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100 pokiB MaTteMaTH4YHOTO iHCTUTYTY

YAH

B. I. I'epacumenko, FO. A. JIposx, C. I. MakcumeHKO

Abstract. This foreword presents some facts from the 100-year history of
the Institute of Mathematics and the achievements of its founder.

In general, this volume of the Proceedings of the Institute of Mathematics,
a periodical founded in 1938 by Professor D. Grave, include reviews related
to advances in modern mathematics and the scientific preferences of leading
scientists of the Institute of Mathematics of the NAS of Ukraine 100 years
after the founding of the mathematical institution of the Ukrainian Academy
of Sciences.

Amnoratig. Y 1poMy mepeIHbOMY CJIOBI HaBeIEHO Jestki dakTu 3i 100-piarol
icropil IncruryTy Maremaruku Ta HaOYTKIB HOro 3aCHOBHUKA. 3arajioM el
toM Ilpans IncTHTYTY MaTemMaTuky, NepionUYHOrO BUJIAHHS, 32CHOBAHOIO B
1938 p. npodecopom 1. O. I'pase, MiCTHTD OIVISLAM, HOB'SI3aHI 3 HAPSIMAMI
[IPOrPEeCY B CydYacCHIli MATEMATHIN Ta HAYKOBUMU BIOIOOAHHSME IIPOBITHUX
Buenux [ucruryTy maremarunku HAH Vikpaiuu gepes 100 pokie 3 gacy 3a-
CHYBaHHsI MaTeMaTHIHOI IHCTUTYIT YKpaiHchkol AkajeMil HayK.

Y 6epesni 2020 p. BunoBHmiaochk 100 pokiB Bij wUacy 3acHYBaHHS aKa-
nemikom JI. O. I'pase Maremaruasoro iHcTuTyTy YKpaiHchKoi Akajemil
nayk (YAH).

MaremaTuuHa IHCTUTYIS y CKJIa/i YKPATHChKOI akajemil HayK ¢op-
MaJIbHO HAPOUIACh 33 TaKuX mojiit. 3aranbui 36opu YAH B moromy 1920 p.
nocrasosuin: obparu mpodecopa . O. T'pase unmenom YAH ma geprosux
Barampraux 360pax 8 Gepesnst 1920 p. IIpodecopa 1. O. I'pase obpasu
OJIHOT'OJIOCHO Ha Kade/Ipy YUCTOI MATEMATHKH 3 JOPYUEHHSIM SIKHANIIIBU/I-
e oprauizyBaru Maremaruanuit incruryr YAH, akuit i «6ysi0 3acHOBaHO
B TOI camuii yac 6e3 3BOJIIKaAHHS».

3a HaCTymHE JECATUTITTS CTAHOBJICHHA AKameMil HAyK MPOXOIUIN TOC-
Tiitai 3mMian (peopranizarisi) i1 CTpyKTypH. 3HAYHOIO MIpOIO I 3MiHU Bij-
OyBaJIuCh IIiJ BIIMBOM 30BHIIIHIX (PaKTOPiB, 30KpeMa, 3aBIsdKHA CIIPOOaM
M AMOPSJIKYBATH CAMOBPSAIHY OPTaHI3alliio JEepXKaBHUM Ta IMapTiHUM Op-
raHaM, ki B TOW icTopuvHMiT mepiof caMi 3a3HABAJIN ITOCTIMHUX TPaHCHOP-
Marlliif. 3a yMOB IOJIITHYHOTO Xa0Cy, 3MiHU BJIaJ[ Ta PEKUMIB BUIATHI BUeHi
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nparuyan 6yab-mo 36epertun ompisay YAH. 3 orngny ma 1me Tpeba Bim-
3HAYUTH, IO [IPU [BOMY peopraHizallis cTpykrypu Axamgemii He o3HaYaJIA
3MiHM 11 HAABHUX 1HCTUTYIIIN: BYEHUX | HAIPAMIB 1X JOCJTII2KEHbD.

Tax, y xkoBtHi 1920 p. Maremaruunwnii incrurytr YAH Oyimo peopranizo-
BAHO B Taki IHCTUTYIHI MaTEeMATHIHOTO IPOMIII0 (3roIoM — KOMICiT):

— IncruryT 3acTocoBHOl MaremaTuku (qupekTop — He akajgemik H. Cro-
JigapoB; i3 ciuua 1921 p. — me l'eomerpuununit incruryT, Ha 17 Gepe3Hs
1921 p. y #toro ckaai 6ymo 9 oci6; B 1922 p. y ckJtai 3aaummBes OIIMH
JUpeKTop 6e3 3apiiaTu; npoicHyBas j10 1924 p.);

— IncruryT yucrol Mmaremaruku (nupexrop — akageMmik I'. Tldeiiddep);

— Kowmicito 3acTocoBHOT MaTeMaTuku i MEXaHIKU (JIMPEKTODP — aKaJIeMiK
. I'pase, npoicaysaa 10 1923 p.).

MotuBalii€io Takoro po3iijieHHsa Oysaa Ta o0cTaBuHA, M0 KpiM (pi3mKo-Ma-
TEeMATHIHOrO BiaaijeHHss B AKamgemil MaJIo OyTH BiIIiJIEHHST 32CTOCOBHOIO
npupozgosHascTBa (3 1920 p. akagemik /1. I'paBe Kepye opragizariero mporo
BiJIl/IeHHS ).

Y Tpasui-uepsHi 1921 p. cmemiaabHuM pileHHAM Y Psiay HAgBHI HA TOM
Jac B YKpaiui HaykoBi opranizariii O0ysio 06’eiHaHO y JIBi CTPYKTYypH:

— nepxkaBHy — BeeykpaincbKy akajemio Hayk (BYAH) na 6a3i YAH Ta

— IpoMaJICbKy — Ha 6a3i YKpPalHChKOTO HAYKOBOTO TOBAPUCTBA.

3 ueppHs 1921 p., 3a okpemoro nocranoBoio PHK YCPP, nabys unaHOCTI
Cratyr BYAH. B 1921 p. BifgOyJsiocst niepiiie CKOpOIeHHST HAyKOBUX CIIIBPO-
6itaukis BYAH (i3 606 1o 149 oci6), npencraBHuku ypsiy Oysiu npucyTHi
B Pani (Cuisbromy 3i6panni) BYAH, a wapkomar ocsitu YCPP orpumas
IpaBO 3aTBep/KyBaTh akajaeMikiB Ta mpe3uairo BYAH.

o 1929 p. BYAH aBnsma cob60ro cyMint aep:KaBHUX HAYKOBUX yCTAHOB
i rpoMaIcChKUX HayKoBuX opraxizariii. Jlume mocranosoro [Ipesunii BYAH
Bix 7 ciuast 1930 p. BCi HAyKOBI TOBapucTBa OyJIO0 BUKJIIOUEHO 3 AKajemil.
3a 3ayMOM MMapTIiHUX OpraHiB peopraHizallist HayKOBO-IOCJIIHUX YCTAHOB
MaJia OyTH CIpPAMOBAHA HA 3JTUTTH JAPIOHUX JOCTITHUIBKUAX 3aKJIAJIIB 3 Me-
TOIO CTBOPEHHSI BEJIMKUX HAYKOBO-JIOCiMHUX iHCTUTYTiB. KinbKicTh Takux
inctutyTiB y 1929-1930 pp. masa 36inpmuTuca 1o 34 y nopisugnui 3 16, gxi
mism y 1928 p. BogHo1uac 3MEHIUIOCS IUCI0 HAyKOBO-JIOCTITHUX Kadeap
— Bim 84 y 1928 p. no 4-x ma kinerns 1930 p.

Y Toit yac TJI0, HAa AKOMY BiJIOYBAIOThCSA 3MiHH CTPpYKTYypu Akasemil,
BUCBITJIEHO B cTaTTi akagemika 1. JI3106m [5]:

... Howamox 30- pp. npunic nosi eunpobysarns Axademii. Ha ammo-

chepi 8 Hiti eniMIOUE 8100UBAAUCA NOMMUYHT PENPECI 8 KPAiHi, yine-

CNPAMOBAHE «3020CMPEHHA KAACOBOT HOPOMBOUY, HACAIOKU 20A000MO-

pY. YHKUIIO CHENPUMUPEHHOT HOPOTNLOU TPOMU BOPOHCUL EAEMEHMIG
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BYAH» suxonysasa xomynicmuuna dpaxyis BYAH, wo nepemesopu-

AACA Y CBOEPIOH020 0iyiliH020 HazAAda e 3a diasvHicmio eciel Axa-

demii 1 K0otCcH020 OKpemoz20 il waena nid npusodom «8cebiuHOl, KoH-

Kpemmoi, 24ub0k020 NPoOPobAEHHA HAYK060T Npodykuii pobimrukie BY-

AH, ckeposaroi na donomozy Yy 6eAukill 6iabwocmi Hayko8yie Memo-

dosroziuno nepeozbpoimucy, a A6Ho sopodicux i3omosamuy («Ilocmaro-

6a KomyHicmuurnol ppaxuii BYAH npo noaimuvrut cmarn Axademiis,

20.05 1932 p.). Illan «6opomvbuy npomu «60POHCUT EACMEHMNIBS HAOU-

Pas MaKo20 MOMOPOULHO20 TAPAKMEDPY, WO NAPMITHOMY KEPIBHUUMEY

006800UAOCA CMPUMYBAMU JEAKUT HAOMO SOUOSHUNUT PYHKUTOHEDIS.

Hanpuxaad, y 32adaniti nocmanosi 3acydsicerno «sucmyn mos. Puba-

xa Ha 36opax I Biddiany BYAH 3 xpumukor mamemamuiHuT npaub

M. M. Kpunosa, 3 3aa6010 axademixy M. M. Kpunosy, wo 6in to-

20 MPaYd HE WUMAG 1 86aNHCAE, WO T wumamu ne mpeba ix, wob da-

mu ouinKy A% 6YporcyasHomy euweromy». 11id eacaom «xpumury G ca-

MOKDUMUKUY NPOBOOUAUCA (HUCTIKUY KAOPI6 Y NPuru3Aueil dopmi

NYOATUH020 002080PEHMA (2POMAOCHKO20 00AUNYUAY BUIGMHUT YUEHUL,

BUKPUMMSA «BOPOAHCUT MEHOEHUITY Y ITHIT NPAUAL, SUSHAMEHHA TTHIT

«30i6HOCTMEUY 3aN€IHCHO 810 KAACOBO20 NOLOOHCEHHA.

3perrTon MaTeMaTU HI Bl cTpyKTypi Akatemil HaOy/u (hopmMu Iiu-
KJIIB HayK». 30KpeMa, (pi3nKo-MaTeMaTUIHUIA BiJJi BiiTenep MaB y CBOE-
My CKJIaJii 7 IUKJIB, & JI0 MUKJY (Pi3UKO-MaTeMaTUIHUX HAYK BXOIUJIU Ta-
ki ycranosu: 1) Kadenpa 3acrocoBroi maremaruku i Kowmicis 3acrocoBuol
maremaTuky (kepisnk — 1. T'pase); 2) Kadenpa uncroi maremarunku i Ko-
micist gncroi maremaruku (kepisauk — I'. Ildeiidep); 3) Kadenpa marema-
tuanol dizuku i Kabiner maremaruunol disukn (kepisauk — M. Kpuios);
4) Kadeapa maremarnanoi craructuku, Komicist Jjii BUBUEHHsI MaTeMa-
THYHUX ITPoOseM y crarucTull ekonomini i Kabiner maremaTrndHol craTu-
cruku (kepisauk — M. Kpasuyk); 5) Kadeapa ekcriepumentanbaol dizuku
ta Jlaboparopis ekcriiepumentanbhol dizukn (kepiBauk — O. Tonbaman);
6) Kadeapa reodiszuku i Kowmicis 3 reodisuku (kepisuuk — B. Cpesnes-
CBKUil).

VY 3B’a3Ky 3 nepeiznom crosmni 3 Xapkosa (odimiitno 24.06.1934 p.) a0
Kuesa Bindymach deprosa peopranizaiia cTpykrypu Axajemii. 3okpema
6ysi0 peopranizoBaro Kadeapu Ta Bianosigui komicii BYAH: 3acrocoBrol
maremaruku (. I'pase), ancroi maremaruxu (I'. Tldeitdbdep) i marema-
tuanol craructuku (M. Kpapuyk). Takox Oyso 3ammanoBano Ha 1932 p.
opranizyBaTu B Kuesi [HCTUTYT MaTeMaTUKH.

VY ciuni 1934 p. mocranosoro cecii BYAH 6yno smiksigoBano kadeapu,
kabineru Ta immi ycramoBu. Ha Tx ocHOBI 6y/10 opranizoBaHO akaJgeMidHi
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iHCTUTYTH, B TOMY 9HCJI # [HCTUTYT MaTeMaTUKH, MOCATY JUPEKTOPA TKOTO
cras obiiimarn akazgemik JI. O. I'pase.

Tpeba marosocuru, mo «lacruryr maremaruku Axagemili Hayk YPCP
00’emHaB KOMicil, cTBOpeHi npu Kadeapax TpUKIAIHOI MAaTEMATHKH, MaTe-
MATHYIHOTO aHAJN3y 1 MaTeMaTwdHol ctaTucTuku B mepiox 1919-1930 pp.
fAx B cenci 0cobOBOro CKJIaIy, TaK i B CEHCI KOJIa PO3POOIIOBAHNX TUTAHD
TncTuryT 3HAYMHOIO MipOIO € MPOIOBXKyBadeM poOOTH Ha3BaHUX Kadeap i
KoMiciity |7].

He moxna ysaBuTnu icropito [ncrury Ty Mmaremarnku 6€3 CBOro 3aCHOBHUKA
i TBOpIIM, 1 HABIAKY, — PO3IVIIaTH HocTaTh akaaemika 1. O. fpaBe OKPEMO
B MaTeMaTwdHO! iHCTUTYIT AKagemil HAYK.

JTvurpo Osexcangposnd I pase

(6 Bepecus 1863, Kupuios - 19 rpynua 1939, Kuis)

Biorpadis pynmaropa maremarnaHol iHCTUTYIHT B AKajgeMil HeOTHOpA-
30BO BUKJIQJICHA B UUCJICHHUX JKEPEIaX, TOMY MA€ CEHC JIUIIE 3BEPHYTH
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yBary Ha BjacHopyd nanucany Imurpom OsiekcanjgpoBudeM aBTobiOTpa-
diro 3 dongis GiGmiorekn Incruryry maremarnku HAH Ykpainu [2].

Takoxk He OymemMo 1eTaJIbHO 3aTPUMYBATHUCA HA HOTO HAYKOBOMY HADYTKY
OCKIJIbKHU HaKpalle 1ie BUCBITJIeHO B pansx doro yunis [8,9]. Haiisigomimii
fioro npami [3,10,11] B2ke MatoTh GibII HIzK BIKOBY icTOpiIO 1 s0ci HE BTpa-
THUJIU CBOT'O BIUIMBY Ha PO3BUTOK MaTeMaTUKW. Y HEKpoJio3i [4] Hanmcanomy
B. H. Jlesione naBeeno mosHmii crmcok naykosux mpans . O. I'pase. Je-
{Ki floro BimoMi mparii 3 aJgredpu, MaTeMaTruIHOl (DI3UKHU Ta IHIUX rary3eit
MAaTeMaTHKH, HAIpHUK/Ia, akryapuoi maremaruxu (I, O. I'pase BBa<ae-
ThCs OJHUM 3 IIOHEPIB y CTBOPEHHI aKTyapHOI MATEMATHUKM) yBIfILIM J10
3i6panns suGpannx mpams . O. I'pase [1], ony6rikosamoro B Ham [ac.

Baznauumo, 1o y 1935 p. ypouncro BingHadaoch 50-piads HAyKOBO-TIe-
naroriunoi mismerocti 1. O. T'pase. 3 miel naromu y xmusi [8] 6yi1o 3i6pano
nparii fioro y4HiB.

IIpodecop 1. O. I'paBe 6yB BUIATHOIO JIOAMHOW B GAraTbOX BHMIpax:
BYCHU, BUIATHUN OPTaHi3aTOpP HAYKU, TAJAHOBUTHUI I€JIAaror Ta TPOMAaJ-
CbKMit fistd. 30KpeMa, BiH OyB 3aCHOBHUKOM HHU3KNM HAYKOBUX 1 OCBITHIX
iHCTHATYII.

JI. O. I'paBe 6yB OIHIM 3 HATXHEHHHUKIB CTBOpEeHHs YKpaiHchkol AKajte-
Mmil nayk. Hasememo 6auenus Lomou-IIpesunenta YAH akajiemika B. 1. Bep-
HaicbKoro Ta mpodecopa . O. T'pase: «...sacau6o 6yi0 ysisvrumu Bue-
H020 610 NePesaHmaNicerta 0006’ A3KaAMU BUKAGIAUE HABUAABHOZ0 3aKAADY,
Y MOMY Pa3i, AKUWO 6iH BUABUS 3damHicmb pyramu Hayky eneped: Axade-
M MOBUHHA CKAGOIGMUCA 3 00’ €0HAHHA 8YeHUT A100etl, AKL OMPUMYIOMD
KOWMU 610 depacasuy i 6100a10MbCA HaYUl 1+ JOCAIOHUYBKIT pobomi, A% CNPa-
81 €6020 dHCUMMA, BU3HANHOT Depatcasoro 3a depotcashno sascausyy (6.

®akruuno, JI. O. I'pase maB npasa siiicaoro wiena YAH me 0 iioro
obpanns akagemikom B 1920 p, a came: y jumai 1918 p. . O. fpaBe 3a
JOpyYeHHSM cBOro nmobparuma akajsemika B. I. Bepuaacobkoro 6yB 3asy«e-
HHI 70 miakomicil 3 opramizaril ¢dpizuko-MareMaTndHoro Bimgiaenas YAH:
«YAH mana cnpusmu cmeopertio docAIOHUUDKUT THCTMUMYMIG 8 YCiT 2a-
AY3AL Modcokux 3nanvy. Y jgroromy 1919 p. 1. O. fpaBe CTaB JificHUM
WIEHOM MOCTIiHOT KoMicil 31 ckjamaHHs 6iorpadivHOro CJI0OBHUKA yKpalH-
CBbKUX HmigdiB, a 3 aucronana 1919 p. no kinmg 1921 p. ovosmosas [uctutyt
TexHIYHOI MexaHiku, 3acHoBanuil akajemikom C. II. Tumorenko B smcro-
mazi 1918 p.

le mexisbKa MPUKIAMIB HEBUYEPIIHOI €HEPTil BUIATHOIO OpraHi3aTopa
mayku. Y 1925 pomi 1. O. I'pase pasom 3 Bimomum imxenepom O. 5. De-
moposuMm (yuens /1. O. fpaBe) 040JTIOBaB «BucTtaBky 3 BUBYEHHSA CBITOBUX
IIPOCTOPIBY», AKa MPOXOJINJIa 3 YEPBHS 10 CeplieHb B KueBi.
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IIpodecop 1. O. I'pase — marypdinocod i maremarmanmii dizux: «Ha
3acidanni pyeozo eiddisernsa Yxpaincoroi axademii nayx 6id 13.05.1921 p.
(npomoxon 88) 6yao nocmarosaeno 3a Moew Jonosiddio AKOMO2G WEUIKO
saawmysamu «/abopamopito excnepumMernmarvHuT 00CAidNCEHd 3 HAMY-
PasvHol Pinocodiis... moli enympiwnit ceim ided, Axi mu 6YIyYemo, nosu-
Hen OYMU He YUM THWUM, AK CYKYNHICTIO MAGMEMAMUIYHUL Meopiti 8CIT
Asuw, npupodu. Hamypasvhy gisocodito s posymie y aH2AilcbKOMY CEHCE
CN0BA, AKX METAHIKY T MAMEMAMUYHY GIBUKY...».

Bioma BrmarHa poas mpodecopa JI. O. I'pase B crBOpeHHi
— NPUPOIAHUIO-MATEMATHIHOTO (PaKyabTeTy KuiBChKOro 1ep:KaBHOTO yKpa-

THCHKOI'O yHiBepcuTery, skuii Oysio 3acHoBano y 1917 p. i ypouucro Bij-

kputo 6 Bepechst 1918 p. (Takoxk 22 KOBTHsI CBATKOBO OYJIO BiJIKPUTO

Kam’sinenp-TlopiibebKuil iep:kaBHAil yKpaiHChbKUil yHIBEpCUTET), TA
— Taspiiicbkoro yHiBepcurery (yHIBEpCUTETY-3/IPABHUII, CIIOYATKY K (bi-

masy KuiBcbkoro yuiBepcurery cB. Bosomumupa), sxuil mouas pobory

y Tpasui 1918 p. (mpodecop JI. O. I'pase po3pobus HaBUAILHMUIA TLIAH).
Bunarui axocti . O. fpaBe AK JIOCJIJTHUKA BJIAJIO TOETHYBAJJIUCH 3 HOTO
XUCTOM TAJIAHOBUTOIO Tejgarora. llemaroriuuiit poboTi BiH TPUCBATHUB TIO-
HaJ 45 POKiB XKWUTTsI, BUKJIAJIAB B yHiBepcuTeTax i iHcTuTyTax Ilerepbypra,
Xapkopa, Kuesa.

3i cnoragis akagemika O. M. Kpuiosa (Bimomoro mexanika i marema-
Tika, y 1928-1932 pp. mupektopa ¢izuro-maremaruaHoro incruryty AH
CPCP - 3 1934 p. Maremaruanuii incrutyr iMm. CrekJioBa, mepek/agada
«Maremarnanux Hadas HaTypaabHOI (isiocodil» Heiorona, kopabiaedytis-
HUKa, ajMipasa): <5 ¢ ydosoavemsuem ecnomunaro Bawu sexkyuu, xomo-
puie A caywan 49 aem momy nazad 6 yrnusepcumeme. A dymaro, wmo A
cmapetiwut u3 Bawux yuwernuxos. C 2aybouatiuium yeartcenuem, uckpeHme
Bam npedannoii A. H. Kpunos. 1936 2.»

I B mam gac 3anumaiorbes aktyaabaumu norysgaun O. M. Kpuios mpo
suavernsa Haykw ms mogacTsa: « Hado nomHums, wmo sampamol Ha UCmuH-
HO HAYUWHOE MBOPUECTNEO OKYNAIOMCSA 3AMEM 8 IHCUSHU 20CYAAPCMBA HE Ce-
OMUPUUEIO, HE CTNOPULEND, 4 YUCAGMU, OAA KOMOPHIT 8 OPEGHEM A3bIKE He
ObLN0 HA368aAHUGY.

®imocodis mpodecopa JI. O. I'paBe Ha MiIrOTOBKY MOJIOIAX BUEHHUX
— Bimbip mae BimOyBaTwCh HE B IPOIECi HABYAHHS, & B IPOIECI TBOPUOL
poboru. 3 1908 p. posmodasucs 3HAMEHHUTI HAayKOBi ceMiHapu Impodecopa
JI. O. I'pase, MmO IPOXOJAMIA B VHIBEPCHTETI Ta y HBOTO BIOMa. 3a Ha-
CJIIKAMY JislJIbHOCTI gKOro Oyjia CTBOPEHA Iepliia BeJuKa MaTeMaTUYIHA
IIKOJIA Ha TepeHax Ykpainu. Oxunmu 3 HafiBunaraimux yqnis 1. O. T pa-
Be B Toit yac Oynu M. I'. YeboraproB, gKuii 3rojloM CTBOPHUB Bimomy Ka-
3aHCLKY aarebpaiuny mikosiy, B. M. [lenone — cun nmpocdecopa Kuiscrkoro
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nosritexaigaoro inctutyty M. B. JlejioHe — BUnTesIA BiZTOMOTO aBiaKOHCTPY-
kropa I. Cikopchkoro, Skuil 3acHyBaB JIEHIHIPAJICHKY aJredpaidany IIKOJLy.
Yuauem B. M. Hemone 6ys 1. K. ®anees, sakuii kepysas Jleninrpaacbkum
anarebpaidHMM CeMiHAPOM i BHXOBAB IUIY ILIESAIY BiIOMHX MATEMATHUKIB.
V TBOpuiit arMocdepi ceminapebknx 3anaTs mpodecopa JI. O. I'pase Bu-
XOBYBaJIMCs ¥ iHII #ioro yuni: maitOyTHil akagemik BYAH M. II. Kpas-
qyK, gkuit y 1924 p. 3axucTtus nepiry B YKpaidi JOKTOPCHKY JUCEPTAILIO 3
anrebpu «IIpo kBagparuani dopwmu i miniitai nmepersopenms» (iforo ydns-
mu Oysm, 30kpema, A. II. Jlrospka, C. 1. Koponsos, FO. B. Konnpartioxk,
B. M. Yesowmeit), maiibyThiii akagemixk AH CPCP O. 0. miar, a Takox
A. M. OcTpoBCbKHUil, KM CTAB BIIOMUM 3aBJISKH TEOPEMI IIPO HOPMYBAHHS
noJis parionanbanx yuces, M. I'. Kpeita, B. I1. Beabwmin, €. 1. 2Kunincekuii
Ta 6ararTo iHIuX.

OcobuBo Temi croraau mpodecop JI. O. T'paBe 3aJMIIMB 1IPpO CBOTO
yanst O. FO. Mminra: « 0. FO. Illmidm ecmynus do moei wxoau, koiu 6ye
we cmydenmom, i He3abapom 3pobus sidKpumms 6 meopit epyn, Wo CMmano
cencayicro 6 Himewuuniy. O. FO. HImiar y 1929 poui 3acuyBas Kadeapy
BuIoi ajaredbpu Mockoschkoro yuiBepcutery imeni M. B. Jlomonocosa. Bin
€ aBTOPOM IIepIoi y cBiTi MoHOrpadii 3 Teopil rpyn, Bumanoi B Kuesi y
1916 p., B gKiit posrsiaroThCst HecKindenHi rpymnu. 3 1934 p. (10 1939 p.)
micyist Binmpomkenass KUIBCBKOTO yHIBEpCUTETY, dAKWil OyJI0 JIKBIIOBAHO B
1920 p., yuiBepcurery 6ysio mpucsoero im’s O. FO. wminxra.

YV 1922 p. B Kuesi 6ys10 oprauizoBano HayKOBO-I0CTiIHY Kadeapy MaTe-
marukn. 3 1923 p. 1i ogosms JI. O. I'pase. B it mepios iforo mikasisTs
npobjsieMn Maremaruku i Mexaniku. Cepejl HOro y4HIiB MOXKHA MOOAIUTH
M. O. Kinsueschkoro, FO. JI. Cokososa i A. JI. HaymoBsa, siki 6araTo 3po6u-
I JIst PO3BUTKY Mexaniku B Ykpaini. Bzarami 1. O. I'pase 6paB akTupHy
y4qacThb y A0 Oararbox yKpalHChbKMX MaTeMaThukiB, 30kpema M. M. Boro-
gobosa, H. 1. Axiesepa, €. 4. Pemesa, B. €. [Iauenxko.

Tpeba BimsHaunT esosomnio naykosoro ceminapy . O. I'pase. ¥ 20-
Ti POKM Ha HAYKOBOMY CeMiHapi OOrOBOPIOBAJIMCDH, HAIPUKJIAM, TaKi Te-
mu: «Kaacwana rizpomumnamikay, « Mexanigua Tteopist edipy», «Teopisa ese-
krpuku Makceesnay, «Mexanika Iepriay, «Teopia Aiiamreiinay, «Ksanro-
Ba MexaHikay, «MexaHika MOJEKyIIpHOI OyI0BU PEIOBUHY.

Axkanemik M. M. Borositobos copMyBaBcs siK BUEHUI B raJiy3i MaTeMa-
TUYHOI Gi3uKy M BIMBOM Haykooro ceminapy JI. O. fpaBe i 3rojiom,
OpaIoyy B [HCTUTYTI MaTeMaTWKU, HAIUCAB (PYHIAMEHTAJIbHI mpari i3
CTATUCTUYIHOI MeXaHIKK i KBaHTOBOI Teopil moss [6]. B mam wac 3acHOBa-
vuit auM [HCcTUTYT Teopernyanol ¢izuku Hocuth iM’'as M. M. Borosobosa.

Bcix yuanis npodecopa /1. O. fpaBe HaBITh 3rajaTu B KOPOTKiil cTarTi
HEMOXKJIMBO. 3a3HAYMMO JIUIIE, 10 3 IXHIMK iMeHaMU TOB’s3aHi BarKJIuBi
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BiXM y PO3BUTKY K HAIIOrO [HCTUTYTY, TaK 1 BITYM3HSIHOI MaTeMaTUKU

3araJjiom.

He moxna Takox He srajaru mpo 3acmysamus JI. O. I'pase meprmmx
B KpalHi MaTeMaTUYHUX MEePIOAMIHUX BUJAHb: «2KypHaAJI MaTeMaTHIHOrO
mukiy Beeykpaincbkol Akagemii mayk» (1931 p.), «2Kypman Incruryry
mareMaruku Beeykpaiucbkoi Axanemil nayky (1934 p.), «36ipHuk npanp
Tucruryry maremaruku AH YPCP» (1938 p.) sik obepirae 36eperkeHHs Hail-
KPAIUX TPAIUINN PO3BUTKY HAYKY.

Bacayrun mpodecopa JI. O. I'paBe 3 po3BUTKY HAayKm i OCBITH BIIAHO-
BYBaJIUCh B PIi3HI Mepiogu MOro KuUTTA TaKUMU Haropojgamu: g0 1917 p. —
JHCHUI CTaTCHKUIM PAIHUK, 3aC/TyKeHU mpodecop, opieH cB. CranuciaBa
2-ro cryIL., opfeH cB. AHHEU 2-10 cTy1., opjieH ¢B. Bomogumupa 4-ro cryi.
Ta 3-ro crym.; miciaa 1917 p. — «IIpo comianbie 3abe3mevuenns 3aCayKEHUX
npaniBaukiB Hayku» (1921 p.), mouecuuii wien AH CPCP, opaen «Tpyno-
Buit Yepsouwuit [Ipamop». ¥ mam gac kparep wa Micsari Ha3BaHO HA YECTh
I pase.

VY 3B’43Ky 3 I0OBLIEITHOIO JATOI0 BAPTO 3raJaTH, 0 [HCTUTYT MaTeMaTUKu
JIaB TIOYATOK HU3I HayKoBuX ycTaHoB Akanemii. Cepes HUX
— Tucruryr kibepreruxu (mayxosa mkoma: JI. O. I'pase, O. FO. IIminr,

A. T. Kypom, C. H. Yepnikos, B. M. I'tymkos), a came, 6 BepecHs

1949 p., y 3B’3Ky 3 OpraHizaifieo 00IUCIOBAIbLHOI TPYIIH, BiJia acM-

nroruaaux MetoniB M. M. Borosrobosa 6ysio mepeiiMeHOBAHO Y BiIijI

MaTeMaTuIHOl (DI3UKH; Mi3HiNTe Ha OCHOBI ITi€l rpymu OyJI0 CTBOPEHO Jia-

60paTopito OOUMC/TIOBAILHOT TEXHIKY 1 MaTeMaTuku, Ky B 1956 p. ouo-

sm B. M. I'mymikos; B 1957 p. sabopaTopito 6yj10 BUOKPEMJIEHO B CaMO-

cTiitHuil HayKoOBUit 3akjan — OOUYnCIOBaJbHUI TIEHTD, a Bxe 3 1962 p.

— IncruryT KibepHeTHKM.

— IucruryT Teopermunoi disuku 3 1966 p (maykosa mxosa: 1. O. I'pase,
M. M. Boromob6os, O. C. Ilapaciok),

— TucturyT npuknamgaux npobsem mexaniku i maremaruku im. A. C. Ilix-
crpurada HAH Vkpaian (1978 p.) — 3 1973 p. JIbBiBChKUil dimian ma-
TemaTudHOl Qisukn [HCTUTYTY MaTeMaTuKu,

— Mixnaponuuit maremarranuii ieatp iM. FO. O. Murponosscebkoro (Hay-
koBa mkoua: /1. O. I'pase, M. M. Kpusos, M. M. Borosmo6os, FO. O. Mu-
TPONOJILCHKUIL ), skuil npamosas y 1992-2017 pp.

IncTuryr Mmaremarnku 36epirae B akaJeMivuHii Hayl Hafkpallli TpasuIil,

samouaTkoBani kopudesmu MaremaTukn — akagemikom JI. O. I'pase Ta ifo-

ro HAHOJIVMKIUMU yIHAMU-HACTYITHUKAMU. BeJinKa KiJTbKiCTh KOJIUIIHIX i

HUHINIHIX CIIIBPODITHUKIB MOKJIaM 6araTo 3yCuiib Jijisd TOTO, mob lacTuryt

MaTeMaTUKW EePETBOPUBCS Ha MPOBIIHUIM, BiIOMUil CBITY HAYKOBHI IEHTD.
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Ile BimbOyBaJiocs 3aBasgkyu OATaTOPIYHUM JOC/IIIXKEHHSM, ITOMIUPEHHIO J10-
CBiJIy BiJT TOKOJIIHHS JIO TTOKOJIIHHS, 1 JIAJI0O MOYXKJIMBICTh 3aKJACTH TPAJIHAIIT
Ta CTBOPUTHU HAYKOBi IMKOJIA CBITOBOTO PiBHS B MPIOPUTETHUX HAIPIMKAX
PO3BUTKY MATEMATUIHOI HAYKH.

BaBepIryoun Po3MOBiAb PO JKepesa [HCTUTYTy MareMaTuku, Tpeda
HAroJIOCUTH, IO iHCTUTYINA TiJHO BUTPUMAJIA BUIPOOYBAHHS TaCOM, MPO-
WIITOBITIY CKJIATHUH MIJIAX — BiJl HEBEJIMKOTO KOJIEKTUBY BUEHUX-OTHOTYMITIB
JIO TIOTY>KHOI HAYKOBO-IOCJIHOI ycTtanoBu. ¥ Ham dac iMm'a . O. r pase
3aJIUITAETHCA CHUMBOJIOM BHCOKOI Micil HAYKOBUX JOC/TI/I2KEHDb, SIKWUI J1a€ Ha-
CHAry y4IeHUM [HCTUTYTY: (... 8UBUAIOYU HUCTY MAMEMATMUKY He NOGUHHT
smpavamu enepeii G 8ipu Y 8UCOKE 3HAYEHHA 1T HAYKU. Iz ne nosunna 3a-
AUUWANU BIPA 8 ICHYBAHHA 34KAGOCHUL 68 HA0Pax T po3ymy Axocmel, U0
0a0OMB MOHCAUBICMG NIOHOCUMUCA OYTOM BCE BUWLE | BUWE 8 HECKIHUEH-
HICMDY.
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3amadi mpo ekKcTrpeMajibHE pO30UTTH
KOMIIJIEKCHO]1 TIJIOIITUHN

O. K. Baxrin, I. B. /lenera, JI. B. Buriscbka, 1. 4. /IBopak

Abstract. This paper is presented the development of the well-known di-
rection of the geometric theory of the function of a complex variable, which
is called «the problem of extremal decomposition of a complex plane with
free poles» and arose from a deep idea of P. M. Tamrazov. In particu-
lar, we present a description of the results obtained in this direction in the
Department of Complex Analysis and Potential Theory of the Institute of
Mathematics of the National Academy of Sciences of Ukraine for the period
since the 2000s.

AHoTamis. Y poboTi HaBeJEHO PO3BUTOK BiJIOMOTO HANPSIMKY T€OMETPHIHOL
Teopil yHKIIT KOMIIEKCHOT 3MIHHOI, SKWiT Ma€ HA3BY «3aJadi PO eKCTpe-
MaJIbHE pO30UTTA KOMIIJIEKCHOI IIJIOMIVHYU 3 BiIJIbHUMM IOJIIOCAMU» Ta BUHUK
3 oxmiel rymbokoi ixei II. M. Tampaszosa. 3okpema, IpeaCcTaBIeHO OIUC pe-
3yJIBTATIB, Ki OTPUMAaHI B I[bOMY HAIIPAMKY y BiJIJIi/Ii KOMIIJIEKCHOTO aHAJII3Y
i Teopil morenmiany Incruryry maremaruku HAH Ykpaiuu 3a nepion mouu-
Haroun 3 2000-x poxis.

1. Bcryil.

B 1iit craTTi BimobpaxkaeTbes poJib uineHa-kopecnongeaTa HAH Ykpai-
HH, JOKTOpa (pi3MKO-MaTeMaTUIHUX HaykK, mpodecopa [Ipomapsa Mesiko-
Buda TamMpazoBa B PO3BUTKY JOC/II/IXKEHD i3 reOMeTPUIHOI Teopil yHKIILi
KoMILTeKCHOI 3MiuHOI B IHcTHTyTi Maremarukn HAH Ykpaiuu [80-83|. Bue-
cok IIpomapza MestikoBruda B PO3BUTOK 1 YIOCKOHAJEHHS PI3HUX METOIIB
reoMeTpuvHOI Teopil (OYHKINN TaKuX, fK METOJ[ €eKCTPEMAJIHLHUX METPUK,
Teopil KBaJApaTuIHUX AudepeHIiaiiB, MeTo/ly CUMEeTPU3AaIlii, BapiariitHux
METO/IiB Ta iHIIX J100pe BUCBITJIEHO B OIVIAIOBUX cTarTsx [1,17,72]. B naniit
CTATTi MU 30CEPEIMMO YBary Ha OMNCI pe3yJIbTaTiB i METOIIB, OTPUMAaHUX
V BiJJTiJTI KOMIIJIEKCHOT'O aHAJIi3y 1 Teopil nmoreHIiasy [HCTUTYyTy MaTeMaTh-
ku HAH VYkpainu 3a mepiog 2000-2020 poku (mus. [2-16,18-24,27-36,42,
56—63,63-68,71|), saxi Oysm oTpuMaHi y BiJIOMOMY HAIPSIMKY M€OMETPHIHOL
Teopil pyHKIIH, aKuil BUHUK 3 OfHi€El mocuTh rianbokoi imel I1. M. Tampaso-
Ba. B manuit vac BuIe BKa3aHUI HAIIPIMOK TeOMETPUIHOI Teopil (pyHKITii
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Ma€ Ha3By «3aJladi PO eKCTpeMaJjbHe PO30OUTTS KOMILIEKCHOI TIJIONIUHA 3
BiIbHUMU TIOJTIOCAMEIY 200 «eKCTpPeMaJibHI 3a/1a49i PO HelepeTnHHi 06J1acTi
3 BUIBHUMU TOJTIOCAMUI».

Teopis ekcTpeMabHUX 33024 JJ1s 00JIACTEH, AKi HE IePEeTUHAIOTHCS, PO3-
nounHaerbes 3 poboru M. O. JlaBpentbea [78], sixuii y 1934 pori, 30kpema,
y miii pobori mocTaBuB i po3B’A3aB 3a1ady PO T00YTOK KOHMOPMHUX pPa-
JiyciB 1BOX B3aeMHO HemeperuHHuX obsiacreir. Tasi, I'. M. Tomysin [73] y
1951 pori y3arajbHUB ITOCTAHOBKY ITi€l 3a7adi JJis 7 OMNHO3B SI3HUX B3a-
€MHO HENEPeTHMHHUX O00JacTedl i OTpUMAaB MOBHUN PO3B’SI30K id N = 3
(muB. Takox [76,77]). IIpu n = 4 mo 3amady 6yno poss’szano y [49]
I'. B. Ky3bpminoro. g Bunagxky, KOau KiJbKiCTh B3a€MHO HEIIEPETUHHUX
obacTeit OiIbIIA Bim YOTHPBHOX, B ITilf 3a7at4i i T0Ci HE OTPUMAHO TTOBHOTO
PO3B’s13Ky. 3arajbHy [MOCTAHOBKY €KCTPEMAIBHUX 33189 JIJIs OJTHO3B SI3HIX
B3aEMHO HEIIEPETUHHUX 00J1acTell 3 (piKCcoBaHUMU MOJII0CaMU C(HOPMYITIOBAB
M. A. JleGenes|79|, sxuii posrisnas 3a1a4i Ipo MaKCHMI3alliio J00yTKY
KOH(MOPMHUX PAIiyCiB y AeIKUX JOJATHIX CTEIIEHSIX Ha KJ1acaX HelmepeThuH-
HUX OJIHO3B’si3HuX objracteil. OmqHak, B Kinimi 60-x — Ha modarky 70-x pokiB
MUHYJIOTO CTOJITTS MONAJIBIIUN TPOTPEC Y PO3B’sA3aHHI 38189 TAKOTO THUITY
iCTOTHO IPU3YITUHUBCH.

Y 3p’a3Ky 3 muM B 1968 pori gj1st Toro, mob JaTh HOBHM IMIIYJIbC B
poseutky janoi remaruku I1. M. Tampasos y [83| Bucynys HoBy imeto. A
caMme: BiH 3aIllpONOHYBaB PO3IVISAIATH TaKi €KCTPEMaJjbHI 3aJadi, B SKUX
[IOJTFOCH  BIJITOBIIHUX KBaJIpaTUIHUX JudepeHiiaiB He (dikcoBaHi, a Ma-
IOTh I[IEBHY «CBODOIY», IPUYOMY Ha KPATHICTH IOJIIOCIB HE HAKJIAIAJUCH
JKOIHI oOMezkeHHs. 30Kpema, y [83] HaBemeHo mpuKian po3B’s3aHOl eKc-
TPEMAaJIbHOI 331241 JIJIsi 1T’ ATH TPOCTUX BIJILHUX TIOJIIOCIB TIEPIIOTO MOPSIKY
Ta 3aIlPOITOHOBAHO HOBWMI METO IJjisi PO3B’si3aHHs IIi€l 3axadi. B pamkax
miel imel II. M. Tampazosa y 1974-1975 pokax, IyKe HECHIOIIBAHO Ha TOH
gac, B poborax I'. I1. Baxrinoi [25,69,70] Oys10 3amporoHOBaHO HU3KY €KC-
TpeMaJbHUX 33/a9 PO HEelepPeTHHHI 00J1aCTi, AKUM Bi/IOBIIaI0Th KBaIpa-
TUYHI audepenIiaim 3 BIIbHIMHA MTOJIIOCAMA IPYTOro MOPSAKY 1 OTPUMAaHO
JEKIJIbKa YACTKOBUX PE3YIbTATIB B IUX 3a/Ia9aX.

BokpeMa, OIHY 3 HepPIInX 3aJa9 Takoro Buay upeacrapieso .11, Baxri-
HOW y Ti jucepranii B 1974 p. [25], sxa nossrana y HacTynHOMY: 3HaiiTu

MakCcuUMyM (pyHKITIOHATA
n

11 BB, ax), (1.1)
k=1
ne {By}}_; — IoBiIbHA cUCTeMa OIHO3B 3HUX B3a€MHO HEIEPETUHHUX CH-
MeTpuuHuX obsacTteil Taka, mo a € By C C, |ag| =1, k = 1,n, ne R(B,a)
— koudOpMHUHI paiyc 0aHO3B A3HOI 00acTi B BiAHOCHO BHYTPIIIHBOI TO-
YKU @.
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3okpeMa, B poboTi OYII0 OJIep2KAHO HACTYIIHY OI[HKY
4
I RBra) <1,
k=1

[IPUYOMY PIiBHICTH JIOCATAETHCS KOJIM CHUCTEMa obJyiacTeit {Bk}izl i TOT0K
{ak}ézl, BiZITOBIIHO, € KPYTrOBUME OOJIACTAMU 1 TOJTIOCAMU KBAIPATATHOTO
JudepeHItiaia

22

B. M. Hdy6iuin [37-41] icrorno ysarampaus nocranoBky I'. II. Baxi-
HOI y HACTYITHOMY CE€HCi, a caMe: BiH PO3IVISHYB 3aJa9y PO MAKCUMI3aIlio
dyuknionana (1.1) s BHYTpInHIX pajiycis i n1oBiabHUX 6araTo3s’s3HUX
obstacreit (siki, B3araJi KaxKy4u, He 000B’SI3KOBO CUMETPHUYHI BiTHOCHO 01~
HUYHOTO KOJIa) 1 PO3B’SI3aB 110 3a/1a4y 3aBJsIKU CTBODEHOMY HUM HOBOMY
METOMY JMOC/IiIKEHHS, IKAW Ma€ CUMETPU3AIINHY IPUPOILY, & CaMe 3aBIs-
KA METOJIy PO3/JISIIOU0ro rneperBoperts. CTOCOBHO METOy CHUMETPHU3allil
quB. [84].

CyTb I[HOTO METOJIA MOJISITAE B TOMY, IO BiH JIO3BOJISIE 3BOJIUTH 33/1a49y 3
BEJINKUM YHCJIOM TOJIIOCIB JI0 AEKIJIBKOX 3a/1a9 3 MEHIITUM YHUCJIOM IOJIIOCIB.
I, 30kpema, y [37] B 1978 poui orpuMaHO Takuil pe3ysibTar.

dz>.

Q(2)dz* = —

Teopema 1.1. /laa dosinvrux nonapho pisnux mowok {ag}p_,, n > 2, axi
aedrcamod ma kol |z| = 1 (i sanymeposani 6 nopadky 3pocmanns apeymer-
mis mowox), ma dosinvbhur nonapro renepemunnur obaacmet {Dy}i_,,
maxuzx, wo ap € D C C, k =1,n, sukonyemwvea HepisHicmo

n 4 n
117Dk, ax) < <> ;

n
k=1

de r(D,a) — enympiwnit padiyc obaacmi D sidnocro mouku a.

3nak pisnocmi docazacmuca koau obaacmi {Dy}p_, i mouxu {ar})_,,
€, 810N06I0HO, KPY208UMU 0OAACTAMY | NOMOCAMU KeadpamuuHo2o duge-
PEHULANG
w

2
w12

Qw)dw? = —

B 1984 p. I'. I1. Baxrina y [26] posrisHysa HACTYIHY 3aJady PO Ma-
KCcuMyM (pyHKITIOHAJIA

1 7B, ar), (1.2)

k=0
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e {Bk}gzo — JIOBiJIbHA CUCTEMAa OJTHO3B’ I3HUX B3AEMHO HEITEPETUHHUX 00,18~

creit, mpudomy obnacti { By}, cumeTpuyHi Bi/[HOCHO OJMHUYHOIO KOJIA,

Taxi, mo ag = 0 € By C U, ap € By CC, a, > 0, k = 0,n, |ag| = 1,

k =1,n, i orpumasia jiesiki YaCTKOBI pe3yJIbTaTH B JaHiil pobJemi.
[Tizuimte, €. I'. €menbsanos [43-46|, a morim i I'. B. Kysbmina [49-53|

POBIVIAHYJN 33/1a4l, V 9KUX BLIbHI IOJIOCH PO3TAIIOBaHI HA JIBOX KOJIaX.
Y 1994 poui B. M. [ly6inin y [39] posrisinys HacTymHi 3a1adi.

3amaua 1.2. IlosecTu, 110 MaKCUMyM (PYHKIHOHATIA
n
L(7) = 7 (Bo,0) | r(Br.ax),
k=1

ne By, Bi,...,By, (n > 2) — nonapuo meneperunni obmacti 8 C Taki, mo
0€ ByCC,a, e B, CC,lag| =1,k =1,n,r(Bj,a;) — Buyrpimmsiit pasiyc
obsacti Bj Bignocuo touku a; (a; € Bj), j = 0,110 < v < n gocaraerbest
JUTs JIesdKol KOHdirypariil obJsracteil, siki MaloTh N-KPaTHY CUMETPIIO.

Bamaua 1.3. ns koxkuoro dikcosanoro vy € (0,n] 3uaiitu MakcumyMm
dyHKIiOHATA

n
Jn(y) = r7(Bo,0) H (Bk, a)
3a ymoBw, o By, Bi, Ba, ..., By, (n 2 2), — TONApHO HelepeTuHHI Hara-
to3B’s13H1 obsacti B C, npuaomy obsacti By, B, ..., By, (n > 2), cumerpu-

9Hi BiIHOCHO TOYOK omHuaHOTO Koua, 0 € By C C, ay, € B, C C, |ai| = 1,
k=1,n, (ay € Bg), k=0,n.

Bagaua 1.4. Ilpu Beix 3HadveHHAX Hapamerpa v € RT mokazaru, mo Ma-
KCUMyM (pyHKITIOHAIA
n
Ya(7) = [ (Bo,0) 7 (Boo, 00)]" [ [ 7 (Br, ax)
k=1

ne {ax})_, — noBiNBHA CECTEMa IOIAPHO PI3HUX TOYOK OJMHIYIHOIO KOJIA,
By, B, {Br}}_; — cykynHicTb obacTeil, sIKi B3a€MHO He IEPETHHAIOTHCS,
npuaomy 0 € By C C, ap, € B, C C, k =1,n, oo € By, C C, nocsiraerncst
n1a Jeskoi Kordiryparii i3 obnacteit By, By i TOUOK ay, 0o, k = 0, n, aki
BOJIOZIIOTH N-KPATHOIO CUMETPIEI0.

Takum gunowMm, izes II. M. Tampazosa cTuMmy/oBajIa BUHUKHEHHsT HOBOT'O
HaIPIMKY reOMeTPUYHOl Teopil MYyHKITH KOMILIEKCHOI 3MinHOl. B momasib-
HUX MJIIYHKTAX JAQHOI CTATTI MPEJCTaBJIEHO MPOrPeC y PO3BUTKY ITHOTO
HAIIPSAMKY, HounHao4u 3 nodarky 2000 pokis 1o januit gac [18,28,54, 55,
61,62, 66].
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Hasenemo ocHOBHI 0O3HaUYeHHS 1 ITO3HAYEHHSI.

Hexait N — MHOKHMHA HATYpaAJILHEX IHCET, R — MHOXKHMHA JUHCHIX IHCET,
C — mronna kommtekcrnx mucen, C = C | J{oo} — i1 omroToukoBa KOMITA-
krudikaris, RT = (0, +00), x(t) = % (t + t’l) — ¢yukuia 2KykoBcbkoro.

Hexait B C C — oqnoss’a3na 0bJ1acTh,

U={z:]z| <1}

— omuHUIHUE KpyT i a € B. 3rigno i3 Teopemoro PiMana po BigobpaskeHHsl,
icuye xkoudopmue Bimobpaxkenns obsiacti B na ommuwmuanamit kpyr U mpwm
axomy f(a) = 0, f'(a) > 0. dkmo posriusayTn 0GepHEHE BimOOpazKeHHsI
(p, dKe 3IilicHIOE Bimobparkenus omumamdHOTo Kpyra U Ha objmacts B Tak,
mo ¢(0) = a. Toxni nousaTTa KoHMOPMHOrO pajiyca OHO3B sI3HOI 06JIacTi
BcC BiTHOCHO TOYKM @ € B BU3HAYAETHCH HACTYITHUM YUHOM:
1
R(B,a) = o — = |¢/(0)].
|f'(a)]
V3arajgbHEHHIM HOHATTS KOH(MOPMHOTO paJiiyca Jjis 6araTo3s’a3uux obJra-
cTeil € MOHATTs! BHYTPIIIHBOTO paJiiyca 00JIaCTi, KWl BUIHAYAETHCS 34, JI0-
IIOMOI'0I0 y3araJibHeHol yHkil ['pina.
Hexait B C C, B # C. ®ynuxuieio I'pina obracti B HaswBaeThcs Taka
niticna dyukiisa gp(z,a), ska BU3HAYEHA [IPH BCiX z,a € B,z # a Ta npu
KoKkHOMY (bikCcOBaHOMY @ € B BUKOHYIOTHCS HACTYIIHI YMOBH:

(1) dyuruis gp(z,a) 3a 3MiHHO0 z € rapMoHiiiHOI B obsacti B\ {a};

1
[2—al
3aJIIIAETHCS 0OMEXKEHOIO JIJIsl CKIHYEeHOro a, pisuuns ¢gp(z,a) — In|z|

obMeXKeHa MIJId G = OQ;

(2) axmo z — a, 1o gp(z,a) — 400, npu MBoMy pizuuns gg(z,a)—In

(3) mpu mabmmzkenui 10 rpanuni 0B dyukuis gp(z,a) npsamye 1o 0.

Hosinbay obmacts B C C 3aBxku MOXKHA BHYEPHATU MOCTiIOBHICTIO
obstacteit B; C Be C ..., Ajd KOXKHOI 3 gKux icuye ¢yukiiiga ['pina. Toxai 3a
TeopeMoro XapHaka MPO 3POCTAI0Yi MOCJIiJOBHOCTI TapMOHITHUX (DYHKITIH
BUILJIUBAE, IO It KOXKHOI Touky a € B\ {oo} mocigosricts rapmonivHmx

byHKIHT
1
hp,.a(2) :=gp,(2,a) —In Toal’ z € B\ {a},

BUBHAYEHA 38 HEIEPEPBHICTIO B TOYIN a Ta PIBHOMIPHO 30ira€ThCs HA KOM-
MaKTHUX IIMHOKHHAX obsacti B mpu k — oo abo 1o +0o abo 10 JesaKol
rapmoniunol dyHKIHT hp 4(2), fKa He 3aMeKuTh BiJ BUOOpY obiacteit By,
By, .... Y upomy BUIAIKY DYHKILisSA

1
gB(Z, a) = hB7a(Z) + In m
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Ha3UBAETHCS y3arajbHeHoo ¢yHkilieo ['pina obaacti B, a Besmanna
r(B,a) = exp(hpq(a))

Ha3UBAETHCS GHYMpiwHim padiycom obaacti B BijgHOCHO TOYKH a. Bee cka-
3aHe BUIIE Ma€ MICIIe 1 JIjIst w = 00:

hB, 0o(2) := 9B, (2,00) — In|z|.

Takum gauHOM,

1
g(z,a) =In Tl +1Inr(B,a) +o(1l), z—a,
zZ—a

gB(2,00) =1In|z| +Inr(B,o0) +0o(1), 2z — 0.
Hexait n,m € N. Cucremy T0O90K

Apm ={ag, €C:k=1,n,p=1,m}

Oyaemo HazuBaTu (1, M)-npomeresoro, siKIo npu Beix k= 1,nip=1,m
BUKOHYIOThCsI CITIBBIJTHOIIIEHHS:

e 0 < \ak71| <... < ]ak,m] < 00;
® argay ] = argag = ... = arg aj, =: Ox;
e 0=01 <t <...<0,<BOp41:=2m.

VY Bunagky m = 1, (n,1)-upomMeHeBy cucremy TOYOK OyIeMO HA3UBATHU 7
IIPOMEHEBOIO 1 PO3TJITHEMO OIIBIIN TPOCTi MO3HAYEHHSI:

agq = ag, k=1,n, Ap = Ap, ant1 = ar, ag = anp.

)

Beanuunu

1 _
ap = ag(Anm) = = [Ok+1 — O], (k = 1,n),
m

Qn41 = a1,

1
Qg = o 1= 27 — O],

Oy/leMO Ha3uBaTH KYMOoSUMYU napamempamy, (n,m)-IIPOMEHeBOl CUCTEMU
n

TOYOK Ay, . OueBunno, mo Y ox(Ap ) = 2. dkmo (n, m)-npomenesa
k=1
cucreMa TO40K A, , Mae BractusicTs ak(Apm) = %, k = 1,n, To 11 Oyme-

MO Ha3uBaTU pienonpomeresoto. Bemmaunn {py(R)}E_; C RY npu samamo-

My R — koedimientn amimenns cucremu Ay, ,,, nputdomy, ug(R) < m™2™,

R eRT.
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st bikcosanoro R € RT i 6yip-sKoi (n, m)-TpOMEHeBOi CUCTeMU TOYOK
Ay m BBEIEMO HACTYIHHN «KePyIOUMit» QyHKIiOHAJ:

1
n m a L - 3
Eatnn) = TLTT P (12217 ) o (%2 70)] ol
k=1p=1

Owuesugno, mo Li(Ay ) = L(An,m). Kpim Toro,

1
Lip(Apm) =R™ - L <R : An,m) .

st mosinbHOI n-mpomenesoi cucremu To4oK A, = {ay}}_, Ta ducia
v € RT U {0} BBesiemo «kepyiounity dbyHKITIOHAT:

n 1 l—l'ya2 n
SR VY (er T V T
1

a
. k+1 k=1

ak,p

R

Kirac n-mpoMeneBux cucTeM TOYOK [JIst IKMX CIpaBeIInBa PiBHICTH
NO(4,) =1

aBTOMATHUYHO BKJIIOUYAE BCi CUCTEMU 7 IOTIAPHO PI3HUX TOYOK, IO PO3MIiIIeH]
Ha OJWHUIHOMY KOJIi.

