110 6a3yeThCs HA
poskJal B crenenesuii psaj sapa Komri (qus., nanpukiaz, O. I. Mapkyrie-
Bud [54, c. 298]), OTpUMYEMO HACTYIIHE TBEP/IZKEHHSI.

Teopema 3.14. Hexat suxonyemovcs ymosa (2.5) i dynryia @ : Q — AT
€ monozennoto 6 obaacmi ) < FEs. Todi ® e anasimuurnoro 6 obaacmi
Q, mobmo 6 desaxomy oxoai kootchoi mouxku (o € §) sona mooce bymu
npedcmasiena Yy suzaadi cymu 36i1cHo20 cmenenesozo pady
a0
() =D, e (¢, (3.26)

k=0
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de

(n) n
Cn = ‘I)Gngg()) =\t J@(T)((r — Co)_l) T n=0,1,...,

v

i Y — 006IAbHA 3AMKHEHA HCOPOGHOBA CNPAMAIOSAHA Kpusa 6 ), AKa 0xo-
naroe 0dun pas mroocuny (3.12).

3.15. ExBiBajieHTHi 03HaYeHHS MOHOTeHHUX pyHkKIliii. Hacrymnua Te-
opeMa, IO MICTUTH Pi3HI €KBiBAJEHTHI O3HAYECHHS MOHOTCHHOI (DYHKIII, €
AHAJIOTOM KJIACUYHOI T€OpeMU KOMIIJIEKCHOTO aHaJIi3y PO Pi3HI eKBiBaJjeH-
THi O3HAYEHHS TOJIOMOPMHUX PYHKITIHA.

Teopema 3.16. Hexatl sukonyemovcea ymosa (2.5). Qynruis & : Q@ — AT
€ MoHozenno010 68 dosiavhiti obaacmi ) < E3 modi i misvku modi, xoau
BUKOHYEMBCA 00HA 3 HACTNYNHUL YMOB:

(I) yei xomnonenmu Uy, :  — C posxaady (2.9) e R-dugpepenuitiosnumu
Pyrruiamu 6 obaacmi S i 6 it obaacmi suronyromovca ymosu (2.10);

(IT) gynryia ® € anarimuwnoro 6 obaacmi 2, mobmo O KOHCHOT MOUKU
Co € Q ichye oxin, 6 axomy Pymxuia ® npedecmasasemvea y suzandi
cymu 30itcnoz0 cmenenesozo pady (3.26) 3 woedivienmamu cg, wo
Hasesrcams anzebpi Al

(III) ¢pynryia © nenepepsena 6 obaacmi S i suxonyemves pisnicmo (3.8)
OAA KOHCHO20 MPUKYMHUKA [\, U0 Micmumovcs 6 obaacmi );

(IV) pynruia ® e dugepenuitiosrnoro 3a Jloprom 6 obaacmi €);

(V) 6 xoorcniti kyai O < Q icnyroms m 2onomopprur gynkyit F, 6 obaa-
cmax Dy = {fu(¢) : (€ B}, u=1,2,...,m, i n — m 2010mopdruz
Ppynryiti Gs 6 obnacmazr Dy, s = m+1,m+ 2,...,n, makux, wo
Pynryia ® npedcmasasemvca y suzandi (2.8), de Ty, — samrnena srcop-
JAHOBA CNPAMANOBAHA KPUBA, AKA AeHcUmMb 6 obaacmi Dy, oxonaroe
mouky fu(C) i ne micmums mowor fo(¢), ¢ =1,2,...,m, q # u.

Jlosedenna. ExsiBamentricts ymosu (1) i monorennocri dyskiii ¢ mose-
meno B Teopemi 2.6. ExsiBasentricts ymosu (II) i momoremnocri dyHK-
il @ e macaigkom Teopemu 3.14 i BIacTUBOCTI 3012KHOTO CTEIIEHEBOTO Psi-
ay (3.26) BusnayaTu MoHOreHHy (byHKI00 B obsacti 36ixkHOCTI. ExBiBa-
nerruicts ymosu (III) i monorennocti dbyukuii ® Bunmsae 3 Teopem 3.5
i 3.7. ExsiBanenrricts ymosu (IV) i monorennocri dyukuii ¢ sunmsae 3
nepIioro TeepKeHHst Teopemu 2.5. Haperri, eksiBasentricts ymosu (V)
i monorenHocti dyukiil ¢ BurmBae 3 Teopemu 2.3. ]
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Teopema 3.16 ysaranbhioe pesysibratu pobit [26,28-30,33,60,61], Bcra-
HOBJIEHi JIJTi MOHOT€HHUX (DYHKINH B KOHKPETHUX CKIHIEHHOBHMIPHUX aJl-
rebpax.

4. TEOPEMA KoIIIl /i TTIOBEPXHEBOT'O THTEI'PAJIA B
CKIHYEHHOBUMIPHIN KOMYTATUBHIN ACOIIATUBHIN AJITEBPI

Tarerpanmsna Teopema Korri € dpynmaMenTabHuM PE3yaIbTATOM KJIACH-
YHOIO KOMILJIEKCHOIO aHaJ i3y B KoMmiulekcHii miromuni C: gakimo mexa 0D
obstacti D < C € 3aMKHEHOIO CIIPSIMJTIOBAHOTO YKOP/IAHOBOIO KPUBOIO 1 (DY HK-
nig F: D —> C — menepepsna B 3amuxanui D obsacti D i rosomopdua B
D, o

f F(z)dz = 0.
oD

Po3BuToK rimepKOMIIJIEKCHOTO aHAJI3y #dK B KOMYTATHBHUX, TaK 1 He-
KOMYyTaTUBHUX ajrebpax moTpedye aHaJIOTiYHUX 3arajJbHUX aHAJIOTIB iHTe-
rpasbaol Teopemu Korri fj1s1 6araroBuMipHUX ITPOCTOPIB.

Jobpe Bijomo, 0 y BUNAAKY, KOJIU OIHO3B sI3HA 00JIaCTh Ma€ 3aMKHEHY
KYCKOBO-TJIAJIKy MEKY, IMPOCTOPOBI aHAJOTH iHTerpasibHOI Teopemu Korrri
MOXKHA OTPUMATH 38 JOIMOMOTOI0 KjiacuaHol opmysu [aycca-Octporpa-
CBbKOI'O 33 YMOBH, IO 3aJaHa (PYHKIlisI Ma€ HelepepBHI YaCTUHHI ITOXiIHI
[IEePIIIOTO TOPAIKY, sAKi HEIEPEPBHO MPOJOBXKYIOTbCA HA MKy objacTi. Y
Takuii criocib anajioru iHTerpaspbHol Teopemu Kot qoBesieHo B aiarebpi KBa-
repHioHiB (auB., Hanpukiaja, monorpadio B. B. Kpasuenka i M. B. Illa-
uipo [22, c. 66]) i B anrebpax Kuidbdopaa (aus., Hanpukiia, Mororpadito
®. Bpekca, P. lenanra i ®. Commena [7, c. 52]).

YzarajgpHeHHs iHTerpasibHol Teopemu Korrri mosisraiors y mociabieHHi
BUMOT 10 MexKi abo 70 3asanol dyHkiil. fk mpaBwmio, Taki y3arajbHe-
HHs 0a3yiorThes Ha yz3araabHeHiit [aycca-Octporpascbkoro-I'pina-Crokca
dopmymni (mus., nanpukaaz, I'. Pexepep [12] abo Ix. Xappicon i A. Hop-
ToH [16]) 3a yMOBM HelepepBHOCTI YACTUHHUX IIOXITHUX 3aaHOI (DYHKILT,
ajle JUId PO3IMIMPEHNX KJIACIB IMOBEPXOHb IHTEIPYBaHHS; IWB., HAIPUKJIIAJ,,
P. A6pey Buaiis i X. Bopi Peiiec [1], a Takoxx P. A6pey Buaita, 1. Tlena
IMena i X. Bopi Peiiec (3], me posrasgarorbes cupsamioBadi abo peryssap-
Hi noepxui. B poGorax A. Canbepi [48] i O. ®. Tepyca [49], nenepeps-
HICTh YaCTUHHUX TOXiTHUX 3aMiHEHO TUQEPEHIIiHOBHICTIO KOMIIOHEHT 33,14~
HOI (PYHKIII, IO MpuiiMae 3HaUYeHHs B ajrebOpi KBaTEpHIOHIB. 3a3HAYNMO,
o B poboti [49] mezka 06sacTi 3aIMIAETHCS KyCKOBO-TTIAJIKOIO.

Hami Mu mopememo amajor iHTerpajbHOl Teopemu Korrmi mjst moBepxHe-
BOro iHTerpaJa Bix rimeprosiomopdmol dyHKINT, o 3a1anHa B 0b1acTi Tpu-
BUMIPHOI'O TIPOCTOPY 1 mpuitMae 3HAYEHHHA B JIOBIIBHINA N-BUMIPHIA KOMY-
TaTUBHIA acoriaTuBHii aarebpi, ge 3 < n < 00. 3a3HAYMMO, 110 MOHOIE€HHI
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yHKIIT B TapMOHIIHUX ajredbpax yTBOPIOIOTDH ITIMHOXKHUHY TilIeproloMOp-
uux GyHKIiHA, 9Ki, KpiM TOT0, MOXKYTb OyTH 3aIJAHUMHU B 00JIACTAX, MEXKi
JKUX HE € KYCKOBO-TJIQIKAMU.