Hexaix
P, = Py(A,) = {w:argay < argw < argag+1},
. 1 Gk .
Ap41 = Ay, Qp = % arg a y Qp41 ‘= O,
k

n

E=1,n, Y ap=2.
k=1

: _ 1 -1
Hazani mozmauumo x(t) = 5(t +t77).
J1j1s1 IOBIIBHOI CHCTEMY TIONIAPHO PI3HUX TOYOK

Ap=Aag :lag| =1,k =0,n}

i gy Bimkpurol muoxkuun D, A, U {0} C D, nosnaunmo wepe3 D(ay)
3B’s13Hy KOMIIOHEHTY MHOXKUHE [, sika MiCTUTb TOYKY aj, k = 0, n.

Hexait Dy, (0) — 38’a3na xommonenta muoxutu D(0) N Py, axa mictuThb
touxy 0, Dy (ax) — 38 s3na kKoMnonenTa muozkunu D(ay) N Py, gKa MiCTHTb
TouKy ay, Di(apy1) — 38’a3Ha KommonenTa MHOXUHE D(ag 1) N Py, fKka
MICTUTb TOYKY Gj41, U KOKHOTO kK = 1,n, apy1 = a1.

Binkpura muoxuna D, A, U {0} C D, 33/10BOJIbHIE YMOBY HEHAAAZGH-
na BinHOCHO cuctemu Touok A, = {ar}}_,, |ax| = 1, axuo cupasenmBa
piBHICTB

[Dy(0) N Dx(ax)] U [Dr(0) N Di(ags1)] U [Dy(ax) N Di(ars1)] = 0,
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1<k <n.

Cucrema obnacreit { Dy}, 3a/10BOJIbHAE YMOBY “4ACMKOG020 HANAUHHA
BiTHOCHO 3a/IaHOI CUCTEMH TOYOK OIMHUIHOTO KOJIa, AKIIO BiIKpUTA MHO-
xuna D = U}_jDy 3a10BOIbHAE yMOBY HeHAJIATaHHA BiJHOCHO CHCTEMU
TOYOK IIHOT'O K KOJIA.

OpHMM i3 OCHOBHUX IOHSTH Y JaHi poOOTI € MOHATTS KBaJIPaTUIHOIO
mudepentiary. Hexait B — 061acTh po3mupeHol KoMiiekcHol mwionman C,.
Ilin xBagparwanumM mudepeniiagsom B B OymeMo po3yMiTi CHMBOJT

Q(2)d=?, (1.3)
ne Q(z) — dynkiis, mepomopdna B B. dkmo obracts D C C,, kondopmuo
ekBiBasieHTHa 00JacTi B i Bimobpaxenus o : D — B KoHMOPMHE Ta OIHO-

Jmcre, To OyJIeMO TOBOPUTH, 110 KBaJparuanuii audepentian (1.3) mopo-
mKye B obsacti D 3a jgonomoroo dyHKINT ¢ KBaIPATHIHUN qudepeHttiat

Q(w)dw? = Q(p(w)) (¢ (1)) 2du?.

Ckinuena TouKa zg € B HaszmBaeThea Hy.aem abo noA0COM TIOPIIKY N
mudepentiiazna (1.3), AKII0 BOHA € BiAOBITHO HyIeM ab0 MOJII0COM BYHKITT
Q(2).

Hyui i nomocu kBazgparuanoro nudepenniana (1.3) HazupaooTbest fioro
KPUMUYHUMY TOIKAME, TIPUIOMY HYJI1 i TPOCTi TIOJTIOCY HA3UBAIOTHCS CKIH-
YEHHUMU KPDUTUIYHUMUA TOYKaMMU.

MakcumasibHa perysisipHa Kpuba z(t), Ha sKiit

Q(2)d=* = Q(2(t)) (2 (t))%dt* > 0
(Biamosimo Q(z)dz? < 0), HazwBaeThCsa mpaekmopieto (BimmosimEO opmo-
2onaavroto TpaekTopien) mudepenniana (1.3). Ilpu kondopmHOMY 0f1HO-
JIICTOMY BiZOOparkKeHHi TPAEKTOPIl mepexondaThb y TPAEKTOPiI.

Kpyrosa obnacts G mys Q(z)dz? micTuts eummit nmosiimit momoc a
mdepentmiana Q(2)dz? i G\ {a} 3anosrena Tpaekropiamu Q(2)dz?, Koxna
i3 gKMX € 3aMKHYTOIO KOPJAHOBOIO KPWBOIO, dKa BIJJIIg€ TOYKY @ Bif
rpauutti G. [Ipu meBHOMYy BHOODPi 9MCTO yABHOI cTAIOl T PYHKITIS

w=erp {T/(Q@))%dz},

JIOO3HAYEHa, 3HAYEHHSIM HYJIb B TOUIl @, KOH(OPMHO Bigobpakae G Ha KpyT

|lw| < r, npuaoMy ToOUKa @ mepexoauTh B Touky w = 0. B misomy Teopis

KBaJIPATHYHUX JudepeHiiaiB JocuTh 100pe pospobiena (aus. [74]).
Hexait C" = (C x C x ... x C), n € N — n-BuMipHuii KOMILUIEKCHUII IIPOC-

n—pasiB

1ip, C" = (C x C x ... x C) - xommakTudukaris npocropy C”, ne MHOXKI-

n—pasis
Ha HECKIHYEHHO BiJIJJaJI€eHNX TOYOK Ma€ KOMILIEKCHY PO3MipHiCTb 1 — 1.
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Hexait [D]" — (nexaprosmit creminb obnacti D C C) mosmavae aeKapTo-
Buit 106yTok D X D X ... X D, [d]™ — (nekaprosuit creniasb Touku d € C)

n—pasiB
—-n
nosnagae Touky ¢ C , gka mae koopmunat (d,...,d). dewo, mo C! = C,
—_———
n—pasiB
71 J—
C =C.
Ob6aactb

B:leng...xBnC@n,

ne koxkHa ob1acTh By, C C, k = 1, n, Ha3uBaeThed NoAIUUATHIPULHOI0 06.AG-
cmio B C" (muB., manpuksan, [85, U.II]). O6mactu By, k = 1,n, nassemo
KOOpIMHATHUME ObjiacTamu obsacti B.

Vsaazasvrhenum enympiwtim padiycom mominumiaapuaaol obmacti B Bix-

HOCHO TOYKH ) = (Wi, ws,...,w,) € B, wy € By, k = 1,n Gynemo nasusaTu
BEJIMINHY
n
R(B,Q) == [[ r(Br,ws), (1.4)
k=1

ne seqmaunn (B, wy), k = 1,n N03HaYa0Th BHYTPINIHI pajiycu KOOP/IH-
HATHUX obsracTeil B BIIHOCHO wy,.

Hust n = 1 Besmanna (1.4) € 3BudaiinuM BHYTPIMIHIM pajiycom obsacti
B c C sigrocHo ).

Hexait U" = [U]", ne U = {z € C : |z|] < 1} (ogunuunmii Kpyr B
komrtekcHiit mionuai C). IToznaunmo gepes '), MHOXKUHY TOYOK

Q= (wl,wg,...,wn) cCcn,

lws| =1, s =1,n.
Cucreva {B}7, (By =B x ... xBW, k=T ;
kfpey (Br = By e n, k=1,m) Ha3uBaeTHCA CU
CMEMOI0 NOMUUATHOPUNHUL HENEPEMUHHUL 00AaCMEN, AKIIO /IS KOKHOTO

. _— - k —_
dikcoBaHoro P, Po = 1, N, cucrema obdgacTei {B,(,O) }, k = 1, m e cucremoro

HenepeTuHHUX obsacreil Ha C.
m
Cucremy Touok {Ag},"

(Ak = (agk),agk),...,a,gk)) eC", k= m) ,

Ha3BeMO npomernesoto B mpoctopi C™, gxImno s KO2KHOro (hiKCOBaAHOTO pg

(k)

IOCJIi JIOBHICTH {apo }, k = 1,m, € m-IpOMeHEeBOIO CHCTEMOIO TOYOK Ha

Bignosigaii kommuexkcnii mwromumai C.
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B poborax [62,66| 6y y3araabHeHi HaBeeHi BuIle 3aad4i, a came, po3-
DI uch QYHKIOHAJIN TpboxX TuiiB. PyHIIOHAIAMA TIEPITOrO THUILY Ha-
3BeMO (DYHKITIOHAJIN BUJLY

n m
Jn,m(’y) =77 (Da 0) H H ke (D> ak;p) ,
k=1p=1

ae Y0, Vkp € RY, k=1,n,p=1,m, Apm = {akyp}; (n, m)-ipomeneBa
cucrema TO40K, D — Bigkpura MHOKUHA A, C D CC, 0 € D.
@yHIiOHATIAMEI IPYTOrO TUILY HA3BEMO (PyHKIIOHAJIN BUILY

Jn,m(’)/) =77 (D) OO) H H kP (D7 ak,p) ’

k=1p=1

J€ Yoos Vhp € RY, k=1,n,p=1m, Apm = {ak’p}; (n, m)-npomeneBa
cucreMa TO4YOK, DD — Bigkpurta MHOXKuHA A, C D C C, 00 € D.
@yHIiOHATIAMEA TPETHOTO TUILY HA3BeMO (DYHKIIOHAINA BUILY

Tnam(7) =17 (D,0) 17 (D, 00) [T [T 7" (D, axp) ,
k=1p=1

7€ Y05 Yoos Vep € R, k=1,n, p=1,m, Ay = {akp} — (n, m)-npomenesa
cucremMa To40K, D — Bigkpura Muoxuna A, C D C C,0e D, € D.

Buyrpimnim pagiycom r(D, a) Bigkpurol MHOXKUHU D BiIHOCHO TOYKM @
HA3UBAETHCS BHYTPIIIHIN pajiyc 38’sg3H01 KommonenT D(a) JaHOT MHOXKH-
HU BIJJHOCHO TOYKH d.

Axmo 70 = 0 TO (QYHKIIOHAJ TEPIIOr0 THUILY HAOYy/Ee TAKOTO BUTJISILY
In,m(0) = H [T #7%r (D, ax,).

=1p=1

Baﬂaql, B dKHX CTABUTHCS NMUTAHHS PO 3HAXOMKEHHS TOYHUX OIHOK
3Bepxy (QYHKI[OHAJIB 1epIoro (BiIHOBIAHO JAPYyroro 4 TPETHOrO) THILY,
Oy/leMO HA3MBATH 33J@9aMy HepIioro (BiMOBITHO JPYroro 4u TPEThOTo)
THILY.

2. JTOCTIAXKEHHSI 3A/TIAY TIEPIIIOTO TUITY
B oMy posmisii po3riisiaeTbca HACTYITHA 3a/a4a IIePIIoro THUIY.

Bamaua 1. s koxuoro dikcosanoro v € (0,nm] 3HaliTH MakcHMyM
dysKIionama

In,m(’)/) = TV BOv H H r (Bk,pa ak,p) ) (21)
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Ta ommcaTu excrpemani, ne n,m € N, n > 2, A, = {ag,}, & = 1,n,
p = 1,m, — nosismbHa dikcoBana (n, m)-IpoMeHeBa CHCTEMa TOYOK, By, By,
~ JIOBLIbHA crCcTeMa 00JIACTeil, 10 B3aEMHO HE TePEeTUHAIOTHCS, TAKUX, 110
ap=0€ By CC,a,, € By, CCupuk=1,n,p=1,m.

BigmiTumo, mo 3amada 1 B 3arafbHiil MOCTAHOBIN OKPIM JIeSIKAX Yac-
TKOBUX BUITQJIKIB HA JAHUI MOMEHT HE IiJJA€ThCAd TOYHOMY PO3B’SI3aHHIO.
Bokpema, nipu y = 0, ipu y = ”72 i oBiabHIl (N, m)-piBHOIPOMEHEBIi cuc-
TeMi TOYOK, IIpH m = 1 Ta JIedKuX 7y 1[I0 3314y po3B’si3aHo y pobori [62].
OckiuibKU Ha J@HWI MOMEHT CY4YacHI MeTOJM He JO3BOJISIOThH PO3B’dA3aTh
1[I0 33J1a9y JJId TEePEBAKHOI OIJILINOCTI 3HAYUEHD TAPaMETPY 7Y, TO BUHUKAE
OYEeBUJIHE NHUTAHHS: BKA3aTH JIOCUTH «XOPOIi», B JAEIKOMY CEHCi, OIiHKU
3BEpXy JaHOrO (DYHKINOHAIY MpHU OYyIb-KUX JIONMYCTUMUX 3HAYEHb Hapa-
METDPY 7.

VY poborax [8,10,12,13] 3anpomnoroBaHo MeTOI, 3a JOMOMOIO0 SKOTO, JJIis
dyukiionana (2.1) 3HaiiIEHO OIIHKY 3BEPXY Y BUTJISIL JESKOI €BOJIONIHHOT
HepiBHOCTI. A camMe, Ma€ MiClle TaKe TBEPIZKEHHSI.

Teopema 2.1 (|13|). Hezati n,m € N, n > 2, v € (0, nm]. Todi das
dosinvroi dircosanoi (n, m)-npomenesoi cucmemu mowor Apm = {arp},
k=1,n, p=1,m, i dosinvnozo nabopy obaracmed, wo 63aEMHO He Nepe-

munatomvca By, {Byp}t, ap = 0 € By C C, agp € B, C C, k = 1,n,
p =1,m, cnpasedausa HepisHicmv

n m nm

Lngn(y) < (nm) ™2 Ly O "5 | [T ] larsl |+ (22)

k=1p=1

de

n m
Lign(0) = [T 17 (Brps ans) -
k=1p=1

n m
dAximo B dopmyii (2.2) nokmactu vy =nm i [[ [] |akp| = p, To 3a ymos
k=1p=1
Teopemu 2.1, Mage Miclie HACTYIIHE CITiBBITHOIITECHHS

n m
™ (Bo, 0) [T IT 7 (Brops anp) < (nm)™% - p%. (2.3)
k=1p=1

n m
Binmitumo, mo B mepiBrocTi (2.3) 32 ymoB v = nm i [[ [] |ak,
k=1p=1

=

CTPYKTypa TOUOK 1 objiacreil € He BasKJIUBOIO.
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Orpumana Bule eBooNiiiHa HepiBHICTD (2.2) € my2Ke I[IKABOIO HEPiBHi-
CcTIO, siKa paHimie He Oyra Bigoma. dkmio B (2.3) mokmactu m = n = 1, Toxi
I HEPIBHICTD criBmagae 3 Bimomoro nepisuictio M. O. JlaBperTbeBa. Takum
9UHOM, HepiBHICTH (2.3) € y3arambuennsm teopemu M. O. JlaBpenrnesa.

BukopucroByoun HepiBHICTB, J0BeeHy y pobori [62], a came

n m n 2
L@ <27 (TTaw | (T[m(@®)) - La(Anm)
k=1 k=1

Ta HepiBHICTH (2.2) OTPUMAEMO HEPIBHICTH 3 (ILJIABAIOYOI0» MasKOPAHTOO
(Besmmuunn oy, pi(R), Lr(Apm) BBemeHi pamime).

Teopema 2.2 ([13]). Hexatin,m € N, n > 2, v € (0, nm|, R € RT. Todi
das dosiavHol dikcosanoi (1, m)-npomenesoi cucmemu mouox

Anm = {arp} k=1,n, p=1,m,

ma 008iAbH020 HGOOPY obaacmeli, AKL NONAPHO HE nepemuHaromves, By,
{Bip}, a0 =0¢€ By CC, ap € By, CC, k=1,n, p=1,m, cnpasedausa
HEPIBHICTND

n m
" (Bo, 0) H H 7 (Brp» @hp) < (nm) =2 x
k=1p=1
n m n % _i#
<2 Lew] - I]m(R)] - Le(Anm) X
k=1 k=1

27
nm

n m
X H H [
k=1p=1
(2.4)

Axmo y dopmyii (2.4) Teopemu 2.2 BUKOPUCTATH HEPIBHOCTI, OTpuMa-
n

i B [62], a came: [ ag < (%)n, pr(R) < m™2™, 1o B gKOCTI HACTIAKY
=1

OTpUMa€EMO HaCTyHH_e TBEPAZKEHHI.

Teopema 2.3. [13] Hexati n,m € N, n > 2, v € (0, nm|, R € R*.
To0i dna dosinvhoi dircosanoi (n, m)-npomeresoi cucmemu Mmook Ay, m =
{akp}, k=1,n, p=1,m, i dosinvrozo nabopy obaacmetl, wo 63a€MHO e
nepemunatomvcsa, By, {Bgp}, apo =0 € By CC, axp € By, CC, k=1,n,
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p =1, m, cnpasedausa HepisHicMv
n m

7(Bo,0) [T T (Brops anp) <
k=1p=1

‘ ¥

(2.5)

3
S
3

47 (Lp(Anm)) ™ [ T
S nm—21 ’ ];_[1_[’6%’7’|

nm-= 2 k=1p=1

BukopucroBytoun mnonepejiai TeopeMu i po3ryisaadu Ti (n, m)-mpome-
HEBI cucTeMu TOY0K Ay, 115t akuX LR(Ayp ) = 1, ME OTPEMAEMO OLIHKY
3BepXy V JesdKiii 3a7ati 3 BIIbHUMHE TIOJ0OCaMu. A came, clIipaBeIuBe TBEP-
JZKEHHS.

Teopema 2.4 ([13]). Hexatin,m € N, n > 2, v € (0, nm|, R € R*. Todi
dna dosiavroi (n, m)-npomenesoi cucmemu, mouwok Ap m = {agpt, k= 1,n,
p = 1,m, maxoi, wo Lr(Anm) = 1 i dosinvrozo nabopy obaacmets By,
{Bp} wo 63acmno ne nepemunaromocs i maxuz, wo ag = 0 € By C C,
ak,p € By C C, k=1,n, p=1,m, cnpasedrusa nepisricmo

n

7 (Bo,0 HHT (Brp, kp) <

k=1p=1
— 2.6
n m n % nm ( )
< (nm)72 |27 (H ak) '(Hﬂk(3)>
k=1 k=1
3uoBy BuKOpHcTaeMo HepiBHocTi [[ af < (ﬁ) , e(R) < m is

k=1
SAKOCT1 HACJTIJIKY OTPUMAEMO TaKe TBEPJIZKEHHH.

Teopema 2.5 ([13]). Hexatin,m € N, n > 2, v € (0, nm|, R € R*. Todi
daa dosiavroi (n, m)-npomenesoi cucmemu, mouwok Ap m = {agpt, kK =1,n,
p = 1,m, maxoi, wo Lr(Anm) = 1 i dosinvrozo nabopy obaacmets By,
{Bip}, wo e63aemmo ne nepemunaromoca i maruzx, wo ag = 0 € By C C,
ak,p € Bip C C, k=1,n, p=1,m, cnpasedrusa nepiericmo

gnm—y

7 (By,0 HH (B, trp) < ——— (2.7)

k=1p=1 nm 2

IIpu m = 1 i3 BuIe BKa3aHUX TEOPEM, OTPUMAEMO HACTYIIHI PE3yIbTATH.

Teopema 2.6 ([8]). Hexatiin € N, n > 2, v € (0, n]. Todi das 6ydv-axoi
dircosaroi cucmemu nonapro piznuxr mowox {ap}ty_; € C\{0} ma 6yodo-
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axux obracmets { B} _, Axi 63acmmo ne nepemunaromuvca i ap € By, C C,
k=0,n, ap =0, cnpasedausa nepisHicms

2y

L(7) <073 (L) (T laxl | (2.8)

de 1,,(0) = kl;[lr (Bg, ag) .

n
Axmo v =nra [] |ag| = 1, Toxi i3 Bumme copmyaboBanoi Treopemu 2.6,
k=1
Ma€MO HEPIBHICTH

w3

" (Bo,0) [[ r (Bryar) < n”
k=1

n
B reopemi 2.6 3a ymoB y =n i [] |ag| = p", maemo uepiBHicTb
k=1

n
BOa H Bkaak‘ < n_%an'

Hepisnicts (2.8), a Takoxk mepepaxoBaHi HACTIIKYM DU 7 = N € CYTTEBUM
y3araJbHeHHIM Bigomol Teopemu M. O. JlaBpenTbeBa i paxime He Oysu
BioMi.

V BuUmaIKy BIJIBHUX ITOJIIOCIB, TOOTO KOJM cUCTEMa TOUYOK A, = {ak}zzl
€ M-IIPOMEHEBOIO crcTeMOI0 T040K Takomo, mo N () (A,,) = 1, 3 reopemu 2.6
BUILINBAE HACTYIITHE TBEPIKEHHSI, IKE € HOBUM.

Teopema 2.7 ([8]). Hexatin € N, n > 2, v € (0, n]. Todi dan dosiavroi
n-npomenesoi cucmemu mowox A, = {ar}?_, maxoi, wo NV (A,) =1 i
dosinvrozo nabopy obaacmets {By}l_,, Wo 63a€MHO He NepemuHaOmMvbCA,
ap, € B, CC, k=0,n, ag =0, cnpasediuea nepisenicmo

2y

Bo, H Bk,ak < n_% . (IR(O))l_% H ]ak] . (29)

Axmo Ha BUIBHI MOJIIOCH, SKi PO3IVISAIAIOTLCS y TeopeMi 2.7 HaKJIaCTH
nonaTkose obmexkenns, a came A (0 (A,) = 1, To cupaBeJjiuBe TaKe TBEP-
JI2KEHHS.
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Teopema 2.8 ([8]). Hexatii n € N, n > 2, v € (0, n]. Todi das dosinvroi
n-npomenresoi cucmemu mowor A, = {ap}p_, maxoi, wo

N (4,) =NO(A,) =1

i 006111020 Habopy obracmeti { B }l_y, Wo 63aeMHO 1He nepemunamoca,
ap € B CC, k=0,n, ag =0, cnpasedausa nepienicmo

R

7 (Bo,0) H (Br,ar) <n 2 - (I,(0)'~ (2.10)

BukopucroByioun pesyibrar poboru [62], a came, 110 TO 38 yYMOB TeOpe-
MU 2.7 BUKOHYETHCS HEPIBHICTH

n n
= H r (Bk,ak) <27 H ag,
k=1 k=1

OTpHMﬁENK)TaKHﬁZpeByﬂbTaT.

Teopema 2.9 ([8]). Hexatiin € N, n > 2, v € (0, n]. Todi dasn dosinvroi
n-npomenesoi cucmemu mowox A, = {ak}kzl makoi, wo

N(A,) =N (4,) =1

i d06iAvHO20 Habopy obaacmeti { By} ]_y, Wo 63aAEMHO He NEPEMUHAOMBCA,
ar € B CC, k=0,n, ag =0, cnpasediusa mepisHicms

_a

1
n n n
W(Bo,O)HT(Bk,ak) <n_% -2 (H Ozk) . (2.11)
k=1 k=1

n
. . n o
SAximo Bukopucraru HepiBHicTb [ o < (%) , TO OTPUMAEMO HACTYITHUN
k=1
pe3yabTaT.

Teopema 2.10 ([8]). Hexaiin € N, n > 2, v € (0, n]. Todi das dosinvroi
n-npomeresoi cucmemu mowox A, = {ap}p_, maxoi, wo

N (4,) =NO(A,) =1

i 00611020 HabOpy obracmeti { B }l_,, Wo 63a€MHO He nepemuHamoCa,
ap € B, CC, k=0,n, ag =0, cnpasedausa Hepienicmo

" (Bo,0) [ [ r (Br,ax) <n72 - <4>"—7‘ (2.12)

n
k=1

R

Burie 3raianuii MeTO] OTPUMAaHHS OIIHOK 3BePXY s byHKIioHA A (2.1)
Ja€ 3MOTY TaKOXK OTPUMATH HACTYITHE TBEPJZKEHHSI.
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Teopema 2.11 ([29]). Hezatin >2,v € (0,n), A e RT i A, = {ag}}_; -
dosinvra cucmema nonapro pisrur mowox na C\{0}. Todi das 6ydv-arozo
nabopy obaacmet {By}]_,, AKL NONAPHO He NEPEMUHAIOMBCA, T 36006040
naromuv ymosu ar € By C C, k =0,n, ag = 0 i I,(y) > A, cnpasedauea
HEPIBHICTND

2\
r(Bo,0) < | n72 - (H |ak|> (2.13)

IIs TeopeMa y3arajbHIOE pe3y/IbTaT, OTpuMaHuil B pobori [63].
Tenep mepexoaumMo 10 3a/1a9 PO OIMIHKY (DYHKITIOHAJIB, B IKUX OTPUMAa-
HO TouHI pesyabratu. CHopMyITIOEMO 110 3a/1a9y.

Bamaua 2. [lis koxuoro dikcoBanoro 7y € (0, n| 3naiiTn MakcuMyMm yHK-

ITioHAJIA
n

In(v) =77 (Bo,0) [ [ 7 (Br, ax) , (2.14)
k=1
Ta onmcaTu ekcrpemasi, ge n € N, n > 2, A, = {ax}, k = 1,n, — nosinb-
Ha N-IpOMeHeBa cucreMa Touok Taka, mo N () (4,) < 1, N ©4,) <1,
{Br}}_, — moBimbHA cucTema obsacTeil, MO B3AEMHO HE HEPETHHAIOTHCH,
Takux, mo ag = 0, a;, € B, C C upu k =0, n.

B mpomy HAIpAMKY OTPUMAHO HACTYIIHUM PE3yIbTaT.

Teopema 2.12 ([13]). Hezatin € N, n > 3, v € (1,7], 7o = V/n. Todi
ons 6ydo-axoi n- npomeneeoi’ cucmemu mowok A, = {ayp})_, makoi, wo
NO(A4,) <1, NO(A,) < 1, i 6ydo-akoeo nabopy obaacmeti { By} _o, wo
s3aemmno ne nepemunaromuesa, ag = 0 € By C C, ap € By C C, k = 1,n,
CMPABEOAUBE HEPIGHICTIID

n n
BOa H Bkaak‘) D07 H Dk’vdk)

de di, Dy, k =0,n, dy = 0, €, 8id0nosidno, nosrocamu i Kpy208uMu 0064a-
CMAMYU, K8AIPAMUNH020 JUPePEHUIAN

_ =y 7 g,
w)dw? = dw

HactymHa Teopema y3araJibHIOE psiJi Pe3y/IbTaTiB, paHillle OTPUMaHUX Y
poborax (mus. Hamp. [5]) B 3amadi 2. A came crpaBeINBe TBEP/KEHHS.
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Teopema 2.13 ([21]). Hezatin € N, n > 2. Todi das dosinvhozo B € (0; 3]
ichye no(B) maxe, wo npu ecix n = no(B) i dasn KoorcHozo vy € (1,nﬁ],
o 6ydo-aKoi n-npomenesoi cucmemu movox A, = {ap}i_, maxoi, wo
N (A,) <1, NO(A,) < 1, i 6ydv-axozo nabopy 63aemno menepemun-
nux obaacmet {By}p_q, ar € By C C, k = 0,n, ap = 0, cnpasedausa
HEPIBHICTD

7 (By, 0 1;[ (B, ax) < <n> (1_%>n+% T . (2.15)

3nax pisnocmi 6 nepisrnocmi (2.15) docsazacmuvea, Koau mowky ay © 0baa-
cmi By, k = 0,n, €, 6i0no6idno, nosocamu i Kpy2o8umu 00AGCTNAMU KEG-
dpamuunozo dugepenyiana

iy
3R

du? = DAY o 2.16
Qujdu? =~ (216)
Posrasmemo nociigosnicrs uucen 51, Bo, . . ., Os. Hexait
B =0, B2 = 0.36, B3 = 0.44, B4 = 0.472,
B85 = 0.486, B = 0.493, Br = 0.4982, Bs = 0.5.
[Mosznaunmo namisinrepsamm ANy = (Br_1, Bk], k = 2, 8. Tomi (0, ] U Ap.

Howmep no(f3), Brkazauuit B Teopemi 2.13, moxkHa KOHerTI/I3yBaTI/I HAC-
TYIIHUM YUHOM.

Teopema 2.14 ([21]). IIpu ymosaz meopemu 2.13 cnpasediusi meeporice-
nHa. Sxwo B € Ny, mong(B) =k, k =2,8.
[Toeauyoun pe3yabTaTi ABOX MONEPEIHIX TEOPEM, MAEMO HACTYITHUI pe-

3yJIbTaT.

Teopema 2.15 (|21]). Jnasa dosiavrozo 8 € N in >k, k = 2,8, dan
KOMHCHO20 7Y € (1,n5], a maxootc i 6Ydo-aK0L N-NPOMEHEBOT CUCTEMU
movox A, = {ap}7_, mawroi, wo N (4,) < 1, NO(4,) < 1, i 6yoo-
AK020 Habopy e3aemmo Henepemunnur obaacmet {By}l_,, ai € By C C,

k=0,n ag =0, cnpasedrusa nepiericmo
1- Y1\
n . 2.1
14+ 247

n

ol (3]
07 krzll ks ak <n> (1 N )n+l
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3nak pisnocmi 6 nepienocmi (2.17) docazaemvcea, koau mowku ay i 06.aa-
cmi B, k= 0,n, e, 6i0nogidno, nosocamu i Kpy208uMu 06AACMAMY KGG-
dpamuvnozo dupeperyiana (2.16).

Ao Bemmanny 7(Bp,0) 0OMeKUTH IEBHUM YHHOM, TO TIPHU Iiif yMOBI
OTPUMAHO PO3B’SI30K 3amadi 2. A came, cipaBeJTUBUN HACTYITHUI PE3YTh-
TaT.

Teopema 2.16 ([13]). Hexatin € N, n >4, ve (1,n] i

K(n7) = [19(9) - ()]

80— (1)’ (#)" (1-2\
B AN

n

MW:hﬁ%f%@‘%YW

Todi das 6ydo-axoi n-npomenesoi cucmemu mowokx A, = {ap}}_, maxoi,
wo N (A,) <1, NO(4,) < 1, i 6ydv-axozo nabopy obracmeti { By},
wo 63aemmo ne nepemunatomocs, ag =0 € By C C, ar, € B, C C, k =1,n,
MAaKUT, U0

de

3R

-1

T(B()? 0) < K(”?V)a

n n 27
r(Bo,0) [ [ r(Br,ax) < (i) 0 ( 7>)n+z (;g) V. (2.18)
k=1 — 53 n

3nax pienocmi 6 (2.18) docazaemuves modi, koau ag, @ By, k = 0,n, €, iono-
810HO, NOANOCAMU T KPY208UMU 00AGCMAMU KEAIPAMUYHO20 Judeperyiana

CNPABedAUBA HEPIGHICMD

ol
n

Sy

2 noy
Q(w)dw? = — (7102(1;311 1)27 dw?.

Posrngnemo Buiie 3rajiany 3aja4dy 2 npu JIedKUX 0OMEXKEHHAX Ha BEJIU-
YUHU . B 1IbOMy HaIpPSAMKY OTPUMAaHi HACTYIIHI Pe3yJIbTaTH.

Teopema 2.17 ([19]). Hexatin € N, n >4, v € (1, v),
Y4 = 4.17, Y5 = 5.71, Yo = 7.5,
7 = 9.53, g = 11.81, Y = 0.1215712%, (n > 9).
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Todi dns dosinvroi n-npomenesoi cucmemu movox A, = {ap}p_, maxoi,
wo N (A4,) =1i0 < oy < 2/\/7. k = 1,n, i dosinvnoi cucmemu
83aemmo nenepemunrux obaacmeti By, a, € By, C C, k = 0,n, cnpasedrusa
HEPIBHICMD

n Y (44) LV
7 (Bo,0) [ [ 7 (B, ax) < () & ( n ) . (2.19)
0 kl_[l ks> Ok " (1_%)%% 1+§

3nax pisnocmi docaezaemuvea, xoau ap i By, k = 0,n, €, eidnosgidno,
NOAIOCAMU T KPY208UMU 00AGCTNAMUY KEaAIPaAMuU1H020 dudepeniiana

SR

@ty o
w?(w" — 1)2
BigmiTumo, mo Teopema 2.17, CyTTEBO JIONOBHIOE 1 TOCUJTIOE Bimomuit
pesyabratr [47).

Q(w)dw? =

_ 2
2

Yy = s Yo = 1.3246. Toxi cupase-

JJINBE HACTYIIHE TBEPI2KECHHA.

Teopema 2.18 ([3]). Hezatin € N, n > 2, v € (1,yn], yn = 0.4386 02 das
n > 9. Todi drs dosinonoi n-npomenesoi cucmemu mouokx A, = {ap}i_q,
N(A,) =1 i npu ymosi, wo 0 < ay < Yo/\/7> Yo ~ 1.3246, k = 1,n i
006iAvHOT cucmemu 63aemmo Henepemunruxr obaacmeti By, ap € B, C C,
k =0,n, cnpasedausa HePiBHICTIL

ol
4\ m 27

- ot (®) e

7 (By, 0 1;[ (B, ax) < (n) (1_%)%% <1+W (2.20)

3nax pisnocmi docaezaemuves, woau ap i By, k = 0,n, €, eidnosgidno,
NOMOCAMU T KPY208UMU 0OAGCMAMYU KEGOPATMUNHO20 Jupeperyiana

n* —y)w" +
Q(w)dw2 ( 5 '7) Y dw 2
w2(wn —1)2
Ko po3ryIsiHyTH 3aady 2 y BUNAJKY, KOJM CHCTEMa MOIMAPHO Pi3HUX
touok A, = {ax}}_,, po3ramoBaHa Ha OIMHHIHOMY KOJI, TO OTPHMAEMO
HACTYIIHI Pe3yJIbTaTu.

Teopema 2.19 ([60]). las dosinvrozo namypasvrozo n, n > 126 i wucaa
v € (1;v/n] npasuavra nepisnicmo
n n
Bo,ao HT Bk;ak < T’Y(Do,do) HT(Dk,dk),
k=1 k=1
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de By, B1, Ba,...,By, (n > 2) — nonapno nenepemunmi obaacmi 6 C,a9=0,
lag| =1, a1 = 1, k = 1,n, ady, Dy, — 6i0nosidio nosocu i kpyz06i obaacmi
KeadpamuyHozo dugeperyiana

2 noy
Q(w)dw? = — (Zz(wl)lj 1)27dw2.

BukopucroByoun OIiHKM 3Bepxy, OTPUMaHi BUIINE, BIAJIOCI OTPUMATH
HACTYIIHY TEOPEMY, fKa 3HAYHO IOCHUJIIOE TIOTEePeTHIll Pe3yIbTaT.

Teopema 2.20 ([12]). Hezxatin € N, n > 3, v € (1,v,], 7o = v/n. Todi das
6ydo-aKoi cucmemu nonapro pisnux mowox A, = {ag}p_, oduruunozo xoaa
i 6ydv-aKozo nabopy obaacmeti { By} l_y, Wo 63a€MHO HE NEPEMUHAIOMBCA,

a0 =0, ap € B CC, k=0,n, cnpasedrusa wepisHicmy
n n
BOa H Bkaak) D07 H Dkydk

de di, Dy, k =0,n, dy = 0, €, 8idnosidno, nosrocamu i Kpy208uMu 0064a0-
CMAMYU K8AIPAMUYH020 JUPEPEHUTANG
(n® -

_ w" +
Q(w)dw® = — P )2 dw?.

VY Bumagaky n = 2 i cuCTEM TOYOK, PO3TAIIOBAHUX HA OJWHUIHOMY KOJIi,
3aBISIKN OTPUMAHUM BHIIE OIIHKAM 3BEPXY BIIAJIOCI MMOBHICTIO PO3B’d3aTu
Bizkpury npobuemy B. M. /ly6Ginina [39]. A came, cipaBejyuBa Teopema.

Teopema 2.21 ([12]). Hezatin =2, € (1, 2]. Todi das dosinvrux pisnux
mouoK a1 i ag 0OUHUYHO020 Koaa © dosiavHux obaacmel By, By, Bs, wo
B3AEMHO He NEPEMUHAIOMbCA, 1 makux, wo ag =0 € By C C, a1 € By C C,
as € By C C, cnpasedausa nepisnicmo

1 2=
? (B 0) (B ) 7 (Bava) < ) (Gl —aal )

Bt 2V
By g P (129
R RN

3nax pienocmi 6 uiti Hepishocmi JOCALAEMBCA, KOAMU MOYKU Gy, G1, G2 1
obaacmi By, By, B, €, 6i0nosidno, noaocamu i Kpy208umu 00AGCTIAMU
K6a0PATMUYHO20 JudepeHiiana

de

R

4 w
Q(w)dw? = — Wd 2,
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Teopema 2.21 Buepiire peasrizye oBHE JI0BeJIEHH Bigomoi rinoresu B. M. [Iy-
Giuina mpu n = 2.

B saxocti nacaigky Teopemu 2.7 y BUNAJIKY CUCTEM TOYOK, PO3TAIIIOBAHUX
Ha OAMHUYHOMY KOJIi, OTPUMAEMO HACTYITHE TBEPJKEHHSH, siKe TeXK paHiIie
He Oys0 BimoMme.

Teopema 2.22 ([10]). Hexaiin € N, n > 2, v € (1, n]. Todi das 6ydv-axoi
cucmemu nonapro pisnux movwox {ag ), oduruumnozo xoaa ma 6ydv-AKUL

obaacmeti, wo 63aEMHO He nepemunatomuves, By, ap € By C C, k = 0,n,
ag = 0, cnpasedaiusa HEPIBHICTL

1—
7 (Bo,0) ﬁ (Bg,ar) <n g(H’F Bka“k)

dAxmo v = n, Toxi i3 Teopemu 2.22, Ma€MO HEPIBHICTH

a
n

B

n
" (Bo,0) H r (B, ar) <n”
k=1

I1a mepiBHicTD, gKa paHimie He Oy/1a BioMa, € iCTOTHUM y3arajJbHEHHIM
Bifomoi uepiBuocti Teopemu M. O. JlaBpeHTbeBa, sika BUILIUBAE 3 1€l He-
piBHOCTI TIpU N = 1.

Hacrynna Teopema mocuiiioe pesyiabrar poboru [5], a came maeMo pe-
3yJIbTAT.

Teopema 2.23 ([21]). Hezatin € N, n > 2. Todi das dosinvhozo B € (0; 3]
ichye no(B) maxe, wo npu ecix n = no(B) i dasn Koocnozo vy € (1,n5],
dna 6ydv-axoi cucmemu nonapro piznuxr movox A, = {ag}y_, odunuunozo
koA 1 0YOb-AK020 HAOOPY 63acMHO Henepemunrux obracmet { By} _g, ar €

B, CC, k=0,n, ap =0, cnpasedausa nepisHicms

ol
n

n n 4y VAl 27
v r a é (”2) (1_n>
(Bo,O)kl_[l (Br, ax) < <n> TS b (2.21)

n?

3nak pienocmi 6 nepishocmi (2.21) docsazaemuvces, Koau mowku aj i 064a-
cmi By, k = 0,n, €, 6i0nogidho, nosmocamu i Kpy208uml 00AACMAMUY KEG-
dpamuunozo dugepenyiana

Qw)dw? = — " szw'Qtf J Y duw?. (2.22)

CupaBejiuBuii HACTYITHUI PE3yJIbTAT.
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Teopema 2.24 (|21]). Jaa dosiavnozo B € ANp in =2 k, k = 2,8 dan
koorcnozo y € (1,15, daa 6ydv-saroi cucmemu nonapho pisnur mouokx 00u-
HUNH020 KOAA T OYDb-AK020 HAOOPY B3AEMHO HenepemuHHux obracmeti By,
a, € B, CC,ay=0€ BycC (k =1,n), cnpasedausa nepienicmo

a

n Y (;‘%) LA\
r7 (B(),O) r(Bk,ak) < () ( 2 ) (2.23)
1 (1= 3)""" \1+ 2

n

3nak piehocmi 6 nepisrocmi (2.23) docazaemuves, Koau mowky ay, i 0baa-
cmi By, k = 0,n, e, 6id0nosidno, nosocamu i Kpy2o8umu 06AaCMAMY KGaG-
dpamuunozo dugepenuiana (2.22).

Ao Haknacru obmexkenHs Ha Beauuuny r(Bp,0), To B 3amadi 2 s
TOYOK OJIMHUYHOI'O KOJIa CITPABEJJIMBA TaKa TEOPEMA.

Teopema 2.25 ([12]). Hexaun € N, n >4, v e (1,n] i

K(n,7) = [15(7) - ()]

de i
0 4\" (%)n 1‘? W
In(’}/): - n+X Nai ;
(=) L
a

-1

%W:hﬁEka‘%yl

Todi das 6ydo-aKoi cucmemu nonapuo pisrwuxr mowok A, = {ap}p_, odu-
HUUHO020 KOAG 1§ 0Y0b-AK020 HabOPY 0baacmeli, U0 B3AEMHO HE MEPEMUHA-
romwvea, By, By, ap = 0 € By € C, a, € B, c C, k = 1,n, maxuz,
wo

CNPasediusa HepiBHICMY

ol
)" 23

ne (#) s
ol () (1_7)n+z(1+ﬁ |
n? n

3nax pisnocmi 6 witi nepiehocmi docsazaemoves koau ay © By, k= 0,n, €,
810N06I0HO, NOANCAMU A KPY208UMU 00AGCMAMU KEaIpamuwHo20 Juge-
PEHULANG

Q(w)dw? = — (TLQ?w’Qlﬁ 1? T duw?.
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ko 3amicTs o6MexkenHs Ha Besmauny 1( By, 0), po3risHyTn obMmerke-
HH¢ HA KyTH g, k = 1,n, TO clipaBe/yInBUil TaKU# PE3yIbTAT.

Teopema 2.26 ([18]). Hexaiin € N, n >4, v € (1, ],
Y4 = 4.17, Y5 = 5.71, Y6 = 7.5,
y7 = 9.53, vg = 11.81, Y = 0.121572, (n > 9).

Todi das dosinonoi cucmemu A, = {ay}}_; nonapro piznuxr movwox odunru-
YH020 KoAa 1 npu ymost, wo 0 < ap < 2/\ﬁ, k =1,n i dosiavroi cucmemu
s3aemmo nenepemunnux obaacmeti { By}j_o, ap € By CC,k=0,n,a9 =0

CNPasedUBa HEPIBHICTILL
0 T e < (1) S (1=
By, 0 r(Bg,ar) < () n 2.24
P n)o(1- )" \1+ %2

3nax pisnocmi docaeaemuves, woau ap i By, k = 0,n, €, eidnosgiono,
NOAIOCAMU T KPY208UMU 00AGCTNAMY K8AIPAMUYH020 dudepeniiana
(n? —

2 _ Yw" +v 2
Q(w)dw* = X —1)? dw

3R

3R

AKIMO po3TIAHyTH cucTeMy 00JacTeil, sKi 3a/I0BOJIbHSIOTH YMOBY Yac-
TKOBOT'O HAJIATAHHs (O3HAYEHHS TUBUCH BUIIE) Ta OOMEKEHHS Ha Ky TU BHLY
0<ar<2/ \/7, TO CIpaBeJIMBUIT TaKWil pE3yJIbTaT.

Teopema 2.27 ([57]). Hexaiin € N, n >4, v € (1, v,],
Y4 = 4.17, Y5 = 5.71, Y6 = 7.5,
7 = 9.53, g = 11.81, Y = 0.121572, (n >9).

Todi dan 006iALHOT cucmemu NONAPHO PIBHUT MOUOK 00UHUYHO20 KOAG
lak| = 1 maxoi, wo 0 < oy, < 2/y/7, k =1,n ma daa dosinvroi cucmemu
obaacmeti Dy, ap, € D, C C, k = 0,n, ag = 0, axi 3a0060abHA0MB YMO-
8Y YACMKOBO20 HANARAGHHA BIOHOCHO MOUOK 00UHUYHO20 KOAG, CNPABEOAUBA
HACMYNHA HEPIBHICTD

207
“ o (@) (1w
7 (Do, 0 1;[ (Dy, ax) < (n) TR (1+W (2.25)

Pignicmov docazaemocea axwo ax @ Dy, k = 0,n, €, 8i0no6idno, noaocamu
ma KpYy208uUMU 00AGCTAMU KEaIPAMUYHO20 JudeeHyiary

'
3R

Q(w)dw2 = (Zszfl)qﬁ 1—;_ T du?.
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Hana Teopema, sika Oysia orpumana y 2017 poui y my6uikarii [57] € cyT-
TEBUM NOCHUJIEHHSIM Bisomoro pesynbrara JI. B. Kosanbosa [47].

[Mosepratounce 1o Bunajky, komu n = 21y € (0, 2|, ane misa n1oBiabHAX
dikcoBanux TouoK a1, az € C\{0}, maemo HacTynuuii pesyabrar.

Teopema 2.28 ([12]). Hezxati n = 2, v € (0, 2|. Todi daa dosinvruz no-
napro piznuxr movwor Ay = {a1,a2} € C\{0} maxux, wo

1 e
araz| <1, (2\611 - a2|> <1,

i 6ydv-axuz obaacmetls By, B1, B2, wWo 63a€MHO He NEPEMUNAIOMBCA, NPU-
yomy ag = 0 € By C C, a1 € By C C, ap € By C C, cnpasedausa
HEPIBHICTND

4')/% 1—ﬂ ad

v 2

r (BO7O)T(Blua1)T(BQ’a2) < _ 2+% ﬂ
-7 1475

3nax pienocmi 6 Uil HEPIGHOCTE JOCAAEMBCA, KOAU MOYKU Ay, A1, G2 &
obaacmi By, By, Bs, €, 6i0nosidno, noaocamu i Kpy2z08umMu 00AGCTIAMU
K6a0PATMUYHO20 JudepeHiiana

(4 —yw* +

Q(w)dw?* = _wz(wz——l);de'

3. 3AIAYA JIPYTOI'O TUITY ITPO MAKCUMYM JJOBYTKY BHYTPIIIHIX
PA/JIIVCIB OBJIACTEN

B upomy po3misi HaBesieHi pe3yJsIbTaTh, gKi CTOCYIOThCS HACTYITHOI 3a/1a-
qi.

Bagaga 3. s koxuoro dikcoBanoro 7 € (0,nm| 3HaiiTn MakcumMym
dyHKITIOHATA
n m

Yn,m(’)’) =77 (BOO7 OO) H H r (Bk,pa ak,p) s (31)

k=1p=1

Ta ommcaTu ekcrpemani, ge n,m € N, n > 2, A, = {arp}, k = L,n,
p = 1,m, — nosinbHa dikcoBana (n,m)-IpoMeHeBa CHCTEMa TOYOK, B,
By, — noBinbHa cucreMa obJacTeil, M0 B3a€MHO He IepeTUHAIOThCA, TaKuX,
mo oo € Boo CC,ap), € By CCupuk=1,n,p=1m.

BaBigKK 3a1poIoHOBaHOMY B poboti [13] merosy oninku 3Bepxy (yHK-
mionasis (2.1) ra (3.1) B HacTyHHIl Teopemi OTpUMaHy JIEsIKY €BOJIOIIAHY
HEpPIBHICTD, sika paHimie He Oyja BijjoMa. A came clipaBelJINBa TaKa Teope-
Ma.
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Teopema 3.1 (|13|). Hexati n,m € N, n > 2, v € (0, nm]. Todi das
dosinvnroi dircosanoi (n,m)-npomenesoi cucmemu mouwor Apm = {arp},
k=1,n,p=1,m, i dosiavrozo Habopy obracmetl, U0 83AEMHO HE NEPEMU-
naromvca, Boo, {Bip}, 00 € Boo CC, agp € By, CC, k=1,n, p=1,m,
CNPAsedIUBE HEPIBHICTID

Yom (v) < (nm)~

11—

(Yn,m (0)) " mm

.
de
Yn,m(o) = H H r (Bk,lﬂ akup) :

k=1p=1
Axio v = nm, To 3a ymMOB Teopemu 3.1 Mae Miclie HACTYITHE CITiBBiJIHO-
IEeHHS

n m
"™ (Boo, 00) H H 7 (B, app) < (nm)~ 2"
k=1p=1
IIs mepiBHiCTb € pe3ysibTaroM, SKUil paHinie He OyB BiIOMUi, TPUIOMY
CTPYKTYPa TOYOK i 0bJsracTeil € HeBaXKJINBOIO.
3 Teopemu 3.1, OfepKYEMO HACTYITHI TPU TBEPJZKEHHS.

Teopema 3.2 ([13]). Hezati n,m € N, n > 2, v € (0, nm]|, R € RT.
To0i daa dosinonoi dircosaroi (n, m)-npomenesoi cucmemu, mowox Ay, =
{arp}, k= 1,n, p=1,m, i dosiavrozo nabopy obaacmeti, U0 63GEMHO HE
nepemunatomvcs, Boo, {Bp}, 00 € B C C, ayp € Brp C C, k= 1,n,
p = 1,m, cnpasediusa HePIGHICMbL

n m
77 (Boo, 00) H H 7 (B, Gkp) <

< (nm)73 |27 (H ak) ' (H Mk(R)> - Lr(Anm)
k=1 k=1

Teopema 3.3 ([13]). Hezati n,m € N, n > 2, v € (0, nm], R € R*.
To0i dna dosinenoi dircosanoi (n, m)-npomenesoi cucmemu, Mowox Ay, =
{akp}, k=T1,n, p=1,m, i dosiavrozo nabopy obaacmets, wo 634€MNO He
nepemunaromvcs, Boo, {Bkp}, 00 € B C C, ap € Brp C C, k= 1,n,
p = 1,m, cnpasedruea HEPIGHICTL

4= (Lp(Apm)) " wm
Yn,m(’)/) < ( R( ! )) )

~

nm

NI

VY Bumajky BUILHUX MOJIIOCIB MAEMO HACTYIHUN PE3YJIHTAT.
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Teopema 3.4 ([13|). Hezatin,m € N, n > 2, v € (0, nm], R € RT. Todi
dan dosiavnoi (n, m)-npomenesoi cucmemu mowok Ay m = {ag,}, k=1,n,
p = 1,m, maxoi, wo Lr(Anm) = 1 i dosinvrozo nabopy obaacmed, w0
83aEMHO He nepemunaromocs, Bo, {Byp}, 00 € Ba C C, agp € Bip C C,
kE=1,n, p=1,m, cnpasedausa nepienicms

4 nm—y
()

Posrimaremo Bunajiok, ko m = 1 y 3aga4i 3. Toxi 3 Teopemu 3.1 Bu-
IUIMBAE HACTYIIHUN PE3YJIHTAT.

(S]]

Yn,m (7) <nm

Teopema 3.5 ([13]). Hexatin € N, n > 2, v € (0, n]. Todi daa dosiavroi
Pircosanoi n-npomenesoi cucmemu mouox A, = {ap}, k = 1,n, i do-
8iAvH020 Habopy obaacmel, Wo 83AEMHO He Nepemunaomsves, Boo, { By},
00 € Boo CC, ay, € By, C C, k =1, n, cnpasedausa nepiericmo

Ya(7) < ()% (Y,(0))' 7,

de

Yn(O) = H r (Bk, ak) .
k=1

Axmo v = n, To 32 yYMOB TeopeMu 3.5 Ma€ Miclle HACTYIIHE CIIiBBiTHOIIIE-
HHS

o3

n
1" (Boo, 00) [ [ (Brr ax) < (n)™
k=1
Ila mepiBHicTL € pe3ysbTaToM, gdKuit paminie He OyB Bimomuii, mpuIOMy
CTPYKTypa TOUOK i 0b1acTeil € HeBa2KIUBOIO.
3 Teopemu 3.5, 0IE€p:KYEMO HACTYIIHI TPY TBEPIKEHHSI.

Teopema 3.6 ([13]). Hexatin € N, n > 2, v € (0, n], R € RT. Todi dan
dosinvnoi ircosanoi n-npomenesoi cucmemu mowok Ap, = {ar}, k=1,n, i
dosinbH020 Habopy obaacmeti, W0 83AEMHO He NePEMUHAOMbCA, Boo, { B},
00 € By CC, ai, € B, C C, k=1,n, cnpasedrusa nepisnicmo

n
77 (Boo, 00) H 7 (B, ar) <
k=1
1 1-

e (1) (fen)
k=1

k=1

3R

[N

< (n)”
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Teopema 3.7 ([13]). Hexatin € N, n > 2, v € (0, n], R € R". Todi dan
006110101 PiKkcosaroi n-npomenesoi cucmemu mowox Ay, = {ax}, k = 1,n,i
006iAbH020 HabOPY obaacmetl, U0 83AEMHO HE nepemunatomuvcs, Boo, { B},
00 € Boo CC, a, € B, C C, k=1,n, cnpasediusa nepisnicmo

477 (Lr(An)'

_2
n"2

Ya(y) <

VY Bunajky BUIBHHUX IOJIIOCIB MAEMO HACTYITHUN PE3YJIHTAT.

Teopema 3.8 (|13|). Hexatin € N, n > 2, v € (0, n], R € Rt. Todi dax
006iAvH0T n-npomenesoi cucmemu movwox A, = {ax}, k = 1,n, maxoi, wo
Lr(A,) = 1 i dosinvrozo nabopy obaacmeti, wo 634EMHO He NEPEMUHA-
tomvea, Boo, {Bi}, 00 € Boo C C, ap € By C C, k = 1,n, cnpasedrusa
HEPIBHICTMD

4. SA,ZLALIA IEPIIIOTO TUITY 3 JOAATKOBOIO YMOBOIO CUMETPI]

Bagaua 4. s koxuoro dikcoanoro v € (0, n| 3naiitn MakcumyMm yHK-
IioHAaJIA,

n
In(v) = 17(Bo, ao) H (B, ak)

ne By, Bi, Ba, ..., By, (n > 2) — noBiljibHa cucrema IONapHO HEllepeTHHHUX
obmacti 8 C, mpuuomy obsacti By, Ba, ..., B,, cuMerpudsi BigHOCHO 0/11-
HuaHOrO Kosta, A, = {ay}}_; — cucrema rouok Taka, mo |agx| =1, k = 1,n,
ag = 0, akEBkCE,kJZW.

Bume Bkazany 3amauy 4 chopMmystioBaB sk BiakputTy mpobiaemy B. M. J1y-
6inia y poboti [39], ame mume npu v = 1. Y YaCTHHHOMY BHIAJKY KOJIH
By C U i~ = 13aznaua 4 6ymna po3s’sg3ana y pobori [39] i nasBana 3aa1ero
I". IT. Baxrinoi. B 2000 porii JI. B. KoBanboB po3s’a3as 3aja4y 4 npu v = 1
y poborax [48,75].

ITpu v € (0, 1] in > 2 3ana4y 4 Bragocs po3s’s3aru y pobori [61] murmme y
2017 pori. ¥ 2018 portii 6ysi0 J1I0BeIEHO, IO JJId JOBIJIbHOTO ¥ > 1 icHye Ha-
nepe/| HeBiZloMuil HOMeD (3aJIeXKHUi BiJ| 7), IIOUMHAIOYN 3 IKOTO OTPUMAHO
po3B’s130k 3azgadi 4 (nus. [58]). pu v € (1; n%] in > 14 poss’sa30k 3amadi 4
orpumMano y [20]. Takox y 2018 pori 6ys10 3aIpOIOHOBAHO GBI 3araib-
He dopMmysoBaHHs 3a7a4i 4, PO3B’A30K siKOI orpumano s vy € (1, %] i
n > 9 (mus. [42]). I, mapeurri, 3amaay 4 y 2019 pori Branocs poss’sizaTu
npu v € (1,4/n] i n > 8 y pobori [12] 3aBusiku orpuManuM edbeKTHBHUM
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oriakam 3Bepxy dyukiionana Jy(7y). Li edekrusHi oninkn nHaBesaeHi y Ha-
CTYIIHAX TE€OPEMax.

Teopema 4.1 ([30]). Hexati n € N, n > 2, v € (1, n]. Todi dasn 6ydo-
Axoi cucmemu, nonapro pisnur movok A, = {ay})_, odunuunozo xora ma
6ydo-sK020 nabopy obracmeti { By}l _,, wo 63acmHo He nepemunaomvca,
a, € B, C C, k =0,n, ag = 0, i, kpim moeo, obaracmi By, k = 1,n,
CUMEMPUYHT BIOHOCHO 00UHUYHO20 KOAW, CNPABEIAUBH HEPIBHICTND

1-X

n
X
7 (Bo,0 H (B, ar) <n”2 HT B, a)

IIpu v = n, 3 Teopemu 4.1 BUIMBaE HEPIBHICTH

n
" (B(), O) H r (Bk, ak) < n*%.
k=1
n n
Bukopucrosytouw, sk i panimie, vepisaicts [[ 7 (Bg,ax) < 2" [] ak, To-

k=1 k=1
i i3 Teopemu 4.1, Ma€EMO HACTYIHY OIIHKY 3 «IIJIABAIOYOI0» MaXKOPAHTOIO,

a cCaM€ Ma€MO HaCTyIIHE TBEPI2KCHHA.