Awnasnoriuauii pesyabrar omy6saikoBano B poboTi [32] auist rineprosiomop-
duux QYHKITN 38 yMOBH, 110 33aHa KOMYyTaTUBHA, aredpa po3TiIaIaeThCsa
HaJ [ TI0JIeM KOMILTeKCHuX 4ducesi. [Ipore, gk BUIIMBaE 3 HABEIEHOTO MAJI
JIOBEJIEHHSI, TaKa YMOBa € HEICTOTHOI. 3a3HAYMMO TAKOXK, IO IOIIOHMI
anaJsior inTerpasabHol Teopemu Ko nosemeno O. @. Tepycom [17] agist ri-
neprosioMopdHUX (QYHKINH, M0 TPpUAMAIOTh 3HAYEHHA B HEKOMYTATHUBHIH
arebpi KBaTEPHIOHIB.

4.1. IloBepxHeBi iHTerpajgu 1Mo KBaJI[POBHUX NOBepXHsiX. Posrisue-
MO TIOHATTS KBajpoBHO! moBepxHi B R3. MHOXKHHA Y HA3HBAETHCH NO-
seprrero vy mpoctopi R3, gxmo ¥ € romeomopdHIM 06pa3oM KBaIpaTa
G :=[0,1] x [0,1] (nus., nanpukiaz, [36, c. 24]).

Yepes >° 1103HAYNMO £-OKiJI TIOBEPXHI Y, TOOTO MHOXKUHY

2= {2 e R V- ol + G- n)P+ G- <e

(331,3/1,21)52}-

Bidemanmnro @pewe d(X, A) mizk noBepxusimu 3 1 A HazuBaeThest iHGIMyM
JHCHUX 9HCeJT €, JJIsl IKUX BUKOHYIOTHCsI CITiBBimHOIMIeHHs Y < A®, A < X°
(muB., vanpukia, [13]). [ocainosricTs 6araTorpaHHuKiB A, HA3UBAETHCS
PisHOMIPHO 36i0tcHO010 10 TIoBepxHi X, Ko d(Ay,, ¥) — 0 upun — oo (xus.,
HanpukJiasz, [36, c. 121]).

Ilrowero Jlebeza oBepxHi Y HASUBAETHCA BEIMINHA,

£(X) := inflim iogf,S(An),

Jie iHdiMyM 6epeTbes Mo yeix MocIiIoBHOCTIX A,,, pIBHOMIpHO 3612KHUX JI0
Y (nus., nampukias, [36, c. 468]), a £(A,) — wroma Gararorpanuuka A,,.

Hexait moBepxus Y mae ckinuenny tmomnty Jlebera. Tomi 3a Teopemoro
JI. Yeszapi [10, c. 7] icaye mapamerpusariis moBepxHi

Y= {f(u,v) = (x(u,v), y(u,v), z(u, v)) :(u,v) € G}
Taka, 110 TKODiaH!

_ Oyoz 0yoz ‘_0,26:6_(9263: _@@_@@
" oudv  ovou’ B'_%% ovou’ Ci= oudv 0vou (4.1)

icuytoTs Maiike Bcronu Ha kBazgpari G := [0;1] x [0;1] i

LX) = J\/ A%+ B2 + C?dudv. (4.2)
G
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Y Bunagxy, komm £(X) < 00 1 piBHiCTb (4.2) BUKOHYETHCS JJIs 38 TaHOT
mapaMeTpu3aliil Y, MOBEePXHIO Y 0y/1eMO HA3UBATH KGGIPOSHOIO.
Cdopmyirioemo fesKi JOCTaTHi yMOBUA KBaJIPOBHOCTI IMOBEPXHI Y.

e ko ¥ — cupsamioBana nosepxHs (To6ro, sinmmuneBuil 06pa3 KBaJpa-
Ta), To 3 pesynbraris T. Pago [36, IV.4.28, IV.4.1 (e)| Bunimsae, 1mo
TIOBEPXHHA Y. KBAJIPOBHA.

e Hexaii komnonenTu x(u, v), y(u,v), z(u, v) Binobpaxkenus f — abCOJOTHO
HenepepsHi 3a Tonesni (uB., Hanpukiaaz, [42, c. 169]). Hexait, kpim Toro,
B gkobianax A, B, C BimobpaxkeHHs f B KOXKHOMY 3 JTOOYTKIB

o0y 0z 0y 0z 0z Ox 0z Oz ox dy ox dy

ou ov’ ov ou’ ou ov’ ov ou’ ou v’ v ou
OfiHia, YACTHHHA IOXi/IHA HAJEKUTH KJacy iHTerpoBHuUX GyHKILH L,(G)
Ha G, a inma wgactunHa moXifgHa HamexuTh L(G), ge % + % = 1. To-
1i nmosepxHst & kBagposHa (mus. T. Pano [36, V.2.26]). Bigznaunmo, o
JUIsL CHPSIMJIFOBAHOI 1TOBepXHi ¥ KoMmonenTu z(u,v), y(u,v), z(u,v) Big-
obpaxkenns f abcosrorno HerepepsHi 3a Tonesuti (juB., Hanpuksam, [42,
c. 169]).

e ko aBi kKomnonenTu Bigobpaxkennst f(u,v) € dbyukuisvu Jlinmmig, a

TpeTs KOMIIOHEHTa — abCOTIOTHO HerepepBHa 3a ToHesutl, To moBepxHs X
kBazposHa (qus. T. Payo [36, V.2.28)]).