Teopema 4.2 ([30]). Hexatin € N, n > 2, v € (1, n]. Todi dasn dosiavroi
CUCTNEMYU NONAPHO PIBHUL MOUOK {ak} 1 oduHu%Hoeo Koaa ma 6Yydo-AKx020
nabopy obracmeti {By}]_,, AKI 63GEMHO He NEPEMUHAIOMDLCA, NPUHOMY
ap, € B, c C, k=0,n, ag = 0, a obaacmi By, k = 1,n, — cumempuuni
B10HOCHO 00UHUYHO20 KOAQ, CNPABEIAUBH HEPIBHICTND

Hak
n

Sk i panime, 3acrocoByroun HepiBHicTh [] af < (%) 3 Teopemu 4.2,
k=1
Ma€MO OITIHKY 31 «CTaJIOI0» Ma’KOPaHTOIO, a CaMe:

MLA

n
v (Bo, 0) H T (Bk, ak) L2
k=1

Teopema 4.3 (|30]). Hexati n € N, n > 2, v € (1, n]. Todi npu ecix
YMOBAT MEOPEMU 4.2, MAE MICUE HACTYNHG HEPIBHICTL

7 (Bo,0) ﬁ r(Br,ax) <n"2 (4)”—7'

n
k=1

Y pobori [61] 6ys10 orprMaHo po3B’s30K 3aaa4i 4 Jyist JOBIILHOIO HATY-
pambHOoro n > 2 iy € (0, 1).
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Teopema 4.4 ([61]). Hexatin € N, n > 2, v € (0, 1). Todi daa dosinvrozo
Habopy NONAPHO PIBHUL MOUOK 00UHUYHO20 KOAA Af, MAKUT, wo ag = 0,
la] = 1, a1 = 1, k = 1,n, i 006iavH020 HABOPY 63AEMHO HENEPEMUNHUT
obaacmeti {By}_o, ag = 0, ap € By C C, k = 1,n, npusomy obaacmi
By, k = 1,n, cumempuuni 6i0HocH0 00UHUNHO20 KO, SGUKOHYEMBLCA He-

PIBHICNMD
2y
n2

n 4 n
" (Bo,0 ]‘:[ (Br,ax) < <n> . (1 2v>%+%
- T n?

3nax pienocmi 6 yiti nHepishocmi docazaemubes, Koau ai i By, k= 0,n, ¢,
810N06I0HO, NONOCAMU | KPY208UMU 00AACTNAMYU KEAOPAMUNHO20 Jupeper-
ULANG

3R

| _ V3 V2y
'<1+“§7) |

w4 2(n — y)w” 7 .
w?(w" — 1)2

Q(w)dw?* = (4.1)

B po6ori [6] orpuMano aHasOr J1jIs BUIAJKY CUMETPUIHUX 00JIacTell Bi-
nomoro pesyabrata B. M. [lybinina mpo MakcumMyM JTOOYTKY BHYTPIITHIX
pajiyciB IBOX HemepeTWHHUX obJiacTeil BifiHOCHO TOYoK 1 i —1 Ha mesdKy

JOJATHY CTEIHb 00JIacTi BiIHOCHO IMOYATKY KOOPIUHAT.

Teopema 4.5 (|6]). Hexati v € (0,2]. Todi das 6ydv-axozo gikcosarozo
Habopy obaacmed, wo 83aeMHo He nepemunatomues By, By, Ba, maxozo,
wo 0 € By CC,1€ By cC, —1¢€ By CC, i, xpim mozo, obaacmi By, By
— CUMEMPUYHT 8IOHOCHO 00UHUYHO20 KOAG, CNPABEOAUBH HEPIBHICTND

T’y (BO)O) r (Bl7 1) r (B27 _1) <

9227+6 | (27)7 2
(2— VENRETVED . (2.4 yEy) RV

3nax pienocmi 6 yitli nepisrocmi docazaemes modi, xkoau obaacmi By, B,
Bo, € kpyeosumu obracmamu k8adpamuuro2o Jupeperuiaia

<2t

Cyw +2(4 - 7M1+7d2
w2( 2 1)2

Lleit pesysnbrar poboru [6] 103BoJIsIE OTPUMATH HU3KY PE3YyJIbTATIB y 3a-
madi 4.

VY Bunajky, Koqm 7y > 1, 30KpeMa, JOBEJCHO CIPABE/JIUBICTH TAKOTO
pe3yJIbTaTy.

Q(w)dw? =

Teopema 4.6 ([56]). Jaa dosinvrozo v > 1 icuye maxe no(y) € N, wo
das Kootcrnozo n = no(7y), 0aa 008iALHOT cuCMeEMU NONAPHO DIZHUT MOUOK
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Ap = {arti_y, lak] = 1 i dan dosinvrozo nabopy nonapmo menepemum-
nux obaacmet {By}p_,, 0 € By C C, a, € By C C, k = 1,n, npuwomy
obaacmi {By})_, cumempuuni 6i0HOCHO 00UHUYHO20 KOAG, BUKOHYEMDCA
HEPIBHICTND

::]:

T’Y(B()? O)

r(Br.ar) <17 (B, O)f[ (B”.0").

k

Il
N

de a,&o) 1 B,io), k= 0,n, — nomocu i kpyzoei obaacmi xeadpamuurozo duge-
penuyiana (4.1).

Teopema 4.6, sk i epeBazkHa OIIBIIICTD HABEIEHUX BUIIE PE3YJIbTATIB,
MOzKe OyTH 3aCTOCOBAHA JIJIsi BUBYEHHsI CHUCTEM OJIHOJIMCTUX (DYHKIII, sKi
Bi0OpaKaloOTh OJIMHUYHUI KPYT HA B3A€EMHO HEIlePETUHHI 00/IacTi.

Hexait kmac T' = {f}}_, MHOXHHA CHCTEM OJHOJUCTHX (QYHKII, fKi
Biobpazkators omunnunmii kpyr U = {z : |z| < 1} nma B3aemuo nemepe-

; : " . " .
tunHi obsacti {By}}_, (upuuomy obmacti {By})_, cuMerpuuni BigHOCHO
OJIMHUYHOIO KOJIa) TaK, IO

fo(0) =0, lf:(0)] =1, k=1,n.
Tomi 3 Teopemn 4.6 gna knaca I’ cupaBeIJIMBUIT HACTYITHUI Pe3yJIbTAT.

Teopema 4.7 (|56]). Jaa dosiavrozo v > 1 icuye maxe no(y) € N, wo
ons Koorcnozo n = no(7y), ma das dosinvnoi cucmemu dymruit { fr}p_, € T
CNPABEdAUBE HEPIGHICTID

O TT A< 15 @ TT 17
k=1 k=1

Snak pisnocmi docseaemocsa das cucmemu gynxuit { fr}l_, € T, maxof,

wo f,go)(U) = B,E;O), ,go)(O) ’(€0)7 a[()o =0, (B,go),a,(go) — KpY206i 00AACTV T
noatoci keadpamuunozo dugepernuyiana (4.1), 6idnosidno.)

(0)

TyT Gyno BuKOpucTano Toi pakT, o Kpyrosi objacrti B~ € OHO3B A3HUMHI
obJracTAMU KBAJIPATUIHOTO MUdEpeHITiaia.

VY pobori [20] ogepxxano po3s’sa3ok 3amadi 4 npu n > 141y € (1, n%} A
came, CIpaBeJInBa, TeOPEMa.

Teopema 4.8 ([20]). Hexatiin € N, n > 14, v € (1, ), 7o = ns. Todi
0as JOBLABHUT PIBHUT MO%OK 00UHUYHO20 KOAG i 0Ydb-aK020 Habopy 63a-
emro nenepemunnux obaacmeti {By}p_q, ar € By C C, k =0,n, ag = 0,
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npunomy obracmi { Br}l_,, cumempusni 610HOCHO 00UHUYHO20 KOAG, CNPA-
8edauBa HePIBHICMDY

ey ®)
n

" (Bo.0 H (B ax) < (n) (1 2\t
i) _r?)

3nax pienocmi 6 HepisHocmi docazaemuvea, xoau ar t Br, k = 0,n, ¢,

8101061010, NOAICAMUY T KDPY208UMU 00AAGCTNAMY KEAIPAMUYH020 Judpeper-
wiana (4.1).

X
n

()"

. . 27ki _—
Aximo po3rsanyTu BUNa oK (iKCOBAHMX IMOJIOCIB a = e » , kK = 1,n,

TO B pobori [58] y 3amadi 4 MozKHA OTpUMATH OLIBII OTYKHUN PE3yJIbTaT.

Teopema 4.9 ([58]). Hexati n € N, n > 2, v € (1,0,5n%. Todi dasn

27ki
cucmemu movwox A, = {e"n }}_,, ma dosinvrozo nabopa e3aemHo Hene-

pemunnux obaacmet {Bp}l_, ao = 0, ar, € By C C, k = 0,n, npuvomy
oonacmi {B}j_, — cumempuuni 6i0HOCHO 00UHUYHOZ0 KOAG, CTPAEEIAUBE
HEPIBHICMD

3R

’Y(BO,O)I}E[IT(Blmak) < <i>n< (i;))+ <Z;\/\/§>m

(0)

anax pisnocmi docazaemuvea Koau ay i By, k= 0,n, e, 6idnosidro, noato-
camu i Kpyeosumu obaacmamu keadpamuwnozo dugpeperyiana (4.1).

SKI0 PO3rIAHYTH BUNIAIOK, Kou obsacti { By} l—1 CUMeTpHYHI BigHOC-
HO KOJ1a pajiyca R, TOMl cipaBejinBe TaKe TBEPIZKEHHS.

Teopema 4.10 ([58]). Hewaiin € N, n > 2, v € (1, 0,5n2]. Todi daxn

2ﬂkz
dosinvroi cucmemu movox A, = {Re n }I'_|, ma dosiavrozo nabopa 63a-

emno nenepemunnuz obaacmets {By}l_,, ap =0, ar, € By C C, k =1,n,
npuvomy obaacmi {By}jl_, — cumempuuni eidnocro xosa padiyca R, cnpa-
sedausa HepieHicMb
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(0)

snax pisnocmi docazaemuvea Koau ay © By, k= 0,n, €, eidnosiono, noaro-
CaMU T KPY208UMU 06AGCTAMU KEAIPAMUYH020 Judeperiiana
yw? 4+ 2(n? — y)R"w™ + R*y
_ - dw
w (w” — Rn)?
Hexait Ug — Binkputuit kpyr pajaiyca R. Toxi y Bunanky 3agadqi I'. I1. Ba-
xTinoi, Konu obyiacte By € Ui, MagMO HACTyIIHE TBEPIKCHHSI.

Q(w)dw? =

(4.2)

Teopema 4.11 ([58]). Hexaiin € N, n > 2, v € (1, 0,5n2]. Todi das

27k
cucmemu movox A, = {Re n }]}_;, ma dosinvrozo nabopa 63a€MHO He-

nepemunruz obaacmets {By}_o, ap =0 € By € Ugp C C, a;, € By, C C,
k= 1,n, npuvomy obracmi {By}p_, — cumempuyni eionocro xoaa padiyca
R, cnpasedausa nepisricmob

7 (Bo, 0) [ r (B, ax) <
k=1
() A ) e
n (1_2%>2 a\n++2y
(0)

anak pienocmi docazaemovea koau ay 1 By, k = 0,n, e, 6idnosidno, noao-
camu i Kpyeosumu obaacmsamu ksadpamusnozo dudeperyiana (4.2).

itiy

Y

BaBagku oninkaM TeopeMu 4.1 BHAJIOCS JOBECTH Jy»Ke LIKaBUN pe3yJib-
TaT.

Teopema 4.12 ([12]). Hexatin € N, n > 8, v € (1,v,], vn = v/n. Todi das
d06iAbHOT cucmemu nonapro pisrux mowox A, = {ag}p_, odunuvnozo xora
i 6ydo-axozo nabopy obaacmet { By }_,, Wo 63GEMHO He NEPEMUNAIOMDCA,
ap =0, a; € By, C C, k =0,n, npuvomy obaacmi {By}}_,, — cumempunmi
810HOCHO 00UHUYHO20 KOAG, CNPABEIAUBH HEPIBHICTND

n

’Y(BOaO) H (Bkaak) D07 H Dkvdk
k=1 k=1

de di, Dy, k = 0,n, dy = 0, €, 6i0nosidro, nosocu ma xpyzo6i 064acmMi

Keadpamuunozo dugpeperyiana (4.1).

B po6orax [14,22| npu gomaTkoBuX 0OMEKEHHSX HA KyTOBI IapaMeTpu
{o}}_, orpumano 3nauHo Ginbin cuiabHi pesyasraTu. Hasegemo i Teep-
JI2KEHHS.
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Teopema 4.13 ([22]). Hexatin € N, n > 2, v € (0, v,],
vo = 1.49, v3 = 3.01, Y = 0.2512, (n > 4).

Todi 0an 006IALHUL PIBHUL MOYOK 00UHUYHO20 KOAG MAKUT, W0

0<ar< 2/\/>, Ek=1,n

i daa 0osinvnozo nabopy obracmeti {By}l_,, wo 63aemMHo He nepemuna-
romoca, ag =0, a, € B, C C, k =0,n, i, xpim moeo, obaacmi {By}}_,, —
CUMEMPUYHT BIOHOCHO 0OUHUMHO20 KOG, CNPABEOAUBL HEPIGHICTD

0l

2 n
n 4\" (%) n— I\
Bo, || Bk,ak — T .
. n (1 27)2+” n+V2y
- T n?

3nax pienocmi 6 yith HEPIBHOCME 00CAZAEMBCA MOOL, KOAU TMOYKU Ak 1
obaacmi By, k = 0,n, €, 6idnosidno, noaocamu i Kpy208umu 00AGCMAMU
keadpamunozo dugpeperyiana (4.1).

Y poboti [14| na kyToBi mapamerpu {ay}y_, Hakmazgeni 6iabII KOPCTKI
0OMEXKEHHSI, 3aBJIAKI YOMY BJAJIOCS OTpI/IMaTI/I HAMOLIBII CHIILHUHA Pe3yJlb-

4—x2

TaT. exail Yo — KOPiHb PiBHAHHSY In ( z” ) xQ = 013 mpomixkky 0 < x < 2,

TO,Hl CIIpaBeJJINBO TBEPA2KEHHI.

Teopema 4.14 ([14]). Hexaiin € N,n > 2, v € (0, Y], v = 0, 38n%. Todi
0ns 0ns JOBIALHUT PISHULT TOUOK oduHu%Hoeo KOAG MAKUL, ULO

0<04k<?/0/\/2 )
Yo = 1.76, k = 1,n i dosiavro2o HabOPY 63aAEMHO HENEPEMUHHUL 0baacmeli
{Br}i_o» a0 =0 € By, ar, € By, C C, k = 0,n, npuvwomy obaacmi { By} _,,
CUMEMPUYHT BIOHOCHO 0OUHUNHO20 KOG, CNPABEIAUBL HEPIGHICTD

ol

’Y(BO,O)IQT(Bk,ak) < <i>n (1 <72:2;>) = (ZI\/@yﬂ

3nax pienocmi docszaemuves, xoau ap © B, k = 0,n, €, 6idnosidro, noato-
camu i Kpyeosumu obaacmamu keadpamuunozo dugepenyiana (4.1).

B zagadi 4 nan3zsuaaiino BayKKO OTPUMATH PE3YJILTAT TIPU Y > 1, AKIIO
= 2. Ane iz n = 3 B pobori 23] BIATOCS OTPUMATH TOUHY OIHKY
dyskiionasa 3ama4di 4 nupu v > 1. CupaBeiuBuii HACTYITHUI Pe3yJIbTaT.

Teopema 4.15 (|23]). Hexat 0 < v < 1.233. Todi das dosinvhozo Habo-
PY NONAPHO PIBHUT MOY0K 00UNHUMHOZ0 KOAG G1,02, A3, 3GHYMEPOSIGHUL 6
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NOPAOKY 3POCMANHA AP2YMEMHY | 0061.AbHO20 HAOOPY E3AEMHO HENEPELTNUN-
nux obaacmeti {Bk}k 9» a0 = 0 € By, a, € By, C C, k = 0,3, npuvomy
obaacmi {Bg}i_;, cumempuuni 6i0HOCHO 00UHUMHOZ0 KOAA, CTPABEIAUEA
HEPIEHICTb

¥

» : N et -\
(Bo,0>gr<Bk,ak)s(3) oo <3+\/ﬂ> |

3nax piehocmi 6 Uit HEPIBHOCTNE JOCAAEMBCA, 30KPEMA, Y UNAIKY, AKWLO
ap = aéo), B, = B,(C) kE =0,3, oe a,g) i B(O) kE = 0,3, € sidnosiono,
NOANCAMU T KPY208UMU 0OAACTNAMU %'ea(?pamuqnoeo Jugpeperuiany

w +2(9 ’y)w + v 2
dw
w2 (w3 —1)2

Branocs 3Ha4HO y3araJbHUTH ITOCTAHOBKY 3a/1adi 4.

Brazkarumemo, 110 obsacts Do HaaexKuThb 10 Kiaacy A, skimo 0 € Dy ¢ C
i @\ {Di()UDia} — BIZIKpUTa MHOXKWHA, dKa Ma€ He MOPOXKHI IepeTwH 3
OMHUYHUM KOJIOM, ae Dj — obmactb, cuMmerpudHa [y BiJHOCHO OJMHU-
YHOI'O KoJa. BBakaTrumemo, 1mo obactb Dy HaAJEKUATh JI0 Kaacy A, sKIIo
0€ Dy cCiC\ {Dio U DS} € JesdKa BikpuTa MHOXKuHa, Df — obsacTs,
cumeTpudHa Do BiTHOCHO OJMHUIHOTO KOJIA.

Cucremy nemepeciunmx obmacreit {Dy,}, k = 1,n, p = 1,m, Gygemo
Ha3UBATH CUCTEMOIO 00JIaCTe, M0 B3a€MHO HE MTEPETUHAIOTHCH, 3 J0JIaTKO-
BOIO YMOBOIO CHUMETpil, sika BU3HAYAEThCS 0bOjacTio Dp, AKIIO Mae Miclie
HACTYTHE CIIiBBITHOIIIEHH T

Q(w)dw? =

n

U UD;”,C(C\{DOUD }.
k=1p=1

Ouesunno, mo Dy, Dy, k = I,n, p = 1,m, — cucrema obiacreit, 1o
B3aEMHO HE TIEPETUHAIOTHCS.

Hageneni Buie MipKyBaHHS JO3BOJIAIOTH CYTTEBO Y3araJIbHUTHU 3aIaTy
I'. II. BaxTinoi, sika BuHUKJa i3 3araabHol izel II. M. TampaszosBa mpo ekc-
TpeMaJbHi 3a7a4i 3 BUIBHUMHU moJiocamMu. 100To, B Iift 3ajadi, AKy M
MIPOIMIOHYEMO, 3aMIiCTh TOYOK OJUHUYHOIO KOJIa MOXKHA PO3IVISIATU JOBLIb-
Hi (n,m)-npomenesi cucremu T090K. ChOpMyIIIOEMO 3aady, sIKA 3HATHO
y3araJbHIOE TIOCTAHOBKY 3aJadi 4.

3ama4va 5. Hexait n,m € N, n > 2. Toxi mis KoxKHOTo (PiKCOBAHOIO 7y €
(0, nm| mokazaru, MO MAKCUMyM (DYHKITIOHAJIA

Jn,m(ry) =77 (B07 O) H H r (Bk,pa ak,p) ’ (43)
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JOCATAETHCS ISt JTesIKO1 KOH(Iryparril obsracTeif i TOUOK, siKa Ma€ n-KPaTHY
cumerpito, e By mamexuts 1o Kmacy A, cucrema obnacreit By, k = 1,n,
p = 1, m € cucTeMor0 B3a€MHO HEIlePeTUHHUX 00JIACTEH 3 JIOATKOBOIO yMO-
BOIO CUMeTDii, sika Bu3HadaeThCs obnacrio By, a A, = {ag,}, k= 1,n,
p = 1,m, — noBinbHa (N, m)-IpoMeHeBa cucTeMa TOUOK Taka, o ag € By,
app € By, CCupu k=1,n,p=1,m, Lp(Anm) = 1.

Pospobiiennit B po6ori [12] mero orpuMatHst e(heKTHBHUX OI[IHOK 3BEPXY
I QYyHKITIOHAJIB TUITY 330251 5 T03BOJISIE€ JOBECTH HACTYITHE TBEPI2KCHHS.

Teopema 4.16 ([11]). Hexatin,m € N, n > 2, v € RT. Todi das 6ydv-axoi
dircosanoi (n, m)-npomenesoi cucmemu mowox Appm = {ag,} € C\{0},
k= 1,n, p=1,m, ma 6ydv-axozo gixcosarnozo nabopy obaacmeti Dy,
{Dirp},a0=0€ Dy CC, app € Dyp CC, k=1,n, p=1,m, de {Dyp}
— cucmema obaacmetll, WO 63GEMHO HE NEPEMUHAIOMBCA, 3 000AMKOE0N0
YMOBOI0 cumempii, Axa susnavaemovcs obaacmio Dy € A, cnpasedausa e-
PIBHICMD

Inm(7) < ( 7% (H HT (Dkps @k p) ) " (H H |akpl )

k=1p=1 k=1p=1

Axuio B Teopemi 4.16 moksactu y = nm i H H lakp| < 1, TOAi oTpu-
k=1p=1
Ma€MO HEPIBHICTH

n m
nm

™ (Do,0) [T [ 7 (Drpr anp) < (nm)~ ="

Ila wmepiBuicTh pauimie wHe Oysia Bimoma. ¥ MOMY BHUIQIKY CTPYKTypa
TOYOK 1 00J1acTell € HEBAXKJIMBOIO.

Ax i panime, BUKOPUCTOBYIOYH BiflOMi HEPIBHOCTI, 3raJiaHi BUIIE, OTPU-
Ma€EMO TBEPIZKEHHSI.

Teopema 4.17 (|11]). Hezatin,m € N, n > 2, v € (0, nm], R € R". Todi
das Q08inbHOT Pikcosanoi (n, m)-npomeuesoz cuUCmMeMU Mouox

m:{ak,P}7 k:17n7p:17m;

i dosinvrozo nabopy obaacmets Dy, {Dyp} maxux, wo ag =0 € Dy C C,
akp € Drp CC, k=1,n, p=1,m, npuwomy { Dy} — cucmema obracmer,
WO B3AEMHO HE NEPEMUHAIOMBCA | 3040080AbHAIOMS J00AMKOSY YMOBY CU-
MEMPIL, Axa sudnavacmoves obaacmio Dy € A, cnpasedaiusa mHepisHicms
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(Do, 0) [ [ T 7 (P akp) < (nm) ™2 x

v

X (ﬁ ﬁ |ak,p|)5’1”.

k=1p=1

HepisricTs, orpumana B TeopeMi 4.17 Mae «IJaBAOIy» MazKOPAHTY, SKa
He € CTAJIOK | pearye Ha BHYTPIIIHIO OyJI0BY (7,7M)-IPOMEHEBOI CUCTEMU
TOYOK. SKITO BUKOPUCTATHU BiJIOMi HEPIBHOCTi, OTPUMAEMO TBEP2KCHHSI.

Teopema 4.18 ([11]). Hexati n,m € N, n > 2, v € (0,nm] i R € RT.
To0di das o6iabHOT pircosanot (n, m)-npomenesoi cucmemu Mmook

An,m = {alﬁp}? k= 17”) b= 17m7

i dosinvrozo nabopy obaacmeti Dy, { Dy} axi 63aemno He nepemunaromo-
CA, 360080ALHANMD J00AMKOSY YMOBY CUMEMPIL, AKA BUSHAUAEMBCSA 00N~

cmio Do € A, i mawi, wo ag =0 € Dy C C, ary € Dy, CC, k= 1,n,
p =1, m, cnpasediusa HepisHicMD

nm—vy | 11— nom 2y
Lum(y) < 4 v (LR(An,Wm)) ) (H H ‘ak:,p|> n7n

nm-—-
k=1p=1

nm 2

Aximo posrgHyTH 33129y 5 Y BUIAJIKY BIJIbHUX IIOJIIOCIB, TO CIIPDABEIJIU-
Be TaKe TBEPIKEHHS.

Teopema 4.19 ([11]). Hezatin,m € N, n > 2, v € (0, nm], R € R". Todi
oas 06iAbHOT (N, ) -NPOMEHEBOT CUCMEMU MOYUOK

An,m = {akJ)}a k= 1,77,, p= 17m7

maxoi, uLo
LR(An,m) =1

i dosinvrozo nabopy obaacmet Dy, {Dy,}, maxuz, wo ag =0 € Dy C C,

agp € Dy CC, kE=1,n,p=1,m, npuvomy { Dy} — cucmema obaracmei,
WO B3AEMHO HE NEPEMUHAIOMBCA | 340080AHAIOMb 000AMKOBY YMOBY CU-
Mempii, akxa susHauaemwves obaacmio Dy € A, cnpasedausa nepienicms

4 nm—-y
()

[N

Lym(y) < nm
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5. BAJAYI TPETHOI'O TUITY
B nibomy po3isii BUBYaEThCA HACTYITHA 3aJa4a.

Bamaua 6. IIpu Beix sHadenHsx napamerpa v € RT mokazaru, mo Makcu-
MyM (yHKITIOHATA

Tnn(7) = [ (Bo,0) 7 (Boo, o) [] [] 7 (Beps akp) -
k=1p=1

ne Apm = {arp}t, K = 1,n, p = 1,m, — nosimbua (n, m)-npomeHesa cu-
crema TO4OK, By, Boo, Bip, K = 1,n, p = 1,m — cykynnictb obsacrei,

110 B3a€MHO He IEPeTUHAIOThCH, A p € By, C Cuopuk =1,n,p=1,m,
0€ By CC, 0o € By CC, mocsaraerbes fjisd gesikol koHdiryparii i3 obJia-
creit By, By, B 1 TOUOK ay,p, 0, 00, k = 0,n, p =1, m gaKi BoIOAIIOTL N-
KPaTHOIO CUMETPIEIO.

B 1988 poui B. M. [ly6iniaum [38] Gysa Buepiie orpumaHna OIiHKA /s
dyHKIIOHATIA Jn,m(y) npu m = 1 B 3aza4i 6 upu v = % in > 2 o
CUCTEM HEIEPETHHHUX 00JIaCTell METO/IOM CUMETPH3aIlil, y BUMAIKY, KOJIU
TOYKM JekaThb Ha oguHnaHoMy Koii. I'. B. Ky3bwmina 3a gomomororo meTo-
Jly eKCTPeMaJIbHUX MeTpuk [52, ¢. 267| mocuimia pesysnbrar poboru [38] i

OTpUMAJIA ¥ BUMAJKY OJTHO3B’I3HUX HEIEPETUHHUX 00JIACTEN OIHKY (DYyHK-
. n2
mionana Jy ;,(y) mpu m =1 ana vy € (0, % |, n > 2.

O. K. Baxrin B po6orax [62,66] 3anporioHyBaB MeTO/ KKepyUnx» (yHK-
IiOHAJIIB, AKU Ja€ MOXKJ/IMBICTD OCJTA0UTH YMOBU HA T€OMETPII0 PO3TAIITY-
BAHHSI CUCTEM TOYOK.

st noBismeHOI n-1ipoMeneBoil cuctemu To90K Ay, = {ay}}_, posrisaeMo
HACTYIHUN «Kepyounity PpyHKITIOHA:

_1
20
)l

n
a
N0, = T (|2
iy Ok+1
aHUl PO3IiJI IPUCBAYEHNI OTPUMAHHIO e(DeKTUBHUX OIIIHOK 3BEPXY IIPHU
p p p PXy 1Ip
OyIb-aIKIX 3HAYCHHAX TapameTpa v € RT aia dynkmionana

Inm(7) = [r (Bo,0) r (Boo, 00)] H HT (Bh,ps kp) 5
k=1p=1

nen,meN, n>2 A, ={ary}, k=1,n, p=1,m, - nosiibua dikco-
BaHa (n,m)—HpOMeHeBa CUCTEMA TOYOK, Bg, B, By, — noBinbHa cucrema
obJIacTell, IO B3a€MHO He IMEePeTHHAIOTHCH, TAaKuX, 1o ag = 0 € By C C,
0 € B CC, arp € By CCupu k=1,n, p=1,m.
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Y npoMy HANPSAMKY, 3a JOIOMOIOI0 METOJY, AKuil po3pobieno y [12,13]
y Iie#t mepioji, OTPUMAHO HACTYITHUN PE3YJIbTaT.

Teopema 5.1 ([11,13,30]). Hexaii n,m € N, n > 2, v € R*. Todi dan
dosinvnoi dircosanoi (n, m)-npomenesoi cucmemu mowor Apm = {arp},
k=1,n, p=1,m, i dosiavrozo nabopy obaracmeti, w0 63GEMHO He Nepe-
munaromocs, Bo, Boo, {Bp}, 0 € By C C, 00 € Boo C C, ayp € By, C C,
kE=1,n, p=1,m, cnpasediusa nepienicms

Inm(7) <
( 2y
_nm+1 L m nmt2 g
(nm + 1) w2 | T [T 7 (B, anp) I 10 g p| 7,
k=1p=1 k=1p=1
< AKWO Y € (O, ”T';+2],

(nm + 1) pls axwgo y > W2

\ —=1p=1

1
Axmo v = 5 (nm+2) i kH1 Hl lakp| < R, TO 3a ymMOB Teopemu 5.1, mae
p=
MiCITe HaCTYIHE CITiBBiTHOIIIEHHS

n m
[ (Bo, 0) 7 (Bo, 00)]” [T [T (Brops angp) < (nm +1)""3" - R.
k=1p=1

B reopemi 5.1 3a ymos y > 1 (nm +2) i H H lagp| < R cTpykTypa
k=1p=1
TOYOK 1 00acTell € HeBarXKJINBOIO.

BukopucroByoun pesyiasrar poboru [66, ¢.95], i3 Teopemu 5.1 omepxy-
€MO HACTyIIHe TBEPJKEHHd B 3ajad4i 6, ajle y BUNIAJKY BIIBHUX IIOJIIOCIB.

Teopema 5.2 ([11,13,30]). Hezati n,m € N, n > 2, v > £ (nm+2) i
R € R*. Todi dan dosinvnoi dircosanoi (n, m)—npo,/\/LeHeeoz cucmemuy mo-
wk Apm = {arpt, k=1,n, p=1,m, maxoi, wo Lr(Anm) =1, i dosino-
HOo20 Habopy obaacmet By, B, {ka} U0 B3AEMHO HE NEPEMUHANMNOCA,
npuvomy ag = 0 € By C C, 0o € By CC,akpekaC(C k=1,n,
p = 1,m, cnpasediusa nepisricmo

_nm+1
2

Inm(7) < (nm+1)

Y Bunmaaky kosam m = 1 oTpuMaEMO HACTYIHUN PE3YJIHTAT.
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Teopema 5.3 ([11,13,30]). Hezaiin € N, n > 2, v € R*. Todi das 6ydo-
AK0t PiKcosaroi cucmemu NONAPHO PIBHUT MOUOK

An = {ar}i=; € C\{0, 00}

ma 6ydv-axux obracmeti By, Boo, Br, W0 63G6EMHO He NepemuHaomsCs,
npuuomy 0 € By C C, 0o € By, C C, ai, € B, C C, k = 1,n, cnpasedausa
HEPIBHICTND

In(7) <
2
n+1 L2 n+2 1N 2
8 o] Tl € 0,82
< Li=1 k=1
n+1
(n+1)7 2 I laxl, npu 7y > "2,
k=1
n
dkmo v > "2 1 [] |ax| < 1, To 3 Teopemnu 5.3 onepxyemo HaCTymHY
k=1
HEPIBHICTH

n

[ (Bo,0) 7 (Boo,0)]” [[ 7 (Bryar) < (n+ 1)~ "2
k=1

n+2

[ nepiBuicTh panime ne Oysa Bijoma. B Teopewmi 5.3 3a ymon v > “5= i

n
IT lak| < 1 crpykrypa Touok i obsacTeil € HEBAKIIUBOIO.

3 Teopemu 5.3 y BUIAJIKY N-IIPOMEHEBOI CUCTEMU TOYOK CJIIYIOTH HACTY-
ITHI TBEP/I?KEHH.

Teopema 5.4 ([11,13,30]). Hezaiin € N, n > 2, v € R*. Todi das 6ydv-
axoi dircosanoi n-npomenesoi cucmemu mowox A, = {ax}_; € C\{0,00}
ma bydv-axux obaracmeti By, Boo, Br, W0 63G6EMHO He NepemunaomsCs,
npuuomy 0 € By C C, 0o € By, C C, a3, € B, C C, k = 1,n, cnpasedausa
HEPIGHICTD

In(7) <
2y
n Tnt2 N 2
< (n+1)" T [1:[ Bkvak):| H \%\"*27 HPUVG(Oa%};
~ n -
<n+1) H |ak| npu vy > n+2

Ominrka, oTpuMaHa y TeopeMi 5.4 HABITh y BUMIAIKY N-IIPOMEHEBOI CUCTE-
MM TOYOK He Oysia paHilie Bijjoma.
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Hasi B iboMy po3IiJ1i HaBegeMo JeIro HIm 3a1a49i, 0B’ 13aHi 3 OI[iHKaMI
dyHKITIOHAIA HA CHCTEMaX B3aEMHO HellepeTHHHHMX obJracreil. Ko pos-
IVISHYTH CUCTEMY TOYOK, PO3TAIIOBaHy HAa JIMCHIN OCi, TO MAEMO HACTYIIHI
OmmiHKY (PYHKITIOHAIB.

Teopema 5.5 ([12]). Hexati p,q € N, p+q > 3, v € (0, p + q]. Todi
ons 6yov-axux dixcosarnur movok diticnoi oci ay, k = 1,p+q, ap € RT,
k=1,p,ax € R™, k=p+1,p+q, ma 6ydv-axozo nabopy obaracmeti By,
B, wo 63aemno ne nepemunaromoca, npuvomy 0 € By C C, ay, € By, C C,
k=1,p+ q, cnpasedausa HepisHicmb

p+q
7,7 (Bo, 0) H r (Bk, CLk) §
k=1
1— 2 2y
, p+q p+q [/Ptq p+aq
<@+ [ []rBear) IT laxl :
k=1 k=1

Axmo v = p+q i |ag| < R, 10 32 yMOB TeopeMu 5.5, MAEMO CIIiBBiHO-
IIEHHS

p+q
79 (Bo,0) [ [ v (Broax) < (p+ )" - R20H9),
k=1

eit mHacaigok Teopemu 5.5 6yB paHilie HEBIJIOMUM.
Axmo cucremy TOUOK mAificHOI Oci BUKOpHUCTATH B 3amadi 6, Tomi cmpa-
BeJJINBa HACTYIIHA TeOpeMa.

Teopema 5.6 ([12]). Hezxati p,q € N, p+q > 3, v € R*. Todi das 6yov-
axux Pixcosanur moywok diticnoi oci ap, k = 1,p+q, a, € RT, k =1, p,
ar € R7, k = p+1,p+q, i 6ydv-axozo nabopy obaacmeti By, Boso, B,
U0 B3AEMHO HE MEPEMUNAIOMBCA, npuwomy 0 € By C @, o0 € By C @,
ar, € B, CC, k=1,p+ q, cnpasedrusa nepisricmo

p+q
[7" (BO7 0) r (BOO7 OO)]W H r (Bkv (Lk;) <
k=1
1— 27 s
(a1 p+q r+a9)+2 /ptq (r+a)+2
<(p+a)+1) @ T r(By,an) [T laxl .
k=1 k=1
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dkmo v = 3 (p+q+2) i |ax] < R, o 3a ymoB Teopemu 5.6, Maemo
CIIiBBIIHOIITEHHS

pt+q

[ (Bo. 0) r (Bog, 00)[" ™ [ [ r (Br,ax) < (p+q+ 1)~
k=1

ptq+1
2

. Rrta)

I1a Teopema Takoxk € HOBOIO. AKINO cUCTEMY TOYOK HifiCHOI OCi BUKOPUCTATH
B 3aJ1a4i 3, TOJIi CIIPaBE/IINBA HACTYITHA TEOPEMA.

Teopema 5.7. Hexati p,q € N, p+q >3, v € (0, p+ q]. Todi dasn 6ydv-
AKUT Pixcosanur mouok diticnoi oci ay, k = 1,p+q (ax € RY, k = 1,p,
ar € R™, k =p+1,p+q), i 6ydv-axoeo nabopy obaacmets, wo 63a4EMHO
ne nepemunaomuvcs, Bos, By, 00 € Boo C C, ap, € B, CC, k=1,p+q,
CMPasediusas HePi8HICb

p+q 3 p+q 1_<p1q)
17 (Bso,00) | [ 7 (Br,ar) < (p+¢) 2 [HT(Blwak)
k=1 k=1

Aximo v = p + ¢, To 3a yMOB TeopeMu 5.7, MAEMO CIiBBiIHOITEHHS

pt+q
+

P19 (By, 00) H r(Br,ar) < (p+q) 7.
k=1

Ileit HacTiIOK TAKOXK € HOBUM.

ITTo crocyeTbcst pe3yIbTaTiB MPO TOYHE BUPIIIeHHS 3a4adi 6, TO MOXKHA
HaBECTU HACTYITHY TEOPEMY.
Teopema 5.8 ([15]). Hezxati 0 < v < vy,

v2 = 0.72, v3 = 1.40, vq = 2.27, ¥5 = 3.33, v6 = 4.64,

Yo = 0.0845n2 + 0.088n + 0.0229, (n > 7).
Todi dasn v € (0,7,], dosiavhoi n-npomenesoi cucmemu Mowok
An = A{ar}i-1

maxoi, wo N (0)(An) = 1, i 6ydo-aK020 HAOOPY B3AEMHO HENEPENMUHHUL

obaacmeti {By}y_y,Boo (0 € By C C, 00 € By C C, a; € By C C,
k =1,n, cnpasedausa nepisricmo

[T (Bovo) BOO,OO H Bk7ak
k=1

< [ (A0,0) 7 (Ao, 00)]" T 7 (A, Av).
k=1
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de obnacmi Ny, Ao, Ak, @ mouxu 0, 0o, A, (k =1,n, n > 2) €, 6idnosiono,
KPY208UMU 0OAACTNAMYU T NOAOCAMU neadpamuwmoeo dugepenuyiana
yw? 4 (0 = 2" 4y o

w2(w" —1)2

Q(w)dw? = —

s n-BUMipHOIO KOMIIJIEKCHOT'O TIPOCTOPY C n > 2 0yJI0 OTPUMAHO Je-
AKi y3araJbHEHHS paHillle OTpUMaHUX pe3ysbrariB. HaBegemMo ofuH 3 HUX.
Hexait

Fg(l’) _ 2x2+6 . xI2+2*25 . (2 _ x),%@,x)Z (2 + x)f%(ZJrac)z7
€ (0,2], 0 < 0 < 0.7. Toxi cupaBeiMBe HACTYIIHE TBED/ZKEHHS.
Teopema 5.9 ([35]). Hexatim,n € N, m > 7,

V€ (0770]7 Y0 = %’
0 <6<07, Ag = [0]" = (0,0,...,0). Todi dasn dosirvroi npomenesoi

CucCmemu mo41ox

{Ak}k 1—{@ }k IG(C pzlana

maxoi, w0 {az() )} =1, i do8iabH020 HAOOPY B3AEMHO HEMEPEMUHHUL

noaiyuaindpuunuz obaacmeti By, A € B, c C', k=0,m, Ag € By c C",
NPABUALHA HEPIBHICTID

n n

_d&mn 2

<77 (II%> RGN
3nax piehocmi docazaemuvea OAf CUCTEMU NOAUUNMHOPUIHUL 0baacmed

B, = { (87" [BO]" [B]",.... [BY]"}.

m

RY(Bo, Ao) [ [ R(Br, Ax)
k=1

1 MOY0K

{Andg = { [0, ()" 71", 9
de obaacmi B,(CO) i MOUKU b](€0)7 k = 1,m, €, 6idnosidro, xpyzosumu 0baa-
CMAMU T TOAOCAMU K8aAIPamu4Ho20 dugepeniiana

C(n? =y +7d 2

Q(w)dw® = w?(wm —1)2

de R(B, Q) — ysaearvnenud snympiwnit padiyc, 66edenuti paniwe.
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36ipuuk npamp [a-Ty maremaruku HAH Vkpainu (2020) T. 17, Ne 2, 57-81

Matrix problems and
representations of algebras

Yu. A. Drozd

Abstract. This paper is devoted to the theory of matriz problems, a new
branch of modern algebra created and developed to a large extent by the
Kyiv algebraic school. It originated from the questions of the theory of
representations, but now has proved its efficiency in many areas, such as
algebraic geometry, algebraic topology, linear algebra, theory of groups etc.

Certainly, I could not embraced all achievements or even all directions of
investigation, so their choice in the paper is rather subjective. Moreover, 1
only consider the “classical” results, not involving the new investigations and
applications to algebraic geometry and algebraic topology (see surveys [20,
21)).

Amwnoranig. Ilg crarTs npucBsdeHa meopii Mampuyhux 3a0day, HOBIit rarysi
cydacHol airebpu, ska Oysia CTBOpeHa i PO3BHHEHA 3HAYHOIO Mipoio Kwuis-
CBKOIO aJITeOPUIHOIO 1IKO0JI00. BoHa BuHUKIIA 3 IpobsieM Teopil 306pakeHb,
aJie 3apa3 BxKe JI0BEJIa CBOIO e(PeKTUBHICTD ¥ 6AraThOX TasIy3six, TAKUX K aJl-
reOpuvHa TeoMeTpis, aaredpudHa TOMOJIOris, JiHiitHa aarebpa, Teopisd rpyr,
TOIIIO.

3BuvaiiHo, 51 He MIr OXONUTH BCi JOCATHEHHS abo xoda 6 yci HAIPSIMKH
JIOCJTiIZKEHb, TOXK ixHiit Bubip y ctarTi mocuth cyb’ekTuBHUil. Bigpin Toro,
s OOMEKUBCs JIUIIIE «KJIACHYHUMUY PE3YJIbTATAMU, HE TOPKAIOYNCh HOBITHIX
JIOCJTI/IZKEHb 1 3aCTOCYBaHb JI0 aJreOpudHOl reoMeTpil Ta ajaredpuaHoOl TOMo-
Jtorit (muBucs ormsiau 20, 21]).
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UDC 512.644-512.552
Keywords: algebras, quivers, posets, representations, box, bimodule, tame, wild
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1. INTRODUCTION

The new history of the representations theory of finite dimension al-
gebras starts with the Brauer-Thrall conjectures. We give corresponding
definitions and formulate these conjectures. In what follows k denotes a
field and we consider algebras over this field. If the opposite is not stated,
all algebras and modules are supposed to be finite dimensional. By r(d, A)
we denote the number of isomorphism classes of indecomposable A-modules
of dimension d (possibly r(d, A) = 00). Recall that for finite dimensional
representations the Krull-Schmidt theorem holds true [22], that is every
representations decomposes into a direct sum of indecomposables and this
decomposition is unique up to isomorphism and permutation of summands.

Definition 1.1. They say that an algebra A is

e of finite representations type if it only has finitely many non-
isomorphic indecomposable modules;

e of bounded representations type if the dimensions of indecomposable
A-modules are bounded, i.e. there is an integer dy such that r(d, A) =0
for d > dy;

e of strongly unbounded representations type if there are infinitely
many d such that r(d, A) = co.

Obviously, if the field k is finite, bounded representation type is the same
as finite representation type and the strictly unbounded representation type
is impossible.

Conjecture 1.2 (see [9,28,49]).
1st. If an algebra A is of bounded representation type, it is actually of
finite representation type.
2nd. If an algebra A over an infinite field k is of unbounded representation
type, it is actually of strictly unbounded representation type.

These conjectures we proved by Yoshii [50] if (rad A)? = 0. There were
more papers devoted to these conjectures, until in 1968 A. Roiter proved
the 1st Brauer-Thrall conjecture completely [42]. It was, in some sense, a
sensation which gave a wide publicity to the Kyiv school of the theory of
representations.

The 2nd Brauer-Thrall conjecture turned out to be much more difficult.
To approach it, L. Nazarova and A. Roiter started in 1970-es to develop
a new branch of the representation theory, namely, the theory of matriz
problems. The idea was completely clear and evident. Every representation
of an algebra is a set of matrices. Isomorphic representations correspond
to conjugate sets. One knows, from the standard course of linear algebra,
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how to deal with one matrix: there is the Jordan or Frobenius normal
form. Why not to reduce one of the matrices to this normal form, fix it
and consider only conjugations that do not disturb it.

Though the idea was so simple, its realization was far from being so.
The thing is that there are relations between the matrices defining a rep-
resentation and it is usually very troublesome to follow them during the
described process of reduction. Actually, it seemed to be non-realistic. A
countermeasure was first found in homological algebra, a powerful tool of
linearization non-linear problems. Indeed, if we fix an ideal I C A and
consider its annihilator J, we can include any module M into an exact se-
quence 0 = N - M — L — 0, where N = MI and L = M/MI. Then
N is a module over the quotient A/J and L is a module over the quotient
A/I. These new algebras are of smaller dimensions (at least if I C rad A),
so one can suppose that the conjecture holds true for them and try to use
induction.

A problem is that non-equivalent extensions (in the sense of homologi-
cal algebra) can produce isomorphsic modules. On the level of the group
Ext! (L, N) it is always so if the corresponding elements can be transformed
to one another by automorphisms of N and L. Moreover, usually one can
choose the ideal I in such a way that this condition is also necessary in
order that two extensions produce isomorphic modules.

The new problem looks much better, since Extl (L, N) is vector space
and there are no relations between its elements. If we know a decomposition
of L and N into a direct sum of indecomposable modules, the elements of
Ext! (L, N) are presented by sets of matrices (with no relations).

The automorphisms of N and L are linear algebraic groups, so we just
have to find orbits of their action. The realization of this idea gave origin
to the theory of matrix problems. Roughly speaking, it is the study of some
specific actions of special algebraic groups on special vector spaces. In what
follows I will try to explain, what do the words ‘specific’ and ‘special’ mean
in this context.

In [38] L. Nazarova and A. Roiter announced that this method was ap-
plied to prove the 2nd Brauer-Thrall conjecture, the details were contained
in their preprint [40]. Unfortunately, it was never published in a journal pa-
per. So the first such papers with a complete proof of the 2nd Brauer-Thrall
conjecture only appeared in 1985 [1,7,25].

2. REPRESENTATIONS OF QUIVERS AND POSETS

The first two papers on matrix problems appeared almost simultane-
ously. They were the paper of P. Gabriel [26] and that of L. Nazarova and
A. Roiter [39].
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P. Gabriel introduced the notion of representations of quivers. Actually,
a quiver is an oriented graph I', perhaps with multiple edges and loops. We
denote by I'g the set of its vertices, by I'; the set of its arrows and suppose
that both I'y and I'; are finite. We write a : ¢ — j if 4 is the source and j
is the target of the arrow a.

Definition 2.1. (1) A representation of the quiver I' over a field k is
a map V' that maps every vertex i to a vector space V(i) over k and
every arrow a : i — j to a linear map V(a) : V(i) = V(j).

(2) A morphism of a representation V to a representation W is a map ¢
that maps every vertezx i to a linear map (i) : V(i) — W (i) so that
0(7)V(a) = W(a)p(i) for each arrow a :i— j.

In particular, the representations V and W are isomorphic if and

only if there are isomorphisms of vector spaces ¢(i) : V(i) — W (i)
such that W(a) = p(5)V(a)e(i)~! for every arrow a :i — j.
(3) The dimension dimV of the representation V' is the vector

d = (di)iery,
where d; = dim V(7).

In other words, a representation of quiver is a set of linear maps between
vector spaces, and two representations are isomorphic if one can choose
bases in these spaces in two ways so that the matrices of the first set of
operators with respect to the first choice are the same as the matrices
of the second set of operators with respect to the second choice. Thus
it is a rather general problem of linear algebra and the classification of
such representations can be considered as the problem of finding canonical
forms of matrices of such sets of linear maps. For the simplest quiver ¢ — o
it is one linear map A : V. — W. For the loop e \jit is one linear map
AV — V when the classification of representations is given by the Jordan
or the Frobenius normal form. For the Kronecker quiver K : e 3 e it
is the problem on matriz pencils solved by Kronecker.

Obviously, one can define the representations type of a quiver in the
same way as for an algebra. In [26] P. Gabriel proved both Brauer-Thrall
conjectures for quivers. Moreover, he gave a criterion for a quiver to be of
finite representation type and described the indecomposable representations
in the finite case. Namely, he considered the quadratic form

9
Qrzg xi — E r;xj,

i€ly acl'y
a:i—j

known now as the Tits form of the quiver I', and proved the following
theorem.
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Theorem 2.2. (1) A quiver T is of finite representation type if and only
if the form Qr is positive definite, i.e. Qr(z) > 0 for every non-zero vector
x. If not, it is of strictly unbounded representation type.

(2) In this case there is an indecomposable representation V' of the quiver
I such that dim V(i) = d if and only if Qr(d) = 1. Moreover, for such
dimensions there is only one, up to isomorphism, indecomposable represen-
tation.

Actually, (2) was obtained from an explicit description of all indecom-
posable representations.

Note that the orientation of the arrows play no role in this theorem,
since it does not imply the Tits form. So the answer only depends on
the underlying non-oriented quiver |I'|. The list of connected non-oriented
graphs with positive definite Tits form had been known for years and was
closely related to the theory of Lie algebras and groups. They are the so
called Dynkin graphs (see Table 2.1). Moreover, the integral vectors d such
that Qr(d) = 1 are just the roots corresponding to these graphs, which are
also of great importance in Lie theory.

Ap:1—2—3---(n—1)—n

D, : 3—4---(n—1)—n (n>4)

Eg: 1—2—3—4—5

7
|
Er:1—2—3—4—5—6

8
|
Eg: 1—2—3—4—5—6—7

TABLE 2.1. Dynkin graphs

L. Nazarova and A. Roiter considered another class of matrix problems,
the so called representations of posets (partially ordered sets). We give the
version of their definition proposed by P. Gabriel.

Definition 2.3. Let © be a finite poset.
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(1) A representation of the poset & over the field k is a map V that
maps every element i € & to a subspace V(i) of a vector space V(0)
over k so that V(i) CV(j) ifi <jin &.

(2) A morphism of a representation V' to a representation W is a linear
map ¢ : V(0) = W(0) such that p(V(i)) C W (i) for everyi € S.
In particular, the representations V. and W are isomorphic if and
only if there is an isomorphism of vector spaces ¢ : V(0) — W(0) such
that p(V (7)) = W (j) for every element i € S.

(3) The dimension dimV of the representation V is the vector
d = (do, di)ics;
where d; = dim V(7).

It is very easy to translate this definition to the original matrix one of [39].

Choose a basis vy, vy, ..., v, of the space V(0) and for every i € & choose
. . . . n .
a basis uf, uy, ..., uy,, of V(i) modulo 3 V(j). Let uj = Zla;kvj. Then
1<t J=

V is given by the set of matrices Ay, As,..., As, where A; = (a]’fk)nxmi.
If we change the basis of V(0), the matrix A; changes to S(0)A; for an
invertible n x n matrix S(0). A bit more complicated is the change of the
basis u,ub, . .. ,uim_, since we can also add to every u}C the vectors from

V(j) for j < i. Therefore, under such changes A; is transformed to

AiS(i) + ) AjSiy.
i<t
Altogether, two such matrix representations {4;} and {B;} are isomorphic
if and only if there are invertible matrices S(0) (of size n x n) and S(i) (of
size m; x m;) and matrices S;; (of size m; x m;) for j < i such that

Bi = 5(0)71(AiS (i) + ) S(5)Sy)-
i<t
It is just the matrix definition of representations of posets from [39].
The paper [39] was devoted to the proof of the Brauer-Thrall conjecture
for representations of posets.

Theorem 2.4. Every poset is either of finite representation type or of
strictly unbounded representation type.

The proof rested upon an algorithm of reduction. Namely, choosing a
maximal element ¢ € &, they constructed, for every representation V', a
new representation V'’ of a new poset &’ (derived poset) such that the
correspondence V + V' reflected isomorphisms and was one-to-one, except
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several “trivial” representations. In particular, representations type of &’
was the same as that of &. Afterwords, they proved that after several steps
the iterated derived poset becomes either trivial or of width 4 (i.e. contaning
4 non-comparable elements).In the first case & is of finite representation
type, in the second case it is of strictly unbounded representation type.

This paper did not contain neither a criterion for a poset to be of finite
representation type nor a description of indecomposable representatioins.
These problems were solved by M. Kleiner [29,30]. In the first paper he
gave the following criterion.

Theorem 2.5. A poset G is of finite representation type if and only if it
does mot contain subposets of the following forms:

e o
e o o .‘L
Lo
e o o o I I
e o o e o o
[ ]
. .
!
. .
!
..‘ e o o
L INT
e o o e o o

These posets are called critical and usually named, respectively, {1,1,1,1}
{2,2,2}, {1,3,3}, {1,2,5} and {N,4}.

A simpler proof of this result was proposed by A. Roiter in [45].

Note that, contrary to the case of quivers, there is no “good” list of
posets of finite representation type and their number grows rapidly with
the growth of the number of elements.

In the second paper M. Kleiner gave a complete descriprion of indecom-
posable representations. It was possible, since, as he proved, there is only
a finite number of posets of finite representation type which have sincere
indecompoosable representations, that is such that all matrices A; are non-
empty, i.e. Y V(j) # V(i). As this list is rather big, we do not present it

j<i
here. !

As M. Kleiner remarked (oral communication on a seminar), these results
could also be formulated in terms of some quadratic form. Namely, define
the Tits form of the poset G as

Q@ :$%+Z¢T?+Z$il’j —Zl’oxi.

€6 i<t 1€6
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Remark 2.6 (Kleiner’s remark). (1) & is of finite representation type
if and only if the form Qg is weakly positive in the sense that Qg(x) > 0
for any nonzero vector with non-negative coordinates.

(2) If & is of finite representation type, the dimensions d of its indecom-
nposable representations are just the roots of this form in the sense that

QRs(d) =1.

Note that if the Tits form of a quiver is weakly positive, it is positive
definite, but it is not so for the Tits forms of posets.

Theorem 2.5 was further generalized by Yu. Drozd and E. Kubichka [23].
Namely, they considered representations over infinite fields and dimensions
of finite type, i.e. such that there is finitely many non-isomorphic repre-
sentations of this dimension, and proved the following result. We call a
dimension d critical, if its support {i € & | d; # 0} is a critical set and the
restriction of d onto its support is of one of the dimensions from Table 2.2.

® o
@ L .
1 1 1 1 2 1 1 2 11
©® 1
L9
1 1
21 121
T N
3 21 2 11

TABLE 2.2. Critical dimensions
Here we write dimensions d; instead of the elements i of &. The encircled
number denotes the dimension of V'(0).

We write d’ < d if d; < d; for all i. Using the approach analogous to [45],
they proved the following result.

Theorem 2.7. (1) The following conditions for a dimension d are equiv-
alent:

(a) d is of finite type;
(b) Qa(d’) > 0 for any d' < d;

(c) there is no critical dimension d’ < d.
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(2) If d is of finite type, the following conditions are equivalent:
(a) there is an indecomposable representation of dimension d;
(b) Qe(d) =1.

Moreover, in this case there is a unique (up to isomorphism) indecomposable
representation V of dimension d and EndV ~ k.

Obviously, this theorem implies the Kleiner’s criterion (Theorem 2.5)
as well as his remark (Remark 2.6). An analogous result for quivers was
obtained by P. Magyar, J. Weyman and A. Zelevinsky [34].

Remark 2.8. Note that in all theorems 2.2-2.7 the ground field k plays
no role. The answer does not depend on this field.

3. REFLECTIONS AND COXETER FUNCTORS

The proofs of Theorems 2.2-2.5 rested on some matrix calculations. Ac-
tually, as J. Tits remarked, rather simple geometrical considerations show
that if a quiver Qr is of finite type, then Qr is positive definite, as well
as if a poset G is of finite type, then Qg is weakly positive. One only has
to compare the dimension of the space of representations of a prescribed
dimension and the dimension of the group of transformations that define
isomorphisms of representations. Since there was also a one-to-one corre-
spondence between dimensions of representations and positive roots of the
quiver, one could presume that there must be an a priory way to establish
this correspondence as well as to prove that the positive definiteness of the
Tits form implies finite representation type. This presumption was realized
by I. Benstein, I. Gelfand and A. Ponomarev [4]. Their idea was the cat-
egorification of reflections, which played an important role in the study of
Lie algebras and Coxeter groups.

Namely, let @ be a quadratic form on R", B be the corresponding sym-
metric bilinear form e € R” be a vector with Q(e) # 0. The reflection with
respect to e is defined as the linear map

B(x,e)
Q(e)

This map is isometric: Q(sex) = Q(x), and involutive: s2 = id. If Q = Qr
is the Tits form of a quiver I" and e; (i € I'y) are the basic vectors (the
i-th coordinate equals 1, all other coordinates are 0), set s; = se;. The
subgroup W C GL(n,R) generated by these reflections is called the Weyl
group of the quiver. It is known (and rather easy to prove) that if Qr is
positive definite, every root is of the form we; for some i and some w € W.
Moreover, in this case W is finite, so there are finitely many roots.

Se i XHX—2
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I. Benstein, I. Gelfand and A. Ponomarev categorified these reflections.
Namely, if the vertex i is either a source (or a sink) in the quiver I', they
defined the action of s; on representations. Actually, if V' is a representation
of I', s;V is a representation of the quiver s;I' obtained by reversing all
arrows that starts (or ends) at i. Moreover, except trivial cases,

dims;V = s; dim V.

Using this categorification, they proved the following theorem. They used
a numeration of the vertices i1,19,...,%, such that i1 is a source, i is a
source in s;, 1", i3 is a source in s;,5;,I" etc. The crucial role in their proof
played the Cozxeter transformation C' = s;, ... si,5i;.

Theorem 3.1. Let Qr be positive definite. For every indecomposable rep-
resentation V' there is an integer m such that V = s; s;, ... s, €., (here
we set iging = ir). The integer m is uniquely defined by dimV. On the
contrary, all such representations are indecomposable.

Obviously, it implies that I" is of finite representation type and there is
a one-to-one correspondence between indecomposable representations and
positive roots.

The Kleiner’s remark 2.6 gave a hint that something similar could be
done for representations of posets. Indeed, in [14] Yu. Drozd constructed
an analogue C' of the Coxeter transformation for representations of posets
and proved the following result.

Lemma 3.2. Let Qg is weakly positive. Then every indecomposbale rep-
resentation is of the form C*U, where either U is not sincere or U = Uy,

where Up(0) =k = Up(3) for all i € &.

It implies the main theorem.

Theorem 3.3. Let Qg is weakly positive.
(1) & is of finite representation type.
(2) There is an indecomposable representation of dimension d if and
only if Qs(d) = 1. Moreover, in this case there is a unique (up to
isomorphism) indecomposable representation of dimension d.

The weakness of this paper was that the author could not construct all
reflections. Actually, only two operations, o and p, were constructed, where
p could be considered as the reflection sg, while o replaced the product of
all reflections s; (i € &). To improve this defect, in the paper [17] a
generalization of representations of posets was considered.
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Definition 3.4. (1) A bisected poset is a poset S together with a parti-
tion & = ST UG~ such that if i € &~ and j < i, then also j € &~
We set S = G U {0}, where 0 ¢ & is a new symbol.

(2) A representation V of such a bisected poset consists of vector spaces
V(i) (i € &) and linear maps v(i) (i € &), where v(i) : V(i) — V(0)
ifi € & andv(i): V(0) = V(i) ifi € 6T, such that V(i)V(j) =0 if
j<i,j€EG,ic ST,

(3) A morphism ¢ of a representation V to a representation W is a set
of linear maps (i) : V(i) — W(i) (i € &) and @(ij) : V(i) = W(j),
where i < j and eitheri,j € &1 ori,j € &=, such that

p(0)u(i) = w(i)p(i) + > w(i)e(ji) ific &,
i<t
w(@)p(0) = p(@)v(i) + > w(ij)o(j) ifie &t

i<j
One easily checks that ¢ is an isomorphism if and only if all (i) are so.

Remark 3.5. (1) If &1 = (), this definition becomes equivalent to the
usual definition of representations of a poset.
(2) This definition can be naturally formulated in the language of bozes
(see Section 4), as it was done in [17].

The Tits form for a bisected poset does not depend on the partition, it

is the same form
_ .2 2
Qe = x5+ g x; —&—inxj—z:xoxi.
€6 j<i €6

An element i € & is called positive if either i is minimal in &T or i = 0
and &* = (). It is called negative if either i is maximal in &~ or i = 0 and
S~ = 0. In [17] all reflections s; are defined for positive or negative i € &.
Just as before, when doing reflections, the bisposet also changes. Namely,
the positive (respectively, negative) vertex i is displaced from &t to &~
(respectively, from &~ to &1), becoming negative (respectively, positive).
It is proved that, if Qs is weakly positive and V is sincere (that is all
V(i) # 0), then dims;V = s;dimV and s?V ~ V. It gives the proof of
the following theorem.

Theorem 3.6. S is of finite representation type if and only if Qs is weakly

positive. In this case

(1) every indecomposable representation is of the form s;, si, ...s;, W for
some m and some non-sincere indecomposable representation W ;
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(2) there is an indecomposable representation of dimension d if and only
if Qs(d) = 1. Moreover, such representation is unique up to isomor-
phism.

4. BOXES, BIMODULES AND REDUCTION

In [31] A. Roiter and M. Kleiner gave a very general definition that
had to cover most cases of matrix problems known at that time. It was
formulated in terms of differential graded categories. An equivalent, but
more easy-to-use formulation was proposed by A. Roiter in [44] in terms
of bozxes (or bocses, ukrainian 6okcu, from bimodule over a category with
coalgebra structure).

Definition 4.1. (1) A box is quadruple A = (A,V,u,e), where A is a
category, V is an A-bimodule, i.e. an additive bifunctor A’ x A — Vec
(the category of vector spaces), p:V @4V — V (comultiplication)
and € 1 V — A (counit) are morphisms of A-bimodules furnishing
YV with the structure of A-coalgebra. Recall that it means that the
following diagrams are commutative:

m

V VRaV
p l l p®id (coassociativity)
VgV on VRauV R4V
V
/ﬂi \ (counit axiom)
Y4 A e VgV g A4V

(~ marks the natural isomorphisms).
(2) A representation of the box A is an A-module, i.e. a functor
M:A— Vec.

(3) A morphism of a representation M to a representation N is a mor-
phism of A-modules p :V @4 M — N.

(4) The product oy of morphisms ¢ : M — N and ¢ : L — N is the
composition

VeouaLl ¥ ve,ve Ll L ve, M SN
We denote by Rep 2l the category of representations of the box 2.
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In most applications they use special classes of boxes.

Definition 4.2. Let 2 = (A, V, i1,€) be a boz. Denote by V the kernel kere.

A section is a morphism of (left) A-modules (usually not of bimodules)

w:A—=YV. ThenV =Imw®V as A-module. The box A is called

e free if A is a free category (i.e. isomorpic to the category of parths of
a quiver ') and V is a free A-bimodule, i.e. a direct sum of bimodules
of the form Ae; A, where e; is the trivial path at a verter i.

In other words it means that there are sets of generators Ay of mor-
phisms of the category A and Ay of the A-bimodule V such that there are
no nontrivial relations between them. They say that A = AgU A1 is a
set of free generators of the box 2.

e normal if there is a section w such that p(w;) = w; @w; for every vertex
i€, where w; = w(e;).
In this case we set Oa = aw; — wja for a morphism a : i — j and
0v = p(v) —v®w; —w; ®v, where v € V(i,j). Note that 0a € V and
weVsV.

e triangular or Roiter box if it is free, normal and the set A of free
generators of A can be linear ordered so that, for every a € A, Oa is
contained in the subboxr generated by the set {b € A | b < a}. Such set of
generators is called triangular.

Remark 4.3. If V = A, the box 2 is called the principal box over the
category A. It is quite obvious that in this case Rep %2l coincides with the
category A-mod of A-modules.

The category of representations Rep®l of a Roiter box 2 has “usual”
properties of the categories of modules, as was proved in [31]. Namely,
for a morphism ¢ : M — N and an element £ € V(i,j) we denote by
©(&) : M(j) — N(i) the map sending = € M(j) to p({ ® x) € N(i).

Theorem 4.4. Let A is a Roiter boxr, M, N € Rep%l.

(1) A morphism ¢ : M — N is an isomorphism if and only if p(w;) is an
isomorphism for every i.

(2) Rep is fully additive (or Karubian, or idenpotent complete),
that is, for every idempotent endomorphism e of M there are morphisms
M é M’ such that e = v and T = idyp.

L
(Then M ~ M' & M", where M" is the object constructed in
the same way from the idempotent idy; — e.)
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A lot of applications of boxes appear through another categorical con-
struction, namely, bimodule categories, first considered in [12].

Definition 4.5. Let B be a bimodule over a category A. The bimodule
category El(B) or the category of elements of the bimodule B is defined
as follows.
o Its set of objects is | J;cop 4 B(4,1).
o IfA € B(i,i),B € B(j,7), a morphism A — B is a morphism ¢ : i — j
such that pA = By (note that both paths are in B(i,j)).

e The bimodule B is called locally finite dimentional if all spaces
A(i,j) and B(i,7) are finite dimensional.

For instance, such a bimodule category appeared in the Introduction,
where A was the product of the categories of A/I-modules and A/J-
modules, while B(X,Y) = Ext!(X,Y).

Another application of the bimodule categories was proposed by Y. Drozd
in [16]. Let A be a finite dimensional algebra, A-pro be the category of
projective A-modules, A = A-pro x A-pro, B be the A-bimodule such that

B(Q, P) = Homy(Q,rad P),

I C EI(B) be the ideal generated by the objects which are homomorphisms
of the form @ — 0 and C : EI(B)/I — A-mod be the functor that maps a
homomorphism « to its cokernel.

Proposition 4.6. The functor C is an equivalence of the categories
El(B)/I = A-mod.

Note that the indecomposable objects of EI(B)/I are the same as in B,
except the “trivial” objects Q — 0, where @ is an indecomposable projective
A-module.

Example 4.7. Let k be algebraically closed and (rad A)% = 0. If
PPy, ..., P,

are all pairwise non-isomorphic indecomposable modules, the indecompos-
able objects of A are the pairs (P;, P;) and if a € Endy P is in radical,
it acts trivially on B. Therefore, we can factor out such morphisms. Re-
duced in this way, the bimodule category El(B) can be considered as that
of representations of the quiver I' whose vertices are

{1,2,...,n,1",2" ... . n'}

and there are ¢;; arrows ¢ — j', where ¢;; = dim Hom 4 (P;, F;).
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This approach was used by P. Gabriel in [26], who deduced from his
result on representations of quivers a criterion for an algebra A with

(rad A)? =0

to be of finite representation type.

The same approach was used by S. Kruglyak [33]. In fact, he also proved
the Gabriel’s Theorem 2.2 for this specific sort of quivers and obtained the
same finiteness criterion for algebras with (rad 4)? = 0.

There is a close relation of bimodule categories to representations of
boxes. Namely, in [16] the following result was proved.

Theorem 4.8. Suppose that k is algebraically closed and the bimodule B is
locally finite dimensional. There is a Roiter box A such that the categories
Rep?l and E1I(B) are equivalent.

The box 2 and this equivalence were explicitly constructed.

Together with Proposition 4.6, it gives a tool to replace the study of
modules over an algebra A by representations of boxes.

The language of boxes has a powerful advantage. Namely, it allows to
make change of rings easily. Note that if v : A — B is a homomorphism
of rings, every B-module can be considered as A-module, which defines a
functor v* : B-mod — A-mod. Unfortunately, this functor is far from being
full, or faithful, or dense (essentially surjective). On the contrary, on the
level of boxes an analogous change of rings can be done perfectly, as shown
in [16] (see also [18]).

Theorem 4.9. Let A = (A, V, pu,e) be a box and F : A — B be a functor.
SetW=B®4V 48.
(1) There are natural morphisms v: W @ W — W and § : W — B such
that AF = (B,W, v, 0) is a box.
Actually, v arises from the map VR4V - VR4 B®4V that
maps a®b to a®1®b and 0 is the composition

BoaVoaB 2 Bo, Ao B~BoB ™, 5,

where mult is the multiplication.
(2) The natural map F* : Rep A" — Rep gives a fully faithful functor
which establishes an equivalence of the category RepAY and the full

subcategory of Rep®l consisting of representations of the form MF,
where M is a B-module.
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Often one can choose F such that every representation of A
is tsomorphic to such composition. Then F* is an equivalence
Rep 2" = Rep 2.

Usually, the functor F is constructed as follows [18]. We choose a “simple”
subcategory A" C A such that the A’-modules can be easily described. It
gives rise to a functor F’ : A" — B’ such that every A’-module of some
class C is isomorphic to M'F’ for some B’-module. Then we take for B the
pullback AT] 4 B' of A and B’ over A’ and for F' the extension of F’ onto
A. In this case the image of F* contains all representations such that their
restrictions onto A’ are form the class C. Note that there is a rather simple
algorithm that calculates the box 2. One can see [18, Sec. 6] for examples
of explicit calculations.

5. TAME AND WILD ALGEBRAS

When studying the algebras of infinite representation type, they found
out that there are two completely different sorts of them. The first paper
where it was remarked was, pehaps, that of S. Krugluak [32]. Namely, he
considered representations of the group P of type (p,p):

G = (a,b|a’ =b" =1, ab = ba),

for prime p > 2. He noticed that for any n-tuple of square matrices
X1,Xs,...,X, one can construct a representation M (X1, Xo,...,X,,) of
the group P depending on this tuple so that

M(X1,Xo,...,Xn) ~ M(Y1,Ya,...,Yy)

if and only if there is an invertible matrix S such that ¥; = S~1X;S for all
i. Thus, to classify all representations of G one has to classify all tuples of
matrices up to conjugation. Quite another story is if p = 2, when, for each
dimension, there is either finitely many indecomposable representations or
they form a l-parameter family [2].

An analogous effect was noticed by I. Gelfand and V. Ponimarev [27] who
considered pairs of commuting operators, or, the same, representations of
the polynomial algebra k|x,y]. Again, they constructed representations

M(X1,Xs,...,X5)

with the same property as above. On the other hand, they have classified
all pairs (A, B) of mutually annihilating matrices, i.e. such that

AB=BA=0.



Matrix problems 73

In 1972 Yu. Drozd divided all commutative finitely generated algebras over
an algebraically closed field into two types [13], whose representations be-
haved just as representations of the (p, p) group, respectively, for p = 2 and
for p > 2.

In their paper [11] P. Donovan and M. R. Freislich conjectured that all
finite dimensional algebras of infinite representation type can be split into
two classes, which they called tame and wild. Formal definitions of these
two classes were proposed by Yu. Drozd in [15]. We present here a bit
changed but equivalent version of this definition.

Definition 5.1. An algebra A over an algebraically closed field k is called
e tame if, for every dimention d its indecomposable representations form
a finite set of algebraic families parametrized by an open subset of the
projective line;
(Note that it is is allowed that some of these families are ¢rivial, i.e. consist of
isomorphic representations. Thus representation finite algebras are also tame
according to this definition.)

o wild if for every finitely generated algebra B there is an exact functor
F: B-mod — A-mod such that

* FM ~ FN if and only if M ~ N;
* M 1is indecomposable if and only if so is M.

In the same paper it was proved that neither algebra can be both tame
and wild.

By this time a lot of examples were already known when the “tame-
wild dichotomy” took place. For representations of quivers P. Donovan and
M. R. Freislich [10] and, independently, L. Nazarova [36] proved that a
quiver I' is tame if and only if its underlying graph is a disjoint union of
FEuclidean (or extended Dynkin) graphs presented in Table 5.1. Otherwise
I' is wild. Moreover, they gave an explicit description of representations of
Euclidiean quivers. We only present the qualitative part of this description.

Theorem 5.2. Let I' be a Fuclidean quiver, Qr be its Tits form and d be
a dimension for its representations.
(1) There is an indecomposable representation of dimension d if and only

if Qr(d) < 1.

(2) If Qr(d) = 1, there is exactly one indecomposable representation of
dimension d (up to isomorphism).
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D 1 2—2 2/1 (n>4)
: — : n
n - -, >
1
By 2
1f2f§f2f1
2
3:1—2—3—£—3—2—1

3
|
Ey:2—4—6—5—4—3—2—-1

TABLE 5.1. Euclidean graphs

(3) If Qr(d) = 0, there are infinitely many non-isomorphic indecomposable
representations of dimension d that form an algebraic family of such
representations parametrized by the projective line.

Note that every dimension d with Qr(d) = 0 is an integral
multiple of the smallest one. The coordinates of such smallest

dimensions are also given in Table 5.1.

In [37] L. Nazarova proved that a poset & is tame if and only if it does
not contain supercritical subsets listed in Table 5.2. Otherwise & is wild.

Finally, in [16] Yu. Drozd proved the result known now as “tame-wild
dichotomy”.

Theorem 5.3. Every box, as well as every finite dimensional algebra over
an algenraically closed field is either tame or wild.

The proof for boxes was based on the reduction procedure described in
Theorem 4.9. Using this procedure it turned necessary to consider a bit
bigger class of boxes obtained from Roiter boxes by a localization with
respect to a polynomial f(a), where a € Ay was a loop such that

da = 0.

Then this result was extended to finite dimensional algebras using Propo-
sition 4.6 and Theorem 4.8.
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TABLE 5.2. Supercritical posets
These posets are called, respectively,
(1,1,1,1,1), (1,1,1,2), (2,2, 3), (1,3,4), (1,2,6) and (N, 5).

The same approach was used by V. Bekkert and Yu. Drozd [3,19] to
prove that tame-wild dichotomy also holds true for derived categories of
modules over finite dimensional algebras. Another important result was
obtained by Yu. Drozd and S. Ovsienko [24| who proved that tameness is
preserved in Galois coverings with torsion free Galois groups. Note that
coverings introduced by K. Bongartz and P. Gabriel [8] are now a powerful
tool in the representation theory of algebras and in the study of matrix
problems. Again, in these papers they had to widen the considered class of
boxes.

Perhaps, the first paper, where the “tame-wild dichotomy” was effec-
tively used, was that of V. Bondarenko and Yu. Drozd [6] devoted to the
representation type of finite groups. Let GG a finite group and k be a field
of characteristic p > 0. By that time it had been known that the group
algebra kG is representation finite if and only if the Sylov p-subgroup of
G is cyclic. The result of Kruglyak [32] cited above had shown that, if
p > 2, all other group algebras are wild. If p = 2, V. Bondarenko [5] and
C. Ringel [41] described the representations of dihedral groups and actually
showed that they are tame. It was also known that there were at most two
more classes of 2-groups that are not wild. They were quasi-dihedral and
generalized quaternion groups. In [6] the representations of quasi-dihedral
groups were classified. From the tame-wild dichotomy it followed that any
subgroup of a tame group is tame and if the Sylov p-subgroup is tame,
so is the group G. Since generalized quatrenion groups are subgroups of
quasi-dihedral ones, the following result was proved.
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Theorem 5.4. The group algebra kG s tame if and only if either the Sylov
subgroup G, of G is cyclic or p = 2 and G\, is dihedral, quasi-dihedral or
generalized quaternion. In all other cases kG is wild.

6. INVOLUTION

Papers [43] and [48] initiated the study of matrix problems with invo-
lution. Namely, in [43] A. Roiter introduced the general notion of bozes
with involution and proved an important result, which was a far-reaching
generalization of [35, §23.2, Thm. 3].

Theorem 6.1. Let A be a box with involution over an algebraically closed
field k of characteristic # 2, M, N be its self-adjoint representations in the
involutive category of vector spaces with the standard involution

V  V* = Homy(V, k).

If M ~ N in the category Rep%, they are congruent, i.e. there is an
isomorphism ¢ : M = N such that ¢! = ¢*.

In [48] this approach was applied to simple involutive quivers, i.e. such
quivers with involution * that a # a* for any vertex a. The simplest example
of such a quiver is

1*=2, o =5 (6.1)

A self-adjont representation of this quiver is actually given by a linear map
V — V* or, the same, by a bilinear form in the space V. The Roiter’s
Theorem 6.1 shows that to classify such forms one has to classify self-adjoint
representations of the Kronecker quiver (6.1). Just in the same way, self-
adjoint representations of a simple involutive quiver can be identified with
systems of linear maps and bilinear forms. In [48] V. Sergeichuk defined the
scheme of a simple involutive quiver I' as the (non-oriented) graph whose
vertices are in one-to-one correspondence with the pairs a, a* of vertices of
I" and the edges between a,a* and b,b* are in one-to-one correspondence

with the arrows!.

a—b, a— b*, a* — b, a* — b*
For instance, the scheme of the involutive quiver (6.1) is just a loop e 3

In [48] V. Sergeichuk proved the following criterion.

Theorem 6.2. With respect to the classification of self-adjoint represen-
tations a simple involutive quiver with the scheme B is

! Actually, the definition in [48] was a bit different but equivalent to this one.
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o representation finite if and only if B is Dynkin;
o tame if and only if B is Fuclidean;
e wild otherwise.

In the paper [47] V. Sergeichuk developed a general theory of representa-
tions of categories with involution. Namely, let k be a field with involution
A — A (maybe, trivial). An involution * on a k-linear category C maps
objects to objects, morphisms to morphisms so that

a* =a, (af)"=p"0" (a+f)=a"+p, (M) =Aa".

for \ € k. For a vector space V over k denote by V* the space of semilinear
maps V — k and by ¢* : W* — V* the adjoint map for the linear map
p:V->W.
If F:C — Vecy is a representation of C over k, the adjoint representa-
tion F* is such that F*(a) = F(a*)* for any object or morphism a.
Suppose that the involution * is simple, i.e. a % a* for every object a.
Then there is a bisection

ObC = Obg U Ob;

such that if b >~ a* the objects a and b are in different parts of this bisection.
The following procedure was proposed in [47]| for the description of self-
adjoint representations of C. Let indgC be a full set of representatives
of isomorphism classes of indecomposable self-adjoint representations (i.e.
such that F* = F) and ind; C be a full set of representatives of isomorphism
classes of indecomposable representations which are not isomorphic to any
self-adjoint one. For any representation F' € ind; C define the self-adoint
representation F'T as follows.
e If a € Oby, then

F*(a) = F(a) ® F*(a);
if a € Oby, then
Ft(a) = F*(a) ® F(a).

e If @ :a — b, then the matrix presentation of F*(a) with respect to the
preceding decompositions of F*(a) and F*(a) is

* (Fga) F*(Za)) if a,b € Oby;
( ) if a,b € Oby;

* (F(a) F*éa)) if a € Obg, b € Oby;
(< "5")

if a € Oby, b € Oby.
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Obviously, T ~ F @ F*, but the latter representation is not self-adjoint.
Let now

F € indyC, A(F) = End F, A(F) = A(F)/rad A(F).

Note that A(F') is an algebra with involution * and A(F) is a skewfield with
the induced involution, which we denote by ~. If ¢ € A(F) is invertible and
b = ¢*, set Pp(a) = 1p(a) for a € Oby, #(a) = ¢(a) for a € Ob; and define
the representation F'® as follows.

e F'?(a) = F(a) for any object a.

o F?(a) = ¢(b) "' F(a)d(a) for a:a — b.
One easily sees that ¢ is an isomorphism A% 5 A (though not a congru-
ence). For a self-adjoint element & # 0 of the skewfield A(F') choose a
self-adjoint preimage ¢ € A(F) and set F¢ = F®. For a vector

= (882, &m) € A(E)™

with invertible components set

m m
F¢=(PrFe, Qe = > _ i
i=1 i=1

(it is a Hermitian form over the skewfield A(F)).
The following theorem (see [47, Thm 1]) gives a complete description of
self-adjoint representations.

Theorem 6.3. Letk be a field of characteristic # 2, C be a k-category with
a simple involution. Fvery self-adjoint representation of C is congruent to
a direct sum

FfoFe. . oF oF oF2,o.. 0",

where F; € ind1C for 1 < i < k and F; € indgC for k < i < n. This

decomposition is unique up to permutation of summands and replacing Flf-ls—l

by Flf-{s—l such that the Hermitian forms Qg¢, and Qg; are equivalent over the
skewfield A(Fy4q).

This description becomes simpler if one knows the classification of her-
mitian forms, for instance, if k = C (either with trivial or with non-trivial
involution), or R, or a finite field (see [47, Thm. 2]).

Applying this theorem to the representations of simple involutive quivers,
one obtains classification results for a lot of problems of linear algebra such
as classification of bilinear forms, some sorts of operators in spaces with
bilinear metric etc. See, for instance, the book [46] for some results of this
sort.
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Heniniiiai kineTndyHi piBHIHHSA
KBAHTOBUX CHUCTEM

B. I. I'epacumenko

Abstract. The article overviews some achievements in the mathematical
understanding of the nature of kinetic equations of quantum many-particle
systems. The fundamental equations of modern mathematical physics, in
particular, the hierarchies of evolutionary equations of quantum systems and
their asymptotic behavior, which is described by nonlinear kinetic equations,
are studied.

AmnoTtargig. Y crarti po3risiialoThCs JIesAKi JOCATHEHHSI B MaTeMaTUIHOMY
PpO3yMiHHI TPUPOIY KIHETUYHUX PIBHSIHb KBAHTOBUX CHCTEM DAraTboX YacCTH-
HOK. BuBuaioTbcs dpyHIAMEHTAIBH] DIBHIHHS CYIaCHOI MATEMATHIHOI (bi3u-
KM, 30KpeMa, iepapxil eBOJIIOIINHUX PIBHSIHb KBAHTOBUX CHCTEM Ta IX aCHUM-
MITOTUYIHA MTOBEJIIHKA, K& OIMMCYETHCS HEJIHIMHUMY KIHETUIHUMU PiBHSHHSI-
MH.

1. IIEPEJHE CJIOBO: XPOHOJIOTIS TEOPIi KIHETUYHUX PIBHAHD

MareMaTnuHO KOJIEKTUBHI BJIACTUBOCTI CHUCTEM DArarhbox YaCTUHOK B Ki-
HETUYHIN Teopil ONMUCYIOTHCA 3a JOMOMOTOI KIHETUYHWX PIBHAHb - HEJIi-
HIfHUX PIBHSHDB, SKUMHU OIUCYETHCS €BOJIIONIA CTAHY CHUCTEMH JACTUHOK B
TepMiHaX CTaHy TUIIOBOI YACTHUHKH. | eHepaTOp TAKUX €BOJIIOIIMHIX PIBHAHD
CKJIQJIAETHCA 3 JO/IaHKa, SIKUA OIUCY€E BLIbHY €BOIOIIIO (PyX 3a iHepIIiero)
TUIOBO] YACTUHKY CHUCTEMH Ta HEeJIIHINHOTO JOIaHKA, AKII MOJEIOE CAMOB-
32€MO/II0 THIIOBOI YaCTHHKY (IHTerpaJi 3iTKHEHb). 3a JI0IOMOI0I0 PO3B’A3KY
KiHETUYHOTO PiBHAHHA BU3HAYAIOTHCS CEPeJIHI 3HAYEHHS CIIOCTEPEYKYBAHUX
BE/IMYUH CUCTEMHU YAaCTUHOK. SaFaJIbHOBiJIOMI/IM IIPUKJIaI0M KiHeTI/I‘IHOI‘O
piBHgHHA € piBHAHHA BoJbIIMaHa, TKUM OMUCYETHCS MPOIEC 3ITKHEHHS 9a-
CTUHOK B PO3pimkennx razax. KBanTosi KineTwvHi piBHAHHA € BiamoBigHI-
MU y3araJibHEHHAMNU KiHeTI/IqHI/IX piBHHHb KJIACUYHUX CUCTEM YaCTUHOK.
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3 dizudHOl TOYKM 30PY KiIHETUIHUMHU DPIBHIAHHSIMU OIMCYETHCS TEBHUMN
eTarr mporiecy repexoiy (pesakcariil) 3 HepiBHOBa;KHOTO CTAHy Y CTAH Tep-
MOJIMHAMITHOT PIBHOBATM CHUCTEMHU HAraThoX JaCTUHOK. A came, B 3arajb-
HOMY BUIQJKy B IPOIECI peslakcarlil JOBIIbHUI HEPIBHOBAaYKHUI CTAH CH-
CTeMHU YaCTUHOK IPSIMYE J0 CTaHY, IKWH IIJTKOM ONHUCYETHCS B TepMiHaAX
OTHOYACTUHKOBOI (DYHKIIT PO3MOiIy HIMOBIPHOCTI (/1711 KBAHTOBHUX CHCTEM
— OJIHOYACTUHKOBHUM CTATUCTUYHUM OIIEPATOPOM, SAJIPO HAKOTO BiJlOMe AK
OJIHOYACTUHKOBA MATPHUIlH TYCTHHH ), KA BU3HAYAETHCS 3 BiIIOBIIHOTO Ki-
HETUYHOTO DIBHAHHS B 3aJ€KHOCTI BiJ MOTEHIIAIy B3a€MOJil YaCTHHOK.
Ha mactymuomy erami pesakcarii Takuii CTaH CUCTEMHU YACTUHOK IPAMYE
10 JIOKAJIbHO-PIBHOBAXKHOTO CTAHY, TKUN XapPaKTEPU3YEThCA TiIpOoauHAMI-
IHUMU MapaMerpamu. EBoOIig TiapoarHaMiTHIX TapaMeTpiB CBOEK Iep-
OO OIUCYETHCSI 3a JOIIOMOIOI0 PIBHSIHB CYIJIBHOIO cepeioBuIla (PiBHSIHb
rizpoguHamiku, audysii).

CBol mKepesia CTO TSITIAECAT PidHA iCTOpisi KIHETUIHUX PiBHSAHB Gepe
3 npanp Jxx. Makcsemwna (J. C. Maxwell, 1860 p., 1867 p.), Ta JI. BoJb-
nvana (L.E. Boltzmann, 1872 p.). ¥V 1972 p. JI. Bosbiman chopmystosas
€BOJIIOITifiHe PIBHAHHSA JJIs OJHOYACTUHKOBOI (DYHKINI PO3MOMLIY i TOKa-
3aB, [0 MAKCBEJUIIBCHKUI PO3MO/ILI OIUCYE JIUIIE PIBHOBAXKHUI CTaH Ta3y.
Bin nosiB tak 3Bany “H-Teopemy” (1ipo 3pocTanHsi eHTPOMNIT) — BJIACTUBICTD
PO3B’SI3KY IBOI'O DIBHSHHS, $Ka MOSCHIOBAJA HE3BOPOTHICTH MAaKPOCKOIIi-
YHOI IUHAMIKA. TaKUM YMHOM, 3 ITHOTO Yacy MOYABCS IEPION PO3BUTKY TEO-
pil KiHETHYIHUX PIBHSHB, B OCHOBY SIKOT'O OYJIO MOKJ/Ia/IeHO (DEHOMEHOJIOTI UHi
MOJEJ KiHeTUYHUX ABUIIL.

[Tiznimre 3 MeTor0 y3arajabHeHHs piBHsIHHS BoJibiiMana Ha rycri ra3u abo
piivHM Jyis cucTeMu 0araTboX MPYKHUX KyJIb 0yJI0 cDOPMYJIbOBAHO KiHe-
tuune piBuguHg Enckora (D. Enskog, 1922 p.); musa sumisenoi (6poyHiB-
CbKOI) YaCTUHKH B CHCTeMi 6araTbOX YacTUHOK (TepMOCTari) — piBHSHHS
doxkkepa-Ilmanka (A. D. Fokker,1914 p., M. Planck, 1917 p.) i iioro gac-
TKOBUIT BUIIQJIOK - piBHAHHA CmosryxoBebkoro (M. Smoluchowski, 1906 p.);
JUI CTOXACTUYHOI JIMHAMIKNA CUCTEMU YACTUHOK — piBHsAHHS JleoHTOBHMUA
(M. A. JleonroBu4, 1935 p.). [Jdns cucrem 3apsi/izKeHHX YacTUHOK (iomHi-
30BaHi rasm, mwiasma) B Ieil mepios po3BUTKY KiHeTWHIHOI Teopii Oysn Ta-
KOk copmysboBani: pieastaus Jlannay (JI. . JTangay, 1936 p.), piBHsanHA
Baacosa (A. A. Bruacos, 1937 p.), nisuime — piBusanug Jlenapna-Basecky
(A. Lenard, R. Balescu, R. L. Guernsey, 1960 p.)

3 moYaTKOM PO3BUTKY KBAHTOBOI Teopil Oy/0 chopMyIbOBAHO KBAHTO-
BuUil aHajoOr piBHsAHHA BosibiiMana — KiHeTwyHe piBHAHHSA YJliHTa- YaeHOeKa
(L. W. Nordheim, 1928 p.; E. A. Uehling, G. E. Uhlenbeck, 1933 p.), sk
HaOJIMKEHHS CePeTHBOrO (CaMOY3I0/[XKEHOI0) MOJIsT JIJIsl YUCTUX KBAHTOBUX
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craniB - piBugaag Xaprpi (D.R. Hartree, 1928 p.) abo cucrem depmio-
HiB i 6030HIB — piBHgHHa XapTpi-Poka (B. A. Pok, 1930 p.). [lizuime B
HaO/IMKEHHI CePEIHBOTO TOJIA MJI JAJIEKOCAXKHUX IMOTEHIHAJIB B3aEMOIIT
JacTUHOK Oy/s10 cOpMyIbOBAHO KBAHTOBE KiHETWYHE DiBHIHHsS BjacoBa
(A. A. Buacos, 1947 p.), Jyisi KBAaHTOBUX CUCTEM B KOHJIEHCOBAHUX CTa-
Hax — KiHerumuHe piBHsiHHA Borosmo6osa (M. M. Boromo6os, 1947 p.) Ta
pisusuus I pocca-IliTaeBecbKOro (E. P. Gross, L. D. Pitaevskii, 1961 p.).

3 nppyroi nmojouau 40-X pokiB XX CTOITTS MOYMHAETHCA HOBUI eTall
y PO3BUTKY KiHETHYIHOI Teopil, a came, CTBOpPeHHs (hOpMai30BaHOl TEOpil
kinernuanux spunt. Y 1946 p. B Kuesi (Incruryr maremaruku) y Bigomiii
moHorpadii [4] M. M. Boromo6os cdhopmyroBas moctiioBHI# TAXim 10
BUBEJIEHHs KIHETUYHUX PiBHHAHB 3 JIMHAMIKU CUCTEM 0AraTboX YaCTUHOK, &
caMme, PyHIAMEHTAJIbHUX PIBHAHBb, IKUMH OIMCYETHCS €BOJIIOIS BCIX MO-
JKJIMBUX CTAHIB CHCTEM YACTHHOK — iepapxii eBosmomiiiaux pisusias BBLIKI
(Boroso6os-Bopu-I pin-Kipksy-Ison) a6o janmioxka pisHsmb Boromo6o-
Ba. 3a JIOIOMOIOI0 METOIB Teopil 30ypeHb OyI0 po3pobieHo MeTo mody-
JIOBU y3arajbHEHHs piBHAHHS Bosbimvana (Kinerwdne piBusnHg Borosto-
6oBa), KineTnuHUX piBHAHD Biacosa ta Jlammay. SaBnsku niit po6ori cras
3pO3YyMIJIMM MeXaHi3M BUHUKHEHHS HE3BOPOTHOCTI MaKPOCKOITIYHOI €BOJIIO-
mil cucreM 6araThbOX YACTUHOK, JIUHAMIKA SIKUX B MIKPOCKOIIYHOMY Mac-
mTadi OMUCYETHCA 3BOPOTHUMHU Y YACI PIBHAHHAMU PyXY.

Bromom B mpangax I'. I'pema (H. Grad, 1958 p.) 6ymo chopmymbsopa-
HO TiIXix 10 OOrpyHTYBaHHS KiHETUYHWX PiBHHAHB, sIK €BOJIIOIIAHUX PiB-
HeIHB, SIKAMH OIICYEThC ACUMIITOTHKA PO3B’sI3Ky iepapxil piBasmb BBIKI
y CKeMJTIHT'OBi#l rpanuIl 3a BiAmoBiquuM MaauM napamerpoMm. B ocramni me-
CATUPIYUYA TAKUN I1i/1Xi/1 BAKOPUCTOBYETHCH K 3araJbHOIPUAHATUN METO
CTPOTOr'O BUBEJIEHHS KIHETUYHUX PIBHAHL CKJIQIHUX CUCTEM PIZHOMAaHITHOL
npupoau. B 1ijomy mpobsiemMa cTPOroro BUBEICHHS KiHETUYIHUX PIBHAHD 3
JUHAMIKY CUCTeM 0ararboxX 9aCTUHOK 3AJUINIAETHCS BiIKPUTOIO TPOOIEMOIO
KiHETUYHOI Teopil.

Ha cygacnomy erami po3BUTKY KiHETHYHOI TeOpil HANOIILIN PO3BHUHE-
HOIO € MaTeMaTUYHA Teopid HeJiHiIfHOro piBHAHHA BosbiiMana, 1mo 6epe
cBol mkepesia 3 npanb A. Ilyankape (H. Poincaré, 1906 p.), skwuii npu-
BEPHYB yBary MaTeMaTHKIB JI0 HEOOXiZHOCTI OOI'pYyHTYBAHHS KiHETHYHOI
reopil Ta /1. T'nsbepra (D. Hilbert, 1912 p.), sikuii BCTaHOBUB 3B’s130K
PO3B’si3Ky piBHsIHHSI BoJibIMaHa 3 PIBHAHHSAME IipouHaMiKe (I10CTa PO~
6aema 1. I'inbbepra chopmyaboBana Ha MiKHAPOIHOMY KOHTDeCi MaTeMa-
tuku B 1900 p.), a rakoxk npami T. Kapsemana (T. Carleman, 1932 p.) 3
MaTEMaATHIHOTO aHAJI3y IPOCTOPOBO OJHOPIAHOTO PiBHAHHA DosibiMana.

MatremaTuana Teopis HeJHITHUX KIHETHYHUX PIBHAHDb MOYaJIa iIHTE€HCUB-
HO po3suBaTucsd 3 nodarky 80-x pokiB XX crosiTrs. OJHUM 3 TOCATHEHD
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IBOro Iepioxy OyJio cTpore BUBEJEHHs pPiBHsSHHA BoJsibliMana 3 JuHAMI-
KI HeCKIHYeHHO! KiJTbKOCTI TBEpIMX Kyjib B rpanuli BosbimMana - I pe-
1a [33,36]. Crpori pesyabraru 3 Teopii KIHeTUIHUX PIBHSAHB Ta X OOI'PYHTY-
BaHHsl Hanpukinmi XX crositTs Gysio migcymoBano B MoHorpadisx [5,6,38].

3a ocraHHE OECATHIITTS MATEMATUYIHI PE3YIbTATH 3 BUBEIEHHS KiHETH-
YHOTO PiBHAHHA BoJibIiiMaHa 1 KJIACUYHUX CHUCTEM YaCTHHOK 3 KOPOTKO-
JUIOYMM HOTEHIAJIOM B3a€MO/IIT Oy/u y3arajabHeHi B MoHorpadii [8] Ta pos-
BUHYTO HOBI MeTO/[1 BuBeIeHHs piBHsiHHS Bosbimana [9] Ta Exnckora [20] 3
JIMHAMIKN 9aCTUHOK i3 3iTKHeHHsAMY [21]| (6iabin geTaIbHO JUB. IOCHIAHHS
B IIUX pobOoTax).

Y ocramHi gBa IECATUIITTS TAKOXK OYJIO JOCATHYTO 3HAYHOTO IIPOrPECy B
pobJjieMi BUBE/IEHHS KBAHTOBUX KIHETUYHUX PiBHAHBb B CKEHJIIHTOBUX I'Da-
HUISX PO3B’a3Ky iepapxil piBuanb BBI KI mobymoBaHoro MeromaMu Teopii
30ypens [2,31,35], 30kpema, KBaHTOBOrO piBHsHHS Bosbimana [1] B rpannmi
csiabkoro 3B’s3Ky, HesiHifiHoro pisasaHs [IIpexinrepa [3,37] rta piBHsHHS
I'pocca-Tlitaeschkoro [7] B rpaHuIl cepeHbOro (CAMOY3rOZKEHOT0) MOJTS.

Hikve BuBuaioTbest GyHIaMEHTAIbH] PIBHSAHHS, SIKUMU OIUCYETHCS IIPH-
poma pedeil, a caMe iepapxil eBOJOIMINHNX PIBHAHL KBAHTOBUX CHCTEM Oa-
raThbOX JYaCTUHOK, Ta HemepTypOaTuBHI MeTOau MOOYI0BY 1X po3B’a3KiB. Ha
OCHOBI ITHOTO POITJIAHYTO JIB& HOBUX ITAXOJN IO OMUACY KiHETUYHOI €BOJIIO-
nii kBanToBuX cucreM [13|. OnuH 3 HEX IOJIATAE B OMKCI €BOIONIT KBAHTO-
BUX CUCTEM YaCTWUHOK B CKEUWJIIHTOBil TPAHUIL CaAMOY3TOJZKEHOI'0O TOJId 34
JIOIIOMOTOI0 i€papXil eBOJIIOLIHUX PIBHSIHB JjIsi criocTepexkyBanux [30] Ta
miaxig, KA TPYHTYEThCS HAa HEMapPKOBCBKOMY y3arajbHEHHI KBAHTOBHUX
KiHETUYHUX DiBHSHB [27].

2. IePAPXIi EBOJIIOIINHUX PIBHAHb KBAHTOBUX CUCTEM

Ak BiToMO, KBAaHTOBI CHCTEMHU OMUCYIOTHCA 38 JTIOMTOMOT'OI0 TAKUX MTOHAT,
dK crocrepexkyBati Ta cran. QyHKIIOHAT CePeHBOrO 3HAYCHHS (MaTeMa-
TUYHE CIOJIBaHHS) CIOCTEPEKYBAHO! BU3HAYAE JBOICTICTH (JyanabHICTBD)
CITOCTEPEXKYBAHOI Ta CTaHy. BHac/iIoOK mbOTO icHye aBa IMiAXOMu 10 OIH-
Cy €BOJIIONIl KBAHTOBOI CUCTEMU CKIHYEHHOI KiJIbKOCTI YACTHHOK, & came,
B TepMiHAX CIIOCTEPEXKYBAHUX, €BOJIOINiS SKUX BU3HAYAIOTHCA PIBHAHHAM
Tefizenbepra, abo B TepMiHax CTaHy, €BOJIIOIS SIKOTO BU3HAYAETHCI PiB-
uauaaM (on Heiimana (kBanToBoro piBHsiHHs JliyBijis) st omeparopa
IYCTUHU (CTATHCTUYIHOTO ONEPaTOpa), f/IPO sIKOTO BilOME, K MATPHUILT Ty-
CTUHU, BiJIIOBITHO.

ExsiBajenTauit minxia 10 onucy eBOJIIONil cucTeM 6araTboxX YaCTUHOK, K
CKiHYeHHOI ¥ HeCKIHYEeHHOI KIJIbKOCTI YACTUHOK, TOJISTAE B OIUCI €BOJTIOTIIT
ab0 B TepMiHAX CIIOCTEPEKYBAHUX 32 JIOIMTOMOTOIO ITOCIiIOBHOCTI OIIepaTopiB



86 B. I. I'epacumenko

BIIOMUX K S$-9aCTUHKOBI CIOCTEpE:KYBaHi (OMepaTopy peyKOBaHUX CIO-
CTEPEeXKYBAHNX ), €BOJIOIiA KX BU3HAYAETHCS JYAJbHOIO i€papXi€io piB-
usup BBIKI (Boromo6osa — Bopua — I 'pina — Kupksyga — Isoma) [13,18],
abo B TepMiHAX CTaHy 3a JIOIOMOTOIO ITOCJIIOBHOCTI TaK 3BAHUX S-UaCTHUH-
KOBHUX OIEpaTOpiB IycTuHu (PEIyKOBaHI ONEPATOPU TI'YCTHHU), €BOJIOLis
AKOI BU3HaUA€ThCs iepapxiero pismsmn BBIKI ksamToBux cucrem [4].

AbTepHATUBHUN METOJT OIUCY €BOJIIOTII CTAHY KBAHTOBOI CHCTEMHU CKiH-
9eHHOl KiJIbKOCTI 9aCTUHOK IIOJIATA€ B OIHUCI CTaHy 3a JOTOMOTOIO OIllepa-
TOPiB, gKi BU3HAYAIOTHCI KJIACTEPHUMHU PO3KJIAIAME OIE€PATOPA T'YCTUHHU.
Taxi onepaTopu iIHTEPIPETYIOTHCS K KOPEJAIlil CTaHy, Ta IX €BOJIIOIis Oy~
cyeTbed iepapxiero piBuganb (ou Helimana ajist moC/aiqOBHOCTI KOpeJIAITiii-
HUX oneparopis [16,23,26].

2.1. EBouroriiitHi piBHSIHHS cucTeM 6araTboxX YacTUHOK. /Jljis 3arajib-
HOCTI HaJaJIi PO3IVISJIAI0TbCS KBAHTOBI cucTeMu HeMIKCOBAHOI KiJIBKOCTI
OHAKOBHMX OE3CIIIHOBUX YACTHHOK, TOOTO JOBIJIBHOI, ajle CKIHYEeHHOI cepe-
JHBOI KIJTBKOCTI YacTHHOK, y mpocTopi RY, v > 1, aKi 3aJ0BOIbHAIOTE CTa-
Tuctuili MakcBeiia — BonbiiMaHa, 1 BUKOPUCTOBYETHCS CHCTEMA OJIMHUITH
e h = 2wh =1 — crana Ilmanka, m = 1 — Maca YaCcTHHOK.

ITo3HAYNMO N-IaCTUHKOBHI Timb6epTiB mpocTip sk Hy, = HE™ 1a HEO =
C. IIpoctip @oka naj mpocropom H mosmaummo Fy = o o Hy. Camo-
CIIPAYKEHUiT onepaTop f, BU3HaueHmil Ha mpocTopi H, = H®" 6ynemo Ha-
Jasmi Takok mosHadatu cuMBoJioM fr(1,...,n). Hexait £(H,) — mpocrip
0OMeXKeHUX oneparopis g, = gn(l,...,n) € £(H,) 3 onepaTopHO HOD-
Mot ||. || ¢(31,,)- Bianosimmo, npocrip £(H,,) — npocrip sneprux onepaTopin
fn=fa(l,...,n) € £Y(H,) 3 nHopmoto:

[ fnller ey = Tr1, ol fa(Ls -0l

ne cumBosioM 11y, TO3HAYEeHo YacTHHHI cyigu oneparopa fr,. IligmpocTip
QiHITHEX MOC/TIIOBHOCTEN BUPOXKEHUX OIEPATOPIB i3 HeCKIHYEHHO aude-
PEHIIOBAHUMHY AAPAMHU 3 KOMITAKTHUMK HOCISIMH ITO3HATUMO S(l)(fH).

st kBaHTOBOI cucTeMu HEe(IKCOBAHOI KiTBKOCTI YaCTUHOK CIIOCTEPEKY-
BaHi ommcyiorbes nocmigoBaoctamu A = (A, A1(1),..., An(1,...,n),...)
camocrpsizkeHux omeparopis A, € £(H,). EBosomnis crocrepexxyBannx
A(t) = (Ao, A1(t,1),..., Ap(t,1,...,n),...), ne t € R, BusHavaeThes 3a-
nadero Komrl myist mocstigoBHOCTI piBHAHD [eitzenbepra:

9
S A1) = NA(®), (2.1)

A(t)]i=0 = A(0), (2.2)
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ne mocmimosricts A(0) = (Ao, AY(1),...,A%(1,...,n),...) — modaTKOBA
crocrepexysana, reaeparop N = @22 (N, BU3HAYAETLCH Takoo dopMy-
JI010

Nngn = —1 (gan - HnQn)y (2'3)

Ta camocnpsennit oneparop H, = Y77 K(j) +€> 7 iy ®(j1,J2) -
raMiJIbTOHIAH CHCTEMH N 9aCTHHOK, TOOTO omeparop K (j) — omeparop Ki-
HETUYHOI eHepril j yacTunku, ¢ oOMeKeHMit orrepaTop MapHOro MOTEHITATY
B3aemozil, € > 0 — ckelJiHTOBUH TTapaMeTep.

dxmo A(0) € £(Fy), Toni maa posinbaux t € R B mpocropi £(Fy)
enuHuit po3s’s30k 3amadi Komri (2.1), (2.2) 306paKyerbes 3a JOMOMOIO0
onHomapameTpudHol cim’i Bimobpaxkens G(t) = ®2° Gy (t):

A(t) = G(1)A(0),
Jie Binobparkennst Gy, (t) BU3HAUYAETHCS TAKOW (HOPMYJIOIO
R St Gu(t)gn = e/tn g e~ iHn (2.4)

Y mpocropi £(H,) omHomapamerpuvHe BimoOpaykeHHs (2.4) yTBODIOE *-
c/1abKO HelepepBHY I'PYIly OlepaTopis, iHdiHiTe3IMabHII reHepaTop Kol
criBmaiae 3 ornepaTopoM (2.3) ma ob6racTi HOro BU3HAMEHH.

Cepenne 3HadeHHsT (MaTeMaTHIHE CIOIBAHH:) criocTrepexxyBanoi A(t) B
MOMeHT 4Jacy t € R Bu3Hada€ThCAd HENEPEPBHUM JHHIHHUM DyHKITIOHAJIOM,
SIKUI 300ParKye€ThCsl TAKUM PO3KJIAIOM B P

(A6 = (DO Y T Al DS, (25)
n=0

ne nocmigoricts D(0) = (I,DY,..., DY ...) nosuTuBHUX caMOCIIPAKEHIX

onepatopis DO € £1(H,,) — mocinosnicTs onepaTopis rycTuHE, KO0 ONU-

CYIOTbCS BCi MOXKJIMBI CTaHU KBAHTOBOI cucTeMu HediKCOBAHOI KiTbKOCTI

YaCTHHOK B OYaTKOBUI MOMeHT 4acy, Ta (I, D(0)) = > 7 %Trl,m,an -

HOpMYytoUnii MHOKHUK. PyHKIioHAN (2.5), IKUM BU3HAYAETHCS JIBOICTICTH

criocTepexkyBanux i cramis, icuye ara DO € £1(H,) ta A, (t) € £(Hy).
JJ1s1 HOpMYIOUOro MHOXKHUKA CIIPABEJJINBa PIBHICTH

(1, D(0)) = (1,G"(t) D(0)), (2.6)

na rpocropi £1(Fy) BusHaueno cupszxene 10 rpymu (2.4) omHONApaMeTpH-
uHe BimobpazkenHs G*(t) = &7 (G (t):

R'st —s Gr(t) fn = e_itH”fneitH”, (2.7)

YTBOPIOE CUJILHO HEIIEPEPBHY 130METPUIHY I'PYITy OIEPATOPiB, dKa 30epirae
MMO3UTHUBHICTH Ta CAMOCIPSIKEHICTh OTIEPATOPIB.
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Buaciinok pisaocri (2.6) mas dyukmionasa (2.5) cuipaBenBe Take 30-
OparKeHHs:

(A(t), D(0)) = (I, D(0 Z §Tr1,n Gt t)AY DY =

(I,G*(t 12 Try, 2 A2Gr ()DL =

(L, D(t))~ (A(O)vD(t)),

TOOTO €BOJIOIisT KBAHTOBUX CHUCTEM 0AraThbOX YACTUHOK B €KBiBAJIEHTHIIHA
criocib Moxke OyTH ommMcaHa 9K €BOJIOINisT cTaHy. [lificHo, eBoJfOIlis BCiX
MOKJIMBUX CTaHiB, T00TO mociimosuicts D(t) = (1, Dy(t),..., Dy(t),...) €
£Y(F3) oneparopis rycrunn D,,(t), n > 1, ommcyernses samateio Kot grs
noctioBHOCTi piBasHb don Heiimana (kBanToBux piBusHb JIiyBimis):

0 .
5, D(0) = N D(1), (2.8)
D(t)]i—o = D(0), (2.9)

ne rereparop N* = @22 N¥ piBusuns doun Heiimana (2.8) e oneparopom
crpsizkeHuM J10 rereparopa (2.3) pisasuuas [eitsentepra (2.1) i Busnauae-
ThCS TAKOK (POPMYJIO0

N;fn = —i (ann_ann) (2.10)
Oneparop (2.10) mae Taky CTpyKTypy:

N = N*()+e > Nl o),
j=1

Jj1<j2=1

ne oneparop N *(j) — remeparop pisasang don Heiimana mHeBzaemoiroamnx
YaCTUHOK Ta omeparop MNi, BU3HAUAETBHCA Uepe3 olepaTop B3aeMOil da-
crunok: N (j1, j2) fn = =1 (@ (1, j2) fo — [n® (1, J2))-

Taxkum guHOM, €1uHMi po3B’s30K 3aa4i Ko (2.8), (2.9) 306paxkyerbes
IpyToro oneparopis (2.4)

D(t) = G*(t) D(0). (2.11)

3ayBaXKuMO, 110 OIEPATOP I'YCTUHHU 300Paskye€ThCsl Oy KJIOK JIHITHOI KOM-
OiHAIIEIO MPOEKTOPIB mepInoro panry. Oneparop I'YCTHHH, KU € IIPOEKTO-
pom mnepmioro panry Dy, (t) = Py, (t), ¥n € Hp, BigoMuit Sk 9uCTHil CTaH,
a TOBLIbHMIT CTAH IHTEPIPETYEThCA K 3Milanuii cran. Buacaimok cripase-
JUTABOCTI J71l TpoeKTopa piBHOCTI: Py, (t) = Py, (1), 1€ ¥n(t) = e tHny
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€BOJIIOIisT YUCTOr0 CTaHy TAaKOXK MOxKe OyTu onmcana 3ajadero Korri s
rocriioBHOCTI piBHAHDb [IIpeginrepa:

.0
1@%(’5) = Hnwn(t)y

Y(E)nl,_g =10, n>1,

ne oneparop H,, — raMiJIbTOHIaH CHCTEMU N JACTUHOK.

2.2. Iunamika kopeJidariii craHiB. AJbTepHATUBHUI MiAXiMT JI0 ONHUCY
CTaHy KBAHTOBOI CHCTEMHU CKIHYEHHOI CEPEeJIHbOI KIJBbKOCTI YaCTHHOK II0-
JIATA€ B OIMCI CTAHy 3a JOIMOMOIOI0 KYMYJISIHTIB OIEpPaTOpPiB I'YCTUHU, SKi
TPAKTYIOThCs K KopeJsiil crany [17].

Beeziemo nociosricTs Kopeststiiinux oneparopis g(t) = (I, g1(t, 1), ...,
gs(t,1,...,8),...) 3a IONOMOIOIO KJIACTEPHUX PO3KJIAJIIB OLEPATOPIB I'yCTH-
wu D(t) = (I, D1(t,1),...,Dy(t,1,...,n),...):

D, (t,1,...,n) =gn(t,1,...,n)+

> IT 9.t X0), (2.12)

P:(1,...,n) =, X;, XiCP
P|>1

e n > 1 ta cuMBOJIOM ZP:(1,~~~,H)=U1-X¢,IP\>1 IMO3HAYEHO CyMy 3a BCiMa
MOXKJIMBAMHE po30uTTsiMu P Muoxkuum ingekcis (1,...,n) na |[P| > 1 xemno-
poxHix migmuoKMHE X; C (1,..., 1), 9Ki B3a€MHO HE EPETHHAIOTHCSL.

Po3p’si3kn pekypeHTHHUX criBBigHOmEHb (2.12) BU3HAYAIOTHCS TAKUMU
PO3KJIaJIaAMHU:

gs(t,1,...,8) = Dg(t,1,...,5)+
> PP -0 T Dixy X0, (2.13)

P:(1,...,s) =U;X;, X,CP
Pl >1

e s > 1. Crpykrypa poskiaaais (2.13) raka, Mo KopeJsiiiiai onepatopu
MOKHA TPAKTYBATH K KyMyJISSHTH (HamiBiHBaApiaHTH) ONEPATOPIB I'yCTHU-
i (2.11).

Axmo gg cgl (Hs), s > 1, Toxi qyist t € R mocstiioBHICTh KOpeIAIiiiHnx
oneparopis (2.13) € exuunM po3s’sa3koM 3a1adai Kol st iepapxil piBHSHD
dbon Heiimana [23,26]:

0
—gs(t,1,...,8) = NJgs(t,1,...,8)+

ot
> S eNm(inin)gixy (£ X1)g)x, (, X2),

P:(1,..,85)=X1 X2 11€X71 i2€X2

(2.14)
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gs(t,l,...,s)’tzo:gg(l,...,s), s>1, (2.15)

Jie CUMBOJIOM ) _p. (1,...,5)=X, | X, HOBHAUEHO CyMy 3a BCIMa MOZKJTMBIME PO3-
Gurravu P muokuuu (1,...,s) Ha aBi HenopoxkHi migMuoKuEA X1 T X9,
AKI B3AEMHO HE NMEPETUHAIOTHCs, Ta onepatopu N ./\/1}"1t (i1,42) BU3HAUAIO-
Thest popmynoro (2.10). ITiakpecammo, mo iepapxis pisasab dhon Heitma-
Ha (2.14) — 1e cucTeMa peKypPeHTHUX eBOJIIOIIHHUX DIBHSHb.