Temep BU3HAYMMO HOBEPXHEBI IHTErpaju IO KBAJIPOBHUX IOBEPXHAX. 3a-
mrneny nosepriro I' < R3 posymiemo sx 06pas cepu mpu roMmeoMopdHO-
MY BijioOparkeHHi, ke BimoOpaxKae xoua 6 00He K040 Ha CNPAAIOBAHY KPUBY.
Orxe, 3aMKHEHa TTOBEPXHS |’ OJA€ThCs K 00 €MHAHHS JTBOX ITOBEPXOHB
Ty, Do, miia axux 'y N g =: v € 3aMKHEHOIO YKOPIAHOBOIO CIIPAMJTIOBAHOIO
KPUBOIO.
Hexait mosepxni I'1, 'y 3amani mapamerpudHo:

I = {fl(u,v) = (xl(u,v), y1 (u,v), zl(u,v)) :(u,v) € G},
Iy = {fg(u,v) = (xg(u,v), ya(u,v), ZQ(U,’U)) s (u,v) € G}.

3aMKHeHa TToBepxHsi ' Ha3UBaeThCs K68adP06HO10, SKIO moBepxHi ['1 1 'y
KBaJIPOBHIi.

s 3amkuenol kBaaposHoi noBepxHi I i nenepepsuoi dyukmii F': I' - R
BU3HAYMMO iHTerpasu 1mo I’ piBHOCTAMU

fF(x,y, z)dydz := JF(a:l(u,v), y1(u,v), zl(u,v)>A1 du dv—
r G

— JF({EQ('LL, v), y2(u,v), zo(u, v)>A2 du dv,
G

(4.3)
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jF(a:, y,2z) dzdx == fF(:El(u, v),y1(u,v), 21 (u, U))31 du dv—
T G

(4.4)
— fF(a:Q(u, v), y2(u,v), z2(u, v))Bg du dv,
G
JF(x,y, z) dxdy = JF(ml(u,v),yl(u,v), zl(u,v)>01 du dv—
r ¢ (4.5)
— JF(xg(u, v),yg(u,v),ZQ(u,v)>Cg du dv,
G

3 srobianamu Ay, By, Cj, Binmobpakenns fi, surysiay (4.1) npu k = 1,2.

Jlerko mepekoHaTHCH y KOPEKTHOCTI o3HadeHb (4.3)-(4.5). Cupasai, 3Ha-
YeHHs [IPABHUX IaCTUH iHTerpasiB B piBHOCTAX (4.3)-(4.5) ogHaxosi Js ycix
napamerpusaniit f1, fo, arsa axkux mwiomi £(I'), £(I'e) mogatoTses piBHOCTS-
mu BurIsiAy (4.2), 1 3HAYEHHS MPABUX YACTHH {HTErpaJiiB B piBHOCTAX (4.3)-
(4.5) e 3aseKaTh Bij BHOODY CIPAMIIIOBAHOI KPUBOI 7, fiKa po3ouBae [' Ha
Bl 9YaCTUHU.

Jlema 4.2. fxwo I' samrnena xeadposha nogseprms, mo

fdydz = fdzdx = Jdmdy =0. (4.6)
r r r

Zlosederms. 3a O3HAYEHHSIM

fdydz = fAl dudv — JAQ du dv. (4.7)
T G G
3 pesynbraris T. Pago [36, V.2.64 (iii), IV.4.21 (iii3)] Bumiusae, mo s
nosepxonb I'1, I'y cripaBejiuBi HacTynHi piBHOCTI:

fAk dudv = J ydz, k=1,2, (4.8)
G G

Jie iHTerpas B mpasiiit yactuHi podymiemo sk interpas Jlebera-CrinTheca,

akuit 6epemo 1mo Mexi 0G kBagpara G B JOIATHOMY HAIpsSIMKy. Lerep

3 piBaocreit (4.7), (4.8) mauBuBae, mo nepmuii iHTerpas B pisaocri (4.6)

nopiBaioe Hymo. Tammi piBHOCTI (4.6) 10BOJAATHCS aHATIOTIYHO. |

4.3. T'ineprosomopdni dbynkii. JomomixkHi TBepmkenHsa. Hexait
Terep A — KOMyTATUBHA aCOIIaTUBHA ajredpa HaJl MOJIeM JiiCHIX aucest R
3 6asucoM {e}}_;, 3 <n < 0. Buginumo miniitawmit mgmpocTip

E3 :={¢ = ze1 + yes + ze3 : 1,y, 2 € R},
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MTOPOJIZKEHWH BEKTOPAME €1, €2, €3. DyIeMO BUKOPUCTOBATH OJTHAKOBE TIO-
snadenns §) s MHOXKUHEKA B R3 i /118 KoHrpyenTHOl MHOKUHE B F3.
. . n
Posrasremo dyskmiio ¥ : Q — A, poskmazeny 3a 6Gasmcom {eg}]_; y
BUTJISI T

Z (x,y, 2)ek, (4.9)

e (x,y,2) e QiU :Q— R
Bynemo kazaru, mo dbyukiigs ¥ : Q — A e 2inepzosomopproro B obiacti
Q) ¢ Ej3, gaxmo 11 gificHo3Havni KoMoHeHTrn poskiany (4.9) € mudepeniri-
oBHUMU (DYHKIIAMU B ) i BUKOHYETHCS HACTYIIHA YMOBA B KOXKHINl TOYII

obJtacti €2:

oV ov ov
matg ety e3 =0, (4.10)

B naykosiit siTepaTypi BUKOPUCTOBYIOTHCs Pi3HI HA3BU JJid DYHKITIH, Kl
3a/10BOJILHAIOTE piBHsAHHA BUrIary (4.10). Hampukian, B poborax A. Ca-
n6epi [48], @. Komombo, I. Cabanini i . Crpynnu [11], B. ITupsoccira [46]
Taki PyHKIN] HA3WBAIOTHCA PeryasapHuMr, a B poborax @. Bpekca, P. le-
nanra i @. Commena [7], C. Bepumreiitn [4], Ix. Paiiana [41] — moHo-
reaanmu QyHKiigvu. Mu OygeMo BUKOPHUCTOBYBATH TEPMIiHOJIOTIIO PoOIT
B. B. Kpasuenka i M. B. Ilanipo [22] B. IIuproccira [47], O. ®. Tepy-
ca [49].

Hexaii §) — obMeskena 3aMkHena Maoxkuaa B R3. s menepepsHoi dbyHK-
uii W : Q¢ — A, poskiazenol 3a 6asucom {ey})_; y Buruszi (4.9), o3Haummo
ob6’emMHUt iHTErpaJ PiBHICTIO

n
J U(()dxdydz := Z ek f Uk(z,y, z)dx dy dz.
5 -

Hexaii I' — 3aMKHeHa KBaipoBHa 1oBepxHs B R3. J{j1a HemepepsHOT DyHK-
uii ¥ @ I'c — A, poskmanenol 3a 6asucom {ey}}_, y Burasani (4.9), ne
(r,y,2) e i Uy : I' > R, o3nauumo nosepxuesuii inrerpas mo I' 3 aude-
penrianbHOIO popmoro o := dy dz e; + dz dx es + dx dy e3 piBHiCTIO

J\I/(C)O' = elekJUk(a:,y, z) dy dz+

r k=1 r

2 JUka:y, )dzdx+2 3ekak(:U y,z) dz dy,
k=1 r k=1 r

Jle iHTerpasu B npasiil yacTuHi piBHOCTI BusHadeHi pisHocTsiMu (4.3)-(4.5).
Hacrynua sema € macmiakom jiemu 4.2 i o3HavenHd audepeHIiaabHOT

dopmu o.
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Jlema 4.4. fAxwo I' — 3amxnena xkeadposHa noseprs, mo

!a ~0. (4.11)

Bsememo eBki1iioBy HOpMY
n 1/2
ol i= (X fo?)
k=1
n

B asrebpi A, e a = Y ager i ax € R npu k = 1,n.
k=1
Hexait I — 3aMKHena KBaipoBHa moepxus B R, JI1s1 HenepepBHOI (yHK-
uii U : I' > R, o3naunmo noBepxHeBwmii inTerpaJ mo ' 3 nudepeHIiajabHO0
dopmorto |0l pisaicTiO

fU(a:el + yea + zes)| o :=

r
= JU(:L‘l(u, v)er + y1(u,v)ea + 21 (u, v)eg)q/A% + B? + C? dudv—

G

- fU(xg(u, v)er + y2(u, v)es + 22(u, 1))63)\//1% + B2 + C3 dudv.

G

Hacrynne tBepizkenns micturh anajor dopmyau [aycca-Ocrporpa-
CBbKOro B aJirebopi A, skuii BummBae 3 Kjacudnol ¢popmynu [aycca-Octpo-
rPaaCcbKOro:

Teopema 4.5. Hexat 2 — 0dno36’a3na obaacms 6 E3 3 xycroso-aaadkoro
meoicero 0N). Hexati U : Q) — A — nenepepsna gynruyia, wo mae Henepepemi
YACMUHHT NOXTIOHT nepwozo nopadxy 6 obaacmi 2, Akl HenepepsHo nPodos-
orcyromoea wa meorcy 0S). Todi enpasedausuti nacmynnutl anasoe Gopmyal
Taycca-Ocmpozpadcvrozo:

ov ov ov
U(()o = —e+ ——ex+ —e3|drdydz. 4.12
Joo=[(Ga+ G et Ga) (112)
o0 Q

HoBenennsi HacTynHoi Teopemu 1oiibue o josenenb A. Canbepi [48,
teopema 9] i O. . T'epyca [49, Teopema 1|, ne posrusimanucs dyHKIiT, 1110
NpUAMAaIOTh 3HAYEHHS B aJredpi KBATEPHIOHIB.