AKIMO MoYaTKOBHII CTAH OMUCYETHCS MOCITOBHICTIO KOPEIATIIHIX OTIe-
paropis g(0) = (1,¢7(1),...,9%(1,...,n),...) € @ L (H,), Toxi esosmo-
sl BCiX MOXKJIMBUX CTaHIB KBAHTOBOI cHCTeMHU 0araTbOX IaCTUHOK, TOOTO
nocaigosuicrs g(t) = (I, g1(t,1),...,9s(t,1,...,5),...) KOpeasuifiHux ore-
paTopiB gs(t), s > 1, BU3HAYAETHCA IPYIO0 HEJIHIAHUX orepaTopis [23]:

9s(t,1,...,8) =G(t;1,...,s | g(0)) = (2.16)
oo e A X)) T o (X)), s> 1,

P:(1,...8)=U; X; X;CP

e > p. (1,.8)=U, X, — CyMa 3a BCIMa MOXKIMBUME PO3OUTTAME P MHOMKIHI
L (1,8)=U; X;

ingexcis (1,...,s) na |P| menopoxuix miavmuokua X, fKi B3a€MHO He Ie-

PETUHAIOTHCSA, MHOKUHA ({X 1}, {X |p‘}) CKJIAJIAEThCS 3 €JIEMEHTIB, AKi

e migvuoxunamu X; C (1,...,s), ro6ro [({X1},...,{X|p})| = [P|. Tsip-

uuit onepatop Ap|(t) poskray (2.16) € KymyJIsaHTOM TPYT OepaTopis (2.7)

|P|-ro nmopsiiky, sikuii BUSHAYAETHCST TAKUM PO3KJIAIOM:

Wp| (6, { X1}, AXpp}) = (2.17)
> (DR =0 T Gz (t:0(Z)),

s (X1} A X ey }) =Uy Zi 2P’

e 0 — BigoOpazkenns gexnacrepisanii: 6({X1},..., {Xpp}) = (1,...,5).

VY pasi BifcyTHOCTI KOpedaiiii Mi2K YacTUHKAMEU B TMOYATKOBUN MOMEHT
4acy (IoYaTKOBHUil CTaH 3a/I0BOJIbHSIE YMOBI xaocy |[2, 38]), Tobro mocii-
JIOBHOCTI TIOYATKOBEX Kopessmiiiaux oneparopis ¢(?(0) = (0,¢9(1),0,...)
(v pasi crarucruku Maxkcsesia — BosibiiMana B TepMiHAX MOCJIiIOBHOCTI
OIepaToOPiB I'yCTUHU TaKUH CTaH OMUCYETHCS IOCJIIOBHICTIO D) (0) = (I ,
DY(1),...,TI, DY(i),...)), posknamu (2.16) HabyBaloTh TAKOTO BHIIISALY:

S
gs(t, 1, ,8) =A(t,1,...8) [[40G), s>1,
=1
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ne kymyasaT 2 (t) rpyn oneparopis (2.7) s-ro mOpsIKy BUZHAYAETHCH PO3-
KJIaJI0M

A(t,1,...,8) = > =P pr = T G, (X, (2.18)

P:(1,...,s)=U; X; X;CP

i Jle BUKOpUCTAHO NO3HAUeHHs npuiinaTi B popmysi (2.16).

TakuMm YUHOM, KyMyJISHTHA IIPUPOJA KOpeJsuiiiHux omneparopis (2.13)
IHJIyKye KyMyJISIHTHY CTPYKTYpy BimoOpaskenns (2.16).

ITlinkpecmmo, 1m0 auHAMIKA KOpeJIdlliit, ToOTO iepapxia dyHIaMEeHTAb-
HUX PiBHSAHD (2.14) SIKOIO OIICYETHCS €BOJIIOLIS KOPEJISAIi CTaHiB, MOXKe Oy-
TH BUKOPHCTAaHA SIK OCHOBa OIMCY €BOJIIOII] CTaHIB CUCTEMHU CKIHYEHHOI, TaK
i HeCKiHYEHHOI KIJIbKOCTI YacTMHOK 3aMicTh piBHsiHb (o Heiimana (2.8)
JIJIsI OIlepaTOpiB I'YCTHHMU.

2.3. Iepapxil eBosfoLiftHUX PiBHAHDb BBIKI. i onmcy KBaHTOBUX
CHCTEM K CKIHYEHHOI, TaK 1 HECKIHYEHHOI KiJTbKOCTI YaCTUHOK BUKOPHUCTO-
BY€ETbCS IHIUN IAXiJ[ IO OMUCY CTaHIB 1 CIIOCTEPEXKYBAHWX, STKUU €KBi-
BAJICHTHUH MiAXOMy, COPMYJbOBAHOMY BHUINE y pa3i CUCTEM CKiHYEHHOI
CepeIHbOI KIIbKOCTI 4acTuHOK |5,39)].

Jiiicro, dbyHKIIOHAT CepeIHIX 3HAYEHb CHOCTEpe:KyBaHUX (2.5) Moxke
OyTu 300pazkeHuil 11e B Takiit dpopmi

(A)(e) = (1,DO) Y - Tri, o Ant) DY =
. n=0 " (2.19)
> ! Tr W Bt s FOL ),
s=| 0

Jie JIJIsl OIUCY CIIOCTEPEXKYBAHUX 1 CTaHY BBEJIEHO ITOCJIiIOBHOCTI OIEPATOPIB
Pe/IyKOBaHUX (S-4acTUHKOBUX) criocrepexyBauux B(t) = (B, Bi(t,1),.. .,
Bg(t,1,...,8),...) Ta pejyKoBaHUX (S-9YACTMHKOBHX) ONEPATOPIB I'yCTUHU
F(0) = (I, F)(1),...,F%(1,...,s),...), simnosinno [38,39]. OTske pemyKo-
BaHi CIIOCTepesKyBaHi BUSHAYAIOTLCA B TEPMIHAX CHOCTEPEYKYBAHUX TAKUMHE
poskiagamu [18,30]:

By(t,1,...,s) =
Z (_nl')n Z Asfn(t,(l,...,s)\(j17”"jn))’ (2.20)
n=0 e Ain=1

ne s > 1, Ta peJlyKOBaHI onlepaToOpu I'YCTUHU BU3HAYAIOTHCI OIEPATOPAMU
IyCTHHU B Takuii croci6 [5]:
1
0 . -1 0
FJ(1,...,s)=(I,D) Z ] Trott,..s4n Dgin(l,...,s+n). (2.21)
n=0 "
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ITimkpeciuMo, 10 MOYKJIMBICTH OIMCY CIIOCTEPEXKYBAHUX 1 CTAHY 3a JIOTO-
MOTOIO BIJIITOBIJTHUX PEYKOBAHUX OIEPATOPIB 3aKOHOMIPHO BUHUKAE B pe-
3yJbTaTi AlIeHHs psmy y Bupasi (2.5) Ha psi HOPMYBAJBHOIO MHOYKHUKA,
TOOTO BHACJIIIOK II€PEBU3HATEHHS 300pakeHHsa (PYHKITIOHALY CEPETHIX 3HA-
YeHb crocrepekyBaHux (2.19).

KO B 1OYATKOBUNT MOMEHT 4Yacy CIOCTEPEXKyBaHa BU3HAYEHA ITOCJIi-
noBHICTIO pesykoBanmx crocrepexkysannx B(0) = (Bo, BY(1),..., BY(1,
ey 8)y...) € L&(Fy), Toni miasa posinbhux t € R mocainosuicts B(t) =
(Bo, B1(t,1),...,Bs(t,1,...,5),...) peaykoBaHux crocrepexxypanux (2.20)
3a,10BOJIbHsIE 3a1a4ay Kot yist ayassrol iepapxiil pisusas BBIKI [10, 13,
30]:

0
aBs(talv 78) =
S S
(NG +e D2 Naunlin2)) Balt, 1)+ (222)
Jj=1 Jj1<j2=1
S
€ Z Mnt(jlan)Bsfl(ta 17 ‘e 7j1 - 17j1 + 15 .. '73)7
J1#j2=1
Bs(t,1,...,8)u—0 = BY(1,...,5), s=>1, (2.23)

Jle BUKOPUCTAHO MO3HAaYeHHs npuitHaTi B dopmydi (2.3). SayBaxkumo, 110
iepapxist piBHsHDb (2.22) Ma€ CTPYKTYPY DPEKYDPEHTHUX E€BOJIOIIHHUX DiB-
HSHb, HAIIPUKJIIAJT,

0

aBl(t 1) =N(1)By(t, 1),

9 2

= Ba(t,1,2) (;N 7) + € Nine (1, 2))32(15,1,2) +

int(1,2)(B1(t,1) + Bi(t,2)).
Posp’sa30k 3aza4i Komi (2.22), (2.23) 306paxKyeThCst TAKUME PO3KJIAA-
mu [18,30]:
Bs(t,1,...,s) = (2.24)
S 1 S
Z E Z Qll+n(t7{(]-a"‘75)\(jla"'ajﬂ)}?
n=0 " j1#..Ajn=1
(G1s--adn)) B (Lo ciji = L+ 1, — Lgn + 1,0, 8),
ne s > 1, a TBipHUit omepaTop po3kyaay € (1 + n)-ro NopsaKy KyMyJIsTHTOM
rpyn oneparopis (2.4):
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Qll-i—n(t) {(17 . "8) \ (j17 s 7jn)}) (jl, ce e )jn)) =
Z (-DPF(p| - 1) H Gocx,)|(t,0(Xi)),

P: ({(1""73)\(j1""vjn)}v(jlr"vjn)):UiXi X;CP

i BUKOpHUCTAHO MO3HAYeHHsI aHasjoriyni o dopmymu (2.17). 3aysBaxumo,
1m0 po3kIas (2.24) s po3B’s3Ky Moxke OyTH 300pazKeHuil y BUTIIS L PSTY
iTepariiii (Teopil 30ypeHb) PeKypPEHTHHUX eBOJIIOIIAHUX PiBHsHD (2.22) BHAa-
CJTIIOK 3aCTOCYBAHHS aHAJIOTIB piBHgAHHA J[f0aMesis 10 TBipHUX OmIepaTopis,
TO6TO KyMyJISHTIB Ipy1l oneparopis (2.4).

Brigno BusHadenns (2.20) crocrepeskyBaHAM aJUTUBHOIO THILY BiIIOBI-
JaI0Th OJHOKOMIIOHEHTHI IIOCJIimoBHOCTI B (1)(0) = (0,59(1),0,...) pemyko-
BaHIX CIOCTepexyBanux, a nocaigosuocri B¥)(0) = (0, ... ,0, W(1,...,k),
0,...) BianosigaioTs k-apHoro tuiy crocrepexkyBanum. Toui jiist meBHOTO
TUILy CIOCTEPEKYBAHUX CTPYKTypa Poskiaiy (2.24) mabysae BinnosigHol

dopmu
Bt 1, 8) = As(t,1,...,8) Y B0(), s>1, (2.25)
j=1

ne TBipHuit omeparop 2As(t) - KyMyJsiHT S-TO HOPSJIKY TIPYI OIepaTopiB
(2.4), i, axmo s > k,

BW(t,1,...,5) = (2.26)
1 d . . 4
m Z Q’l1+8*k(t7{(17"'78)\(]17"'738716)}7]17"'7
T Ajs—k=1

Jomt) Rl st = Li+ 1,0 s — k=1 js—k+1,....5),

Ta, sk 1 < s < k, MaeMo: ng)(t) =0.

Tpamuriitno eBosionisa cucTeM 6araTbOX YaCTUHOK OIMMCYETHCI B TEPMi-
HAX eBOJIONI] CTaHIB 3a moromoroio iepapxil pisusab BBI'KI st pemyko-
BaHUX omepaTopis rycrunu [2,5,38,39).

Hiiicuo, st dyukiionana (2.19) cupaseyiiBe Take 300parKeHHsT:

(B(t), F(0)) = (B(0), F(t)),

TOOTO €BOJIIOIlisl KBAHTOBUX CHCTEM GAraThOX YACTUHOK B €KBiBAJCHTHUI
crioci6 Mozke 6y TH OIMMCAHA K €BOJIIOIiS CTAHY 3a JIOIMOMOIOI0 DLy KOBAHUX
oneparopis rycruan (2.21).

dxmo F(0) € £1(F3), Toni nisa nosimbroro ¢t € R nocigosnicts F(t) =
(I, Fi(t,1),...,Fs(t,1,...,5),...) penykoBanux omneparopis rycruuu (2.21)
3a10B0bHsE 3a1ady Komri s iepapxii kpanrosux pisasas BBIKI [5,39)]:

0

S Fo(t L) = NIR( L, 8) + (2.27)
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S
€ ZTrsﬂj\/'i’flt(j, s+ 1)Fsi1(t,1,...,8,8+1),
j=1

Fy(t,1,...,5) li=o= F2(1,...,s), s>1, (2.28)

Jle BUKOPUCTAHO T03HadeHHs dhopmyau (2.10).
Posp’s30k 3amaqi Ko (2.27), (2.28) mus iepapxii pisasans BBIKI 306-
paxKyeThCsl TaKUMHU psijamu [24, 25]:

1
Fs(t71,. ..,S) = *Tl"s+1,...,s+n Ql1+n(t,{1,. ..,8}, (229)
n!

n=0

s+1,...,s+n)F£+n(1,...,3+n), s>1,
Jie TBipHMiT omepaTop pary (2.29)
WAin(t,{1,...,8},s+1,...,8s+n) =
= > (DI PL = 1) TT Gl (1 6(X)) (2:30)

P:({1,..,s},5+1,...,s+n)=,; X; X;,CcP

€ (14n)-ro mopsi Ky KyMy/assHTOM TpyIr orepaTopis (2.7). Y poskiami (2.30)
CHMBOJI Y p O3HAYAE CyMy 3a BCiMa MOXK/IMBHME po3burTsmu P MHOXKE-
un ingekcis ({1,...,s},s +1,...,5+n) na |P| HemopoxHix miMHOKIHA
X;c ({1,...,8},s+1,...,8+n), 9Ki B3a€EMHO He NEPETUHAIOTHCS, Ta BU-
KOPHUCTaHO MO3HAUeHHs BBeJeHI B dopmyi (2.16).

BayBaKnuMo, IO OJWH 3 METOAIB HOOYIOBH PO3B’a3KiB (2.29) Ta (2.24)
I'PYHTYETHCSI Ha 3aCTOCYBaHHI KJacTepHUX PO3KIa B [13,25] qo rpym ome-
patopis (2.7) ta (2.4), sxi € TBipHUMEU oneparopamu psizis (2.21) s pemy-
KOBaHUX OIIEPATOPIB I'YCTHHU Ta PO3KiaaiB (2.20) s pejyKOBaHUX CIO-
CTEPEKYBAHUX BiITOBIIHO.

Binznaunmo, 1o mommpenoo GopMOoo 300parkKeHHsd PO3B'd3Ky 3ajadi
Kormi mtst iepapxii pisasias BBI'KI € itoro 306paskenns sk psi Teopil 36y-
penb (pas itepamiit iepapxii pisnans BBIKI) [34,39] (mms. Takox [2,5] Ta
HNOCUJIAHHS B HUX):

tn—1

t
(e.@)
Fu(t,1,...,8) =) /dtl... / Aty Troy1, srnGr(t —t1)x
n=0 0

0
S
D Nl s + D)Gig (= t2) . Gryp i (bn1 — )% (2.31)
ji=1
s+n—1

Z Mtlt(jn7 s+ n>g;k+n<tn)F£+n(17 R n)7
Jn=1
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e s > 1 Ta BUKOpHCTAHO MO3HaYeHHd 3 BUpaldy (2.10). 306parkeHHs po3-
B’13Ky pagom (2.29) eksiBasienTHO 10 psiy (2.31) BHACTIIOK CIpaBe//IHBO-
CTi 3a BiJIMOBITHUX YMOB Ha ITOYATKOBI JIAHI 1 TOTEHIIaT B3aAEMOJIIT YaCTUHOK
aHasoris piBugeb [loamesns s tBipHux omepatopis (2.30) psamy (2.29),
TOOTO JIJIsi KyMyJISIHTIB Py oneparopis (2.4).

Takum arHOM, iCHYE Ba IMIIXOMU 0 OIKCY €BOJIIOIl KBAHTOBUX CHUCTEM
baraTbOX 4YaCTHHOK, a CaMe, B TEPMiHAX CIIOCTEPEXKYBAHNUX, €BOJIIOIISA TKUX
OIIICYEThCS yaIbHOIO iepapxieio piBxsaas BBIKI (2.22), abo B TepmiHax
CTaHy, eBOJIOIIS SIKOTO OIICYEThCs iepapxiero piBusaab BBIKI (2.27). dnst
CHCTEM CKIiHYEeHHO! KIJIBKOCTI YACTUHOK IIi i€epapxil eBOIOMIHNX PiBHAHD
exBiBasienTHI piBHsAHHIO [eitzenbepra (2.1) ta piBusnmio don Heiimana (2.8)
BignosigHo. Y pobori [13] 3a3nadeni iepapxil eBoONifHUX DIBHSAHBL y3a-
raJjibHeHi JiJis CUCTEeM YACTHHOK 3 06araTo4acTUHKOBUM HOTEHI[IAJIOM B3a€-
MOJIil.

AJibTepHATUBHMI MIIXi, K 3a3HAYEHO BUIIE, JIO OIUCY €BOJIIOLIT CTAHY
KBAHTOBUX CHUCTEM, sIKi CKJIAJAI0OThCs 9K 31 CKIHYEHHOI, TaK 1 3 HECKIHUYeHHO1
KIJIBKOCTI 9aCTUHOK, MOXKe OyTH chOopMyJIbOBAHO 3a JOIIOMOTOIO OIIepaTo-
piB, AKi BU3HAYAIOTHCH KJIACTEPHUMU PO3KJIAIAMU PELyKOBAHUX OIEPATO-
piB TyCTHHU, a CaMe:

Gs(t,1,...,8) =
> (~)P (Pl = 1)t [ Fixgt Xo), s>1, (232)

Pi(l,...,s) =U,X; X,;CP

Jie BUKOpUCTaHO To3HadYeHHs dhopmyin (2.13). Taki KymysnssHTH peyKOBa-
HUX OIEPATOPIB I'YCTUHU IHTEPIPETYIOTHCS K PEIyKOBaHI KOPEJINl cTa-
my [39].

YV MikpockomigHoMy MaciTadi MAaKPOCKOIII9HI XapaKTEPUCTUKH (DITYKTY-
aIiii crocrepekyBaHUX O€3MI0CEPEIHBO BU3HAYAIOTHCSA 33 JOIIOMOTOIO pe-
IYKOBAHUX KOPEJSIIHHUX OIIepaTopiB, HAIPUKIaI, (DYHKITIOHAT AUCIepCil
AJMTHBHOTO THITY CIIOCTEpesKyBaHuX, To6To mocmizorocti AN = (0,a1(1),

. 2?121 a1(i1), .. .), 300parKy€eThCs TAKOKW (POPMYJIOIO

(A — (A2 (t) =
Try (a2(1) — (ADY2(1)G (¢, 1) 4 Triga1(1)a (2)Ga(t, 1,2),

ne (AMY(t) = Try a1 (1)Gy(t, 1) — dbynxiionan cepeix 3uasens crocTepe-
JKyBaHUX aUTUBHOTO THILY.

dxmo G(0) €€ £1(Fy), Toni ana nopinerux ¢ € R mocigosHicTs pejry-
KOBaHUX KOpPeJSIiiiHux oneparopis (2.32) 3amoBosbHse 3aady Kot st
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iepapxil HesiHIHIX eBOIONIHNX PiBHAHB (i€papxis KBaHTOBHX HeJiHii-
nux pisusus BBIKI) [39):

%Gs(t,l,...,s) = NJGs(t,1,...,8)+
> DD N (in,i9)Gxy (8, X1) Gy (E X2))+

P:(1,...,8)=X1 |J X2 11€X71 i2€X>

Trorn Y eNp(i s + 1) (Gopn(t 1, s+ 1)+ (2.33)
ie(1,...,8)

Z Gx,|(t, X1)Gx,) (1, X2)),
P:(l,...,erl) =X1UX2,
i€ X158+ 1€ Xo

Gs(t,1,...,s =G%,1,...,8), s>1, (2.34)

=0

Jle BUKOPUCTAHO [T03HAYeHHs iepapxil piBHsaHb (2.14).

VYV pazi movaTKOBOIO CTaHy 3a BiJICYTHOCTI KOPeJdIliii Mi2K JaCTUHKAMU,
TOOTO CTaHy, AKUI OMUCYETHCs MOC/IiTOBHICTIO Gl = (0, G(l), 0,...,0,...),
po3e’sa30k 3aja4i Komi (2.33), (2.34) 306paKyeTbcst TAKUMU PsiJIAMIU:

[e¢) 1 s+n
Gs(t Z *' I'S+1’m,s_|_n 2[5+n( 1 , S +n H GO 7 2 35)

ze s > 1, a reipuuii oneparop s, (t) € (s+n)-ro nopsaky Kymyssar (2.18)
rpyn omneparopis (2.7). Iligkpecsumo, mo s 3a3HAYEHOIO MOYATKOBOIO
CTaHy, BUPa3H JJIsl PEyKOBAHUX OleparopiB rycrunu (2.29) i peryKoBaHuX
KOpeAIiitHux oreparopis (2.35) BiAPIZHAOTHCS JIUIIE TIOPSIKOM TBIDHOTO
oreparopa JiJisi Bi/IMTOBIIHUX YJIEHIB PSAIiB, SKUMU BOHU 300DarXKyIOTHCS.

st moBimbHOTO moyaTkoBoro crany (2.34) pos3s’szok 3amaqi Komri s
iepapxii meminiitnux pismsmn, BBIKI (2.33) mobymosano B poboti [15] (aus.
Takox [17]).

Binznauumo, 1110 B OCHOBY OIKCY €BOJIIOIIl CTaHy KBAHTOBUX CUCTEM Oa-
raTbOX YaCTUHOK 34 JOIOMOTOI0 K PEeIyKOBAaHUX ONEPATOPIB I'yCTUHU, TaK
i pelyKOBaHUX KOPEJIAIIIHUX OlepaTopiB, MOXKe OyTH TMOKJIAJIEHO IIiJIXis,
AKUN I'DYHTYETbCS Ha JWHAMII KOPEJIAIiil, gKa BU3HAYAETbCHA l€papXi€ro
piBasnb don Heiimana (2.14) mis kopessiniiinux oneparopis. [Ipu Takomy
MiXOM] PeayKOBaHI ONEPATOPU I'YCTUHU BU3HAYAIOTHCS TAKUMU PITaMU:

Fy(t,1,...,8) =

2.36
Z Trs+1 stn Gian(t,{L, ... s}, s+ 1, .., s+ n), (2.36)

nO
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ne s > 1, a Kopensriitai oneparopu gi4n(t), n > 0, KIacrepa YaCTHHOK i
YACTMHOK 300ParKye€ThCs PO3KJIATAMM:

gien(t,{1,...,s},s+1,...,s4+n)=

2 Appy (£ (O}
P: ({1,...,s},s+1,...,s+n)=, X; (237)

{0xp)}) T o, (X

X;CP

n > 0, B SKUX BUKOPUCTAHO No3HaueHHs dopmysn (2.16). Peaykosani Ko-
PeJIAIiiiHI OIlepaTOpy BU3HAYAIOTHCS BIJIMOBIIHUMU P TaMU:

00
. 1
Gs(t,l,...,s) = E ETTS+1,...,S+H gs+n(t,1,...,8+n), (238)
n=0

Je s > 1, Ta KopesdIiiiai oneparopu gsin(t), n > 0, 306paXKyr0ThCst PO3-
kiagamu (2.16).

Takum 4uHOM, BHACIIIIOK Bu3Ha4YeHb (2.36) Ta (2.38) BCTAHOBIIIOEMO, 1110
KYMYJISHTHa CTPYKTYpa TBIpHUX OIIEPATOPIB PO3KJIAJIIB JIJ18 KOPEIAIITHIX
oneparopis (2.16), abo 6isbmn 3aragbHux po3kaaais (2.37), iHIYKYE KyMy-
JISHTHY CTPYKTYPY TBIDHUX OIE€PATOPIB PAJIB JJIs PELyKOBAHUX ONEPaTO-
piB rycrunu (2.29) Ta peyKoBaHUX KOpeJiiHux omneparopis (2.35), To6ro
daKTUIHO €BOJIIOIiS CTaHy CUCTEMHU HECKIHYEeHHOI KiJTbKOCTI 9aCTUHOK II0-
POKYETbCA JTUHAMIKOIO KOPEJsIIiii cTaHy.

BayBazkumo, B poboti [19] iepapxii eBosoniitnux piBuans (2.14), (2.22),
(2.27), (2.33) BUBYAIOTHCS K €BOJIONIiTHI PIBHAHHS B (DYHKI[IOHAJIBHEX 10
XIIHUX.

3. Y3ATAJIbHEHE KIHETUYHE PIBHAHHSA

Y upoMy po3IiJi BUKJIAIEHO MiAXiT 0 OIMKCY €BOJIIOII CTaHy 3a JI0IO0-
MOTOI0 CTaHy THUIIOBOI YACTUHKM KBAHTOBOI cuCTeMU 6araTboX YacTHHOK,
abo, IHIUMHI CJIOBAMU, PO3IJISIAIOTHCS OCHOBU OITUCY €BOJIIOIII CTaHY 3a
JIOIIOMOT'OI0 KBAHTOBUX KIHETHYHUX piBHAHD [12,22,27].

3.1. IIpo nmoxomxkeHHs KIHETUYIHOI eBOJTIONiT cTaHiB. Posrianemo cuc-
TeMy 0araTbOX YaCTUHOK, sIKi 33/I0BOJIBHSIIOTH CTATUCTUKYy Makcseyia —
Bombnmana, y pasi BiacyTHOCTI KOpeidriiit MizK JaCTUHKAMUA B IOYATKOBHIT
MOMEHT dYacy, TOOTO MOYATKOBHUI CTAaH KOl BU3HAYAETHCHA OIHOUACTUHKO-
BHUM OIIEPATOPOM T'YCTUHH, a CaMe, TAKOIO ITOCIiTOBHICTIO PEIyKOBAHUX OIIe-
paropis rycruan F(©) = (0, F(1 ) T, FR(0),. . .). Hinkpecaumo, mo
C(bOpMy.HbOBaHe HpI/IHyH_[eHHH CTOCOBHO ITIOY9AaTKOBOTI'O CTaHy npuTaMaHHe
KiHeTHYHiil Teopil cucreM GaraThbox YacTUHOK [2,13,32].
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3Bakaioun Ha TOW (akT, IO MOYATKOBUII CTAH BU3HAYAETHCS OIHOTA-
CTUHKOBHM OIIEPATOPOM T'YCTHHH, it (DYHKIIOHAJIA CEPEAHBOTO 3HAYCHHS
crocTepeskyBanux (2.19) cupasenuBe Take 300parKeHHs

(B(t), F'“)) = (B(0), F(t | Fi(1))),

TOOTO €BOJIOLiST BCIX MOXKJIMBAX CTaHIB OIUCYETHCs HOCioBHIicTIO F(1 |
Fi(t)) = (I,Fl(t),Fg(t | Fi(t)),..., Fs(t | Fi(t)),. ) peaykoBaHux (yHK-
wionauis crany Fy(t,x1,...,zs | F1(t)), s > 2, gKi 300paKy0ThCs PsIIAMU:

Fi(t,1,...,s| Fi(t)) =

[e%e] 1 s5+n (31)
=y — Traen Dian (6 AL shs + 1 s+ n) 11 Ao,
n=0 i=1

§ > 2, BITHOCHO OJTHOYACTHHKOBOTO OIEPATOPa T'yCTHHU

[e’s) n+1
1 .
Fi(t,1) = E ] Tro, 140 Aipn(t, ... ,n+1) H FP(@),  (3.2)
n=0 i=1

SAKUM OIMCYETHCS €BOJIONISA CTAHY THIOBOI YACTHHKN KBAHTOBOI CHUCTEMU
6ararpox qacTuHOK. TBipHNME Onteparopamu psazy (3.2) € kymymsaaTa (2.30)
rpyn oneparopis (2.7) BiIIOBITHOrO MOPSIIKY.

Penykosani dbyukiionamu crany Fs(t | Fi(t)), s > 2, onucyorsb BCi MO-
2KJIMBI KOPEJIAIil, gKi BUHUKAIOTH B IIPOIECI €BOJIIOINII KBAHTOBOI CUCTEMU
0araTbOX YaCTUHOK B TEPMIHAX CTAHY THUIIOBOI YacTWHKHU. TBipHWMii omepa-
top (1 + n)-ro mopsinky psmy (3.1) Bu3HAYAETHCH TAKUM PO3KIAIOM [27]

ni=1

Q]lJrn(t,{].,...,S},S—l—1,.,,,3—|—n) =n! Z(—l)k
k=0

nN—ni—..—Ng_1

1 ~
Z (n—mn; — —’I”Lk)lQ[H'”_”l_'“_”k(t’{l""73}78+17

nkzl

1
...,s—l—n—nl—...—nk)H Z |DA|'X (3.3)
, !

=1 . —
J D;: Z; =X,
l.7
Dj|<s+n—ni—--—ny

stn—mni—...—n;

1 A .
Z H m%*‘xlﬂ(t’”ja&j),
J

7;175...75i‘D].|=1 le CD;

JIe CUMBOJIOM ZDJ: 2=\, X,, MO3HAYEHO CyMy 3a BCiMa PO3CideHHsMM JIi-
Y]

HIfHO BIIOPSA/IKOBAHOI MHOKUHU £ = (stn—myp—...— nj+1,...,s+n—
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ni —...—nj_1) Ha He Oijblre HIXK §+n — Ny — ... — n; JdiHIAHO BIOPSI-
KOBAHUX IJIMHOKWH Ta TBIpHUIT orieparop po3kiaamy Aji,(t) — KyMyJIsHT
(1 + n)-ro nopsinky (2.30) rpym omepaTopiB po3cisHHS

Gn(t) = G(t,1,....n) [[(Gr (i), n>1,

i=1

Hagesiemo HaitipocTini npukiayu TBIpHEX onepaTopiB po3kiary (3.3):

Vit {1,...,s}) = A (¢, {1,...,s}),
Vi1 (6, {1, st s+ 1) =Ao(t,{1,... s}, s+1)—

— A1t AL, sh) Y At s +1).
=1

TakuMm YUHOM, yHACJIZIOK Bu3HAueHHs (2.36) KyMyJisitHTHAa CTPYKTypa
TBIPDHKMX OIEPATOPIB PO3KJIAJIB [IJIs KOPEJsiiHux oreparopis (2.37) iHmy-
KY€ y3arajbHeHy KYMYJIAHTHY CTPYKTYPY TBIpHHUX OIEPATOPIB PAIIB Mg
pejykoBanux dbyHKIioHa B crany (3.1).

BayBaxKumo, y pas3i mo9aTKOBOTO CTAHY KU BU3HAYAETHCS OJITHOYACTHH-
KOBMM oreparopoM rycrurn F(©)| manpuxmas, samada Kowr (2.33), (2.34)
HE € I[IJJKOM KOPEKTHOIO, OCKIJIbKY TTOYATKOBI JIaHI HE € He3aJEKHUMHU JJIsT
KOXKHOT'O HEBIJIOMOTO PEIYKOBAHOI'O OIEpaTopa I'YCTHUHU i€papXil pPiBHAHBb
BBI'KI. Ik macminok, taky samaay Komr MoxKHA mepedOpMyITIOBATH K
HOBY 3amady Ko mis 0qHOYaCTHHKOBOTO OIllepaTopa I'YCTHHU 3 He3aJe-
JKHOIO TIOYaTKOBOIO YMOBOIO 1 ITOCIITOBHICTIO IBHO BU3HAYEHUX (DYHKIIOHA~
JiB Bim po3B’sasky 3amadi Korrri eBoOiiHOTO PiBHAHHS T OTHOYACTUH-
KOBOI'O OllepaTopa TyCTHHU (KIHETUYIHOrO DIBHSIHH:). Y IIbOMY BUIIAJKY
MeTo/| T00YI0BY pelyKoBaHuX (ByHKIoHATIB cTany (3.1) rpyHTYeThCs Ha
3aCTOCYBaHHI PI3HOBUIY KJIACTEPHUX PO3KJAJIB, TAaK 3BAHUX KiHETUIHUX
KJIACTEPHUX PO3KJIIB [27], 1o TBipHUX omeparopis (2.30) psauis, sxuMu
300pazKyIOThCsI PeJyKoBaHi oreparopu rycrunu (2.29).

3.2. ¥Y3arajipbHeHe KBAHTOBe KiHEeTWYHe PiBHAHHHA. SKINO MOIaTKO-
BUI CcTaH Fl0 € £Y(H), Toni ma mosimbHOTrO t € R 0fHOYACTHHKOBHIT OITe-
patop ryctunu (3.2) 3am0BosibHsE 3aady Kol jist y3araabHEHOrO KBaH-
TOBOI'O KiHETHYIHOTO piBHAHHS [27]:

;Fl (t,1) = N*(1)Fi(t,1) + e Tra N (1,2) B (¢, 1,2 | Fu(t)),  (3.4)
Fi(t,1)|,_, = FY (1), (3.5)

Je iHTerpaJs 3iTKHEHDb BU3HAYAECTHC IBOYACTUHKOBUM (PYHKITIOHAJIOM CTa-
Hy (3.1) Ta BukopucraHo nosnadenss (2.10).
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Y poborti [27] noBeneno icuyBanns po3s’asky 3amadi Komi (3.4), (3.5) B
ITPOCTOPI AJIEPHUX OIEPATOPIB.

TakuM 9uHOM, /I8 MOYATKOBOIO CTaHy 34 BiJICYTHOCTI KOPEIAIiit MixK
YaCTUHKAMU, TOOTO CTaHy SAKHUI 33J1aHO OJHOYACTUHKOBUM OIIEPATOPOM I'y-
CTHHU, €BOJIIOIisT BCIX MOXKJIMBUX CTAHIB KBAHTOBOI CHCTEMM Oararbox da-
CTHUHOK MOXKe OyTu onmcamna 6e3 OyIb-aKuX HAOJINKEHb B TEPMiHAX OTHOYA~
CTHHKOBOT'O OIlepATOpa I'YCTHHU, EBOJIIOIiS SKOI'O BUSHAYAETHCH HEMAPKOB-
CbKUM KiHeTHYHUM piBHsAHHsM (3.4) i mocstinoBHicTIO (DyHKIOHAJIB CTa~
Hy (3.1) Bix fioro poss’sasky (3.2).

3.3. CkeluTiHTrOBi BJIACTUBOCTi €BOJIIOIII CTaHiB. 3arajbHONPUITHATA
dimocodiss onmcy eBosonil KIHETUIHUMU PIBHIHHSAME IIOJIATAE€ B HACTY-
naoMy [4,32]. SIKImo moYaTKOBHIl CTAH BH3HAYAETHCA 33 JJOMOMOIOIO CTAHY
THUIIOBOI YACTHMHKHU CUCTEMH, TOOTO B IOYATKOBHII MOMEHT BiJICyTHI KOpe-
a0l MiXK 9acTHHKaMA (yMOBa XaocCy), TOMi B TIEBHOMY CKEHJIIHTOBOMY Ha-
6mzkenni 2,7, 13, 31| eBosonist crany cucremu 6ararbox YaCTUHOK MOXKe
OyTr epeKTUBHO OIMUCAHA 33 JOIIOMOIOI0 CTaHy THUIIOBOI YACTUHKM, TOOTO
OJIHOYACTUHKOBOI'O OIIEPATOPa I'yCTHUHU, KWl BU3HAYAECTHCH BiJIIIOBIIHUM
HeJIHITHAM KiIHETHYHUM PIBHIHHSM.

Hamasti posrisgmaerbess CKeilJiHTOBa aCHMIITOTAYHA MTOBEIIHKA PEILyKO-
Banux dyukijonanis crany F(t | F1(t)) B KOHKpETHOMY BUIIAJKy DaHUIL
CepeHBOro (CaMOy3ro/IzKeHOro) moss [28|.

Hexait icuye rpanuiisg caMoy3roIKeHOro Mo TOYaTKOBOTO OIHOYACTIH-
KOBOT'O OIIEPATOPa I'yCTUHU B TAKOMY CEHCI

lim [le 7 — 7| g1 5y = 0, (3.6)

ne € > 0 — ckellJIiHTOBUIT TapameTp.

Ockinbku 7711 JOBITBHOTO CKIHYEHOTO IHTEPBAJY Yacy JJIsi ACUMIITOTHU-
YHO 30y PEHOrO HEPIIOro MOPsJIKY KyMyJISIHTa TPyl oneparopis (2.7), To6ro
JUIsl CUJIBHO HellepepBHOI rpymnu (2.7), cripaBeJjinBa Taka PiBHICTH

hmHg S)fs_j]:[lgik(tvj)fs Sl(Hs)

rozi auist (1 4+ m)-ro nopsinky, n > 1, KyMyJIsiHTa aCUMITOTUIHO 30y PEeHUX
Ipy1m onepaTopiB (2.7) cupasemuBi piBHOCTI:

1

(t,{1,....s},s+1,....84+n)feqrn — (3.7)

e—0
tn—1

t
/ /dthgl —t1,] ZMH‘L“’S+1)
0

Zl—
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s+1 s+n—1

H gf(tl - t2,j1) e H gf(tnfl - tnajnfl) X

J1=1 Jn—1=1

s+n—1 s+n
* . * - j—
ZZ:1 '/\/.int(znm? + TL) ]111 gl (tna]n)fs-i-n El(Hern) == 07

ae n > 1. Ocrandi piBHOCTI € HACJIIIKOM CIPaBEIIMBOCTI JIjIsI OOMEKEHOTO
HOTEHIIaIy B3aeMOJIi1 aHaJIoriB piBHsaHHs Toamesns s kymyasaTis (2.30)
rpy1 oneparopis (2.7).
Brigno 3 piBHOCTsIMEU (3.7) ISl OJHOYACTHHKOBOI'O OIEPATOPa I'YCTH-
u (3.2) cipaBeinBa Taka rpaHUYHA TEOPEMA.
Ao BukonyeThest ymosa (3.6), Toni mist psaxy (3.2) cnpasemyiuBa pis-
HICTB

limHeFl( f1( ) 0,
e—0

L) T

Je JJid JIOBIJTBHOTO CKiHYEHOr'O iHTEpBAJy Yacy I'PAHUIHUNA OTHOYACTHHKO-
Buii oneparop ryctunu fi(t) BusHAUAETHCsI 301KHUM 38 HOPMOIO IIPOCTOPY

L1 (H) pamom
tn—1

dtl Ce / dtn Tr2,...,n+1gik(t - tla 1)'/\[1nt(1 2)

0

=

H Gi(t1 —t2,71) - H Gi(tn — tn,in)X (3.8)

J1=1 in=1

o
o _

3

)
2

n+1 n+1
Z mt kmn"'l Hgl m]n Hfl
kn=1 Jn=1

st obMerkeHux moTeHIiagiB B3aeMoil psiz (3.8) 36iraeThes 3a HOPMOIO
npocropy £1(H) sa ymosm: t < tog = (2P|l a7 ]l 21 (20))

Ilna nowarkosoro crany ff € £1(H) rpamwunmii onepatop (3.8) 3aso0-
BOJIbHsIE 3amady Ko 119 KBAaHTOBOIO KiHETHYIHOTO piBHAHHA Bjacosa

%fl(t, 1) = NF () f1(t, 1) + Tro N (1,2) f1.(8, 1) 12, 2), (3.9)
fit)le=o = f7- (3.10)
BayBaKuMo, IO Jyist YUCTUX CcTaHiB, To0TO f1(t) = |(¢))(¢(t)| abo B

TepMminax sipa Takoro oneparopa fi(t,q,q) = ¥(t,q)v*(t,q"), kBauToBe
KiHeTnuHe piBHAHHA Biacosa (3.9) 3BoauThest J10 piBHsHHS XapTpi

i) = —5 Bl + [ dfol - D) Pot.a)
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3okpema, gKIo Aapo noreHmiany B3aemosuii P(q) = 0(q) € miporo ipaxka,
TO/I KiHETHYHE PIBHAHHA XapTpi MepeTBOPIOETHCA B HEJiHifHE DIBHAHHHA
Ipeninrepa 3 KybiuHOIO HETiHIHICTIO

i%%”(tvq) = *%AW(t,q) + (L, q)*Y(t, q)-

Brigno BracruBocti (3.7) Iy KyMyJIsHTIB ACHMITOTHYHO 30y PEHUX IPYIT

oIepaTopiB yist TBipHUX omepaTopis (3.3) cripasemusi piBHOCTI:

lim H (D1(t,{1,...,s}) — D) s —0,

H(Hs)
hmH—%Hn(t {1,...,8},s+1,...,8+n)fstn

=0, n>1.
£t (Hern)
Buacaizok takux piBHOCTe# i 30iKHOCTI B IpaHUIl CAMOY3TOIXKEHOTO II0-
78 po3B’a3Ky 3anady Komri amg ysaragbHeHOTO KBaHTOBOTO KiHETHYIHOTO
piBusaEg (3.4), (3.5) m0 po3s’s3ky 3amady Komi mis KBaHTOBOTO Kime-
TuaHOro piBHsiHHs Bitacosa (3.9), (3.10) musa penykoBanux yHKIOHAIB
crany (3.1) cnpaBejyuBi Taki piBHOCTI:

EF(t1,...,s | Fi(t) Hﬁ ]

e—0

Jie rpanuyHuil oneparop f1(t) BusHauaeThes psigoM (3.8), AKUM 300paKy-
€ThCsI PO3B’I30K KBAHTOBOIO piBHsiHHSI Biracosa (3.9).

OcraHHE TBep/KEHHSI OIKUCY€E MPOIEC MOMUPEHHS TOIATKOBOTO Xa0Cy B
CPAHUIL CAMOY3TOPKEHOTO MOJIsA, TOOTO, AKINO B TOYATKOBUN MOMEHT HacCy
B CHCTEMI BiJICyTHI KOpeJsIiil, TOi B I[bOMY HaOJMKEHHI B IIPOIIEC] eBOJTIOITT
KODEeJIAITT CTaHIB YaCTUHOK HE HAPOJKYIOTHCH.

3azHauMMO, M0 TPAJUIHHHUN Mmiaxin 10 npobjieMu TOMUPEHHsT ToYa-
TKOBOT'O Xa0Cy I'PYHTYETHCA HA BCTAHOBJIEHHI ACUMIITOTUYHOI TOBEIIHKHU
po3B’s13Ky KBaHTOBOI iepapxii BBI'KI /1si pejlyKOBaHIX OIEPATOPIB I'yCTH-
HU, TI00YI0BAHOTO MeToJaMu Teopil 30ypens [2,31].

4. CKENJIIHT'OBA EBOJIIOLISI CIIOCTEPEXKYBAHUX

VYV 1mpoMy PO3iJii PO3IISAIAETHCA CKEMIIHTOBA aCUMIITOTUIHA MOBEIIHKA
posB’s3Ky (2.24) 3amaqi Ko mist xyassroi iepapxii pisrans BBIKI (2.22),
(2.23) y Buna Ky rpanuiii cepeJHboro (camoysrozuzkenoro) nois [30] abo, in-
IMIMMHU CJIOBAMH, PO3TIIAIAIOTHCA OCHOBY OIACY €BOJIIONIT KBAHTOBUX CHCTEM
6araTbOX 4aCTUHOK 3a JIOIOMOIOK KIHETHUYHUX PIBHSHB JJIA CIHOCTEPEKY-
BaHMX.
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4.1. Iepapxisa KiHeTHYHUX PiBHSIHBb JJIdA CIIOCTepeKyBaHuX. Hexait
B IIOYATKOBUI MOMEHT YacCy iCHYE I'DAHUIlA CAMOY3TOJ?KEHOIO TIOJIs JIJIsl Pe-
JIYKOBAHUX CIIOCTEPE)KYBaHUX (2.23) B ceHci *-caabkol 36i2KHOCTI IpocTOpy
£(Hs) obMerkeHUX OIEPATOPIB

w*—lim (e B — b)) =0, (4.1)

e—0
ne € > 0 — cretriarosuit mapaMerp. Toi AJ1s peAyKOBAHUX CIOCTEPEKY-
Bannx (2.24), sKi € po3B’sA3KOM JyanabHol iepapxii pisnsans BBIKI (2.22)
cripaBeJJInBa Taka rpaHudHa teopema [14,30].
ko Bukonyerbess ymosa (4.1), Tomi 1y JOBIIBHOTO CKiHYEHOTO iH-
TEpBaJy Yacy IiCHYE T'PAHUIEA CAMOY3TOJXKEHOTO TOJs JIIsl IOCJITOBHOCTI
PElyKOBAHUX CIOCTEpexKyBaHuUX (2.24) B TakoMy ceHci

wh— lim (€7°Bs(t) — bs(t)) =0, (4.2)

Jie TpaHngHi criocrepexyBani bg(t), s > 1, BUSHAYAIOTHCS TAKUME PO3KJIA-
JTaMu:

tn—1

s—1 t
bs(t,l,...,s):Z/dtl.../dtngg(t—tl)x
n=00

0

Z Mnt(ilyjl) gg—l(tl - t2) s gg—n—f—l(tn*l - tn) X (43)

i1#£j1=1

S
S Nailinsjn) G ()b (Lo )\ (Gt 130
in 75.771 - 17
in’jn 7é (jl:""jnfl)

Ta IJid I'pylin onepaTopiB HeBSaGMO,ILiIOLII/IX JaCTUHOK BUKOPUCTaAHO ITO3Ha-
YCHHA

gg_n+1(tn—1 - tn) = H gl (tn—l - tnyj)-
je(lr"'vs)\(jl7"~7jn—1)
J1J1si IEBHOTO THITY CHIOCTEPEXKYBAHUX CTPYKTYpa po3kaary (4.3) nabysae
crieniaibHOl (pOpMH, HAIPUKJIAJ, Y pa3i k-apHOrO THILy CIIOCTEPE’KYBaHUX
MaEMO:

ts—k—1

/ dte 1 GOt — 1) X (4.4)

t
bgk)(t,l,...,s)—/dtl
0 0

s

> Nulin, 51)G0 1 (b = t2) .. GO i1 (bsmp1 — toog) X

i1#£j1=1
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s

Z Ml}t(is—ka js—k)gg—n(ts—k)b(k):((la ceey

is—k # Js—k = 1,
ls—k>Js—k 7é (jl: s »jsfkfl)

)\ (1, Js—k), 1<s<k.

dxmo b° € £(Fy), Toni nocminosuicts b(t) = (bg,bi(t),...,bs(t),...)
IPAHUYIHUX criocTepexyBanux (4.3) 3amoBosbHsie 3anaai Kol st gyasnsb-
HOI iepapxil piBHsiHb Bitacosa:

d > .
st 1 8) = ZN(])bs(t, 1...,8)+
7j=1
. (4.5)
Z MIlt(j17j2) bS—l(t7 (17 cee 78) \ (j1>)7
J1#je=1
bs(t,1,....8) [i=o = bJ(1,...,s), s>1. (4.6)

Hagezniemo npukiiaim piBHsIHD JyasbHOI iepapxil Biacosa (4.5) B Tepmi-
HaX siJIEp OMEPATOPIB IPAHUYIHUX PEIYKOBAHUX CIOCTEPEXKYBAHUX:

o, 1
i :b1(t, 15 1) = —5(—Aq1 + Ay )bt q1591),

ot
P 1
iabz(t,qhqzq{,(fz) = <— 9 Z(_Afh + Aq;) +
=1

(®(¢h — az) — g1 — qg)))bz(t, a1, 92 41, 4) +
(®(q] — g5) — ®(q1 — q2)) (br(t, q15 41) + bi(t, 425 45)).

BazHaunMo, 1o cucrema piBHAHB (4.5) Ma€ CTPYKTYPY PEKYPEHTHUX €BO-
JIIOTITHUX PiBHSAHb.

TakuM 9uHOM, B CKEHIIHIOBIM TPAHUIT CEPETHBOIO MOJIsT KOJEKTHBHA, IT0-
BeJiHKA (KiHeTHIHA €BOJIIOLs) KBAHTOBOI CHCTEMH 6AraThoX YaCTHHOK OIU-
CYETBhCS B T€PMiHAX IOCJIiTOBHOCTI TPAHUYHUX PEIyKOBAHUX CIIOCTEPEXKY-
Banux (4.3), 30kpema, nociigoBrocti (4.4), eBoOIis SKUX BU3HAYAETHCS
sagagero Komi jyist ryanbrol iepapxil piBasub Biacosa (4.5), (4.6).
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4.2. BaacTuBicTh moImMpeHHs Xaocy. BcranHoBuMoO 3B’s130K KOJIEKTHB-
HOI TOBEJIIHKK B IPAHUI] CAMOY3IOJIKEHOT'O IT0Jis KBAHTOBOI cucTteMu bOa-
raTboX YaCTUHOK, AKa OIMCYETHCA IyaJIbHOIO i€papxi€io piBHAHL Biaco-
a (4.5) 1y rpaHUYIHUX PEyKOBAHUX CIIOCTEPEXKYBAHUX, 1 HEJTHIHAM Ki-
HeTHIHUM piBHAHHAM Bitacosa (3.9) 111 cTany THIIOBOT YACTHHKY CHCTEMH.
Hexait moyaTkoBmii cTaH 3a/I0BOJIbHSAE YMOBI Xaocy, TOOTO B ITOYATKO-
BUil MOMEHT Yacy BiJICyTHI Kopessrmil moMik dacTHHKaMu (CTATHCTHIHO
He3aJIeXKHI YACTHHKM ), a caMe, TAaKO0 MOC/IIJIOBHICTIO TpaHnIHUX (y IpaHu-
Il CaMOY3rO/IZKEHOTO TOJIsl) PE/LyKOBAHUX OIIEPATOPIB I'YyCTUHU (CTATUCTUKA
Maxkcsesua-Bosbipvana)

f E(I f1 Hfl ) (4.7)

Ak 3a3HaUANIOCH BUIIE, TAKe IIPUILYIIEHHS CTOCOBHO ITOYATKOBOT'O CTAHY Xa-
PaKTEPHO JJIsT KIHETHYIHOT'O ONHCY a3y, OCKIJIBKH B ITbOMY BHIIQJIKYy CTaH
[IIJTKOM BU3HAYAETHCS 32 JIOIIOMOT'OI0 OJHOYACTHHKOBOTO OIIEpaTOpa I'yCTH-
HU.

st byukionana cepenix 3HadeHb (2.19) rpaHuYHUX CIIOCTEPEXKYBa-
HUX ajuTuBHOrO THy (4.4) i HouarkoBoro crany (4.7) Ha CKIHUEHOMY IIPO-
MIiKKY 9acy CIIPaBeJJINBa PiBHICTH

(b (2), £©) = i ! (T b(1>(t,1,...,s)f[f?(1) =
s= 0 i=1

Try 89(1) f1(t, 1),

Jie OJTHOYACTUHKOBUN OIEPATOP I'yCTUHU 300PaKye€ThCSd TAKUM PSIIOM

00 t tnfl 1
fi(t,1) = Z/dh.-- / dt, Tra,. ny1 H Gi(t —t1,11)x
0 0

n=0 i1=1
2 n

Niw(1,2) [T Gi(t = to.50) - [T Gittn — tusin)x  (48)

ji=1 in=1

n+1 n+1
ZNfﬁt b+ 1) [ G1(tnsn) Hf1
n=1 Jn=1 i

OnuovactuaKOBH onepaTop rycrusau (4.8) 3az0BosbHse 3a1ady Ko jyist
KBAHTOBOI'O KiHETHYHOro piBHsIHHA Buacosa (3.9), (3.10).

Takum anHOM, i€papxist eBOIOIIHUX piBHSAHD (4.5) JJIs TPAHUYHUX pe-
JIyKOBAHUX CIIOCTEPEIKYBAHUX AJUTUBHOIO THUILY 1 II0YATKOBOTO cTany (4.7)
OIIMCY€ €BOJIIONII0 KBAHTOBOI CUCTEMU 0AaraTboX YACTUHOK B €KBiBAJICHTHUIT
crioci6 110 KinernvyHoro piBasiHHs Biacosa (3.9).
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Binmosinamo, mia dyHKmionasiB cepegHiX 3HAYEHDb TPAHUTIHUX CIIOCTEPe-
JKyBaHUX HeaauTuBHOro Tuiry (4.4) i mogarkosoro cramy (4.7) Ha cKimde-
HOMY TPOMIXKKY Yacy CIPaBeJJIUBI PiBHOCTI:

(b @), 1) Z T W) TG0 =
=0° = (4.9)

k'Trl b1 Hfltz k> 2,

JIe OJTHOYACTHHKOBHUII OIIepaTop IycTuH 300pazKyeThbes pagoM (4.8), Tobro
3aJ10BOJIbHSAE 33121y Korrri /iy KBAHTOBOT'O KiHETUYHOrO piBHgAHHA Bjaco-
a (3.9), (3.10).

Pisnicts (4.9) ommcye mporec HOIUPEeHHsT 09aTKoBOro xaocy (4.7)
IPAHUI] CAMOY3TO/ZKEHOTO TI0JIsl 38 JIOMOMOrOI0 PO3B’si3Ky (4.8) KBaHTOBO-
ro KinernaHoro piBHsiHHA Biacosa (3.9), a came, Ha JIOBIIbBHOMY CKiHYEHO-
MY TPOMIKKY YacCy CTaH 300PaxKyeThbCd TAKOIO IOCIiIOBHICTIO TPAHUIHUX
PEJIyKOBAHUX OIIEePaTOPIiB:

k
felt, 1, k) = A®D, E>2, (4.10)
i=1
TOOTO, SIKIIO B ITOYATKOBUI MOMEHT YaCy B CHCTEMi YACTUHOK BiIICYTHI KO-
peJiAriil, ToAi B IbOMY HAOJIMXKEHHI B IIPOIEC €BOJIIOIIT KOPEeJsIlil CTaHiB
YaCTUHOK HE HAPOJKYIOTHCS.

4.3. KineTuuni piBHSAHHS 3 NOYAaTKOBUMU KOPEJIAIisiMU. 3a3HATU-
MO, IIIO0 BUKOPUCTAHWI BUINE IIiIXiJI 70 BUBEJEHHS KIHETUYHUX PIBHAHD
J103BOJIsiE COOPMYJIIOBATA KIHETHYHI PiBHSAHHS y pas3i OIJbII 3arajibHUX
IIOYATKOBUX CTAHIB, SKUMU OMUCYIOTHCd HE JIUIIE I'a3d KBAHTOBUX YACTHU-
HOK (4.7), asie it cucremu 6araTboX YaCTUHOK B KOHJIEHCOBAHUX cTaHax [39).