Teopema 4.6. Hexati 0P — meorca 3amrHernozo xkyba P, axut micmumbcs
6 obnacmi Q2 < Es, @ pyrxuyia ¥ : Q — A — zinepzoromoppra 6 obaacmsi 2.
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Todi suKoHyEMBCA HACTYNHA DIBHICTIL!

J U(¢)o = 0.

oP

e
oP

Hexait Tako, S mozuauae mronry nosepxui 0P. Pozmimumo P wa 8 piBHHX
Ky6iB i mozuaunmo uepes P! raxuit Ky6, Jyis gKOro

I

OwuesnHO, MO TIoBepxHaA 0P Mae mmonmy S/4.
IIpomoBkytoun 11l IpoItec, OTPUMAEMO TTOCIIIOBHICTD BKJIAIEHUX KyOiB
P™ 3 nomamu S /4™ nosepxoub 0P, sKi 3a/I0BOJIBHSIIOTH HEPIBHOCTI

| v
opm

3a mpuaiuom Kanrtopa icaye emuua Touka (o := xgei + yoes + zopes,
crisibHa 15t Beix Kyo6iB P™. Ockinbku dyuknis ¥ mae suruisy (4.9) i miit-
cuozHa4dHi KomnonenTn Uy, audepentiiitoBHi B €2, TO B 0KOJIi TOUKH () MAEMO

PO3KJIaI
w(0) = w(e) + AT 4 2y RO AT 5 g,

e Az = x —xg, Ay :=y —yo, Az 1=z — 20, 1 6((, {p) — HECKIHUEHHO Maja

ynxitia npi p = | — Cofl — 0.
Tomy Jjuts BCiX HOCTATHBO MaJMX KyOiB MaeMo

J U(¢)o =¥ () f U+a‘1jé’(x<0) f A:za—ka\pa(ygo) f Ayo+

Zlosedernsa. Ilosnaunmo

o| = K/8.

> K /8™, (4.13)

opm opm opm opm
oV (¢o)
+ 3 jAUjLJ(SCCopU—ZJ
apm apm

Brigno 3 dopmysoo (4.12), J; = 0. Bukopucrosytoun mo dbopmyity i
BpaxoBytoun piBHicTh (4.10), oTpuMyemMo
0¥ (o) 0¥ (o)

ox oy

Jie uepe3 V,,, no3navyeno ob’em Kyda P™.

¥ (¢o)
0z

Jo+ J3+ Jy = e1Vm + eaV + esVm =0,
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Bigznagumo, mo jra goBisibHOTO € > () icHye 9ucjIo myg Take, IO HePiB-

uictb [|0(¢, ()| < € BukoHyeThCs JIst BCix Ky6iB P™ npu m > myg. Bigzna-
N

YUMO TAKOXK, IO p He OijbIe, HiXkK miaronans kKyba P™, Tobro, p < SEVoR

Tomy, BuKOpucTOBYIO4M 3rajani Burie HepisHocTi st §(C, (o) 1 p, oTpuMy-

o
opPm™

e M — nesika abCOJIFOTHA CTAJIA.

3i cuisinnomens (4.13) i (4.14) BumumBae vepiBaicTs K < ce, e crana
¢ He 3aJ1eXUTh Bif €. Ilepeitmosu 10 rpaHuill B OCTaHHi HEPIBHOCTI IIpH
e — 0, orpumaemo piBuicts K = 0. [l

VS S
9m/2 Am €, (4.14)

= || <nM jp 16, o)l o] < n M
opm

4.7. Auagor teopemn Korimi g/s moBepxHeBoro iHrerpaJa. Bcera-
HOBHMO aHaJIOI Teopemu Korri /i1 moBepxHeBOro iHTerpaJa mo Mexi of)
y Bumajky, ko ¢yuxuis ¥ :  — A rineprosomopdua B obmacti € i
HellepepBHa B 3aMHUKaHHI {1 1iel ob/acTi.

Hoa dyuxuii ¥ : Q — A, rineprosomopduoi B obracti ) < Es3 i nere-
PepBHOI B 3aMUKaHHI ITi€] 001aCTi, PO3TJITHEMO MOIYJIb HEIIEPEPBHOCTI

wygld) == sup  [¥(G) — V()]
C1,62€92,
[¢1—C2ll<6
Bepxnvoro naowero Minkoscokozo MHOKUHN 0f) HA3UBAETHCA BEJINIMHA
V(09
M*(092) := lim sup vior)
e—0 2e

(muB., mampukiaz, II. Marrina |25, c. 79]), ne depes V(0€°) nosnaueno
00’€eM MHOXKUHU

o00° = {(:c,y,z) eR:\(z—21)24+ (y—11)2+ (z— 21)2 <,
(xl,yl,zl) € aQ}

Teopema 4.8. Hezxaii meorcero 0S) 0dnosde’ssnoi obaacmi Q0 < FEs e 3a-
MEHEHA K8aIPOBHA NosepTHA, Oin axol M*(02) < 0, i Q mae sumiphi
3a 2HKopdarom nepemunu 3 YciMa NAOWUHAMY, NEPNEHOUKYAAPHUMY 00
xoopounammrux oceti. Kpim moeo, nexati dynxuia ¥ : Q — A e 2inepeono-
mopdroro 6 obaacmi Q i nenepeperoro 6 samuranni ) yiei obaacmi. Todi
CcNPasediusa PieHicms

JW“WZO

o2
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Jlosedenna. Ockinbku M*(0€2) < o0, 1o icHye €9 > 0 Take, IO I BCIX
¢ € (0,£9) BUKOHY€ETHCSI HEPIBHICTD

V(09¥) < ce, (4.15)

e craJa ¢ He 3aJIe2KUTDh BilI €.

Bizememo € < £9/4/3. Posi6’emo mpocrip R? ma ky6u miomumnamu, mep-
[EHINKYJIAPHUMU J10 KOOP/IMHATHUX OCEl, 3 peOpoM, JIOBXKUHA SAKOTO MEH-
ma €. Tomi MaeMo piBHICTB

[r@e=3% [uos+ [wo (416)

o0 ) oKk

e TIepIa CyMa 3aCTOCOBYEThCH 110 Ky6iB K7, mas skmx KiniQ + @, a
ZpyTa CyMa 3aCTOCOByeThcs 10 Ky6is K*, mma axux Kk < Q. Ba reope-
Moro 4.6, Ipyra cyMa JIOPiBHIOE HYJIIO.

Jlist oniHKy inTerpasa mepmoi cymu BizbMeMo Touky (; € 2 n K7. 3a-
3HAYMMO, 10 Jiamerp MuOKuHE §) N K7 He mepesumye /3. Ockimbku §)
Mae BuMipHi 3a 2KopmaHoM mepeTrHr 3 IJIOMMHAMHA, TePIeH UK Y/IsIPHAMA
0 oceit KoopauHAT, TO Mipa Jlebera Mexk 3raJaHnX BUIIE MEPETUHIB TOPiB-
mioe 0, i Tomy mMuozkuHA 0() N K7) cKIaIa€Thes 3 KBAIPOBHIX TIOBEPXOHD.
Orxe, Gepyuu 110 yBaru piBaicTh (4.11), orpumMyemo

IS

- oo - wep

0(QnK) 0(QNK7T)
<anw@—W@ﬂw<nMw¢w®fw,uw>
(N K7T) 02N K7)

ne M — nesska aDCOJIIOTHA CTAJIA.
TakuM 9WHOM, HACTYITHA OIiIHKA € pe3yabTaToM piBHOCTI (4.16) i mepis-

Hocti (4.17):
M‘ Wy aleV3) ), fﬂK

)
5(eV3) <J lo] —1—6252).
3 J
Ockinbru | ; Kic 6(25‘/5, TO, BpaxoByIOuu HepiBHICTH (4.15), orpumyemo

OITIHKY
Z e3 < V(&Qe‘/g) < ceV/3,
J

(4.18)
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3 JKOl BUILINBAE HEPIBHICTH

252 < V3. (4.19)

Hapermri, Hacrynuaa HepiBHICTD € pedysibraroM ominok (4.18) i (4.19):

[ wer
o0

Jie cTaJa ¢ He 3aJIe2KUTh BiJ €.
J1s1 3aBepIeHHs TOBEIEHHST 3a3HAUMMO, IO Wy, 5(6\/3) —Qupue—0
;

<c wq,ﬁ(ex/g)

B CHJIy piBHOMipHOI HenepepsrocTi dynkmii ¥ Ha (). (I

Teopema 4.8 ysaranapHioe [29, Teopema 1| noBejieHY I8 TPHOXBUMIP-
HOI KOMYTaTUBHOI ajredbpu MpHu JOJATKOBUX MPUITYIEHHSX PO MeXKy Of)
i sagany ¢dyukmio. [Toxibuuit anagor teopemu 4.8 mosenenuit O. @. Ie-
pycom [17] must rinepronomopduux (yHKIIH B HEKOMYTATHBHIH asrebpi
KBaTEPHIOHIB.

Posryisinemo jiesiki yMOBH, 3a SIKUX BUKOHY€ETbCs HepiBHicTb (4.15), 1110 €
eKkBiBaJIeHTHOI yMOBI M™*(0Q) < o0.

e 3azHaunmo, 1o Jyis nosepxHi ¥ B R? icayors momarai cradi ¢ i co Taxki,
110
c1e3Nx(e) < V(2°) < e’ Ny (e), (4.20)

ne Ny (€) — naiimeHIna KiJibKicTb £-KyJib, M0 HOKpuBaoTh % (aus. ®. M. Bo-
poxiu i A. FO. Bousosikos [6]).