Posriisinemo moyaTkoBi cTaHN KBAHTOBUX CUCTEM DAraThOX YacTUHOK, SKi
BU3HAYAIOTHCS OJTHOYACTUHKOBUM OIIEPATOPOM T'yCTUHH Ta KOPEeJIAII HTHUMHI
oneparopamu (crarucruka Makcsesuia — Boibumana) [14]

2 n

Fer= (1 802 [T @ ) [T ARG, ), (411)

i=1 =1

ne onepatopamu ¢o(1,...,n) = ¢4 € L£(H,), n > 2, BusHAUAIOTHCA KO-
pengriii moyaTkoBux cTaniB dactuHOK. [lizkpecsmmo, 1mo 3a3HadeHe mpu-
nyrenHst (4.11) cTOCOBHO IOYATKOBOIO CTaHy € TUIOBUM JIJIsi KIHETHYHOTO
OINCY cHuCTeM 6araTbOX YaCTUHOK B KOHJIEHCOBAHUX CTAaHAX, AKi XapakKTe-
PHU3YIOThCs KOPEJISIiSIMU, HAIPUKJIAL, [IINHIB YacTUHOK [39].
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Toi, BUKOPUCTOBYIOYN METOJT BUBEJIEHHSI KIHETUYHUX PIBHAHD Ha OCHOBI
iepapxil KIHETUIHUX PIBHAHD JIJIsI CIIOCTEPEXKYBAHUX, HA JIOBIIILHOMY CKiH-
YEeHOMY TPOMIXKKY Yacy BCTAHOBJIIOEMO, 1[0 CTAH OMUCYETHCS IOCJIIiTOBHI-
CTIO TPAHWYHUX PEIyKOBAHUX omeparopisB rycruuu f(t) = (I St 1), ..,
fa(t, 1,00 n), ... ), JIé OJTHOYACTUHKOBUH OIIEpaTop I'yCTHHU 300ParKy€eThCst
TaKUM PO3KJIAJIOM B P

e t tn—1
=2/dt1 / dt,, Try, nt1 H Gi (t —t1,1)%
n=0 0 i1=1
lnt 1 2 H gl t27.71 H gl tnvin)x (412)
J1=1 in=1
n+1 n+1
Z 1nt kn7n+1 H gl tnajn)gn—i-l(l 7n+1)Hf10(Z)
En=1 jn=1 i=1
Ta TpaHUdHI pelykoBaHi omeparopu rycrunu fi(t,1,...,k), k > 2, Busna-
YaI0ThCs Takowo (opmysion [29]:
fe(t, 1. . k) =

k

k
_Hgltzl Ygn(1 )H L(t,i9) H k> 2. (4.13)

i1=1 i0=1

HiiicHo, 1t PYHKIOHAIB CepeHiX 3HAYEHb I'PAHUIHUX CIIOCTEPEKY-
Banux (4.4) i mouarkoBoro crany (4.11) Ha CKiHYEHOMY TPOMIXKKY dacy
CIIpaBeIjIuBI PIBHOCTI:

(b(k()f(c):—Trl w0, R (1, R), R >,

Jie ocstioBHIcTh f(t) Bu3HaUaeTbes poskiaagamu (4.12) ta (4.13). VY crar-
Ti [29] anasoriuHmit pe3ysbTAT OTPUMAHO 3a JOIOMOIOK y3arabHEHOTO
KBaHTOBOT'O KIHETUYHOTO PIBHAHHA 3 ITOYATKOBUMU KOPEJIAIiIMU.

Y pa3i MoYaTKOBUX CTaHIB, 33aHUX MOCJIIJOBHICTIO TPAHWIHUX KOpPe-
naniitaux omeparopis (4.11), mporec mommMpeHHs MOYATKOBUX KOPEJIATLi
OIMCYETHCS HACTYITHOIO MOCJIIIOBHICTIO KOPEJISIiiHIX omepaTopis (2.32)

gn(t,1,....n) =

n

=[[giwiy > 0FPI=0r I g, (X

i1=1 P:(1,....,n)=U; X; X;CP
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i9=1

[T i) [T Aat5), n=>2
j=1

OpnouactuakoBuii oneparop rycruan (4.12) 3amosonbase 3amaqi Komri
JJIsT KBAHTOBOTO KiHETHIHOTO PiBHAHHsS BiacoBa 3 mMOYATKOBUMEU KOPEJIsi-
misimu [29]:

2 A1) = N A + (4.14)
2 2
+Tra N (1,2) T Git,1)95(1,2) H ity in) fr(t, 1) f1(8,2),
i1=1 =1
At)le=o = f1, (4.15)

e BUKopmcTano TosHadenna (2.10) Ta rpymoto omeparopis (G)~1(t) mo-
3HAYCHO OOEPHEHY I'PYILy OomepaTopis 1o rpymu (2.4).

BazHaunmo, mo kinerudHe piBHsHHsA (4.14) € HEMAPKOBCHKUM KiHETH-
9HUM piBHAHHAM. [ wmcTux cranis piBuaavsg (4.14) 3BOAMTHCS 70 Ki-
HETUYIHOrO PiBHAHHSA XapTpi 3 MOYaTKOBUMU Kopessdiiamu. /s mogarko-
BUX CTAHIB CHCTEMU CTATUCTUIHO HE3AJIEKHNX YACTUHOK KiHETUIHE PiBHIH-
us (4.14) cuiBnazae 3 kBanTOBUM piBHsHHAM Bitacosa (3.9), a peaykoBaui
oneparopu ryctunu (4.13) onucyoTh IPOIEC MOMUPEHHST TI0YATKOBOTO Xa-
ocy (4.10).

3ayBaXKMMO TAKOXK, IO B Pa3i JOBIJIbHUX MOYATKOBUX CTAHIB B TPAHUIL
CaMOY3TOJIZKEHOT'0 TI0JI TIOCIIIOBHICTh PEeyKOBAHUX ONEPATOPIB I'yCTUHU,
sk i nocmigosaicts (4.12), (4.13), € poss’askom 3aja4i Komi jis iepapxil
piBuanb Bacosa

gth(t’ 17 s 73) = ;N*(Z)fs(t, 1, . 7S)—’—

s
+ ZTrs+1A/‘jzt(ia s+ 1)f3+1(15, ]-a cey S + ]-)’
i=1

fsp=o = £, s>1.

TakuMm 9uHOM, B pa3i MOYATKOBUX CTaHIB, sIKi 33 aI0THCST OAHOTACTUHKO-
BHM OIIEPATOPOM T'yCTHHHU Ta KopeJsiiitanvu omeparopamu (4.11), myamsb-
Ha KBaHTOBa iepapxis Biracosa (4.5) JUisi PeIyKOBAHUX CHOCTEPEXKYBAHUX
AUTUBHOTO THUILY OIMCYE €BOJIIOIII0 KBAHTOBUX CHCTEM 0Oararbox YacTH-
HOK, TaK CaMO K HEMapPKOBCbKE KBAHTOBE KiHeTu4He piBHaHHA Bjacosa 3
novarkoBuMu Kopestsitisvu (4.14). Y pasi rpaHuaHEX pe/lyKOBaHUX CIOCTE-
PeKyBaHWUX HeaJMTUBHOIO THILY JlyasbHa KBaHTOBa iepapxis Biacosa (4.5)
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B eKkBiBasleHTHHUIl cnocib omucye B cenci piBocti (4.13) mporec momipe-
HHsI [TOYATKOBUX KOPEJISIii B TEPMiHAX PEJLYKOBAHUX OIEPATOPIB I'yCTHU-
un (4.13). [ammMmu croBaMu, ajbTepHATHBHUN METOJ, OIHCY €BOJIONIl CTa-
HiB KBAHTOBHUX CHUCTEM DAraTbox YaCTUHOK B HAOJMKEHH] CAMOY3TO/[ZKEHOT0
[IOJIst TPYHTYETHCA HA HEMapKOBCHKOMY KiHeTHYHOMY piBHaAHHI BiacoBa 3
HOYATKOBUMH Kopessnismu (4.14).

5. Buaum HA MAVIBYTHE

Bure po3rasiHyTo MOXKJIUBI TIXOIN 0 OIMUCY €BOJIOINIl KBAHTOBUX CHU-
cTeM 0araTbOX YaCTHHOK, & CaMe, B TEPMIHAX CIOCTEPEXKYBAHUX, €BOJIIOII ST
SIKIX OIIICYEThCS JyasbHOIO0 iepapxieio pisusas BBI KI (2.22), abo B TepMi-
HAX CTaHy, €BOJIOIs SKOTO OIACYEThCs iepapxieio pismamb BBIKI (2.27).
g cucreM CKiHYEHHOI KiJIBKOCTI YaCTUHOK IIi i€papxil eBOJIIOMINHIX PiB-
HsHb eKBiBajeHTHI piBHsHHIO [eiizenbepra (2.1) Ta piBusnuO don Heiima-
Ha (2.8) BianosigHO. 30KpeMa, PO3IJISHYTO MOXKJIUBI CLIOCOOH OIUCY €BOJIIO-
il cTaHiB 3a J0MOMOTOI0 iepapxii dhyHIaMeHTaIbHIX PiBHAHD (2.14), KO0
OIIMCYETBHCS €BOJIIONIS KOPEJIAIiil CTaHiB.

Byso BeranoBeHO, 1110 OHATTS KyMyJigHTa (2.18) rpym onepaTopis ckJia-
JIa€ OCHOBY PO3KJIAIIB JIJIsSI PO3B’sI3KiB DyHIaMEHTAJIHLHUX €BOIOIINHUX PiB-
HAHb, AKUMU OIUCYETHCS €BOJIIONiS KBAHTOBUX CHUCTEM OAararhbox YacTHHOK,
a came: y pasi rpyn omeparopis (2.4) — myasbHOI iepapxil piBHSAHB BBI'KI
JUI PEJlyKOBAHUX CIIOCTEPEXKYBAHUX, y pa3i rpyn omeparopis (2.7), Bii-
nosizno, iepapxii don Heiimana (2.14) mis KopeasuiiiHux omnepaTopis, ie-
papxii piBusab BBIKI (2.27) ny1st peJlyKOBaHUX OLEPATOPIB I'YCTUHU Ta i€-
papxii meiniiianx pisasas BBIKI (2.33) mist pejlyKOBaHUX KOPEJISIiiHIX
OIepaTopiB, & TAKOXK B OCHOBI KiHETUYHOTO OIMCY HECKIHYEHHUX CUCTEM
qactuHok (3.1), (3.4).

ITlinkpecimMo, MO CTPYKTypa PO3KJIAIIB I KOPETAMINHIK OIepaTo-
piB (2.37), B fIKUX TBIpHMMHI OIEPATOPAMHU € BiIOBIIHOIO HOPAIKY KY-
myssgaTH (2.17) rpyn omepatopis (2.7), iHAYKYE KyMYJISIHTHY CTPYKTYDY
PO3KJIAJIB B P I PEyKOBAHUX oreparopiB ryctuan (2.29), peaykosa-
HUX KOPEJAIiiHIX oneparopiB (2.38) Ta pemykoBaHux QyHKI[OHAIIB CTa-
uy (3.1). Takum 9nHOM, IMHAMIKA CHCTEM HECKIHYEHHOI KIJTIBKOCT] 9aCTHHOK
MTOPOJZKYEThCA JTUHAMIKOIO KOPEJISIiil CTaHIB YaCTHHOK.

Y crarTi TAKOXK PO3IVIAHYTO JIBA HOBHUX IIIXOIN JI0 OIKCY KiHETHIHOI
€BOJIIOIIT KBAHTOBUX CHUCTEM OararboX 9acTWHOK. OJWH 3 HUX TOJATAE B
OIKCI KiHETUYHOI €BOJIIOII] KBAHTOBOI CHUCTEMHU YACTUHOK 3a JOTIOMOTIOI0
PEIYKOBAHUX CIIOCTEPEXKYBAHUX B CKEMJIIHTOBI#l TPAHUII CAMOY3TO/I2KEHOTO
nostst (4.5). Inmmit wijgxin 3acHoBaHUiT HA HEMAPKOBCHKOMY y3arajbHEHHI
KBAHTOBUX KIHETUYHUX DiBHAHB (3.4).
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Opnna 3 epeBar po3rJIgHyTHX IiJIXO/IB OB’ d3aHa 3 MOXKJIMBICTIO 1T00Y/10-
BU KiHETHYHUX DIBHAHDb B CKEWIIHIOBUX HAO/IMKEHHAX 3 ypPaxyBaHHAM KO-
peJIsliii YACTUHOK B IMOYATKOBUI MOMEHT Yacy, fKi XapaKTepu3ylTh KOH-
JIEHCOBAHI CTAHy CHUCTEeM 0araTbOX JYaCTHHOK. [HIMa mepeBara ImoB’sa3aHa 3
11po0JIEMOIO CTPOTOI'O BUBEJIEHHS KIHETUYHUX PIBHAHD HEMAPKOBCKOT'O THILY
Ha OCHOBI JWHAMIKYA KBAHTOBHUX CHUCTEM, Kl TO3BOJISIOTH ONMKUCYBATH ede-
KTH [1aM’sTi B HAHOCTPYKTYyPax.

3ayBaxKuMo, IO IiIXiT 10 BUBEIEHHS KBAHTOBOIO KIHETHYIHOIO PiBHSIH-
nga BiacoBa 3 muHamiku cucrem 6ararbox YACTUHOK, AKUN I'PYHTYETHCI Ha
y3arajbHeHOMY KBaHTOBOMY KiHETHYHOMY PiBHsIHHI (3.4), 03BOJIsSIE€ TAKOXK
oOyIyBaTH MOMPABKY BUIIIOTO MOPSAIKY IO €BOJIIONIT CAMOY3TOIZKEHOT'O 110~
JiT KBAHTOBUX CUCTEM.

Hasgesieni Buiie pesysibraTut MOXKYTh OyTH IIOIIMPEHI HA cucTeMu Oara-
ThOX 6030HIB abo depmionis [11,23].
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dopmysia KOHMPIIKTHOI AUHAMIKHT

Bonomuvup Kommvanerko

Abstract. We study various variants of the formula for conflict dynamics
between two and several opponents which are represented by stochastic vec-
tors or probability measures. A series of mathematical models of the conflict
dynamical systems are discussed.

Amnoranisa. ocmimkyorses pisni BapianTtu dopmMysin KOHGIIIKTHOT JuHAMI-
KU MK IBOMa Ta JEeKIJIbKOMa OIIOHEHTAaMU, AKi IPe/ICTaBJICH] CTOXACTUIHIMEI
BeKTOpaMn abo iMoBipHiCHUMM MipaMu. JIMCKyTyeTbCA psiJi MaTeMaTHIHUX
Mo/Jiesteil TUHAMITHIX CHCTEM KOHMIIKTY.

1. Bcryn

KondaikTHa muHaMika Ha€ OMUC €BOIIONIl CKIAIHOI CHCTEMU, AKa Mi-
CTUTH y cobi ABi abo JIeKiJIbKa BiTHOCHO HE3AJEKHUX AUHAMITHUX ITiICHU-
creM KOHMJIIKTHO B3aeMOIifounx MixK coboro. [loBeminky KOKHOI OKpemol
AUHAMIYHOL MiJCUCTEeMU MOXKHA PO3IVIAIATH, K BiJIbHY €BOJIOIII0 30ypeHy
IHTepaKTUBHOIO B3aEMOJIII0, TPUTATAIBHOIO, BiJINITOBXYBAJIBHOIO Y1 HABITH
HEJIETEPMIHOBAHOIO 3 IHINMMU KOMIIOHEHTaMH. 3aKOH B3a€MOJII € CIIelu-
bivHUM Y KO2KHOMY KOHKPETHOMY BUIAJKY. BiH MOxKe OYTH JIOCUTH CKJIa-
JTHUM, 3MIHIOBATHUCS 3 9aCOM, BPAXOBYBATH BUIIAIKOBI Ta 30BHIIIHI 0OCTABHU-
HU, 3aJI€YKATU BiJl TAKTUK Ta CTpaTeriii KoHdUKTyounx cropin. B siTepa-
Typi icHye 6araTo crpob 3aponoHyBaTH 3arajibHy (DOPMYILY JJis OIIUCY B3a-
€MOJil MK KOHKYpPYIOUMMU Tifcucremamu. Haseremo jurne meKiTbKa IIy-
GuriKaIliif, IK TEOPETUIHOrO HAIPSIMKY Tak i mpuksaauoro: [1,7], [8], [10-13],
[17-19], [20,21], [22,23,25,26], [30,48]. Buaiitu yuiBepcaibhy dopmyity, sika
6 omucyBaja 3aKOH KOH(JIKTHOI B3a€MOJil y BUIJISJ PIBHSHb UM SBHOL
MaTeMaTUu9HOl (POPMYJIN € HETPUBIAJIHLHOIO 33jadeio. Po3B’da3aHHS TaKOro
THUILY TPOOJIEMU 3aBXK/IM CTABAJIO JEAKUM BIIKPUTTIM, SKE IMOPOJIZKYBAaJIO
HOBY Teopito. Tak OyJio i3 3aKOHOM BCECBITHBOI'O TXKiHHSI, JIOTICTHIHUM
piBHAHHAM, piBHAHHAME JloTKU-Bonbreppu, piBuanasam lIprominrepa.

B miit craTTi Mu anasizyemo pisHi BapianTu ¢popmynin KOHMJIKTHOI B3a-
eMofil Mixk 00’€KTaMu, HE3AJIEXKHA TTOBEIIHKA AKUX 3a/aHa CTATUCTUIHO, Y
BUIJISAI WMOBIPHOCTHHX PO3MOILJIIB Ha CILILHOMY mpocTopi. Baaemomitodi
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00’eKTH B Pi3HIiM TPUKJIAIHIA iHTepHperallil Ha3UBAEMO AJbTEPHATHBHUMEI
CTOPOHAMU, TPOTUBHUKAMU, I'PABIAMHE, OIMIOHEHTAMHU, TEHJIEHITIAMU, TOIIIO.
A B3aeMOiI0 HA3MBAEMO KOHQJIKTHOIO, OCKIJIbKM BOHA € IPUIUHOIO TO-
r'o, IO BiJIbHA €BOJIIONiA KOXKHOI i3 CTOpiH 1edOPMYEThCs 1, sIK HACJIIIOK,
iCTOTHO 3MIHIOEThCA HE3aJEXKHA CTATUCTUYHA TPUCYTHICTH CTOPIH B PI3HUX
perioHax mpocTopy iCHyBaHHS. 30KpeMa, 3MIHIOIOTbCsSI 3HAYEHHS IIpiopuTe-
TiB B KOHGIIKTHUX MO3UITIAX: 301IBITYIOTHCS, 3MEHIIIYIOTHCA, KOJIUBAIOTHCS
abo MPAMYIOTH 10 HYJI.

Penomven KOHGIIKTHOI AUHAMIKA JIOCTIIKYIOTHCA BXKE JTaBHO i HOMY
MIPUCBAYEHO OaraTo IyOJiKaIiil mepeBakKHO B KOHTEKCTi Teopil irop, exo-
HOMIYHMX TIPOIECiB Ta 60poTbdu Giosoriuaux nomyanii [20,21,49, 50, 64],
[51-53,56]. 3microBHUIt pUKIIaL OJHOBUMIPHOT KOH(MIIIKTHOI IMHAMIKY Bi-
nomuit y bopMi JIOTICTUIHOTO PiBHIHHS

ar = P(a —vyP), (1.1)
dt
sIKe OIUCY€ KibKicTh P(t) meBHOT 6ioJOrivHOI MOMyJIAIil 3 BHY TPIIIHBOIO
KOHKYPEHTHOI0 60poThO0I0 3a pecypc icHyBanHsi. Tyt v > 0 — mapamerp
MikBH10BOI KoHMUIKTHOCTI, & o > 0 — IIBUAKICTH PO3MHOKEHHd. fKOH
pecypc 6yB HeoOMerkeHUil i KOHKypeHIlis BTpatuia 6 cenc, v = 0, Tomi 6
TMIOITYJIATIS 3POCTaJIa 38 €KCIIOHEHTOIO,

P(t) :expatP(), PO:P(t:O)’

0 MOYKHA CITIOCTEPIraTH JIOKAJBLHO. AJie 3BHIAiHO, PeCypc € 0OMEKEeHUM i
HEMUHYyY€e BUHUKAE KOHKYPEeHTHa 6opoThba, v > 0. Tomi po3s’s30K piBHIH-
He (1.1) mae Burysy

aexp® P,

P(t) = t>0. 1.2
®) a+yPy(exp —1)" (1.2)

3 (1.2) Bugno, o npu t — 00, MAKCUMAJbHA KIIbKICTH MOyl cTabismi-
3YETHCA 10 OOMEKEHOT BETUINHI
lim P(t) = /7. (1.3)
t—o00
3BHUYAHO, 1€ CIIPABEIJINBO B IPHUIIYIIEHHI, IO MMapaMeTp KOHKYPEHIIl 7y
€ MOCTIfiHUM 1 He 3aJIeKUTDh BiJl 3pOCTaHHSA MOIYJsIll, TOOTO, Bil 3HAYEHD
P(t). B peaspaux BumaIkax Iie He Tak 1 JuHAMiKa BiIOYBa€ThCs 33 3HATHO
craaanimuvu dopmysamu (IuB. YUCIeHH] IPUKIau B jtiTeparypi [48-50]).
3 MaTeMaTUYHOI TOYKH 30Dy, HAaBITh YMCTO aOCTPAKTHUN aHAJOr JIOTi-
CTUYHOI'O PIBHSHHS,

t=X(l1—2x), z€[0,1,0 < A <4,
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abo #ioro pi3HuIEBUil BapiaHr,
Tyl = Axp(l —zp), n=0,1,2,...

€ JIocuTh HeTpuBiaabHUM (1uB. Hanpukias [15,55,63]). Sasasgku Hesiniii-
HOCTI, 1 3aJIe2KHO BiJ 3HaYEHb MapaMerpy A, BUHUKAKOTh THUIOBI edekTn
HeJIIHIHOT IWHAMIKM, TaKi, 9K ICHyBaHHS [UKJIB PI3HUX MePioJiB, BUCOKA
Yy TJINBICTh MOBEIIHKH TPAEKTOPIH 10 3MIiHM IMOYATKOBOTO CTAaHY i, HABITH,
Xa0c.

HocuTh moTy>KHa rijiKa Teopil KOHMJIIIKTY 3 TPUKJIATHAM ACIEeKTOM I'PyH-
TyeThCs Ha piBHAHHAX JloTkn-BosmbTepn,

P=P(P+aR—-bP), R=R(R+cP—dR),a,b,c,d>0. (1.4)

Ili piBugHHS TpU3HAYEHH] JJIsd ONMKUCY AUHAMIKK KiJbKICHUX 3MiH J1BOX 0io-
JIOTIYHUX BUJMIB B PE3yJIbTATI IX TPUPOIHOI MOMYJIsIlil, KOHKYPEHIIil Ta 60-
pPOTHOU 3a BUKMBaHHS. Bararo Mpuk/IajiB i MoJesieil TAKOro COPTY HaBe-
neno B Mouorpadisx [49,50] (zus. rakox [8]). BusiBiasiernes, mo piBHSH-
Hs (1.4) € B meBHOMY ceHci yHiBepcajibHUM. BOHU MpaIiolOTh HE JIUIIE B
MaTeMaTH4IHi# 6ioJioril, a i mpuaaTHi 70 MOOYI0BU MO/Ieel 3 KOHMIIKTHOIO
B3aEMOJIIEI0 y CKJIAJHUX CUCTeMaX Ppi3HOI (hi3WIHOI IpUpPOIn, B €KOJIOTIl, B
COIaJIbHUX HayKax, IMPOIecax B3a€MOJIIl MOB, PEJITiii, TONUpPEeHi MOJIiTH-
YHUX TOIJVIS/IiB, €KOHOMII i HABITh BOEHHMX GATANifAX (IUB., HAIPUKJIAJ,
nonosini [31,32,35] ta mauckycii Ha mounibui Temu B Jsekiisx . Epmreii-
Ha [17]).

BazkmBo, o piBasinas (1.4) onucyrorTs AuHAMIKY KIJIbKICHUX 3MiH OIIO-
HEHTIB. 3BUYAiHO, y 3aCTOCYBaHHSAX caMe KIJIbKICHI XapaKTepPUCTUKU CTO-
piH KOH(DJIIKTY MalOTh BUpIMaIbHe 3HAaUYEHHs. [HdOpMaIlis Mpo KiJbKicTb
CyTTEBO BILIUBAE Ha BUOIp cTparerii BejeHHs KOHMJIIIKTHOI bopoThbu. Bu-
KOPHUCTaHHs PiBHAHBL JIOTKM-BoabTeppu m03BOJIsSE BU3HAYATH IIEPEMOXKIT
B KOXKE€H MOMEHT Jacy Ta KOHTPOJIOBATH, IIOHANMEHIIIe, BUKUBAHHS /IS
onui€el i3 cropin. IluTaHHA PO BCTAHOBJIEHHS PIBHOBATH YW KOMITPOMICY
Mi?K OITOHEHTAMHU fK IIPABUJIO HE CTABUTHCH.

Ate 3aBAIKY IPUPOTHOMY TTPUHITAITY MHOXKHUHHOI TIOBTOPIOBAHOCTI, OYTh-
dKa irpoBa cuTyarliga KOHMIIKHOI 60poThOM BiAOyBaeThCs OGaraToKpaTHO 3
HeBeIUKUMHU 3MiHaMu. ToMy TOCKOHAJa Teopis KOHMIIKTY Mae I'PyHTyBa-
TUCA HA CTATUCTUIHOMY aHAJI3l BeJIWIe3HOI KLIBKOCTI aKTiB KOHQJIIKTHOT
boporbbu. OTKe, 3aCTOCYBaHHSI METOIB TeOopil WMOBIPHOCTEH € HEMUHY-
anmM. g amekBaTHOrO onncy KOHMJIIKTHOI AUHAMIKY, HEOOXiTHO BUKOPH-
CTOBYBATH PiBHAHHS B TEPMiHAX CTaHIB CKJIQIHOI CUCTEMH, 38JaHUX PO3IO-
MiJlaMU BUTIAIKOBUX BEJIUYMH II0B S3aHUX 3 OMOHEHTAMHU. [yT MOXKHA IIPO-
BECTHU JIeAKY AHAJOTII0 MiXK Imepexo/ioM Bin piBugaub JloTku-BosbsTeppu 10
PIBHAHB B TEPMiHAX IMOBIPHICHUX PO3IOiIIB 3 MOAIOHOTO COPTY MEPEXOIOM
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BiJl piBHAHBb KJIACHIHOI (DI3WKH JI0 PIBHAHDb KBAHTOBOI Bi3WMKU B TepMiHAX
GYyHKII B HECKIHIEHOBUMIPHOMY TiJIbOEPTOBOMY IIPOCTOPI.

OmmuieMo KOPOTKO MTOCTAHOBKY 33/a49] B TepMiHax WMOBIPHICHUX PO3ITO-
mimis. Hexait Q = {w1, -+ ,wp}, n > 1 — cKinyeHuit AUCKpeTHUI IPOCTIp
KOHMDJIIKTHUX IO3MINH, 38 OKYIAIlif0o sIKUX CIIEpedalOThCsa OMOHEHTH A Ta
B. CraproBa, Ha MoMeHT t = 0, OIliHKa HAJIEXKHOCTI KOXKHOI 3 TO3UIH w;,
i € {1,n}, ononentam A Ta B € BUIIAAKOBOIO i BUHAYAETHCS THUCIIAMI:

pf.:o = P(wz ~ A), T'ltzo = P(wz ~ B>7 0 S Pi, T S 17

ne P(+) nmosnauae iMOBipHiCTh HaseKHOCTI mo3uIiii w; 10 A un B. Orxe,
HOYATKOBMII CTAH CHUCTEMHU BU3HAYAETHCS MAPOI0 CTOXACTUIHHUX BEKTOPIB:

t=0 _ (0 0 t=0 _ (,.0 0
P =(pi,---,Pn), r = (r],...,1p).
BBazkaemo, 1m0 KOHQIIKTHA B3a€MOJIist BiIOYBAETbCI ¥ MOMEHTH JIUCKpPe-
THOTO 4acy, t = 1,2,... Ilomyk 3akoHy, 3a gKuM (POPMYIOTHCSI BEKTOPHU

p!, r! e mpobremoro. Oxun i3 BapianTis i1 Po3B’dA3Ky omucano JAIi.

Amnzan dhopMyIm 171s KOODJMHAT BeKTopa pi=! Mae Burs
Pl P(wj~ A) —P(w; ~ A)-P(w; ~ B) i € {1,n}.

MmosipuicTs mpuname;xHoCTi mo3umil w; omoreHTy A micas KOHMIIKTHON
B3aeMo/Iii 3 B, nmporopiiitHa movaTKoBiit IMOBIpHOCTI p?, MiHyC HMOBIpHICTD
OJHOYACHOI HAJIEZKHOCTI Ww; 10 000X OIOHEHTIB, siKa € J0OYTKOM MTOYaTKOBUX
iimoBipHOCTE# (MiHYC, OCKIJIBKE OMOHEHTH KOHMDIIKTYIOTH). 1lfo dopmyiry
MIePENUCYEMO TaK:

Pt =1/P(w; ~ A) - P(w; » B) = 1/z,p) - (1 — 1),

)

ne xKoedirient 1/z, 3abe3nedye cTOXaCTUYHICTH HOBOI'O BEKTOPA p=!. Ana-
JoriyHo 11l KoopamuaT il

rle =1/%P(w; ~ B) -Plw; » A) = 1/2,«7“? (1 —]9?).

JIs IOBLTLHOTO MOMEHTY 4acy Koopamaatu BexTopis P! r! Bmsmauaro-
ThCH 33 ITepaIliiHuM 3aKOHOM:

¢ 1 =101 t—1 ¢ 1 t=1(1 =1y > 15

pi=——=p; A—=r;"), ri=—=r (Q-p ), t=1  (L5)

t—154 i J t
Zp Zr

Came i popMynm € OCHOBOIO NOJAJBIINX yTOYHEHD T y3arajbHEHb.
Binznauumo, 1o Briepime, HafinpocTimmuii Bapiant dopmysiu KOHMIIKTHOT
B3a€EMOJIIl Mi2K ITapoi0 AUCKPETHUX JIWHAMIYHUX CHCTEM 3aJaHUX CTOXa-
CTUYHUME BEKTOpaMH PO3IJISHYTO B poboti aBropa [37] (ams. Takox [4,
14, 33, 38, 59, 60]), a jisi mapu JUCKpETHUX HMOBIPHOCTHHUX Mip, B po6o-
Tax [2,5,6,43|. B gekinbkox mybGuikamisx, cruinbaux 3 C. Asibbesepio Ta
I. Cawmoitsenko [3,40,47] mocipKyBanuch pisHi MOJEl CKIAJIHUX JIMHAMI-
YHUX CHCTEM IPHUKJIAJIHOTO XapaKTepy, siKi ONMUCYIOTH CIIPOIIEHI IPOIecu
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THUITy Mirpartil pobo9ol CHIn, 91 HEeJIHIHHNX B3aEMO3aJIEKHOCTEH MiXK Tpi-
aJI0I0 TUILY «PECYPC - BUPOOHUIITBO - CIIOKUBAHHS.

[Tomyk bopmysn KOHMITIKTHOT B3AEMO/IIT JIsi OIIOHEHTIB IIPeICTABICHIX
JOBITbHUMY (HE IUCKPETHUMH) MipaMU CTAHOBUJIO JesAKy mpobiemy. Crpa-
Ba y TOMY, 1110 popmysn (1.5) HEMOKIMBO IepenmcaT B TepMiHax Mip 6e3-
mocepeIHbo, 60 MO0YyTOK Mip He € aauTuBHOIO dyHKIEH. g momosanms
miel mpobJreMu 3aMicTh HOOYTKY pﬁrf ITPOTIOHYEThCA CTABUTU MiHIMAaJIbHE
3HAYCHHA pg abo 7“,19. Toxi BuABIAETHCH, MO TPAHUYHA ACUMIITOTHUKA, IIPU
t — 00 He 3MIHIOETHCH, & AUCKPETHI MipyM MOXKHA 3aMiHUTHU i HEEPEPBHUM

(muB. maui dopmyau (2.2)-(2.7)).

2. TEOPEMA PO KOH®JIIKT. [CHYBAHHS PIBHOBAYKHIX ATPAKTOPIB

Hexaii () mosHavae KOMITAKT 3 JEIKOTO TOMOJIOTTIHOIO MIPOCTOPY, Ha, STKO-
My 3aJlaHa o-ajredpa 60peeBChbKUX MIMHOXKWH [.

[Tosnaunmo yepes M () cimM’to Beix o-aguTuBHUX JogaTHAX Mip Ha ).
Ilinkiac IMOBIPHOCTHUX MIp IIO3HAYAEMO MT(Q)

Hosinbry mapy mip p,v € M (Q) nasusaemo cramoM ckaaHOl cucTe-
MH KOHQUIKTY MiXK JBOMa OIIOHEHTAME, [MOYATKOBI pO3NOIiin axkux Ha )
3amaH] muMu Mipamu. KordmikTHIT B3aeMOIil Mi2K OTIOHEHTAMU MU CTABU-
MO y BiAIOBiIHICTL nesdke GiHapHE BiMOOparkeHHS % Yy HMPIAMOMY TOOYTKY
MT(Q) x M (Q), ake mHazmBaemo KommozmTieo KouDTKTY. [l KOKHOT
napu mip p = =0 v = =0 € M{(Q), Binobpamennsa % mopomKye Tpae-

KTOPIO:
0 t
2 U] M
{1/0}—>{1/t}’ t>0. (2.1)

Tpitiky {Q, M (Q), %} 3Bemo muHAMivHO© cHCTeMOIO KOHMIIKTY 3 Tpae-
Kropistmu (2.1).

Hauti, Bignpasssitouncs Big dpopmyst (1.5) Mu posrisgiaemo pisui BapianTu
3aJaHHs BilmoOpaxKeHHs % pisHuiieBuMu abo qudepeHIiaIbHIMIA PiBHAHHSI-
MU B JUCKPETHOMY YU HEIIEPEPBHOMY Yaci:

Mt+1 ~ Mt(et 41— l/t), Vt-‘rl — l/t(et 41— :U't)7 (22)

pt e b0t + 1) =0t S =0M0 1)t t=0,1,..., (2.3)
d d

e w(f —v), pride v(0 — ), (2.4)
d d

pr e gy =vo—m t=0 (2.5)

Tyt 6! = 0(t) = 0(p, v) — nonarwiit KBagpaTwaHuit BYHKIIOHAT Ha Mipax

t

= v(t). Bin Bu3Ha4Ya€E BUIbHY €BOJIIOIIO OIIOHEHTIB i HOrO sIB-
HUIt BUTJISA]] BUBHAYAETHCA KOHKPeTHOW Mojesmo. Mipa nt = n(t) = n(u, v)
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BirmoBifae KOHGIKTHIN B3a€MO/IiT 1 HA3MBAETHCA TTOKA3HUKOM KOH(MPOHTA-
mil. CuMBOJI ~ 03HAYAE, 10 BUPA3U y MpaBux dacTuHax dhopmyi (2.2)-(2.5)
Tpeba yTOUHNTH (HAIPUKIIA, BBECTH HOPMYBAJIbHUI 3HAMEHHUK ), 00 3a-
6esneunTn HasexHicTh Mip uf, v mpoctopy M (Q).

OcHOBHE TIUTAaHHS — ICHYBaHHS TPAHUYHUX PIBHOBAXKHUX CTAHIB

0 t

p® = lim pt, v = lim v

t—o0 t—o0
I TAHAMIYHAX CHCTeM KOHQJIIKTY, sIKi BU3HAYAIOTHCS YTOYHEHUMHU PiB-
HaHHEaMu Bugy (2.2)-(2.5). IloBeninka TpaekTopiil, iCHyBaHHS IUKJITHAX
opbIT Ta aTpakToOpiB JJIS CKJIAIHUX MOMEJeH, Onnuc OACEHIB TPUTITAHHS,
CTIWKICTh HEPYXOMHX CTAHIB — IIi MUTAHHSA PO3TJIAHYTi JIUIIE YaCTKOBO i

MOTPeOYIOTH MOJAIBINNAX TOC/IIKEHbD.

2.1. Periounaizariis pecypcHOro npocTopy. fx 3 MaTeMaTwdHOI, TaK i
JIJIsE 3pYYHOCTI 3aCTOCYBaHb, IPUPOHO MIPUITYCKATH, IO TPocTip {) po3duTo
B CKiHYEHY KIJIBKICTh PErioHiB:

Q:Q1U...QiU...Qm n>2

i 3aauy po KOHQIIKTHUN TIepPepOo3no/Iiji MOYKHA 3BECTU JIO MEPIIOTo II0-
pAZKy HAOJIMKEHHsI, TOOTO 3 TOYHICTIO /IO MOMIYKY IPAHUYHUX 3HAYEHD

lim p'(Q;) = ™ (), lim v4(Q;) = v>®(Q;), i € 1,n,
t—o0 t—o0
6e3 meraJiizalil KapTUHM BcepeauHi perioHiB {);, TOOTO MOKJaIal04u BCi

Mipu pIBHOMIPHO PO3IOJiIEHNM Ha KOXKHOMY perioHi {2;.
B Takwux Bumajkax piBHSHHS JWHAMIKE HaOyBalOTh TAKOTO BUIVISILY:

AT B, R L 1 ) (26)
Lo+ 1) —nt ri (0" +1) — )
Pt = pl(—t)m7 = l(—t)m (2.7)
z z
(tel,n, t=0,1,...),
d d
s pi(0 —74) il (0 — pi) (2.8)
d pzﬂ—m d nﬂ—m
G =BT = > 2.9
= i . (2.9)

ne pt =pi(t) = p (), rt=rit) = (), azt =0+1->.n! B(2.7), Ta
z(t) =6 — >, m; B (2.9). Pynxuionan § Ta Mipy 7 BUSHAUAEMO, K

0! = 0(t) := Zpﬁrf, n' = n(t) := min{p},r}}.
=1
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Teopema 2.2 (IIpo kouduikr). Kootcna mpaekmopisa (2.1) dunamivnoi
cucmemu KorPaixmy

{Q, M{(Q), %}
3 nowamxosum cmanom {p,v}, p,v € M{T(Q) i xomnosuyicro % sada-
Ho10 odnum i3 pienans (2.6)-(2.9) sbicacmovca do pierosadicnozo cmany
{p>®, v}, axuli € nepyxomoro mowkor cucmemu. SKwo das yciz pezionis
() = v() > 0, mo yci epanuuni snavernmns p>(§;), v>°(§;) pisni:

p () = v () =1/n (2.10)

i yel cman € wacmKo8o CMIUKUM (AUWE 6 MHONCUHT NAP MOMONCHUL
nowamxosur mip). dxwo p # v, mo

() = V), AO) =0, GeNY),  (211)
1 () = 0, V() = W, (ke N7), (212
H9(Q)) = 0= 1°(2,), (j € N°), (2.13)

de

NT = {i: () > v(Q)}, N™={k: p(Q) <v(Q)}

0 .
N ={j: u(Q;) = v(Q)},
npu yvomy, p° L v, (ononenmu ne Kondaikmyroms), are uet cman me
€ cmitikumM.

oBenennsi. Bono 3BoauThbes 10 aHaji3y MOBEMIHKN PI3HUIL Ta BiIHO-
IIIEHb

di = (%) — v (), R = ' (S0) /vH (),

KOJIW YacC MPAMYE 10 HECKIHYEHHOCTI.

Hepazkko nokazaru (noxsazsime gus. [60]), mo

dt — d>® >0, R — oo, t—o00, i€ NT.
3 uporo Burmsae, mo p>(£2;) > 0, a v°°(€;) = 0. Anasoriuno 10BOUMO,
1o
d. — —d° >0, (RD™! = oo, t—o00, ke N™.

Tomy v () > 0, Ta u>(Qx) = 0.

st sHaxomkenns 3Hadenb u™(€;), i € NT, ta v>°(Qy), k € N7, axi

€ CTPOro JOJATHUMU, MOTPIOHO PO3IJISIIATH MTOBEIIHKY BiIHOIIEHD d’; ) / d§2,
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i1,i9 € NT, Ta dil/dtQ, ki,ke € N~. BuaBasierhcst, 10 IIi BiIHOIIIEHHS He
sasiexkarh BiJ yacy. Tomy rpanuyni snauenns p(;) ra v°°(2;) upomop-
iiiHI 3HAYEHHAM MOYATKOBUX PI3HUIE d; Ta dj 3 KoedilieHTOM IIPOIOPITiii-
Hocri 1/D.

Hns nosenenns: (2.10) BUKOPUCTOBYETHCSI METOJ BIODSIIKYBaHHS 3Ha-
genn pt(Q;) = vH(;) 1o 3pocranHIo BiHOCHO iHzEKCY i i HepeBipKu, 1Mo
Pi3HUIT MiXK HAWUMEHITUM Ta HAHOLIBIIUM TPAMYy€ N0 HyJId mpu t — 00.
Toni (2.10) Bumusae 3 Toro, mo u™(Q) = v>°(2) = 1. Yacrkosa criiikicTh
TAKUX CTAHIB OYEBUIHA.

Pisuicrs (2.13) 10BOAUTHCS NPUILYIEHHSIM BiJl CyIIPOTUBHOTO.

Hapermri HecTifikicTh rpaHUYIHOTO CTAHY B 3araJJbHOMY BUIAJKY BUILIH-
Bae npsaAMo 3 dopmya (2.11), (2.12). Byab-sike 36ypeHHsi, sike 3MIHIOE X0Ua
6 O/HY PI3HUIO d; TPUBOAUTH JIO IHIIOTO TPAHUYHOTO CTAHY. O

Bapro BijzHaunTH, M0 B 3araJbHOMY BUIAJKY IpaHndIHuUii cran { ™, v}

€ PIBHOBaYXKHWM y TOMY CE€HCi, [0 B IIbOMY CTaHI OIMOHEHTH MPUIMUHAIOTH
KOH(MJIIKTHY B3a€MOJIi10, TPAHUYHI MipHU € iHBAPiaHTHUMHU BiTHOCHO KOMIIO-
3utiii %, 60 11l Mipu cTafoTh ab0 TOTOXKHUMM, a0 OPTOTOHAJIBHUMHA 1 30Ce-
PeKEHNMHU Ha PI3HUX TEPUTOPIAX, BiJIIOBIITHO:

o= J @, 0 = {J %,

iENT keN—

. 0 __ ) ‘o . .
axi e neperunaoTbest. Muoxuna Q° = (J;c yo €2 (na iit 06usi rpanmini
MipH JIOPIBHIOIOTH HYJIIO) CTAE B MIEBHOMY CEHCI HE3AJICXKHOIO.

2.3. e-ampokcimailiss Ta dppakTadbHe MOoApiOHEeHHs ITPocTopy. Teo-
peMa 2.2 nae BiAIIOBIIb Ha ITUTAHHS ITPO TPAHUYHUIM 110 t — 0O CTaH CUCTEMU
npu KOHMJIKTHOI B3a€MOJIil, K8 BPAXOBYETbCd 3 TOUHICTIO IO PO30UTTS
npocropy {2 Ha perionu ;. I1lo BimOyBaeThcs BCepeuwHi IUX PEriOHIB —
HEBiToMO. {KIO MOYATKOBUI CTaH CUCTEMHU 33JIaHO MipaMu (i, V, dKi HE €
piBHOMIpHO pozmnoaiieanMu Ha {;, TO Teopema 2.2 ONMUCye JUIle HADIMKe-
HY KapTUHY NEPEPO3NOIy PECYPCHOTO MPOCTOPY MiXK aJbTEPHATHBHUMU
croponamu. Yu icaye popmyna KOHMPIIIKTHOI qTuHAMIKY He3aJeKHa BiJ pe-
riorajizamii mpocropy 27 ZKIimo Tak, TO 3 SIKOI TOYHICTIO MOXKHA AIlpo-
KCUMYBaTH OCTATOYHUI Pe3ysbTar (SKINO BiH iCHY€E) 3MEHIIYIYn PO3MipH
periownis €2;7 Binmosimgs Ha mepine NUTaHHS 3aABJISIETHC ICJIA cIpob omep-
2KaTH BIJIIOBIIb HA JPYyTeE.

3adikcyemo Ha () sesky iMOBIpHICTHY Mipy A, SIKy 3BEMO OCHOBHOMO. 3
MIPUKJIATHOI TOYKYU 30Dy BaKJIMBUM € TaKe MUTAHHSA. ZIKi 3HAUYEHHS MAIOTh
BEJIUYUHI

AQT), AQ), A(Q0)?
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ITi BemmuuHM BU3HAYAIOTH, HACKIIBKU «CITPABEJJIUBOY TOIITAIN OITOHEHTH
pecypcHuit mpocTip B pe3dysbraTi KoHdJKTYy. B momepeanboMy miapo3mi-
JIi Tle MUTaHHSA MOYKHA BUPIIIUTU 3 TOYHICTIO 10 3Hadenb A(();),i € 1,n —
OCHOBHOI MipH Ha OKpeMHX perioHax. s TouHIImol BiAmoBiAl Ha 1€ IHUTa-
HHsI, TOTPiOHO IMPOBECTH JIeTAJbHIIIE MOAPIOHEHHS PerioHiB, HAIPUKIAI 3
TOYHICTIO JI0 JAesdKOro mMaJjoro € > 0:

Q= AMQy,) < e
l

11106 cpopmyaroBaTu TOUYHUHN pe3yIbTaT MTOTPIOHI TOJATKOBI YMOBH Ta 0OMe-
2KEHHSI.

[Tpumycrumo, 10 TOYATKOBI MipHu (t, I € aOCOJIFOTHO HEIIEPEPBHUMU BiJl-
HOCHO OCHOBHOI Mipu:

Mm:Am@M@, wmzémmw@ (2.14)

s A € B, myn € C(Q). Tenep, BUKOPUCTOBYIOUM JeTaJbHIIIE PO3OUTTS
KOKHOT'O PETioHy:
n m;
Q:UUQik,ngoo, m; < 00 (2.15)
i=1 k=1
IIOCTABUMO Yy BIJIIIOBI/IHICTH TOYATKOBUM MipaM i, V X KyCKOBO PiBHOMIpHO
PO3MOIiIEH] BapiaHTh: [i, U 3a MPABUJIOM:
ﬁ(Qlk) = M(Qik)> ﬂ(sz) = V(sz) (2'16)
Beenemo ymoBy Ha posburts (2.15). Ilpumnycrumo, 1mio st mHanepes pikco-
BaHoro € > 0O:
sup |[M;, —m;, | <e, (2.17)
K
ne
mj, == inf h(x)/D, M;, = sup h(z)/D,

k
weQik IEEQik

1
h(z) = m(z) — n(z), D-AM@W%

Teopema 2.4. Hexatl daa napu mip [, V, a6COMOMHO HENEPEPSHUL 610-
HOCHO Mipu N, sukonyemuves ymosa (2.17). Todi mpaexmopis dunamivnoi
CUCTMEMU 3 NOYAMKOBUM CTNAHOM {[i, UV} | KOMNO3UUie0 % 3a0anoto 00HuM
i3 pisnans (2.6)-(2.9), de pgk = pi (1) = @5 (Qy), vt =1, (8) = (),

ik
36izaemuvcs do pisnosasichozo cmany {°°, v} i3 snavennamu:

/’ZOO(Q%) = ﬁ-i—(Qik)’ ;/VOO(Qz;C) =V (sz)’ (2.18)
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deip e NT, i, € N7, a fiq, U_ — HOPMOBAHT KoMnonenmu poskaady Iana-
2Kopdara oas sapsady w = @ —v. Tomy

() =1/D /Q h@dMa), 4, C O,

IA/JOO(QZ;C) =1/D A h(z)d\(x), Q;, CQ7,
4

de QF, Q7 nosnauaromv dodammny ma 610 emmy NIOMHONCUNY PO3KAGIY
Tana-2Kopdana.

Hosenenns Teopemu 2.4 HeTpuBiasibHe, HOro MOXKHA 3HaiTu B podoTi [39).

Tloznauumo yepes fi4, V- HOpMOBAHI KOMIIOHEHTHU po3kiaay [ana-2Kop-
JaHa Mg 3apanay w = u — V. 1ol HeBaXKKO 3pOOUTH BUCHOBOK, IO 3TijI-
HO (2.18) 3madenus mip p°°, py Ta v>°, v_ TOTOXKHI Ha MHOXKUHAX (), .
Mgt nosinbaux A € B B3arami > (A) # puy(A) ta v°(A) # v_(A). Ane
BubOMparoun crocid monpibHeHHs mpocTopy ) Ha perioHu OLIBIN JAeTaJibHI-
MM, MOYKHA 3a0e3IMeYuTH, MO BiAMIHHICTD MiK Mipamu p>°, 4y Ta v,
V_ cTaBaJjia, K 3aBIOJIHO MAJIOK, TOOTO 06 st JHOBIIBHOI OOPEIeBChKOL
MHOXKUHU OyJId CIIPABEJIMBUMU OI[iHKU:

B°(A) — p(A) <e,  [7°(A) —v_(A) <e, AeB.  (2.19)

Takum umHOM, 3 Teopemu 2.4 BUILIMBAE, IO TPAHUYHI CTaHU KOHQJII-
KTHOI JMHaMiKK (IpUHARMHI J1j1si aGCOIIOTHO HEIIEPEPBHUX MIp) HPUILYCKa-
IOThb OIKC B TepMiHax po3kianis l'ana-zZKopmana s mip. Mu Bukopucra-
eMo Tieil haKT JJid BUBEJCHHS OUIBIN JTOCKOHAJO! (POPMYJIN JUHAMIKH Y
IOJAJTBIIIOMY .

IlikaBi daxTy 30BCiM iHIITOTO XapakTepy MOXKHA OIEPKATHU, HAKIIO BU-
KOPHCTOBYBaTU (pakTajbHe moapibuentst mpoctopy 2. Ilounemo 3 omm-
cy itepariitaol moOy10Br (bpakTaJbHOrO moaApibHeHHs mpocTopy 2. A ca-
Me, Hexaii mpocTip {2 miamanuii mporeaypi ppakraibHiil perionamizarii. 1le
O3HaYaE, 110 10 {2 3aCTOCOBAHO TOC/IIIOBHICTh PO3OUTTIB HA TOIIOHI perionu
BCE MEHITIOTO PO3MIpY:

n
Q=[] 2,.2<n <o,

i1=1

Q= Qs 2= | Quins- -

i9=1 i1,i2=1

n
Qpip = J Qi 2= U Qi
= i17...,ik:1
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3 ymoBo1o: |, 4, | = A4, .4,) — 0, k — 00, e A mosnauae 0OCHOBHY Mipy

ua {2, manpukiaj mipy Jlebera. 3sudaiino, Take 1o IpiOHEHHS 33,/ 1A€THCA TAK

3BAHOIO iTepaIliiiHOI0 (BYHKIIOHATIBHOIO cucTeMoro (muB. [9,24,58]).
Haramaemo, 1o ciM’sgd cTUCKyO9InX BiIoOpazkeHb

B RY 3Berncs imepyrouoto dynxuionarvnoto cucmemoro (IFS) na Q, axiio
BUKOHYIOTHCSI YMOBH:

Q,CQ, ne Q;:=K;Q, Vi,

Ta
Int(€) () Int(Qy) =@, i#3].

Badikcysasiu geaky I'TF, moxemo HanmcaTn::

Qil..z’ 2:KZ’10---OK' Q.

) Ak i
Temrep Mu 06’emHyeMO paHr po3buTTa k Ta dac t, TOOTO Ha KOKHOMY KPOII
[TOIPIOHEHHsT 3aCTOCOBYEMO OIEPAINiI0 KOH(MJIIKTHOI B3AEMO/IIT MiXK JIMCKpPe-
THEMEU Mipamu. OUUIIIEMO aKypaTHO IO IMPOIELYPY.

[TounHaroun 3 AOBIJIBLHOI Tapu Mip W,V € /\/l;r Ha (), Ha mepuoMy KpOIl,
t = 1, mobymyeMo mapy KyCKOBO piBHOMIpHO posmomizenux mip p!=!, =1
ACOIII0OBAHUX 13 CTOXACTUIYHUMU BEKTOPAMU

1_ (1 1_ (1 S
P —(pil) Ta r —(ril), i1=1,...,n,

KOODJIMHATH KAX BU3HAYAIOTHCA 38 POpPMysIaMu,

1 P (=) o il = pi)

Di = , = . 2.20
" 11— Zil PiyTiy " 1— Zil PiiTiq ( )
e

biy = N(Qil)7 Ty = V(Qil)' (2'21)

Ha napyromy xpori, ¢ = 2, mMu BusHauaemo Mmipu p?, v?, gxi nos’asami 3
PO3KJIAJIOM JIpYroro panry mpoctopy {) Ta 3acTOCyBaHHAM KOHMDJIIKTHOL
B3a€MO/Iil Jpyruil pas:

=2 1 .2 t=200) Y — ol 2
M (Qiﬂlz) = Piviz ‘= Piy " Piy» v (Q’LIZQ) = Tiyig = T4 " Tigy
e

1 1 1 1
p2 — pi2(1_ri2) T~2 — rig(l_pig)
®l=Xpinl vol=Yamri
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3a irepariiero,

t=k ol k
(g iy,) = Diyiy, = Diy Dl

Vt:k(Qllzk) = Tll’bk = ’r’}l PPN Tfk? k; 2 1'
e
k—1 k-1 k—1 k-1
ph = el T = Sl T (2.22)
g — —17 [ — —. .
BRI R D v

Dopmynu (2.20)-(2.22) onucyooTh iTEpAKTUBHY KOHCTPYKIIIO TTOC/IIOBHO-
CTi CTaHIB AUHAMIYHOI CUCTEMHU B TepMiHAX KYCKOBO PIBHOMIPHO PO3MOJIi-
JIGHIX Mip pt:k(Qilmik), l/t:k(Qilmik), t = 1,2,.... HeBaxxko nokasaru,
0 3HAYEHHS IUX ITOC/IIOBHOCTEN MaiiKe 3aBXKJM 30iraloThcd 10 HYJIS,
lime—g 00 u'(€4;..i,) = 0. Orxke, srigno [46,61, 62|, rpannuna mipa u™ €
CHUHTYJISIDHO HEIIEPEPBHOIO.

IlikaBo mocTaBUTH TUTAHHS, K4 yMOBa MOXKe 3abe3mednTr 30iKHICTDH
ut:k(Qilmik) abo ut:k(Qilmik) JIO CTPOTO JOJATHOIO 3HAYEHHS, X09a O [IyIsd
JEeSIKUX TOCIITOBHOCTEH 11, ..., 0%, .. .7

Hacrynna TeopeMa BCTAHOBJIIOE KPUTEPili BUHUKHEHHS TOYKOBOIO CIIE-
KTPY B 'PAHUYHUAX PO3IOMiIaX JUHAMITHUX CUCTEM KOHMIIKTY i3 BiAmToB-
XyBaJIbHOIO B3aeMOiio 3aaany dhopmymamu (2.20)-(2.22).

Teopema 2.5. /laa 006iabH0i napu nowamrosur GMOSIPHICHUT MIP (L M
v e M(Q), odna 3 epanuvnuxr mip p> (abo v*°), nobydosaruxr 32i0Ho
Popmya (2.21)-(2.22) no nocaidosrocmi Kycko8o pieHOMIPHO PO3NOJIAEHUT

wmip p=k v=k e M(Q), t =1,2,..., e wuemo mouxosoro, ™ € My, (abo
v>® € Mpp), modi i miavku modi, Koau 00na 3 Ymos
() > v(&), (1(4) < v(h))

BUKOHYEMBCA Oz e0unozo gircosanozo indexcy 1 <i < n.

JloBe/ieHHsT MOCUTH CKJIAJIHE i TPYHTYETHCA HA JOCJIiKEHHI TOBEIIHKHU
BEJINYUH BUJLY

o o
_ | ) — E
[J“ 23 - plk - 1m pll 1k V7,1 23 - T’Lk 1m rll (2%
k—o0 k—o0
k=1 k=1
ze
.t k | k
Piy.iy = Piy - Piy» Tiedg = Tip " Tipo
a pfk, rfk Bu3HaueHH] 3rigHo (2.22). IloBHuit TekcT MoxKHa 3HalTH B [36,41,

42].
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2.6. PiBHOBaxkHwmii cran B Tepminax po3kiany I'ana-2Kopnana. Posz-
TIISTHEMO JIOBIIbHY Hapy i, v € M{ (), p # v. 3rizno xnacuanoro pesysb-
tarta 3 Teopil mipu (auB, mHanpukaan, [16]) mus 3apany w = p — v icHye
poskian [ama muOXKWHE ) Ha 1Bl YacTHHM:

N=0Q,UQ_, QrnNQ_ =10, (2.23)
TaKWii, M0 JJIsd W Ma€ Miciie po3kaaa zKopiaHa:
Ww=wy —w_, wi(Qo)=0=w_(24), (2.24)
Jie KOMIIOHEHTH W, w_ € MT(Q) BusHagaioTbes ymoBamu:
wi(A) =wi(44) = gléaw(B), ALy =ANnQy, A BEeB,
w_(A)=w_(A_) = s;p —w(B), A_=ANQ_.
BCA

3Buuaiino, poskiaz lana (2.23) ne equnwmii, ane gogaTai Mipu wy, w_ B (2.24)
dikcyoThest 3apsioM w oxHOo3HAYHO. HopMyoun TX Ha OJMHHUINO OJIEPIKY-
emo J1Bi imoBiprichi mipm 3 M (Q):

wy w_

Py 1= , v_ = . 2.25
FT @) BN (2:25)
[Toknagemo, mo mipa 1 B dopmynax (2.2)-(2.5) 3amaernes, sk

n(A) := min{u(A),v(A)}, AeB. (2.26)

Toxi cripaBeIMBa HACTYITHA TeOpeMa.