3i cuiBBignomenns (4.20) BumnBae, mo HepiBuicTh (4.15) exBiBaseH-
THA HEPIBHOCTI BUTJISAITY

Nx(e)e? <, (4.21)

e cTaJja ¢ He 3aJIeXKUTh Bl €.

e BpaxoByroun, 1110 CIIpsIMJTIOBaHA IIOBEPXHS X € JUIIIUIIEBUM 00pa30M KBa-
npara G i mepiBaicTb Burisamy (4.21) Bukonyerbes st G, JIETKO J0BECTH
HepiBHiCTH (4.21) mia Takol noBepxHi Y.

o ko nya mosepxui ¥ B R3, sika Mae ckindenny nBoBuMipay Mipy Xayc-
nopda H2(X), icaye momaTHa cTama ¢ Taka, 1o

e < H*(E n B(z,¢)) (4.22)

s Beix x € X1 e € (0;diamX], ne diam¥ — giamerp nosepxui 3, a
4yepe3 B(z, &) m03HAYEHO BIAKPUTY KYJIIO 3 IEHTPOM X 1 PaJiycoM &, TO
BUKOHYIOTHCSI HEPIBHOCTI

Px(e)e? < erHA(R) < oo,
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ne Ps(e) — naiibispina KiJbKiCTh HEMEPETUHHUX £-KYJIb 3 IEHTPAMU B X
i crama ¢ me 3anexurh Big ¢ (mus. P. A6pey Bunaitsa, X. Bopi Peiiec i
T. Mopeno-Tapcia [2, c¢. 309]). Tomy, BpaxoByio4n HEPIiBHICTbH

Nx(2e) < Ps(e)

(mus. II. Mattina [25, c. 78]), orpumyemo HepiBHicTb (4.21) 1yt noBepxHi
Y, Ka 3aJ10BOJIbHsAE YMOBY (4.22).

3ayBakenus 4.9. Mae inTepec po3riisi/i KOMyTATUBHAX aCOIIATUBHUAX AJI-
reop A", B gkux icHyIOTH JIiHiIIHO He3asexHi HaJ nosleM R enemenTu eq,

€2, €3, M0 33J0BOJILHAIOTL YMOBY
el +e3+e3=0. (4.23)

Taxi anrebpu HA3UBAIOTHCA 2GPMOHINHUMU, OCKIJIBKH B HAX KOYKHA MOHO-
renna dynkiisg O (() 3minuol ( = we; + yea + ze3 33/10BOJIbHSIE TPUBUMIDHE
piBusguHg Jlamraca B cuiy CriBBiJIHOIIIEHD

02 02 02
(2 + 2+ 22 ) 900 = (0} + + ) =0
(muB., manpukiaz, [18,26,55,59,61]) moai6Ho 10 TOrO, SIK KOMXKHA T0JIO-
MopdHa DyHKITIT KOMILJIEKCHOT 3MiHHOT 38/I0BOJILHSIE IBOBUMIDHE PiBHAHHS
Jlarmraca.

3azHauMMO, M0 y BUOAJKY JIHIAHOT 000/I0HKU F3, 1JIsi SIKOT BUKOHYTO-
Thest ymoBu (2.5), (4.23) i ep = 1, MoHorensi dyHKI BKa3zaHO! 3MiHHOI
( yTBOPIOIOTH TiIMHOXKUHY rineprosiomopduux dyukiiit. /lificao, koxua
MoHorenHa dyukiig ®: Q — AT mae R-gudepentiiiosri kommnonentu Uy,
B poskyazi (2.9) B obaacti €, i B miit obacti BukonywoThes ymosu (2.10),
HACJIIJIKOM SKUX € PIBHOCTI

d 0P P oP

¢ ayeQ—l—(Z‘zeg—%(%—&—e%—i—e%)—O.
VY Toit ke 1yac icHyIOTb rimeproyioMopdHi MYHKINT AKi HE € MOHOTE€HHUMU.
Hanpuknazn, dbysxiis ¥(x + yes + ze3z) = zes — yes 3a70BOTIBHIAE YMO-
By (4.10), asie He 33/10BOJIbHsIE HEOOXiHI YMOBU MOHOT€HHOCTI, a caMe piB-
HocTi Burisry (2.10).

Amnajioriuno, icHyIOTH rineprosioModHi QyHKINI, gKi HE 3aI0BOJbHIIOTH
TpuBnMipHe piBHsgHHS Jlamraca. Hanpukiaa, dyakiis

2
. z .
U(zey 4 yep + ze3) = x2ey + i <x2 + 2) e + (rz + = +iy)es

2

3a/10B0/TbHsI€ piBaAHHA (4.10), ane Kommonentn x2 i 22+ 22 /2 He € npocto-

POBUMU TAPMOHIYHUMEU (DYHKITIIMUA.
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