Teopema 2.7. Kooicna mpackmopisa 0uHamivHol cucmemu Kowdaikmy 3
NOYAMKOBUM CMAHOM [L,V € MT(Q) i 3adanoro odniero 3 cucmem pie-
Hano (2.2)-(2.5), de mipa n susnavena 32idno (2.26), 36izacmuves do pisro-
saotcnozo cmany p>®,v> € M (Q). Ipu yvomy, euronyemocs pienicmo

p>e = py, v =v_, (2.27)
de iy, v— eusnavens 6 (2.25).

JloBenenns 11i€l TeOpeMu BCTAHOBJIEHO JJIs BUMAIKIB, KOJIU [, ¥V — IUC-
KpeTHI MipH, KyCKOBO PiBHOMIPHO PO3IO/IijIeH], aOCOTIOTHO HelepepBHi Ha
Binpisky [0, 1]. JoBenenns B 3arasbHiil curyarii e He omybJikoBaHe.

3. HEPYXOMI TOYKU JAVNHAMIYHUX CUCTEM I3 B3A€MO/IEIO
TIPUTATAHHS

Tyt possunyTo Teopito (nus. [34]) mis Bunajaky, Koim KOHQIIKTHA B3a-
EMO/Iis Ma€ MpUTATAIBHUN xapakTep. PosrisHemo sumnanok mapu Mip. He-
xait M7 () x M{(Q), mosnauae npsmuii 106yTOK TPOCTOPIB aBCOMOTHO
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HernepepBHUX HMOBipHicHUX Mip, fe ) C R” - neakuit kommakT. Tpiiiky
{Q, MI(Q) x MI(Q), =} (3.1)

Ha3WBAEMO JIMHAMIYHOIO CHCTEMOIO KOH(MJIKTY 3 MPUTATaJIbLHOIO B3a€MOJTi-
€10, SKINO TEPETBOPEHHS % 3aJaHO PI3HUIEBUMU PiBHIHHIMEI

pn+1 = - (pn (1 +On) +7v),

vn+1 = 5 (vn(1+ On) +7w),

JKi TeHepYIOTh B AUCKpeTHOMY Yaci t = N TpaekTopil

{unsvn} = {puNs,vn), N=0,1,... (3-3)

3 MMOYATKOBAM CTAHOM 33JIAHWM JIOBIJIBHOIO MApOI0 MIp fig = W,y = V 3
MT(Q) Tyr Oy = f(un,vN), e f — nesika nogaraa oOMexkeHa QyHKIILis,
a IpUTATAJbHA B3aEMOJIs 3aJaHa JIHIHHO KOMOIHAIIIEHO,

TN = QN + VN, a,8>0, a-8#0.
HopwmyBanbuuit 3HaMEeHHIK BUPAXOBYETHCS 38 (DOPMYJIOIO:
vy =14+05+ Wy,
ne On = f(un(9),vn(Q)), a
Wn = 78(Q) = aun(Q) + Brn () = a+ B.

(3.2)

Teopema 3.1. [z 6ydv-axoi napu pisnux mip {u,v}, axi nasescamo
npocmopy M7 (Q) x M7 (), mpaexmopia (3.3) dunamiumoi cucmemu xom-
daixmy 3 npumsearvhoro eszaemodicro (3.1) sbizaemuves do w-zpanuuHol
MHOAHCUHU (Pi6H06a21CH020 cmany) { oo, Voo §

,Uoo(A) = lim NN(A)a Voo(A) = lim VN(A)7 A€ B,
N—o0 N—oo
AKUL CKAGOGEMBCA 3 NAPU MOMOHCHIL MID
7(4)
HooA) = voo(4) = 521, A€

HoBenennsi. Ilokaxxemo, mo s 6yab-sgakol 6openeBcbKol MHOXKUHN A €
B 3HaveHHsa Mipu Ty HE 3aJI€;KUTh Bl 4acy:.

7(A) =7n(A), N=0,1,... (3.4)
HiiicHo, 3a O3HAYMEHHAM
™N+1(4) = apni1(A) + Brn1(4) =

= L [(apn(A) + Bun (A)(1+On) + (a+ B) v (A4)] =

1
= e e [N (A)(1+ On + a+ B)] = n(A),
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OCKIJIbKHI
Wn =a+ 0.
Mosuaunmo Dy (A) = pun(A) — %. BukopucroByioun piBasHHS (3.2)
a (3.4), omepxkyemo
7(4) ™ (A)

D A) = A — ——= = A) — =
N+1(A) = pn1(A) W pn+1(A) Wy
1

S {w(A)(l o)+ () -

T~ (A)(1 + @N + Wh) ]

1+0N+ Wy
__1+6y Tnv(A)) . 1+6w 7(A)
_1+@N+WN<N(A) WN>_1+@N+WN(MN(A) )
Orxe,
Dni1(A)=ko-k1-...kn-D(A),
A€ o
1+0y
= 7" <1,
Nl Ton+ Wy

[Tokazkemo, mo ky 4 1, komu N — oco. [lpumycrumo npoTusexkHe, To0-
To, mo ky — 1. Tomi

14+ 0y 1
1+ 0N+ W -1
+OnN N 1 + 1+@N
a 1_I~/_VéVN — 0. e moxkmmBo, Jjmire gxIo Oy — 0o, M0 CyIIepeduTh yMOBI

obmexkerocTi pyHKIT f.
SaBngxu nonepenHiM hakTaM, MOXKHA, CTBED/XKYBaTH, 110

lim Dy(A) =0,
N—o00
a, OTKe,
. 7(4)
| A) = .
am v (A4) = 55
AnajorivHEM CITOCO60M JOBOJIUTHCS ICHYBAHHS TDAHUII
: 7(4)
1 A) = . O
pm v (d) = =5

4. KOH®IIKTHA IUHAMIKN B TEPMIHAX IIIJIbHOCTEI

Hexait Q = [0, 1], B - 6opesnescbka o-anrebpa tmimHoxm 3 €2, M7 ()
— mpocTip fIMOBipHiCHIX aOCOJIIOTHO HEIEepepBHUX BimHOCHO Mipu Jlebera A
Mip:

H(A) = /A p(2)dA(z), V(A) = /A o(2)d\(z), A€ R.

Mu nputryckaemo, 1o IMiJIbHOCTI € HeIIePEePBHUMU J0IaTHUMU (PYHKITIIMU:

p(z),0(z) € CL(Q).
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ITokrataeMo, 1110 €BOJTIONi Sl TMHAMIYHOI CHCTEMY 33JIaHa B TEPMiHAX IITiTb-
HOCTEN TTapu Mip TAKUMU PI3HUIIEBUMU PiBHAHHIMU:

{PN+1(9€) = o (on(@)(On + 1) + 7 (2)), (41)
on1(2) = L (on(@)(On +1) + Tx(@)), |

e po = p, op = o. 9k i panime, O = O(py,oN), ge O — obMexeHuit
HerepepBHUil (pyHKITIOHAT, &

™~ (z) = apn(z) + Bon(z),a, B = 0.
HopwmyBanbuuit 3HaMeHHIK
zy =14+ 06N + Wy,
e Wy = [ v (x)dA(z) = o+ B.

Takum 9uHOM KOHMJIIKTHE IepeTBOopeHHs % 3ajaHe dopmystamu (4.1)
TeHepy€e TPAEKTOPIl JMHAMIYHOI CUCTEMH B TEPMiHAX MIIJIBHOCTEN:

{pN,O'N} — {pN+1,O'N+1}, N = O, 1, . (4.2)

Teopema 4.1. Koowcra mpaekmopia dunamiwnoi cucmemuy (4.1)-(4.2), axa
cmapmye i3 cmany 3a0ar020 006iALHON NAPOtO WisbHOCMEl

{p.0} € CT(Q) x CF (),

36izaemuvces nomowkoso do eparuunozo cmany {p>, o} :

=(

p(z) = lim pn(z), o®(z) = lim on(x), z €.
N—o00 N—o0

1IIpu yvomy,

p() = 0% (x) = D

HoBenenusi. Bunayok, ko p(x) = o(z) mua ycix x € Q € rpusiaib-
HuM. PosriisiHeMo BUNAJIOK, KoM icHytoTh € ) raki, mo p(x) # o(z).
TTokaxkemo cripaBeJIMBICTh PiBHOCTEI:

7(z) =71n(2), N=1,2,... (4.3)

Hiiicro,
™N41(7) = ;V((apzv(w) + Bon(2))(1+On) + (a+ f)7n(x)).

Tomy

mii(e) = (@)1 + Oy +a+ §) =)
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[Mosnaunmo Dy (x) = py(z) — % Buxkopucrosyioun (4.1), (4.3) nerko

bauuTH, 10

7(x) 1+ 06y 7(x)
D - _T - .
N+1(T) = pr(r) — 557 = 1o O 1 e pN(2) = 55
Tomi
Dni1(A)=ko-k1-...kn - D(A),
e o
1+06yN
ky = ——F—7—<1.
N 1+ + Wy
CrangapTHIM 9MHOM HepeKoHyemocs, mo ky # 1 mpu N — oo. Tomy
lim Dy(z) =0,

N—oo

abo iHaxime:

N—oo N—oo
Ile osmauae, mo

lim Dy(z) = lim (pn(x) — TIEV:U)) =0.

, _ 7(2)
i ovie) = 5

Ananoriyno 10BOIATHCS
7(z)

Mmoo () = =5 -

5. MOJIE/Ib KOH®/IIKTHOT'O CYCIILJIbCTBA

Hocutimkentst tuHaMikKd KOHMJIIKTHUX IIPOIECIB Y CYCIIBCTBI € TEMOIO
6araTbOX IIPOEKTIB, 30KpeMa, JIep:KaBHUX, 60 ICHyBaHHsI, PO3KBIT 94U 3aHe-
aJT KO2KHOI KpalHU 3aJIE2KUTh Bill PIBHSA TaKUX JTOCIIIKEHb Ta TPAKTHIHOL
peastizarii HaykoBux mnepeabdadenb. [[oOynoBa Ta aHai3 YUCTO MATEMATHU-
YHUX MOJIeJIell EKOHOMIYHOI, MMOJIITHYHOI, COIIaJIbHOI JUHAMIKA € JIyKe He-
TpuBiaJIbHOIO TTPob IeMor0. ['0/10BHA TPYAHICTD y 3HAXOIXKEHH] TPABUIBHIX
dopmys Ta Mojiesneil A1 aJeKBATHOTO OMUCY PEAJbHUX SBUII, OCOOJIUBO ¥
MOMeHTH OidpypKaliitHuX 3MiH ab0 HaOJIMKEHHs 10 XaocCy.

Hapite myxke cmporeni mOCTAHOBKU Takol 3a/adi, TUIY 3HAXOIKEHHS
YMOB abCOJIIOTHOI'O MPIOPUTETY YU JIOCATHEHHS KOHCEHCYCY € HETPUBIaJIb-
unmu. Haseemo e jiekinbka nocunans [10-13], [17-19], [22,23,25], [27],
[31,32,35], [28], [30], [29,57,59], [563,54,56] 3 BesuKOl KinbKOCTI MyGTiKAaTIiit
Ha I[I0 TEMY.

IloBeninka ingumBiga 9Ym CycCHiJIBHOTO KJjacTepa y 3HAYHIN Mipi Bu3Ha-
Ya€ThCA MONTYKOM OIMTUMAJIBHOI CTpaTerii Ta MPUUHATTAM PIllleHHd, 9acTO
HA OCHOBI iHTyiTHBHOIO MOjemi. Ase ycminmamit pe3yabTaT 3abe3medye Jn-
e aJleKBaTHa MaTeMaTu4dHa MOJICJIb. TOMy MaTeMaThu49He MOJIC/JIIOBaHHA €
MMOTYKHUM IHCTPYMEHTOM JIJIsl IPOTHO3Y COIIaJIbHOTO PO3BUTKY.
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Maremarnyni MOJEsl COIMIAJIBLHOL JUHAMIKY MOKHA, IIOTIJINTHA Ha, JIBa KJIa-
cH, JeTepMiHicTUYHI Ta iMoBipHicHI. Mosesi mepIoro TuIy JaloTh KiJIbKi-
CHE 3HAYEHHS TIeBHUX XaPAKTEPUCTUK CUCTEMHU y (DIKCOBAHUIT MOMEHT Yacy.
Hpyruit Tun Mozesneit mepeadadac iMOBIPHICHY OINIHKY PI3HUM CTaHAM CH-
CTEMU.

Binpmiicts BimoMux Momeseil Ha€XKUTH 10 MEPIIOrO KJIACy i I'PYyHTYIO-
ThCH HA KOHKPETHHUX, YACOM JIOCUTH CKJIAQJIHUX (HOpMysIax JUHAMIKM, AKi
UpU3HAYEH] JATH SIBHUN OIUC SIBUILY, WO JIOCIIJKYETHCs ([IUB., HAIPU-
kiag, [17-19]). Bubip dopmys i piBHsHB (3aKOHIB), sIKi OIUCYIOTH JMHA-
MiKy KOH(IIKTHUX B3a€MOil MiXK IHIWBiTaAMU € TOJOBHUM IIYHKTOM IIPHU
oOyI0Bi Mozeseit CKIAIHUX CUcTeM cycrniibersa. i dopmynn maoTs Oy-
T MaKCUMaJIbHO MMPOCTUMHM, YHIBEPCAJIHHUMEU Ta OIHOYACHO aI€KBATHUMU
peasnbHiit kKapTuni. Jlumre Toxi ix BUKOpUCTaHHS, 3 OHOTO OOKY, Oyme tmim-
TBEP/I2KYBATU CIIOCTEPEKEHHS, & 3 JIPYyroro, nepeadadaTu HOBi, HABITH He-
CIIOfiBaHi ABUIA Ta eDeKTH.

Jaai My po3BUBAEMO BiJTHOCHO MPOCTY MATEMATUYHY MOJIENb COIIYMY,
K 0araTOKOMIIOHEHTHO! JIMHaMidHOl cucTemu. BoHa IpyHTy€eTbCs Ha OCHOBI
Teopil AMHAMIYHUX cuCTeM KOHMDIIKTY pO3BUHYTOI B poborax [28,31-33,35,
38-40,43-45,47]. Ila Mozie/b ONUCY€E BOJIONIIO 3MiH IMOBIpHOCTEl BOJIOITH
[IEBHUM 3aI1aCOM COIiaJbHOI eHepril [Jjisd KOXKHOIO 1HAUBIAa KOHQIIKTHOIO
CYCILIbCTBA.

Mu posrisggaeMo feKijabKa BapiaHTiB (opMy/aIn KOHMIIKTHOT B3a€MOIII.
B mepury depry Mu JOCHIRKYEMO CTUXIAHMN (IuKWil) KOHMIIKT MiXK KO-
JKHUM OKPEMUM IHJIMBIIOM Ta KOHKYPEHTHUM OTOYEHHSIM, Je, IK 3BUYAiTHO,
nepemMarae HalicmabHImMmi. Binbim qockoHAMMI BapiaHT MOJIeNi BKJIIOYAE B
cebe ypaxyBaHHS CTPATEridYHAX HMapaMeTpPiB, CUIN KOHMJIKTHOI B3a€MO/Iil,
30BHIIIHBOTO BILIUBY Ta 3B’s3KiB MixK iHguBigamu. [Ipn oMy, Momess Ha-
CTIJIBKH YCKJIATHIOETHCS, 10 3apa3 MOKHA TOBOPUTH JIUIIIE TIPO JesKI IiKaBi
edekTH, a HE PO MOOYIOBY HMOBHOI TEOPil.

Tomy TyT MU 06MEKYEMOCS JTUIITE YACTKOBUME BUMAIKAMU. A came, CIo-
9aTKy JOCTIIKYEMO JIMHAMIKY TTEPEPO3TO/IITY COIaJbHOI €eHepril MiK KOH-
daikTyounmu iHauBiqaMu 6e3 BBeIEHHA TapaMeTPiB B3a€MO/Iil Ta 3B sI3KiB
(Mozenb cruxiitHoro coriymy). B npomy BapianTi Mogmesi, siK npaBuiio, Bu-
HUKAE €JIUHUN [TePEMOXKeIllb, TOMH XTO OyB HANCHUJIBHINNNM B MOYaTKOBHI
MOMeHT 4acy. Mu nomigaemo, 1m0 Ha 3pocTaHHs (YM BTPATY) COLiaIbHOI
eHepril BILIMBa€e BeJn4IrHA (Criia) KOHMIIKTHOT aKTHUBHOCTI iHmMBina. 30K-
peMa, AKIo Ieil mapaMeTp Ma€ HyJIbOBe 3HAYEHHS, TO IHJAWBIJ B3araJi He
BTpaYa€ CBOIO €Heprimoo, a Jjuire nakonudye. [lapamerp cuin KoHMIIIKTHOT
AKTUBHOCTI € crpareridumMm. MOoKJIMBICTL HOTO BHOOPY IIEPETBOPIOE MO-
Jeb CTUXIWHOTO COIyMY B MOJIEJIb KEPOBAHOTO KOHMJIIKTHOTO IPOIECY.
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BceranoBieHo, Mo B bOMYy BUIIAJIKY IHJIWBI 3 HESHATHOIO MTOYATKOBOIO CO-
[iaJIbHOIO €HEPTi€I0 MOXKE CTATU MEePEMOXKIIEM, SKIIO 00epe «IIPaBUIbHY»
CTpAaTeriio PeryIioBaHHs [TapaMeTpPOM CUJIM KOHMJIKTHOI AaKTUBHOCTI. 30K-
peMa, Iie Bele 0 MOCTAHOBKY Ta YACTKOBOTO PO3B’sd3aHa MpobjaeMu BHOOPY
cTpaTeril BU2KUBAaHHYA JIJisd IHAUBIAA 3 JOBLJIBHO MaJIOK IIOYATKOBOIO COIIi-
abHOI0 eHepriero. OCHOBHMII pe3ybTaT — TeopeMa PO iCHYBaHHS PiBHO-
BakHUX cTaHiB. Onuc 6aceitHiB MPUTITaHHS 10 HEPYXOMUX TOYOK, YMOB IX
crifikocTi, Ta iH., i TUTAHHSA B 3ara/jbHiil TOCTAHOBIN MTOTPEOYIOTDH TOIAb-
MIUX yIOCKOHAJIEHDb (POPMYysIu KOHMIIIKTHOT JUHAMIKMA.

5.1. EnemenTapHa momeinb couiymy. Hexaii
A={a;}i%, 1<m<oo,

— MHOXKWHA KOHKYPYIOUMX IHIWBIIIB aDCTPAKTHOTO CYCHIJIbCTBA, AKE Ha-
3UBAEMO couiymom. Bearkaemo, mo coriym A € TOBHICTIO KOHMJIIKTHIM y
TOMY CEHCI, o MiXK yciMa iHauBimaMu BinOyBaeThCsd KOHKYpPEHTHA OHOPOTH-
6a 3a yMOBHUI pecypc, KUl 3BEMO Couiaabha enepeia. B HalmpocTimmomy
BUITQ/IKY KOXKHOMY 1HJIWBIYy @; B IOYATKOBUI MOMEHT TIOCTABJIEHA y BiJIIO-
BiJIHICTB comiaiibHa €Heprist (JIedaKuii XKUTTEBUI pecype):

a; ~ Pz

Suavennda P; € qomaTHIMY Ta 0OMexKeHuMU. J1JIst CIIpOIeHHsT ITPUILYCKAEMO,
110 IIOBHUIA 3am1ac exepril » .-, P; = P nesasexunii Bix gacy: P(t) = const.
Sa1a9a MoJIATaE Y JOCIIKEHI TMHAMIKHA ITePepPO3IIOIiay COMiaIbHOI eHepril
B MOMEHTH KOHMJIKTHOI B3ae€MO/il 33/1aH01 pisHuME 3aKkoHaMu (dopMmyia-

Axmo % mozHadae pikcoBaHmMit 3aKOH KOHMJIIIKTHOT B3a€MO/Ii1, TO €BOJIIO-
IIIf0 TIePEPO3IOILTY MOXKHA CUMBOJIIIHO MPEICTABUTH, 9K CKJITHY Oararo-
KOMITOHEHTHY JWHAMIUHY CHCTEMY:

(P,...., Py =5 (PU(D), ..., Pa(t)}, t=1,2,...

B macrynnux migposaizax mMu mocstipkyemo noBeinky Pi(t) B 3amekHOCTI
Bim popMysn, gKa 3aa€ BigmoOpakeHHs %. A caMme, B CUTyallisX:

(1) cruxiitunii koudaikT KoxKHOTO 3 ycima (dbopmya (5.1)),

(2) i3 ypaxyBaHHSIM cuiiM KOH(IIKTHOI B3a€MOJil Ta BEJIMYMH 30BHI-

mHboro BBy (dopmymu (5.6), (5.8), (5.9)).

Ilinkpecsmmo, 110 MU 3aCTOCOBYEMO HMOBipHicHME mminxim. Tomy 3amicTb
KinbKicnux sesuuun P;(t) Buxopucrosyemo senwuunu pl = Pi(t)/P, sxi
HOPMOBaHI Ha OIWHUIO. BinmoBigHO, piBHAHHS JUHAMIKN 3aIlllCaHi B Tep-
MiHAX KOOpAMHAT cToxacTuanux Bektopis P! = {p!}™ | nisa axux Bukomy-
€TbCs yMOBa, y g ph=1,1> 0.
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Ockinbku MU BBaXKaeMo coriyM A TOBHICTIO KOHMDJIIKTHUM, TOOTO BU-
KOHY€THCsI TIPUHIMI — OJUH IPOTH BCiX, ab0, KOXKeH caM 3a cebe, TO I
KOXKHOTO iHIWBITa a; 0T0 KOHKYpPYyIOUe OTOYEHHS CKJIAIAETHCA 3 MHOXKU-
HU YCiX 1HIMAX iHIUBITIB AZ-L = {ak}k#. Toxi comiaabHa eHeprisas OTOYEHHS
JJI @; € CyMOIO €Hepriit ycix iHauBi/IiB 3 .Af-. [Mosuaunmo i1 R; = ) £ P;.
Habopy Bennuwmn R; BiamoBizae HOpMOBaHWMI HA OJUHUIIO CTOXACTUIHHI
Bekrop r = {r;}, 3 koopaunaramu r; := R;/R, ne R =>"| R;. Ouesu-
amo, r; > 0ra "t r =1

5.2. Halicunpuinmii 3abupae Bce. Beememo 3axkoH KOH(MJIKTHOI B3ae-
MOl Mi?K OKpEeMHUM IHJIMBIJIOM @; Ta OTOYEHHSIM .AZ-L y TOBHICTIO KOHMJTI-
KTHOMY comiywmi. Hafinmpocrimuit BapianT 3aKOHY KOH(MJIIKTHOTO ITepepo3-
HOJIiJTy COIaJIbHOI eHepril B JIUCKPeTHOMY 4aci (3aKoH KOHMJIKTHOI B3ae-
MOJIiT) B TepMiHAX KOOPJMHAT Ma€ BULJISL:

pt+1:P§(1—Tf) Pt— 1—pf

; S Ti=—1, P =p t=01...  (51)

Jle HOpMyBaJbHUit 3Hamennuk z' = 1 — Y0 plrl. Tyr pl, i € 1,m, no-
3HAYAIOTH KOOPAWHATH CTOXACTHYHOI'O BeKTopa P!, akumil 3a7a€ pO3MOJILI
coIiaIbHOI eHepril MiXK iHmuBiZaMu a; mic/d t aKTiB KOH(JIKTHOI B3a€MO-
it
0 — Rm . . 1
nsa xoxxmoro BexTopa p° = p € R itepanis saxony (5.1) mopomxye
b
. S o
JedKy TPa€KTopito jmHamivnoi cucremu B mpoctopi R 5

*,1 *,t+1
p0_>p1”'pt—>pt+1”' (52)

SIKY MU 3BEMO OQUHAMIYHON CUCTNEMON KOHPATKMY 13 810WMOBTYEAALHON
636EMO0IEIO.
BusiBsisiernest, mo dopmyia (5.1) ekBiBaseHTHa Takiii,

tH1 ¢ t ot
pﬁ =pi(1+0"—1;)
ne 0% := 3" plrt. YV cBoto wepry, T MOXKHA HepenuCcaTH y BALVIAL:

p? — Hpt||2)'

tH1 ¢
pi =pi(1+ 1

tN2 . N (t)2
ae [[pt7 = 32kt (P))*-
Hacrynua Teopema j1oBOauTH, MO JAUHAMIKA Y KOH(MIIKTHOMY CYCHiIb-
CTBI 3 BIIIIITOBXYBAJbLHOIO B3AEMOJIIEI0 3aBXKJIM MPUBOIUTH JIO iICHYBaHHS
€JIMHOTO TIEPEMOKIIS.

(5.3)

Teopema 5.3. Koowcrna mpaekmopis (5.2) 38 006iabH010 no4amKo8o0 mo-
wkoro p? = p € R, IplI? # 1/m, s6icacmves do eexmopa P, y axozo
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AUWE 00HA KOOPOUHAMG BIOMIHHG 610 HYAS:

Jim plg, =P, =1, Prnaa = max{p{}.

—00 4
s ycix inwux xoopdunam,

Jim pj = pi® =0, P # Prnaa-
oBenenns. Iloznaganmo
N&E =i | pf > Ip']%}, N7t = {i | pf < [P},
N = {i | p} = |p'|*}.

3 (5.3) BumHO, 110
e yci koopmunatu p!, npu i € N, spocraors, pitt > pl,

e xoopaunartu p, 3 i € N7!, cnanaiors, pf“ < pt,
LY pﬁ, i € N% mepyxowmi, pﬁ“ = pf.
Busnagunmo
1—pt 1
¢ ot ¢ (
di ==p;—r; =p; — L= (mp; — 1). (5.4)

m—1 m-—1
[psamo 3 (5.4) omep:Kyemo, 1o pisnuni di > 0, axmo p! > 1/m, Ta d! < 0,
akmo pt < 1/m. dxmo p! = 1/m, To d! = 0.

Ockimeku ||pt||? > 1/m i ||p!||*> = 1/m mumre sxmo yci p! = 1/m, To
ME POOMMO BUCHOBOK, MIO JIs ycix ¢ € Nt piznumi dﬁ € CTPOTO JOJATHU-
MH i 3pOCTAIOTh, dﬁ“ > d!. BukopucroByroun neii dhaxT MpoaHaslizyeMo
MOBEAIHKY BE/JIMYUH

+,t t —t _ t
D= N d, D™= " di.
iENTLJNOt keN—t

IIpu npomy, OymeMO BpaxoByBaTH, IO
m
Dli=Y"d =D D=,
=1

ta e, mo DT = D™t = 0, mume axmo p! = 1/m, a Takox, Te, MO
B iHmoMy excrpemasibHOMy BuHanky, D! = 1, D™! = —1, jmume axmo
icHye enuna koopauHata p! = 1, a yei inmi pl = 0, k # i. Orke, B3aradi,
BUK/IIOYAI0Yi KpaiftHi BUTIAJIKH,

0<DPt=—_D>t <1,

Mu xo4emo miokazaTu, mo D! spoctae 10 1 mpu t — oo. apasaxu (5.4),

MaeEMO
t__ E t
)7 a = pz

DH = ——(ma' — [N U N
teNTtUNO:t
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Ta

1 1
D™= ——(m pp — INT!) = ——(m(1 —a") = [N7H)),
m—1 ke%:—’f m—1

Jie MU BUKOPUCTAJIN PIBHICTH E;’;l pg = 1. Tenep, zaBngaKu

|N+,t UNO,t| U |N_’t‘ =m

3HAXO/INMO
1
Dt = ——(INTP'UNY| —mat).
m—1
Buxopucrosyioun Dt = — DTt nvaemo
b 07
Dt Dot — ot 2 ot 2IN Tt U NO|
m—1 m—1 ’
Tenep posriisiHeMO
D _ m Z pt+1 B |N+,t+1 U NO,t+1’
- E m—1 )

teNTtHIUNO L

Basagku (5.3), MaeMo

t 112 +,t41 0,t+1
D+7t+1 — m § t(l + pz - Hp H ) o ‘N UN |
m—1 m—1 m—1
teENTtHIYNO.t+1
Binkumaroun B cyMi JIOJTAHKY, SKi BIIIIOBIAI0OTH MHOXKUHI [V Ot+1 OTPUMY-
€MO HEPIBHICTD

L L2
pHttl s M t m t(Pi — P’
“m-—-1 Z pz+m—1 Z pz( m—1 )
ieN+t ieN+t
IN+t U NO| . IN+tU NOt| — | NTtHL Y NOtHL
m—1 m—1

1 m ct
= g lma — INPRUNY) 4 o B plQE s > DY
1ENT?

pi—lp|?
m—1

Jle BpaxoBaHO, 10 Q§ = > 0 g yeix ¢ € NTf, Ta re, mo

= ‘N+:t U N07t| _ |N+,t+1 U No,t+1’ > 0.

Llum 10BeseHo MOHOTOHHE 3pocTanus pesmanan DTt Hacrmpasi, Bona
36iraeTbes 10 1, ockimbku npumymenns lim DT = DT < 1 € ouesuano
t—o0

xubHuM. 3rajryioun, mo piBHicTb DT = 1 BUKOHyeTbCH JIUINE y BUIAIKY,
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KOJIU yCi KOOPIUHATH, 38 BUKJIIOUEHHIM OJHIET, JOPIBHIOIOTH HYJIIO, POOUIMO
BUCHOBOK IO JIJISI IKOICh KOOPJIUHATH
. t _
lim p; = 1.
t—o0
Hacnpassi, mieto kooppunatoio € pl, .. ockinbku 3 (5.3) BUAHO, MO BO-

Ha 3pOCTa€e HAUMIBUIIIE B MTOPIBHAHHI 3 IHITUMHU 3POCTAIOYUMU JIO TIEBHOTO
MOMEHTY KOODJIMHATAMU, SKIIO TaKi €. g

B cucremax 3 6ararbMa rpaBIgMU, SIKi 3MATrafOThCs 38 €IUHUN OTHOBU-
MIpHHIT pecypc TPaHUYHUN Pe3yJIbTaT 3aBXK/U € ONTUMAJILHIM BUTDAIIEM:
mepeMozKeIb 3abupae Bce.

5.4. @opmyna AuHAMIKM IJisi MoZeji 3 edeKTaMu 30BHIIITHBO-
ro BmBy. B poGori [27] mociiizKyBasinch MaTeMaTuIHUX MOJIEJIel, sKi
OTHUCYIOTH IEPEPO3IOIiJI COMIaMbHOI eHepril MizK iHuBimaMu abCTPaAKTHOTO
cycrizbersa (coniymy) B pesyibrari KoHdaikTHO! 60porsbu. Ty momarko-
BO JI0/1aI0ThCA €(DEeKTU 30BHIIITHHOTO BILIUBY Y BUIVISA CUCTEMATHIHUX 3CY-
BiB (K JOJATHUX, TaK 1 Bi/I'é€MHUX) BEJUYNH, siKi BU3HAYAIOTH COIiAJIbHUI
cratyc okpeMoro inmusiza. [lokazano, Mo npu BBeJIEHHI HETPUBIaJIbHAX Ma-
pPaMeTpiB 30BHINTHBOTO BIJIUBY TPAHUYHI PO3MOJIIN iCTOTHO iHIII, HI2K TTPH
CyTO BHYTpiIIHI 60poThbi. OmucaHo pisHi pexKUMU HOBEIIHKH B TEPMiHAX
TPAEKTOPill AMHAMIYHAX cECTeM KOH(JIIKTY Ta BCTAHOBJICHO YMOBHU iCHYBa-
HHsI PIBHOBa;KHOI'O (HEPYXOMOI'O) CTaHy.

Hexait A = {a;}",, 1 < m < 00 € MHOXKHHOIO BiIHOCHO TOAIOHUX eJte-
MEHTIB B abCTpakTHOMY CycriabeTsi (comiywmi). Emementu a; Biamosinaors
abo okpeMoMy iHauBiLYy, abo geskoMy ix 00’ejHAHHIO (COUiaIbHOMY KJla-
crepy inmuBiniB). KinbKicTh esleMeHTIB m CKiHUeHA i SIK 3aBIOJHO BEJIMKA.

IToxamaemo, 1m0 B 3arajbHOMY BUIAJIKY IWHAMIKOIO CUCTEMHU KEPYIOTH
pi3HUIIEB] pIBHAHHS:

Pl = pi(L—rf) + 0

: = , P =p;, t=0,1,..., (5.5)

e
i 1—pf t Ztt Zt
Ti:m7 z :1— k pkrk-i- - bk

Tyr 0 < b! < 1 mo3HAYAIOTH TApAMETPH 30BHIIIHBOTO BIIUBY (ITiZKUBJIE-
HHs ). Buksrouusmm 3 (5.5) rf , OTPUMYEMO €KBiBaJICHTHI PIBHAHHS:

41 _ PEL+pE— |[p)*) + 0
[ - ot

L t=0,1,..., (5.6)
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e
2t =1+ B, Bt:Zb};.
k

Jani mokamaemMo, 1o 30BHINIHIA BIUIMB € MPONOPINHHAM 1HIUBIAyaabHiil
eHepril (3Bu4aiino, Koedili€HTr IPOIOPIHHHOCTI € Pi3HUMY):
bt = bipt, 0<b<1l, Vi=I1m.
; _ t_ t
Toni B (5.6) 3HaMenHuK Mae Burytsn z = 1 + B' =1+ ), byp;..
Posragunemo moseninky napu iHAUBIAIB, 9Ki BiAIOBIHaI0TH KOOpIMHATAM

Pk, ol

TBepmxkenns 5.5. Ilpunycmumo, uo p§ > pff. Todi us HepisHicmb Nocu-
A0EMBCA, AKULO
i + bi > pj, + by (5.7)

HoBenennsi. Po3riigaremMo BigHOIIEHHST KOOPAUHAT

1
R .— pit e 1P =P+ b _ gt

S T e — PP b
¢ L= [Ip)1* + pl + b
Cik = £[2 ¢ :
1 —|Ip*[[* + py, + bk
BBincu Buano, mo ¢}, > 1, e sSIKIIO BUKOHYETHCs yMoBa (5.7). O

OT:xe, Ipy TOPIBHAHHI €BOJIIONIH Mapn iHaAWBigiB, 1yt Toro, mob k-iH-
JUBIJ, SKU# HA MOMEHT ¢ Ma€ MEHIIy €Hepriio, HiXK ¢-iHTUBiT (p}tC < pf) 3
HACTYIIHOIO MOMEHTY 4aCy CTaB 3MEHIIyBaTH Pi3HUIIIO p?’l — p}?‘l, HeoOXi-

HO, 11100 mapaMeTp HOT0o 30BHINIHBOIO ITXKUBJIEHHS 330BOIbLHAB YMOBY:
by, >bi+p§—pz.

3BUUaiiHO, 1€ HE TapaHTye WOMY BHXKUBAHHHA, 0O IIIJIKOM MOXKJIUBO, IO

i iHAWBIAM MalOTh 3HAYHO OIIBIN 3HAYEHHS MapaMeTpiB 30BHIIMIHBOTO

i T>KUBJIEHHS.

Kowmm’orepHi cumMysisiiii moKa3yoTh, 110 TUIOBA TPAEKTOPisd TMHAMIIHOT
cucremu 3 HOPMYII0I0 KOHMITIKTHOT B3aemoil (5.6) 3aBK/Iu MIPUBOAUTE JI0
TPAHUYHOIO CTAHY 3 €IMHUM IIEPEMOXKIIEM, 9K B Teopemi 5.3. BiaminmicTh
y TOMY, IO TIepeMarae iHauBi, y SKOro 30BHIIMHIN BILIUB 3a0e3medye adco-
JIIOTHUM TIpiopuTeT Ha iHImUME iHaAnBigamu. [J1sT Toqa b OCTiIKeHb
[IKaBUMU € TaKi nmuTannd. fKa crparerig Bubopy 3HaYEHDb apaMeTPiB 30B-
HINHBOTO BILIUBY 30epexke MpiopuTeT HAWCHIBHINIOrO MPHU YMOBI, IO yCi
b; > 07 3okpema, 3a sIKOI YMOBW IHIWBIJ, KW Ma€ JPYry IMO3UINIO 3a
iepapxi€ro cTapTOBOrO MpiopUTeTy, cTaHe eauHUM mepemoxiiem? Komu me-
KiJIbKa 1HIUBIIB MOMIISITH I€PEMOTY !
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Axmmo dpopmyny KoHQIIKTHOT AMHAMIKYA i3 30BHIIIHIM BILTUBOM 3MIHUTH
Ha TaKy

2
gt PO IR b

¢

z

ne b; > 0 He 3amexkaTb Bij 9acy, TO KOMITIOTEPHHUI aHaJ3 BiIMOBIIHUX
TPAEKTOPIl JIEMOHCTPYE BUKUBAHHSA YCiX 1HIUBIIB.

5.6. IcuyBanHusi Hepyxomoro crany. llepenuiemo pisusinas (5.5) y Bur-
sl

pi—llptl* Hp II? )
t+1 _ Pi (1 + + i

)

- , (5.8)

Jle IpuIyckaeThed, mo bt = bpt, b; > 0. Ilpu akux 3Havenax p; piBHsH-
s (5.8) epeTBOPIOIOTHCH B TOTOXKHICTD, a, OTKe, TuHaMidHa cucrema (5.2)
YCKJTaJHEHA 30BHIITHIM BPJIUBOM MepebyBae y HepyXoMoMy cTani? 3 piBHO-

cTi
p; = 2%

3HAXOJIMMO, 1110 KOOPJAMHATA HEPYXOMOI'O CTaHy MalOTh 33/I0BOJIbHATHU YMO-
BY:

p; — llpll* * :
lﬂ’Li—]_ + bz = B*, B* = Zk:pkbk, Vi.
Ockinbknu BUXOJIUTDH, IITO
p;( * 1 * (|12 .
TO N
b= i kb, Viok,

3BijcH 3HAXOIUMO BiAIIOBIIb, T06T0 3HAQYEHHA KOOPJIMHAT HEPYXOMOTO CTa-

HY:
*
p; =(m—1) E by
ki
Ileit cran Moxke peasizyBaTuCd JIWIIE TPUA JOCUTH €K30THUHIM yMOBI Ha
30BHIIIHIA BIMB. A caMme, Jinille KOJIU

1
B:Zbk:m.
k

e € macainkom croxacruunocti BekTopa p*. [lificHo, ocKijbKEI

ZP?O:1=Z(W—1)Z%

ki
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to1="3,(m—1)b.

TakuM 9uHOM, /IS iICHYyBaHHSI HEPYXOMOI'O CTaHy, 30BHIITHINA BILJINB, 3a-
JaHuil KoedilieHTaMn MPOMOPIHHOCTI b; 3CYyBy KOOPAWHAT, HE MOXKE Oy-
TH 3aHAITO BEJINKWMHU. DIJBII 3a Te, OpM BeNNKil KiJIbKOCTI iHAWBIIIB,
m — 00, HepyXoMmuil (pPIBHOBasKHHUIT) CTAH MOXKJIMBHN IS JTy?Ke MaJnX
3HAUEHHSX IINX KOe@illieHTiB.

Hepyxomwuit cram muHamMidHOl cHCTeMH, dKa MOJIEIOE KOH(MJIKTHE Cy-
CIITBCTBO i3 epeKTaMu 30BHINTHLOTO BIJIUBY € HecTifikum peresepom. [le
M ITBEPIXKYETHCA KOMIT FOTEPHUMU IIPUKJIa aMi. AJie SKI0 3MIHUTH 3HAKH
30BHIIIHBOTO BILIUBY 3 JAOJATHWX HA BiJ €MHI, TO e TPUBOAUTH IO BUHU-
KHEHHS aTPaKTOPiB.

SHAYHO CKJIATHIMTIH 3aKOH KOHMIIIKTHOT IMHAMIKY Y COTIyMi Ma€ BUTJISI

t+1 pi—ci- (O sikpirf) + b} ¢ 1- P}

p. = T
v 2t ’ om =1’

t=0,1,... (5.9)

Biu BpaxoBye mapamerpu ¢; — CuIn KOH(PIIKTHOT B3a€MO/Ii1, MATPHUITIO CTPa~
TerivHuX 3B A3KiB MiXK iHuBinaMu S = {s;; } Ta edeKkTH 30BHINTHBOTIO BILIU-
By b;. MaremaTuanmit anasii3 moBeiHKU Mozeseil Ha ocHoBi dopmyrn (5.9)
€ nyxe nHerpusiajabunM. KoM’ totepHi npukiaim 1eMOHCTPYIOTh IITUPOKHIA
CIIEKTP BapiaHTIB Pi3HOTO COPTY MOBEMIHKHU 3 GararbMma edexTaMu HeTiHii-
HOl muHaMikKu. B Takmx Moesnsax 3gBJSIOTHLCS He JIUITe PIBHOBAXKHI CTATH,
a 1 nepiogmani (rukiiivni) arpakropu, 6idypkamniitai moporn, KBasi-xaoTu-
9Hi TpaeKTOpil. BCcTaHOBIEHHS TOYHUX MATEMATHIHUX TBEP?KEHDb B TAKUX
MOJIEIIX € 3HAYHO CKJIQJHIIIOI 33/ Ia49€r0.

6. TEOPEMA ITPO KOH®JIIKT [Jid JOBIJIBHOI KIJIbKOCTI OIIOHEHTIB

3ajsiada PO KOMIIPOMICHMIT PO3IOJII CIHIPHOI TEPUTOPIl MiXK OIOHEHTa~
MU, AKUX OiJIbIlle JBOX ICTOTHO BiIPI3HSAETHCA BiJ BUIIAJKY 3 IBOMA IIPO-
TUBHUKaMU. BinMinuicTh 3a1a4i 3 6ararbMa OMOHEHTAMH Bill BUMIAAKY JIBOX
ayxe icrorHa. [IpuHImMIoOBa TPYAHICTH MOJATAE Y HEKOMYTATUBHOCTI OTe-
partii KoH@IIKTHOT B3aEMOIi1, IKa BUHUKAE 1 MPUBOIUTD JI0 HEBU3HATIEHOCTI
BYKe HABITH JIJId TPHhOX I'PABIIB 3 MapHOIO B3aeMoiero. e Tumosa mpobiema
baraTbox 3a/a4. K MaTeMaTHYHO KOPEKTHO 3aIUCATH OJIHOYACHY B3aEMO-
JIiF0 KOYKHOI'O OJTHOT'O 3 yciMa IHIMMH, JBoMa abo KijabkoMma? OaHO3HATHUI
pe3yJIbTaT UPHUIIYCKAE B3AEMOJid JiMIe MiXK JIBOMa NpoTuBHuUKaMu. Jljis
CHCTEMU 3 KiJIbKICTIO TPaBIliB OiJIbITe JIBOX MOMAPHA B3AEMOJIisA 3aBXKIN Be-
Jie 10 HEeOTHO3HAYHOIO pe3ysbrary. B peanbHiil merepminoBamiit mificHoCTi
HaIleBHO caMme TakK i BimdOyBaeTbcs. | jumre Gararopa3oBe IOBTOPEHHS OIHI-
€l 1 Tiel 2k KOHMJIKTHOI UM 3MArajbHOI I'PU IPUBOAUTL IO CTATUCTUIHO
HaibibI WiMOBipHOTO pedynpTaTy. MoxkHa odiKyBaTH, IO caMe TaKuil pe-
3yJILTAT BUHUKHE, KOu (Hopmysia KOHMIIKTHOI fuHaMiku Oyle BUBeIEHA
He Ha OCHOBI MapHOl B3a€MO/Iil, a 3 MPUHIINAINY, KOXKHUU OJWH ITPOTHA BCiX
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inmux. Maremaruuny OpMysIy TAKOTO IIEPETBOPEHHS MOXKHA HAIMCATH
Ha OCHOBI J00pe BiIOMOI0 METOIY «CepeaHboro moJjsy. Jid oHOBUMIpHIX
OTIOHEHTIB MU BXK€ BUKOPHCTOBYBAJIM HAUMIPOCTIIIHI aHaIor i€l hopMyu
B pobori [28]. Haui Mmu y3arajpHIOEMO Ieil MixXin Ha cuTyalio 3 6ararbMa
CTOXaCTUYHUMU BEKTOPAMHU.

Hexaii 2 mosHavae pecypCHUii IpoCTip, AKUil € CIJIBHAM [ ICHY BAHHS
m > 2 ajgpTepHATUBHUX OMOHEHTIB. [lokmamaemo, 1o ) TpUpOTHIM THHOM
IO/IiJIEHO HA perioHu 6e3 mepeTwHiB:

Q:O(zj,nzz Q=2 j#k
j=1

KinbkicTte omonentiB, m > 2, Ta KiJbKicTh perioniB, n > 2, B3araJi
pisna. [Ipunyctumo, 1o y movaTKkoBUil MOMEHT Yacy, IPUCYTHICTb KOXKHOT'O

3 m oHoHeHTiB B {2, j € 1,n 3ajaHa CTATUCTUYIHO, TOOTO i-My OIIOHEHTY,

¢ € 1,m, cTaBUTBCA y BIANOBIIHICTL CTOXaCTUYHUI BeKTOp P; € R},

Pi = (Pit,-- - Din), pij =20, pin+-+pn=1,

TaKuii, IO KOOpAMHATA P;j JOPIBHIOE HMOBIDHOCTI 3HAXO/KEHHH i-I'0 OIIO-
HeHTa B perioni {);. V¥ 3aCTOCYyBaHHAX p;; MOKHA TaKOXK IHTEPIPETYBaTH, K
COIiaJIbHUM, TOJITUYHUN Y1 €KOHOMIYHUN CTATYyC ¢-T'O OIOHEHTAa B PErioHi
Q.

Posrisamaoun ciMeiicTBO CTOXaCTUIHUX BEKTOPIB
— .. n n y
Pz‘—{ng}j:1 eRY,, ielm, n>1,

MIPUITYCKAEMO, IO VCi I1i BEKTOPU € pi3HuUMHU i, Oiibir 3a Te, yci ixui Koop-
JIUHATHU € PI3HUMU 1 HEHYJTbOBUMU:

Ile npumymenHs He € iICTOTHAM, ajlé CKOPOYY€ JTOBEICHHS TEOPEM.

AcormiroeMo METOIOM CepelIHbOrO MOJs 3 KOXKHUM P; CTOXACTHYHUA Be-
kTop r; = {rij}j_; € RY |, KoOp/MHATH AKOrO BU3HAMAIOTHCHA €PE3 MHO-
JKWHY yCiX BEKTOPIB Pg, k 7 i:

0<Tl'j :1/(m—1)2pkj < 1.
ki

IloBeninka B 4aci IMHAMIYHOI CHCTEMU:

{p?l’_."p:n}i{pi—i_l’_"’p%—:/_l 9y pf:05p747 t:()?]‘?"' (6'2)
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JK 1 paHille Mo3HAYAETHCA BiIOOparKEHHAM ¥, SKe BiAnoBiae KoHDIIKTHI
B3a€MOJIil MixK OararbMa OMOHEHTaMHU. B TepMiHax KOOpAWHAT Iie Bimobpa-
JKEHHS 33J[a€MO TaKOI0 (POPMYJIOIO:

t t t
PO + 1) —
(1
ij = 2l <, (6.3)
Je
m
e'=1/2 > (p}ph) (6.4)
i k=15ik
Nij = Hljin{pi,ja Tij}s (6.5)

az=0"+1-Wf ne Wl =3"n.

Inest BBeseHHA caMe TaKol BeJIMYUHN 1);; 0OyMoBjIeHa (paKTOM HeMOKJIU-
BOCTI BTpaTUTH B KOHQJIKTI OijIbIe, Hi2kK MiHIMaJIbHE 3HAYEHHS PECYPCY HA
JIAaHUN MOMEHT, abo IIle MEHIIIOr0 3HAYEHHS, SKE € YCEPEIHEHHSIM YMOBHOI
CUJIA OIIOHEHTIB B KOXKHOMY (DIKCOBAHOMY PErioHi.

Beesiemo TepMiH «TEpUTOPiA TPIOPUTETY» i-I'O OIOHEHTA, AKY ITO3HAYa-
€MO Q;r Bona ckiazaerbes 3 ycix perionis €2, j € 1,n, B gKUX 3HAYCHHS
j-1 KOOpAWMHATHA BEKTOpPA P; MEPEBUILYIOTH 3HAYEHHS j-X KOOPJAWHAT YCiX
iHmux m — 1 BeKTOpiB:

o= J 9, N = {j €T | py > pj, Yk # i}
JENF
OuikyBanuit pe3yapTaT Mu (OPMYJIIOEMO Y BUTJISIAI TeOpeMu, Xoda 11

JOBEICHHS He € Oe3I0TaHHUM.

Teopema 6.1 (Teopema 1po KOHMIIIKT jyisi GaraTbox OnoHeHTiB). Hexatl
dunamira cucmemu (6.2) sadana gopmyaoto (6.3). Todi koorcna mpaexmopia
MaKoi QUHAMINHOL cucmemy 3 d0GIALHUM NOUATNKOBUM CTMAHOM

n n
{p1,-- -, Pm} €RY x - xR}
36izaemuves o Hepyxromoir mouxu. Tobmo, ichyrombv yci epaHuwHi GEKMOPU
oo 1 t
P t—o0 P
i 80HU THEAPIAGHMHE 810HOCHO 011 81000PANHCERHA X :
00 ooy X 00 00
{pl""vpm}%{pla"'vpm}'

IIpu yvomy, y eexmopic p;° 6i0MinHL 610 HYAA AUWE KOOPOUHAMU 3 PE2IOHIE
npiopumemy, §1; € Qj

. t . +
pi; = lim pg; >0, je N7,
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YCt THWL KOOPOUHAU NPAMYIOMS J0 HYAA, 1Mo pfj —0,j¢ Nf.

HoBenenns. Po3risgneMo crioyaTky HAWIIPOCTIIYy CUTYAIIO, AKY HA3BEMO
npaguavha modeas. llpumyctumo, mo m < n, a TAKOXK, IO y KOKHOTO TOa-
TKOBOT'O BEKTOpa P; 3HAUEHHS yCiX HMPIOPUTETHUX KOOPAWHAT, HAIPUKJIIA,
Dij, HACTIIbKH IE€PEBUILYIOTh 3HAYEHHd YCIX IHIINX KOOPAUHAT, Pkj < Pij,
Vk # i, 0 JJi9 KOKHOTO j BUKOHYIOTHCS yCi HEPIBHOCTI

1 )
ij<7h'j:7m_12plj, Yk # i.
Ik

. t + . .
ITokaxkemo, 110 tlggo pl, — 0,V € Q. Badixcyemo 4, 471st SKOro MHOXKH-

Ha Q;r € He opokHboto. Toi yci KoopaunaTn p;; 3 dikcoBanum j € Q:“ €
MaKCUMAaJIbHUMU cepeJl Pyj 10 mepuoMy injgexcy. Ilpummycrumo g01aTkoBo,
X04a Ie He 3MeHmye 3arajbHocti, mo QF = QF, ne QF nosnauae nona-
THY MHOXuHY B po3kmiaii lana-2Kopnana 3apsny w; := p; — r;. Tpeba
nosectu, mo yci pl, 3 k # i upaMyors mo Hyas, ko t — oo. Iosna-
qumo () = Q\QZJr Iisnime Mu moBeeMoO, WO yci KOOPAUHATH Pl IIpH
k€ QZ_\Q;F TaKOXK 30iraroThbCs JI0 HYJId 1 Y BUMAJIKY, KOJIH Qj‘ C Qj‘

PosrinsgreMo moBemiHKY BiIHOIIEHHS MiXK pgj 3j € Qj Ta pgk 3 ke
onat=1,2,...

t t .
RitL . pt+1/pt+1 =R, K, kLo = 0 +1 - Uij/pw
L ptrl ittt — gt R - .
1,5k ij ik 1,] 1,J ] ot +1— Tht‘k/pfk
3aB/gKKM IPUIYIIEHHIO PO IPaBUIbHY MOJesb 3 (6.5) BumIMBaE, mo
nke = ply., ockineku k € Q7. Tomy

of + ¢!

t t t

JIe MU BUKOPUCTAJN HEPIBHICTH nfj < pgj. Ile ozmauae, 110 HEPIBHICTH

t t+1
Ri g, < Ry j,
. t+1 t . t+1 4
Oye BuKOHyBaTuCs it ycix ¢ > 1. Orxe Pij - = Pij 1Dy < Dy, TpE-
YOMY OJIHOYACHA PIBHICTD HEMOXKJIMBA 3aBIIAKA CTOXACTHUYIHOCTI BEKTOPA
t+1 t+1 t SR

p; . HeBaxkko mepekonarmcs, mio k:j’i,€ > k:Mk,. OTxke, 3 HEOOXigHICTIO

R;m — oo. Tomy pl, — 0, ockinbku pgj MOXKE 3POCTATU JIUIIE 10 OOMe-

2KEHOT T'PaHUII].

Tenep BiMOBHUMOCH BiJl TPUIYIIIEHHS PO MTPaBUIbHICTL Mojeni. Hexait
Qf\ﬂf # @ nns geskoro | # i. Bymemo moBomuTw, 1o pfj 30ira€TbCd 10
HyJIsl, KO j € Qj‘ﬂQl‘F Bemuaiino, 3apas Moxkimeo, mo Q\QS £ o
TAKOXK.
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Hexait w;, i € 1, n Bu3HaYae 3HAKO3MIHHY JIUCKPETHY Mipy (3apsn)

W; =DP; — T4

3 KOODJIMHATAMHU W;j = P;j — Tij. BU3HAIUMO

Qf ={jel,n|w; >0}, Q- ={jel,n|wy; <0}

JIJIsl 3PYYHOCTI 1 KOPEKTHOCTI ITO3HAYEHb OyIeMO BBaXKaTH, IO 3apas3
Q={1,2,...,n}.

Briguo (6.1), 3apa3 MHOXKuHA Q? € TOpOXKHBOI. Tomy

0= Jo;, of (o =
JIIST KOXKHOTO 7.
TakuM 9uHOM,
nlj_rl]_]'/ _1 Zpk]7 jEQj; nij:pijajEQ;-

k#i

Popmyay KOHGIKTHOI JMHAMIKHA MOXKEMO ITEPENUCATH Y BUTJISI:

t t t
Py (O +1) —
t+1 t t
Py = 2t = =l - ¢y
1

e
oo o' +1— Ufj/pgj 14 Wt — Ufj/pgj
vooet+1-wrh T et 1w

Posririgaemo BigHOIIEHHS MiX) pfj Ta pfj, TOOTO IPOAHAJIIZYEMO ITOBEIIHKY

BEJINYUHA RZU = ng/plg

Briguo (6.6) maemo:

O+ 11—/
il,j - et+1— nltj/pfj :

t+1 t+1 7, t+1 t t
Ril,j '_pm /p - zl] /zl kllj? k

ITopiBHIOIOYN BUpa3H JJIst nfj / pfj, 77;] / pf] Ta Gepyun JI0 yBaru, 1o pfj < pﬁj,

MH POOMMO BHUCHOBOK, IIIO 772]/19” < nl]/plj Tomy kzl] > 1. Hami, onsa

BEJIMYNHA Zf/Zl, AKa €, 0O4€eBUIHO, CTPOro 10JaTHOIO i O6M6}K6HOIO, MOZKEMO

nammcaru: ¢ < z!/z} < M. Tomy BoHA He BIUIMBAE HA IIOJAJIBII BICHOBKU.

t+1

il,j
t

60 Dij oOMeZKeHe. O

. . t t
Tenep 3 mepisrocTi k" > kll j BUILIUBAE, IO Ril’ j — 00, a oTKe p; — 0,

PosriistHeMo 101aTKOBO Jlesiki OKpeMi BUIAIKKA. 3PO3YMiJIO, M0 B3araJi
MHOXKIHA, Qj‘ € JINIIe YaCTHHOIO Q‘-F, TOOTO, Q<+ - Qj‘, OCKIJTBKH 3

Dij > 1/ - 1 Zpk]
k#i
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He BUILTUBAE P;j € Qj OKpiM TOro, MOXKJIMBA CUTYaIllisi, KOJIU JIesKi perionn
Q. e nopoxnivm, xoua yci Qj #+ O.

[TokmagemMo m = n Ta HPUILYCTHMO, IO I KOXKHOT'O BEKTOpPa P; ICHYE
JIUIIIEe €IUHUN IPIOPUTETHUN periox Qj, e 3HAYEHHs JIMIIEe OJHIET 3 Ooro
KOOD/IMHAT, HAIPUKJIAJ P;j, IICPEBUIYE 3HAYEHHA KOODJAMHAT P; YCIX iH-
X BEKTOPIB 3 j-TUM IHIEKCOM, a TAKOXK E€IWHUIA PEriOH, B sIKOMY OJHA

3 KOOPJIMHAT BEKTOpa P;, HAIIPUKJIA P;;, € HAUMEHIIIO CEpeJ KOO IMHAT

Pi; yeix immmux BekTopiB. ToO6TO, KO2KEH BEKTOD Pi, ¢ = 1,..., M MAae Jiuiie
€IMHY MAKCUMAJIbHY Ta €IUHY MiHIMaJbHY KOOPIMHATY .
IToznaunmo
Pmax,j = m,ax{pij}a Pmin,j = mkin{pkj} (67)
7

- o ¢ ot +
Teopema 6.2. /[aa npasuavrot modent yci Koopouramu py.. ; = p;; € §Y;
36i2aromubes 00 cmpoz2o dodamHUL 3HaMeHD,

Pl = Jim pj; > 0, (6.8)

a Yci tHwt KoopOuHamMU, AKL He € MAKCUMAALHUMUY Y NOYAMKOSUT MOMEHM
yacy, 3012a10movea 00 HYA:

tliﬁpﬁj%O npu i #max, j=1,...,n, (6.9)
3oxpema, 3HaUEHHA YCIT nfj NPAMYNOMB 00 HYAA,
T]fj—>0, t—o00, 3=1,...,n,
a omoice i W! — 0, t — .

Hosenenns. [Ina nosenenns (6.9), 3 sikoro summsae (6.8), 3adikcyemo

JedKAl BEKTOP P; 1 MPUITYCTUMO, IO UOr0 MaKCHMaJibHa KOOPJAWHATA MA€

IHIEKC 8! Pjmax = Pis- Posrianemo samicts M t.m! ix yciueni 3navenns:
t . Nt t . N ot _ it :

Mg = 3 s Prmaxe T Mg 1= D p 2 Dpin = Ws. OKpiM Toro BBesemo

Besmmanny P! =Y, 4 pl, =1 = 1 — p;s. Tenep BuKOpHUCTOBYIOUYHU

[
- pi,max
Te, o 3apa3 m', = W, npoananizyemo noBeinKy BijHOIICHHS

Ms’”rl gt _pt ‘ @t—i—l—Wst/M; _
P;H'l M, Ps Ms,Ps " gt +1— Wﬁ/PSt
O + £t
_ pt Ms _ pt t
=R P 6t+(5§3 =R 57Ps'k'5'

3a moby10B010, 55\48 > 5}1, Ta, k:gZ > 1. OTxe R'E\j}: p, > R’}WS’ P, 3a iHIyKIEn

HEPIBHOCTI 6’}\/[5 > (5}, CTAOTh CHJIBHIIIUMU Ha KOXXHOMY KPOI. 3 IHOTO
K2
BUIIMBaE, mo R}, p MOHOTOHO 3pocrae 1o Heckimuenocti. Tomy P! — 0
Sy
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ockimbku M! obmerxene. 1le o3nadae, mo yci KOOpJAMHATH pfﬂ- — 0,k #s3
t — 0o. Orxke, JiHIlle €IMHA KOOPAUHATA pii = Pmax,i — 1, t — 00. O

Teepaxxenns 6.3. Hexatr € R |, n > 2m ¢ nosum (dodammosum do
nouamKo60i Mnoscuny py,k € 1,n) eexmopom npasusvnoi modeni. s
NPOCMOMU NPUNYCTMUMO, WO BiH MAE AUWE 08T HEHYALOGT KOOPIUHAMU,
CRAACIMO T;, T4, T3 + T = 1, AKI He nepesuwyroms MaKCUMANLHT KOOPOU-
HAMU 3 MUMU 3 THleKCaMU, aae B00HOUAC, € OIALWUMY 30 MIHIMAALHI
KOOPOUHAMU 3 UMY HC THOEKCAMU:

Pmax,i = Ti > Pmin,is Pmax,j = Tj > Pmin,j-
J J J

Tooi 7“;? — 0, 1";- — 1, AKWO 7 Prin,j < 7§ * Pmin,i, & HABNAKU, rf — 1, 7"; — 0,
— t
ARUWLO T * Pmin,j > 75 * Pmin,i - A ARWO T4 * Pmin,j = T'j * Pmin,i, O 6EKMOP I'" HE

BMIHIOEMDBCA 3 YACOM,

t_ —
T, = Ti, r.=7;.

t

Hosenennsi. 3rigHo (6.6) dopmysa quHaMikm s r' Mae Takuil BUDJISL:

Tt+1 _ Tlt(@t + 1) — Pmin,l — gt o' +1- pmin,l/rét
! 2L Feot1—wt

=ik, t=1,2,...

b by it . _
ae Wy = r; +rj. Bukopucrosyoun 1o dopMyITy, 3HAXOIUMO BiTHOIIEHHS:

<

t+1 t t ./t
T, _ 5 O '+1-— pmm,j/rj
T§+1 T O +1— pmin,i/rf

Bauumo, mo 1i BiJHOIIEHHS 3POCTAIOTh, AKINO Pyin,j /7"; < Pmin,i /rf, abo,
€KBIBAJICHTHO, SKIIO Pmin,j -rf < Pmin,i * 7“;-. TobTo0, KoedirienTn TpomoOpITiii-
HOCTI X BiIHOIIEHB 30LJIBIIYIOTHCS 3 YAaCOM. 38 ITEpAaIli€lo, BiIHOIIEHHS
7”;- / Tf 3pOCTa€ JI0 HECKIHYEHHOCTI 1, OTKe, rf — 0. e moBOIUTH TBEPIKEHHST
B OIHY CTOPOHY.

Hapnaku, fIKIIO Pin,j/ 7“3» > Pming / rf, TOJ, 3aBAAKNA AHAJIOTIYHUM apry-
MEHTaM, BiJJHOIIEHHS 7} / r§ 3POCTAIOTh 0 HECKIHIEHHOCTI i TOMY 7‘; — 0. e
JOBOJUTH TBEP/KEHHs B iHmmit 6ik. Hapemnri, SKIO Pumin,j/7j = Dmin,i/Ti,
TOZA] OYEBUJIHO, IO BiJHOIIEHHS 7“;. Jrt = rj/r; i saBagku r; +1r; = 1 ne
IPUBOJIUTE JI0 TOTO, IO KOOPJUHATH 7', T; € HOCTIHHUMH. O

IIpumnycrimo, 1110 KOXK€H MOYATKOBHUI BEKTOP P; Mag€ JINIIe €IUHY MAKCH-
MaJIbHy KOODIWHATY, TOOTO 3HAYEHHS yCiX MOro KOOPAWHAT, OKPiM OmHi-
€l, € MEHIINMH, HiXK Pmax,j (IuB. (6.7)). 3po3ymiio, Ie HEMOKIIMBO, SIKIIO
n > m. OTxke, Hexait n = m. Toxal 3 MOMEPeTHBONO TBEP/ZKEHHSI, 3aBIAKH
HOPMOBAHOCTI Ha, OJIMHUITIO, BUILINBAE TAKUI PE3YIbTAT.
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Teopema 6.4. Hexatl n = m i xoocha maxcumanvha, y cenct (6.7), xo-
0pOUHAMA Prax,j 610N0610ac Auwe 00nomy eexmopy Pi. 100t xootcha mpae-
Kmopisa duramivnoi cucmemu (6.2) 3adanoi gopmyaamu (6.4), (6.5) s6iza-
EMbCA 00 HEPYTOMO20 CMANY, 8 AKOMY

lim =1
t—00 p max,J ’

j=1...,n,

a yci inwi koopouramu 0opieHIomy HYyAest, limy oo pl ; =0, 17 max.
I

Ha xinenp posristHeMo BUNAIOK n > m. Tenep MOXK/IMBO, IO AKUICH
BEKTOp Ma€ He OjHy, y ceHci (6.7), MakcumasbHy KoopjauHaTy. BuHukae
NUTAHHSA, 9KI caMe TPAHUYHI 3HAYEHHS IIPU IIbOMY BUHHKAIOTD?

; . L +t
Bseniemo HOBI HO3HAMEHHA: KOODJIUHATY D; J Oy/1eMO TIO3HAYATH P, ;» AKIIO

BOHA € MAKCUMAJIBHOIO B CEHCI, pl. ;2 ph ik # i,k € [1,m], a Takoxk nmcaru

pz.j , SIKIIIO pl-j < pk,j xo4a 0 I OmHOro k # 1.

Teopema 6.5. B 3azaavromy eunadky dunamiunoi cucmemu (6.2), xoau
noZ> m, eparutHi K0OPOUHAMU pi; BEKMOPLS, AKL MA0Mb T04a 6 00HY
makcumasvny, y cenct (6.7), xoopdunamy, npunyckaoms maxud onuc:

Z; = ZJU):]_

+7OO — —+ .
by = wz‘j/zu

C e (6.10)
p@'j’ =0,

oo
b =

e w;; Nno3HAMAI0OMb 000ammi K0opouHAMU 6EKMOPI8 W; := P; — I,

1
m—1 Zplj-
1#1
Hosenenns. Ko y BeKTopa p; 3HAYCHHS Prax,j JOCATAETHCA JIUIIE JIJId
OJTHI€T KOOPJIMHATH, TOJII B¥KE JIOBEJEHO, IO pgfaw = 1. Ile gacTkOBO M-
TBepKye hopmyity (6.10). [Tpumycrimo Temnep, 1o icHye nekijibKa, HY X04a
6 aBa iHZEKCa, CKaxXKiMOo j Ta k Taxi, 110

ri = {ri;}jz., rij =

Pmax,j = m?X{Pij} Ta Pmax k = mlax{pzk}

Toxi 3 piBHOCTI

Pt =ttt =) (O 1) =+ 1/ (m = 1) (0} 4 - )
Pt =L (0l — L) (O + 1) =+ 1/ (m — D) (nf + -+ 1f)
BUILJIUBAE, 10
pw ztf ' pfj — T
Pt =t ph -l

TOOTO HE3AJIEXKHICTH IHOT0 BifHOImIEHH Bifm dacy. [Ipu mpomy mMu ckopu-

CTaJIuCd THUM, IO MO KOOPIWHAT Ha p:;

Ta p;]

He 3aJIeKUTh BiZl Jacy.
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Tomy

<+

&) 1 .
pma)gj - Pmax,j m—1 Zl;émaxpl] o w

Pﬁf;&k Pmax,k — ﬁ Zl#max DPik w:];

3Bijicu pobUMO BHUCHOBOK, IIO Prax,j = w;; /i, Praxk = wjk /Zi, OCKLIbKU
IPaHUYHUI BEKTOD P;° € CTOXaCTUYIHHUM, & yci iforo He MaKCHMaJIbHI cTap-
TOBI KOOpAMHATH 30iral0ThCsd 0 HyJIs, lim; o p';fl =0,1# j, k. Y Bunaaky
Oi7IbIMIOT, Hi2K Ba, KiJIBKOCTI MAKCUMAJIBHUX KOOPIAUHAT y SKOIOCh BEKTOPA,
JOBEJIEeHHS /e 3a Ti€0 K CXEMOIO. U
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Deformations of functions on surfaces

Sergiy Maksymenko

Abstract. The paper contains a review on recent progress in the deforma-
tional properties of smooth functions on compact surfaces.

1. INTRODUCTION

Let M be a compact connected surface and P be either the real line R or
the circle S'. For a closed subset X C M denote by D(M, X) the group of
all smooth (C*°) diffeomorphisms of M fixed on X. This group acts from
the right on the space C*°(M, P) by the following rule: if h € D(M, X) and
f € C®(M, P), then the result of the action of h on f is the composition
map foh: M — P. For f € C*(M,P) let Xf be the set of its critical
points, and

S(f,X)={he DM, X) | foh=f},
O(f,X) ={foh|heDM,X)}
be respectively the stabilizer and the orbit of f under that action. It will
be convenient to say that elements of S(f, X) preserve f. Let also
S/(va) = S(f) led(M7X)

be the subgroup of S(f) consisting of isotopic to the identity diffeomor-
phisms relatively to X, though such an isotopy is not required to pre-
serve f. Endow these spaces with C° topologies and denote by Diq(M, X)
and Sjq(f, X) the corresponding path components of idy; in D(M, X) and
S(f,X), and by O¢(f,X) the path component of O(f, X) containing f.
We will omit X from notation whenever it is empty.

Let C5°(M, P) C C*°(M, P) be the subset consisting of maps f: M — P
satisfying the following axiom:

(B) The map f takes a constant value at each connected component of OM
and has no critical points in OM.

Keywords: diffeomorphism, surface, Morse function
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Let also M(M, P) C C5°(M, P) be the subset consisting of Morse maps,
i.e. maps having only non-degenerate critical points, i.e. in some local
coordinates (%) at such point f is given by the formula +22 +y? for some
choice of signs. Notice that such a polynomial can be characterized as a
non-zero homogeneous polynomial of degree 2 having no multiple factors.
A Morse map is called

e simple if each connected component of each level set of f contains at

most one critical point;

e generic if it takes distinct value at distinct critical points.

Every generic Morse map is evidently simple. Denote by M9¢"(M, P) and
M*P(M, P) the sets of all generic and simple Morse maps M — P. Then

MI(M, P) © M*™(M,P) ¢ M(M,P).

It is well known that each of these three spaces is open and everywhere
dense in C3°(M, P) with respect to C* topology, e.g. [16, Chapter 6].

More generally, let F(M,P) C C5°(M, P) be the subset consisting of
maps satisfying one more axiom:

(L) For every critical point z of f, there are local coordinates in which f
is a homogeneous polynomial R? — R of degree > 2 without multiple
factors.

The present paper contains a review of recent results about the homo-
topy types of S(f,X) and O(f,X) of maps f € F(M, P) obtained by
S. Maksymenko, B. Feshchenko, A. Kravchenko, I. Kuznietsova, Yu. Soroka,
[9,19-21,29,31,33-37,39,40,43-47] and E. Kudryavtseva [23-25,27, 28|,

Notice that we have the following inclusions:

M(M,P) ¢ F(M,P) C C¥(M,P) C C®(M,P).

It is also easy to show (see §4.1) that every f € F(M,P) has only
isolated critical points, so the set of critical points is finite. Moreover, for
every isolated critical point z of a C> map ¢ : R?> — R the local topological
structure of level-sets of g near z is realized by level sets of homogeneous
polynomial without multiple factors, see §4.1.

Thus F (M, P) consists of “typical” maps with “toplogically typical” criti-
cal points, and therefore the presented results thus describe typical defor-
mational properties of smooth maps on surfaces.

2. ALGEBRAIC PRELIMINARIES

In this section we will present necessary topological and algebraic defini-
tions and list of preliminary statements. The reader may skip this section
on first reading and use it for the references. Everywhere in the paper —
will mean a “monomorphism”, — an “epimorphism”, and = an isomorphism.
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2.1. Commutative diagrams. Suppose we are given two sequences of
homomorphisms of groups:

u:Klﬁw--%Kk, V:L15—1>'-~ﬁk—7l>Lk.
Then by a homomorphism v = (y1,...,7) : u = v we will mean a collec-
tion of homomorphisms v; : K; — L;, ¢ = 1,...,k, making commutative

the following diagram:

[e%1 [e D) Qg1

K1 KQ Kk
ym V2 |
Ly B1 L, B2 ‘ Br—1 Ly

In this case 7 is said to be an epimorphism (resp. monomorphism, isomor-
phism) whenever ~; is so. In particular, one can talk about ezact sequences
of sequences of homomorphisms. Also by a product u x v we will mean the
following sequence

a1 X azX ag—1XBr—1
uxv:leLll—Bl>K2><L2 2XBs

Kk X Lk.

More generally, one can define in an obvious way similar notions for com-
mutative diagrams of arbitrary fixed type not only for chains of homomor-
phisms. In particular, by exact (3 x 3)-diagram we will mean a commutative
diagram shown on the left:

ug : KL= M
u : A~ B —=C (2.1)

us : P—~(Q—=R

in which each row and column is a short exact sequence. It can be regarded
as a short exact sequence of its rows ug < u; —» ug (or columns) being
in turn short exact sequences of groups homomorphisms. Notice that if
all monomorphisms in (2.1) are inclusions of subgroups, then L and A are
normal subgroups of B with K = L N A and that diagrams is isomorphic
with the following one

AN LS ff Yo
AC B B/A (2.2)
¥ ! ¥

A ¢ B/L .~ BJA
ANL B/L — A/(//mL) = M/(ﬁmL)

via isomorphism being identity on A, L, and B.
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2.2. Sections of homomorphisms. Let p: G — Z be a homomorphism.
Then another homomorphism s : Z — G is called a section of p, whenever
pos =1idyz. In this case p must be surjective, and s isomorphically maps
Z onto the subgroup s(Z) of G.

An essential point here is that s must be a homomorphism. For instance
p:Z bmodn, Z,, for n > 2 has no sections. Indeed if s : Z,, — Z a section,
then s(Z,) must be a finite subgroup of Z, and therefore it is {0}. Thus s
is the zero homomorphism, and thus po s =0 #idy,,.

2.3. Direct products Let G be a group, Gi,...,G a collection of its
subgroups, and ¢ : H G; — G a map defined by ¥(g1,...,9%k) = 91" G-

Then v is an zsomorphzsm of groups if and only if Gy,..., G pairwise
commute, generate G, and G; N G; = {e} for i # j. In that case G splits
into a direct product of its subgroups Gi,...,G

2.4. Semidirect products. Let Z and A be two groups with units ez and
e respectively, and ¢ : Z — Aut(A) a homomorphism into the group of
automorphisms of A regarded as a group with respect to the composition
of automorphisms. For x € Z and a € A it will be convenient to denote
¢(z)(a) = *a, whence for z,y € Z and a,b € A we have that

a = p(xy)(a) = ¢(x) (s(y)(a)) = *(Ya),
“(ab) = ¢(x)(ab) = ¢(x)(a) - p(x)(b) = “a - “b.
Then there is a group structure on the Cartesian product of sets A x Z,

denoted by A x4 Z and called a semidirect product of A and Z (with respect
to ¢), defined by the following rule:

(a,x) - (byy) = (a-"b,zy), (a,x),(byy) € Ax Z.

If ¢ is assumed from the context, then A x4 Z is sometimes denoted simply
by A x Z.
One easily check associativity of such multiplication, and that

(aa x) : (ba y) : (Cv Z) = (a b - e, ZCyZ),

the unit is (e4, ez), and (a, )L = (* o, 271).
It follows that the following maps
p:A— AxyZ, pla) = (a,ez),
0:7Z = Axy Z, o(z) = (ea,z),
T Axy Z = Z, m(a,z) = z,

are homomorphisms, p isomorphically maps A on A X ez, and o is a section
of m, i.e. moo =idyg, and its isomorphically maps Z onto e4 x Z. In other
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words, we have the following short exact sequence admitting a section:
Al Axz —Ts 7.
g
The following statement characterizes semidirect products via short exact
sequences admitting sections.

Lemma 2.4.1. Let p : G — Z be a homomorphism with A = ker(p).
Suppose there exists a section s : Z — G of p. Then s(Z) acts on A by
conjugations, so we get a homomorphism

67— Aut(4),  6()(a) = s(2) - a-s(2)7,
and can define the semidirect product A x4 Z. Moreover, the map
i Axg Z =G, Y(a,z) =r(a)o(z),

is an tsomorphism which induces isomorphism of the following short exact
sequences:

AT g O g
H = H (2:3)
Ac G P Z

2.5. Semidirect products with Z. Clearly, any epimorphism n: G — Z
onto the group Z of integers, always has a section: just take any g € GG with
n(g) = 1, and put s(n) = ¢". Then G is a semidirect product ker(n) x Z,
i.e. a Cartesian product ker(n) x Z of sets with the following multiplication:

(a,m)(b,n) = (ag™bg™™, m+n). (2.4)

2.6. Wreath products. Let G be a group, m > 1, and G™ be the m-
th power of GG, so its elements are m-tuples of elements of G. Also for
n > 1 one can regard the elements of mn-power G™" of G as (m x n)-
matrices whose entries belong to G. In particular, there are the following
natural non-effective actions of Z on G™ and Z? on G™" by cyclic shifts of
coordinates:

G" xXZ—G", ({g:}5t a) = {gita}s
G x 72— G™, {9 Y20 m=,(a,5)) = {givago}s

for a,b € Z, where i 4+ a is taken modulo m, and j + b is taken modulo
n. These actions reduce to effective actions of Z,, on G™ and Z,, X Z, on
G"™™. Let

GinZ, G1Zyy, G tnn Z2, G (L x L)
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be the respective semidirect products induced by the above actions. Such
semidirect products are called wreath products. For instance, G U, Z is a
cartesian product of sets G™ x Z with the following operation:

(907 ey m—1, CL) : (h07 RIS hm—lu b) =
= (gOha, g1hat1, -y gm—1ha—1, a + b):

where all indices are taken modulo m. The multiplications in other groups
G oy, G tnn 72, and G U (Zyy, X Z,) are similar.

These groups will play the key role in what follows. For a group G denote
by Z(G) its center and by G’ := [G, G| its derived subgroup (commutant).
Let also ab : G — G /G’ be the natural abelianization epimorphism.

Lemma 2.6.1. [31] Let G be any group and m,n > 1. Then
Z(GumZ) ={(g,...,9.mk) | g€ G, ke Z} = Z(G)xZ,
Z(Gunn Z%) ={(g,...,9,mk,nl) | g € G, k,l € Z} = Z(G) x Z°.
Moreover, the following maps
v:GunZ— (G/G') X Z, V(g1 gn k) = (ab(g1 -~ gm), k),
§: Glmn 72 — (GJG') x 22, y({gis} k1) = (ab(ﬁ i g@j),k,l>

=1j=1

are well-defined surjective homomorphisms with

(Gt Z)' =ker(y) = {(91,--.90.0) | 11 gi € G'},

(G tmn 22)' = Ker(8) = {({9i},0,0) | I 11 g1 € G},

so we have the following commutative diagrams:

_ab Gz ab  GnnZ?
Gl 2= () (Gnze)
| |

GinZ —~G/G' x 7 G o 72 —2> GG x 72

for unique isomorphisms n and v.
Finally, if G is torsion free, then so are Gl Z and G 1 7.

m,n

Notes to the proof. Statements about centers, derived subgroups, and abelianization are
proved in I. Kuznietsova and Yu. Soroka [31]. The latter statement about torsion free
property of G 4, Z is established in [44, Lemma 2.2|, and the same arguments can be used
to prove it for G tm,n 72, O
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2.7. Special short exact sequences. In what follows for m,n > 1 we
will use the following short exact sequences:

20: {1} < {1} = {1}, (2.5)
z1: 7% 7 - {1}, (2.6)
Z: ML —s 7 20" 7 (2.7)
Zan s ML XML s Tx T 0 g T, (2.8)

Then for a short exact sequence q : K —— L i» M we have the following
two exact (3 x 3)-diagram:

q”: KmTOC—>me<O—>>Mm><O
A2, Kmme<—>LZZ*>>MZZm (2.9)
$ Vp' $
Zoy, maZ< Z Lo,
q™" . K™ x(Ox0C——=L"™x0x0—=M"x0x0

| L,

Al Zmp: K™ xmZ xnZ —— 1 ZQi»Mz(meZn) (2.10)

i i ke i

Zmn mi X nZ ¢ 7> Loy, X Loy

where p’ and p” are the projection to the last coordinates, and
o (a1,...,am, mk) = (a (al) - a(am), mk),
B (b, ... b, k) = (B(b ..,5( ), ke mod m)
o ({aij}, mk,nl) = ({a aij)}, mk,nl),
B" ({bi}, k1) = ({B(bi;)}, k mod m, I mod n),

a, € K, ;e Lforalli=1,...,m,j5=1,...,n, and k,l € Z. The middle
horizontal sequences of both diagrams will be called the wreath product of q
with z,, and z,, , and denoted by qiz,, and qzz,zmn respectively. Thus (2.9)
and (2.10) can be written as short exact sequences of their rows:

Q" = qlzy —H Z, a"" = qQUZmp —H Zmon (2.11)
Evidently,

qQuzl,, = qlzi,,
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qlzy 2 qxz1: KXZ — LZ=LxZ —» M,
1

Zi 2, 2 (KZ)" X mZ — Z UL —» Lkl L,

m

2120, 0 (KZ)™ xmZ x nZ — LV Z* = Ly U(Zm X Ly,).

m,n

2.8. Garside elements. Let G be any group with unit e and m > 1. Then
the element v = (e,...,e,m) € G 4, Z will be called the Garside element.
——

m
By Lemma 2.6.1 « belongs to the center of G ¢, Z.

2.8.1. Garside sequences. Let q : K < L —» M be a short exact sequence
and m > 1. For simplicity assume that K is a subgroup of L and let e be
the common unit element of K and L. Consider the wreath product

ALz K™ X mZ — LV7Z —» MUZ. (2.12)

m
Then the Garside element v = (e,...,e,m) of L ! Z belongs to K™ x mZ,
m

and Y¥ = (e,...,e,km) for all k € Z. It follows that there exists the
following exact (3 x 3)-diagram:

Z1 : e x miZ e xml———=1
| o |
Alz, K™ x mZS L") 7Z M Zp, (2.13)
m
i¢ | ; |
qlz, K" [ Ly —>= M Doy,

in which the bottom row sequence will be denoted by qz,,. The total
sequence z, < qlz,;, —» qlzZ;, will be called the Garside sequence of qlzy,.
Similarly, for m,n > 1 one has analogous diagram

73 : " X ML x Nl == €"" X mZ x nZ 1

) [ [ |
iz, K™ x mZ x nZ———=L 1 7? —— M U(Zm x Zn)  (2.14)
azz, K™C > L (Zy X L) ——= M U (Zy, X L)

2

m,n

The total sequence z2 — qz —» q z?mn will be called the Garside

2

sequence of qlZy, .
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2.8.2. Diagonal Garside sequences. More generally, let n > 1, and for each
i=1,...,nlet q; : K; = L; = M,;, be a short exact sequence, m; > 1,
v € L; U Z be the corresponding Garside element, and

m;
n .
¥=M,---,m) € ,HI(K?” X myZL)
=

be the “diagonal” element in the product of subgroups K" x m;Z gener-
ated by the corresponding Garside elements. Then we have the following
commutative diagram:

Z

: Z Z 1
J Jk’—’ﬁ>k:(’7f~~->’75) J J

N (K™ S , . v
il;[1q2zm iEI(KZ X i) il;ll(LlrrzziZ) 11;[1(Mlzzml) (2.15)
(T arma)/m: (1L xmiz)) /@) 11 (L 2 2)/F) = 1 (Mi2Zn,)

which will be called diagonal Garside sequence of ﬁ [ TRE T
i=1

2.8.3. Sewveral constructions. For every group A one can associate two short
exact sequences s(A): A=A —»1landd(4):1— A=A
Then for a pairk: A — B — C and 1 : P — @ — R of two exact

sequences one can also define the following split sequence of k and 1:
s(k) xd(l) : k >k x1—1

C B C

P

P BxQ@Q—=CxR

| |

P> Q———R

=

kxl1: A

=
<— X =

Also for each short exact sequence u : A — B —» C one can define the
following exact (3 x 3)-diagram

s(4) A=—A—>1
r T —"
u A— B —C (2.16)
V v y v
d(4) 1> (C=—2C

which can be viewed as a short exact sequence fu : s(4) — u —» d(C) of
short exact sequences which will be denoted by fu.
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2.9. Characterization of q™ — q!z;, —» Z;,. Suppose we have a short
exact sequence of short exact sequences k — 1 — z,,:

k: K¢ LJ J\f
1: Ac B — s ¢ (2.17)
& W mod m $
Zom mZC 7 —= Lo,
in which K, A, L are normal subgroups of B and
A =ker(p) =0t (mZ), L = ker(n), K=ANL. (2.18)

Fix an element g € B and let Ly C L be a subgroup. Denote Ko = KNLg
and My = Lo/ Ky, so we get a short exact sequence u : Ky < Lo — M.

Also let L; := g 'Log" and K; := g 'Kyg' fori = 0,...,m — 1. Then
L; C L and K; C K since L and K are normal.

Lemma 2.9.1. [44, Lemma 2.3|, cf.[30]. Suppose that
(a) n(g) =1 and g™ commutes with L;
(b) L splits into the product subgroups Lg, ..., Ly_1, i.e. those subgroups
generate L, pairwise commute, and L; N L; = {e} for all i # j;
(¢) Ko,...,Km—1 generate K.
Then the map B : Ly ! Z — B defined by
m

Bbo,b1, . b1, k) =
=bo (g7 'b1g") (97%b2g") -+ (g7 bm_19™ 1)g" =
=bog by g by g TR

forb; € Lo, 1 =0,...,m —1, and k € Z, is an isomorphism of groups
inducing an isomorphism of exact (3 x 3)-diagrams:
]\f
C

e

K % 00— LI % 0 — Mg % 0 If LJ
K x mZ > LoV 2L Mg 2y = Ac—s B Lo
7

| v |

Y Z Lm

being identity on the lower sequence. In other words, we get an ‘“tsomor-
phism over z,,” of short exact sequences U™ < ulzy, —» Z, and
k—1-—»z,.
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2.10. Characterization of q"" < q1 2z, —* Zmn. Suppose we have a
short exact sequence of short exact sequences k < 1 —% 2z, ,,:

k: K« L M
i o
1: Ac B C (2.19)

|

mXZn

| i

mZ X nl———=7 X7

mod m, mod n

Zom
in which K, A, L are normal subgroups of B and
A=ker(p) =nY(mZ xnZ), L=ker(n), K=ANL  (2.20)

Let Ly C L be a subgroup, Ky = K N Ly and My = Lo/ Ky, so we get a
short exact sequence u : Ky — Lo —» Mjy. Fix also two elements g, h € B
and fort=0,...,m—1,57=0,...,n—1 put

Kij:=g'WKoh™ g™, Lij=g'W Loh™ g".

Then K;; C K and L;; C L since K and L are normal. The following
lemma can be proved similarly to Lemma 2.9.1.

Lemma 2.10.1. Suppose that
(a) gh = hg, n(g) = (1,0), n(h) = (0,1), and both g™ and h"™ commute
with L;
(b) L splits into the product subgroups {L; ;}, i.e. those subgroups generate
L, pairwise commute, and L;; N Ly jy = {e} for all (i,7) # (7', j');
(c) {Ki;} generate K.
Then the map B: Ly 1 Z?> — B defined by

B({bigh kl) = (19" W by 77 g7) - g0,
,J

for bj; € Lo, i = 0,....m—1, j =0,....n—1, and k,l € Z, is an
isomorphism of groups inducing an isomorphism of the following exact
(3 x 3)-diagram:

uf K’ x0x 00— L{' x0x0——= Mj" x0x0
WZmn K xmZx 0l < Ly 1 22— Mo (T % Z)
m,n
| $ % |

mZ X NL—— 7 X I, ————> Loy, X L,

Zmn
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to the diagram (2.19) and that isomorphism is the identity on the lower
rows. In other words, we get an “isomorphism over z,,,” of short exact
sequences

u” = Wz, P Zmp and k=12,

3. HOMOGENEOUS POLYNOMIALS WITHOUT MULTIPLE FACTORS

The fundamental theorem of algebra implies that every real homogeneous
polynomial ¢ : R? — R is a product of finitely many linear L; = a;x + b;y
and irreducible over R quadratic factors Q;(x,y) = c;z% + 2djzy + e;y*:

g(x,y) = [[ Li(z.y) - [ Qs(=:9)-
i=1 j=1

Evidently, g has critical points if and only if degg > 2. Moreover, if g
has two proportional linear factors, that is L; = sL; for some i # j and
s # 0, then all the line L; = 0 consists of critical points of g. This implies
that the origin 0 € R? is a unique critical point of g iff degg > 2 and g has
no multiple linear factors.

In the latter case the number p of linear factors can be seen from the
topological structure of level sets of g, see Figure 3.1.

— I NJu

<
p=0 p=2 p=3

FicURE 3.1. Topological structure of level-sets of homoge-
neous polynomials without multiple factors

We will say that 0 € R? is

e a non-degenerate extreme if p =0 and ¢ =1, so g = Q1;

e a degenerate extreme if p=0and ¢ > 2,50 g = Q1Q2- - Qq;

e a quasi saddleif p=1,50 g = L1 -Q1---Qy;

e a non-degenerate saddle if p =2 and ¢ =0, so g = L Lo;

e a saddleif p > 2 and degg = p + 2¢q > 3.
3.1. Symmetries. Let g : R? — R be a homogeneous polynomial without
multiple factors. Let also S(g) be the group of germs at 0 € R? of diffeo-
morphisms h : (R?,0) — (R2,0) such that go h = g, and £L(g) C GL(R,2)
be the group of linear isomorphisms A : R? — R? which also preserve g,

that is g(Ax) = g(x) for all x+ € R%2. Then L(g) can be regarded as a
subgroup of S(g).
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Let h € S(g), and A = J(h) be its Jacobi matrix at 0. Since ¢ is
homogeneous, say of degree k, the identity g o h = g easily implies that
g(Ax) = g(z) for all z € R?, [32, Lemma 36]:

o) = 802 _9(blt) _ (")

tk t

— g(A
t—0 g( x)
In other words, if a diffeomorphism preserves a homogeneous polynomial
g, then its Jacobi matriz at 0 also preserves g. Hence we get a natural
homomorphism:
J:S8(g) = L(g), h— J(h).

Since for a linear map given by a matrix A its Jacobi matrix is A, we see
that J is the identity on L£(g). In other words, J is a retraction of S(g)
onto £(g), and in particular it is surjective.

Let also £*(g) = L£(g) N GLT(R,2) and S*(g) be the subgroup of S(g)

consisting of orientation preserving germs. Then

J(ST(9)) = LT (9).

Lemma 3.1.1. [37, Lemma 6.2|. After a proper linear change of coordi-
nates in R? and replacing (if necessary) g with —g, one can assume that
the following properties hold.

(a) Suppose 0 € R? is a non-degenerate local extreme, i.c. degg = 2,
and g is an irreducible quadratic form. Then

g(z,y) = 2* + ¢, L(g) = 0(2), L*(g) = SO(2).

(b) If 0 € R? is a non-degenerate saddle, so degg = 2, and g is a
product of two independent linear factors, then g(x,y) = zy,

={=("g §) [t #0}, £ ={(*s"9) [t #0}.

(c) Fmally, assume that 0 € R? is a degenerate critical point of g, so
degg > 3. Then
(a) LT(g) is a finite cyclic subgroup of SO(2) of some order m > 1
generated by the rotation by %;
(b) L(g) either coincides with L1 (g) or it is a dihedral group Dy, of
order 2m generated by L1 (g) and the reflection (z,y) — (—z,y);
(c) if degg is even, e.g. z is a degenerate local extreme, then m
is always even, since LT (g) contains the map q(x,y) = (—z,—y).

Remark 3.1.2. Statements (a) and (c) of Lemma 3.1.1 indicate an es-
sential difference between diffeomorphisms preserving degenerate and non-
degenerate local extremes. Suppose we have a continuous family

hy = (pt7Qt) (RQ O) - (R2’0)7 le [07 1]a
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of germs of diffeomorphisms preserving a homogeneous polynomial g(z,y),
such that this family defines a continuous path in S*(g) “with respect
to at least C' topology”, which mean that the Jacobi matrices J(h;) are
continuous in .

If, for example, g(z,y) = 22 + 32, so pi(z,y)?® + q(x,y)? = 22 + 32,
then the matrices J(h:) can be arbitrary rotations. On the other hand, if
g(z,y) = 2t + yt, e pi(z,y)* + q(x,y)* = 2* + y*, then there are only
finitely many possibilities for J(h;). Actually, in this case J(h;) can only
be a rotation by %“ for k = 0,1,2,3. Therefore continuity of J(h) in ¢
implies that now J(h:) must be the same for all t € [0, 1].

3.2. Symmetry index of a degenerate local extreme. Suppose that
0 € R? is a degenerate local extreme of g, as in the in the case 3(c) of
Lemma 3.1.1. The order m of the cyclic group L(g) will be called the
symmetry index of 0 € R2.

Example 3.2.1. Let
gz, y) = 2" +y' = (2 + V2y + y?)(a® — V2zy + o).

Then L£*(g) & Z4 is generated by rotation by w/2: r(z,y) = (—y,x),
and L(g) is isomorphic to the dihedral group Dy generated by r and the
reflection s(z,y) = (—x,y). Thus here m = 4.

3.3. Framings at a degenerate local extreme. Let v € TyR? = R? be
a non-zero tangent vector at 0 € R?. Then its orbit

®(0,v) = {Toh(v) | h € S(g)}

with respect to £(g), and thus with respect to S(g), consists of either 2m
or m vectors that are cyclically order, see Figure 4.2.
This set ®(0,v) will be called a framing at 0 € R?, whenever either of
the following equivalent conditions hold:
(a) the action of L(g) to ®(0,v) is effective, i.e. there is a non-unit
element A € L(g) fixed on ®(0,v);
(b) if h € S(g) is such that Toh(w) = w for all w € ®(0,v), then
Toh = idpe.
Roughly speaking the elements of £(g) can be distinguished by their action
on the finite set ®(0,v).

Example 3.3.1. Let g(z,y) = (2% + 3?)(2% + 2y?). Then LT (g9) = Zy
is generated by —idge2, while £(g) is the dihedral group Dy = Zs X Zo
generated by —idge and the reflection s(z,y) = (—z,y). Here m = 2. Also,
if v = (0,1) € R?, then ®(0,v) = {#v} is not a framing, since s trivially
acts on ®(0,v). For any other vector w € R? which is not collinear to v, its
orbit ®(0,w) is a framing.
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Example 3.3.2. Let g(z,y) = (22 + y?)(32% + 2y%) (2% + 2y + y*). Then
L(g) = LT (g) = Zy is generated by —idge. Here m = 2 as well and for any
non-zero vector w € R? its orbit ®(0,w) is a framing.

The following easy lemma shows that one can always choose v so that
®(0,v) is a framing.

Lemma 3.3.3. The set ®(0,v) is not a framing iff the following two
conditions hold:

(a) L(g) is the dihedral group Dy = Zgy X Zg, so m = 2;

(b) v is fized under the reflection from L(g).

4. SPACE OF MAPS F (M, P)

In this section we will describe several properties of maps belonging to
F(M, P). Recall that by definition a map f : M — P belongs to F(M, P)
if it satisfies axioms (B) and (L).

In the case when P = S! one can also say about local extremes of f,
and even about local minimums or maximums if we fix an orientation of
S1. Moreover, since S! is a group R/Z, one can say about neighborhoods
of a point ¢ € St of the form (¢ — &; ¢+ ¢) for small € > 0.

First we will study structure of maps from F(M, P) at their critical
points.

4.1. Smooth functions on the plane with isolated critical points.
Let g : R2 = C — R be a C*® function such that 0 € C is an isolated
critical point and ¢g(0) = 0. Then there are germs of homeomorphisms
h:(C,0) — (C,0) and ¢ : (R,0) — (R,0) such that

gf)ogoh(z):{

In particular, critical points of homogeneous polynomials without multiple
factors cover all possible topological types of isolated critical points of maps
R? — R.

4.2. f-adapted subsurfaces. Now let f € F(M, P). As mentioned above
condition (L) implies that each critical point of z € 3 of f is isolated.

A connected component K of a level-set f~1(c), ¢ € P, will be called
a leaf (of f). We also call K regular if it contains no critical points, and
critical otherwise.

Evidently, a regular leaf of f is a submanifold of M diffeomorphic to the
circle. On the other hand, it follows from Axiom (L), (see also Figure 3.1)
that a critical leaf K has a structure of a 1-dimensional CW-complex whose
0-cells are critical points of f belonging to K. Notice that if K contains

| 2|2, if 0 € C is a local extreme of f, [4],

4.1
Re(z™), otherwise, |3,49]. (4.1)
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only quasi-saddles of f, see Figure 3.1b), then it is a smooth submanifold
of M diffeomorphic to the circle, however it is still critical as a leaf of f.

Let K be a (regular or critical) leaf of f. For ¢ > 0 let N, be the
connected component of f~![c — e, ¢ + €] containing K. Then N. will be
called an f-regular neighborhood of K if ¢ is so small that N, \ K contains
no critical points of f and no boundary components of dM.

A submanifold V' C M will be called f-adapted if V = ,EaJl A;, where

each A; is either a critical point of f or a regular leaf of f or an f-regular
neighborhood of some (regular or critical) leaf of f. We will denote by 17408
1 =0,1,2, the union of connected components of V' of dimension 3.

Notice that if V' is an f-adapted subsurface, then f|y : V' — P satisfies
Axioms (B) and (L), that is f|y € F(V, P).

4.3. Graph of f € F(M,P). Consider the partition I'y of M into the
leaves of f, and let p : M — I'y be the natural map associating to each
x € M the corresponding element of I'y containing x. Endow I'y with
the quotient topology, so a subset (a collection of leaves) A C I'y is open
iff p~1(A) (that is their union) is open in M. It follows from axioms (B)
and (L) that I'y has a natural structure of 1-dimensional CW-complex,
whose 0-cells correspond to boundary components of M and critical leaves
of f. We will call I'y the graph of f.

Since by definition f takes constant values on elements of I'y, it induces

a function f: I't — P such that f = fo p, see Figure 4.1.

ve o, Vi
T O,

FIGURE 4.1.

Remark 4.3.1. This graph was independently introduced in the papers by
G. Adelson-Welsky and A. Kronrod [1], and G. Reeb [50], and often called
Kronrod-Reeb or Reeb graph of f. It is a useful tool for understanding the
topological structure of smooth functions on surfaces, e.g. [22], [2]. It plays
as well an important role in a theory of dynamical systems on manifolds
and called Lyapunov graph of f following J. Frank [5,6,13,54|. The reason
is that for generic Morse maps I'y can be embedded into M, so that f will
be monotone on its edges.

Remark 4.3.2. Notice that if M is a torus or a Klein bottle, then there
exists a locally trivial fibrations f : M — S!, see maps (D) and (E) in
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Theorem 5.2.2. Such a map has no critical points and so f € F(M, S*).
Evidently, the graph I'y of f is a circle and it has no “vertices” that cor-
respond to critical leaves. In this case we assume that I'y consists of one
edge (homeomorphic to the circle) and has no vertices.

Lemma 4.3.3. The induced maps py : Hi(M,Z) — H(I'¢,Z) of homology
groups is surjective and if Hi(M,7Z) # 0, always have a non-trivial kernel.
Therefore if M = S?, D%, S1 x[0,1], RP%, Mébius band, then [y is a tree.
If M = T? or Klein bottle, then Iy is either a tree or has a unique cycle.

Denote by H(I'y) the group of homeomorphisms of I'y. Then for each
h € S(f) the identity f oh = f implies that h(f~1(c)) = f~(c) for all
¢ € P. Thus h leaves invariant every level set of f, and in particular
induces a certain permutation p(h) of connected components of f~1(c), i.e.
leaves of f being in turn points of I'y. On other words, we get a map
p(h) :T'y = T'y. One can easily check that p(h) is a homeomorphism of Iy
making commutative the following diagram:

P f

M T, P
hy , oty - (4.2)
M T P

Moreover, the correspondence h +— p(h) is a homomorphism of groups
p: S(f) = H(Ty). (4.3)

4.4. Enhanced graph of f € F(M, P). In order to encode an information
coming from degenerate local extremes of f, see Remark 3.1.2, we will add
to I'y new edges corresponding to framings at such points.

Let z be a degenerate local extreme of f and v € T, M, and

O(z,v) ={T.h(v) | h e S(f,2)} C T.M

be its orbit with respect to the action of S(f,z). Similarly, to §3.3, we
will say that ®(z,v) is a framing at z if for every h € S(f, z) such that h
fixes each element from ®(z,v) the tangent map T,h : T, M — T, M is the
identity.

Let z;, (1 = 1,...,1), be all the degenerate local extremes of f, and
®; = ®(2;,v}) be some framing at z; containing k; edges. We will say that
such a collection of framings ® = {®;},—1 . ; is f-adapted, if it is invariant
with respect to S(f), that is if h € S(f) and h(z;) = z; for some ¢, j, then
T.,h(®;) = ®;. One easily checks, that f-adapted framings always exist,
[40, Corolary 1].

Thus S(f) naturally acts on I'; as well as on each f-adapted framing &
via the corresponding differentials of maps. We want to “join” these actions.
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vy €92 €1
(2} Vo Z 60
* “ei| s
U3 Us
Uy
a) Framing at a degenerate local b) Enhanced graph
extreme with symmetry index m =6
FIGURE 4.2.

Regard every point z;, ¢ = 1,...,[, as a vertex of I'y of degree 1, and
glue to this vertex k; edges ef), e e};i_l corresponding to the vectors in the

corresponding framing ®(z;, v), see Figure 4.2b). The obtained graph will
be denoted by I'y and called the enhanced graph of f.
One can assume that each new edge has length 1. Then the action of

S(f) on I'y extends to a unique action of S(f) on ff so that each h € S(f)

interchanges edges (via length preserving maps) of I'y \ I'y in the same way
as its tangent map T'h interchanges vectors in the f-adapted framing &.

4.5. Action of S(f) on T 7+ The previous paragraphs means that the ho-
momorphism (4.3) extends to a homomorphism

p:S(f) = H(Ty). (4.4)
associating to each h € S(f) the induced homeomorphism of r s Let

A(f) =ker(p),  G(f) =p(S(f),  G(f;V)=p(S(f, V),

where V is any f-adapted submanifold. Then, we obtain the following short
exact sequence:

b(f,V): A(f,V) = S(f,V) = G(f,V). (4.5)

Evidently, h € S(f) belongs to A(f) if and only if

e h preserves every leaf of f;

e and for every degenerate local extreme z (being also a critical leaf) of
f the corresponding tangent map 1.h : T.M — T,M of h at z is the
identity.

For an f-adapted submanifold V let

A/(f7 V) ) N Dld( V)7 (46)
8/<f7 V) (f) led( V)a

G'(f,V) = p(S'(f.V)).

Lemma 4.5.1. e.g. [21, Lemma 2.2] The group G(f,V') is finite. Moreover,
if [ is a generic Morse map, then G'(f,V) is trivial.
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Lemma 4.5.2 (|44, Lemma 4.1|). Sia(f, V) is the identity path component
of A'(f, V). Therefore A'(f,V) is a disjoint union of some path components
of S'(f, V), and the inclusion A'(f,V) C S'(f,V) induces a monomorphism

ﬂoAl(f, V) — FoSl(f, V),

whence
S'(f,V) o mS'(f,V)
"(f, V) = i Ty 73
TN = RGv) = wa (1) )
It follows from (4.9) that we have another short exact sequence
b/(fv V) : ﬂ—OA/(fa V) — WOS/(fv V) - g/(f? V) (410)

This sequence will be called the Biebarbach sequence of the pair (f,V). It
plays the main role in our considerations.

4.6. Simplification results. The following Lemmas 4.6.1 and 4.6.2 reduce
computation of b’(f, V) to the case when M is connected and V' consists of
critical points of f and boundary components of M. Let Ry be a f-regular
neighborhood of V.

Lemma 4.6.1. ([44, Corollary 7.2|) The natural inclusions of pairs

(S(faRV)¢A(faRV)) c (S(f,V),A(f,V)), (411)
(Sl(faRV)vA/(vaV)) C (S/(f,V),A/(f,V)), (412)

are homotopy equivalences, and therefore they induce isomorphisms of the
corresponding sequences:

b(f7 RV) = b(f? V)? b/(f7 RV) = bl(fﬂ V)

Lemma 4.6.2 (cf. [44, Lemma 5.2|). Let Xi,..., Xy all the connected
components of M \ Ry, and Xi8 =X, NRy,i=1,...,k, so X? consists
of some common boundary components of X; and Ry . Then the natural
homomorphism

k
a:Da(M, V) = [[Pa(Xe, X0),  ah) = (Blx,, ... hlx,),
i=1
k
induces an isomorphism b'(f,V) = [ b'(f]x,, X?).
i=1

If M contains no connected components My and My that are diffeomor-
phic each other and do not intersect V', then we also have an isomorphism

k
b(f,V) = 11 b(flx., X7).
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Notes to the proof. In fact, Lemma 5.2 in [44] wrongly states that we always have an
isomorphism of sequences b(f, V) Hle b(f|x,, X?). The gap is in the claim that the
map o : D(M,U) — Hle D(Xi,U;) given by the same formula a(h) = (h|x,,...,h|x,)
is well-defined, where U; is a f-regular neighborhood of X? in X;, and U = U¥_,U;.
Indeed, the definition of a assumes that every h € D(M, U) leaves invariant each con-
nected component of M. However, it might happen that M has two diffeomorphic con-
nected components M; and M> which do not intersect U. Then « is not-defined for a
diffeomorphism of M interchanging M7 and M, and fixed on M \ (M1 U M>).
Nevertheless, the statement about isomorphism of b-sequences remains true, since every
isotopic to the identity diffeomorphism preserves every connected component. d

The following lemma allows to cut an f-adapted collar of some boundary
component of M.

Lemma 4.6.3. (|44, Theorem 5.5(3)]) Let M be a not necessarily orientable
connected compact surface, f € F(M,P), and V' be a connected component
of OM. Suppose there exists a regular component W of some level set of
f separating M and let B and A be the connected components of M\ W.
Assume that V. C A and let X C B\ W be an f-adapted submanifold, see
Figure 4.3. Suppose A is an annulus and h(A) = A for allh € S(f, XUV).

FIGURE 4.3.

Then we have the following homotopy equivalence:
S(fL.XUV)=ZS(flp, X UW) x S'(f]a,04)
which induces the homotopy equivalence
S'(f,XUV) =S (flg, X UW) x S'(f|a, 0A)

and homotopy equivalences between the corresponding A- and A’-groups.
In particular, we get isomorphisms of short exact sequences:

b(f7XUV) = b(f|BvXU W) X b,(f|AvaA)7

, , , (4.13)

Moreover, if B is either a 2-disk or an annulus and X = &, then

b/ (f,0M) 2 b (f|5,0B) x b/(f|4,04). (4.14)
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4.7. Structure of myA(f,V). Fix a possibly empty collection V' of boun-
dary components of M.
Let e be an (open) edge of I'y, and = € e be a point, so it corresponds
to a regular leaf v of f in IntM. Then there exists a Dehn twist 7, € A(f)
along ~ supported in f-regular neighborhood of v which does not intersect
OM. We will call a Dehn twist around the edge e and also denote by 7.
Notice that by definition 7. is fixed on M D V. Then its isotopy class in
moA(f, V) will be denoted by [r]. Since for distinct edges e, €’ their Dehn
twists 7. and 7.» have disjoint supports, we obtain that 7. and 7., commute.
Hence their isotopy classes [7] and [7o/] in moA(f, V) also commute.
Let also vp,v; be the vertices of e, and K; = p~!(v;), i = 0,1, be the
corresponding leaves of f. Then each Kj is either a critical leaf of f or a bo-
undary components of M. We will say that e (as well as the corresponding
Dehn twist 7. is internal for V if each K; is one of following leaves:
e cither a degenerate local extreme,
e or contains a saddle point of f,
e or is contained in V.

Otherwise e is external with respect to V.

Lemma 4.7.1. (e.g. [34, Theorem 6.2]) Let V' be a possibly empty collection
of boundary components of M.
(1) An edge e of I'y is external, if and only if 7. € Sia(f).

(2) Suppose K is a Klein bottle, and f : K — S is a map without critical
points, see map (E) in Theorem 5.2.2. Then there exists an isotopy
H: K x[0,1] = K such that Hy = idx and Hy € A'(f) preserves each
leaf of f and reverses its orientation. In this case moA'(f,V) =2 0 and
ToA(f, V) = Zs.

(3) In all other cases moA(f, V) is a free abelian group freely generated by
internal for V. Dehn twists, so moA(f,V) = ZF. Hence moA'(f,V) is
also a free abelian group generated by relations between internal
Dehn twists in moD(M,V).

5. HOMOTOPY TYPES OF STABILIZERS AND ORBITS

In this section we assume that M is a compact surface, f € F(M, P), and
V is f-adapted submanifold. We will expose the results about homotopy
types of S(f,V) and orbits of O(f,V). Everywhere the sign ~ means
“homotopy equivalent”. For a set V' we will denote by |V| the number of
points in V if it is finite, and oo otherwise.
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Theorem 5.1 ([34,51]). (1) The natural map into the orbit
p: DM, V) = O(f,V), p(h)=foh
is a locally trivial principal S(f,V')-fibration.

(2) The restriction p : Dig(M,V) — O¢(f,V) is a locally trivial principal
S'(f,V)-fibration.

(3) O¢(f,V) = Of(f,VUX) for any collection X of boundary components
of M.

(4) O¢(f) is a Fréchet manifold, whence (by [48]) it has a homotopy type
of a CW-complez.

Notices to the proof. Statements (2) and (3) are simple consequences of (3) (see [43,
Corollary 2.1]). Statements (1) and (4) were proved by F. Sergeraert [51] for functions
f+ M — R of the so-called finite codimension on a closed manifolds M and V = @. Further
it was extended to a more general context of tame actions of tame Lie groups on tame Frechet
spaces in [34, Appendix 11]. The latter includes Theorem 5.1, see [44, Theorem 1.1] for
details. d

Definition 5.1.1 (Weak homotopy equivalences of sequences of maps).
Suppose we are given two sequences of continuous maps of topological
spaces:

077 Br—
TR - LNy viD 2 B

Then by a morphism v = (71,...,7) : u — v of those sequences we will
mean the following commutative diagram

(e %1 g A —1

K Ky Ky
l% lw iwk
L B1 Lo B2 . Br—1 L

Such a morphism will be called a weak homotopy equivalence, whenever each
v; is a weak homotopy equivalence. In this case we will write v : u <.

The following sequence of maps will be called an O-sequence of (f,V):
O(f,V): A(fV)=S(£,V) = Da(M,V) = O4(£,V),  (5.1)

where the first two arrows are natural inclusions of normal subgroups, and
the last map is a projection to cosets (we denoted it by —» meaning that it
is surjective).

We will study such sequences up to a weak homotopy equivalence and
one of the main tools are long exact sequence of fibration p:

P
oo 1 Sialf, V) = w1 Da(M, V) 2L 1 Of(f, V) =
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= mpSia(f, V) = mpDia (M, V) 2 1 O0f(f, V) Oy
oo mDa(M, V) 25 mOp(£,V) L meS'(£,V),

where the corresponding base points are idy; and f.

The homotopy types of groups Diq(M,V) are computed in [52, The-
orem A, [7, Theorems 1,2|, [8, Theorems 1B,1C,1D], [14, Théoréme 1|,
and are presented in the following Table 5.1, in which |V| is the number
of points in V', Mo is a Mobius band, and K is a Klein bottle. Moreover,
Theorem 5.2.1 below describes the homotopy type of S(f, V). This will give
a complete information about higher homotopy groups of spaces in (5.1)
and a lot of information about fundamental groups.

TABLE 5.1.
M V] Dia(M)
homotopy homotopy groups
type m | m | T, k>3
52, RP? 0 [SOB)=RP3[Zy] 0 | mpS® = mpS% = mpRP?
17 0 17 Z*] 0 0
D? S1x[0,1], Mo, K | 0
D?, 8?2 RP? 1 St Z | 0 0
S? 2
other cases point 00 0

Remark 5.1.2 (Explicit construction of d;). Let v : [0,1] = Of(f,V) be a
loop with v(0) = v(1) = f, and [y] its homotopy class in 71 O¢(f, V). Since
p satisfies path lifting axiom, there exists a path 5 : [0,1] — Djq(M,V)
such that 7(0) = idas, and 7(1) € S'(f, V). Then

p1([7]) = (F(1)] € mS'(f, V)
is the isotopy class of (1) in S'(f, V).

Lemma 5.1.3. (1) Dy(M,V) is contractible if and only if x(M) < |V/|,
which in particular holds if V' is infinite or when x(M) < 0.
(2) If V. =@, then mDig(M) = 0 and for k > 3 we have that

.83 if M = S? or RP?,

Diyg(M) = m. M =
mDia(M) = m {O otherwise.

(3) The image of p1(mDia(M, V) is contained in the center of 1 Of(f,V),
([43, Lemma 2.2]).

(4) The set myS'(f, V) is a group, and Oy : mO¢(f,V) = mS'(f,V) is a
homomorphism.
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5.2. Structure of Si4(f,V). The following theorem is proved in [34] for
Morse maps and in [40] for all f € F(M, P). In fact, it is a consequence of
a series of papers [32,33,38,41,42] about diffeomorphisms preserving orbits
of flows. The technique developed in those paper is also extensively used
for the proof of almost all presented here results, e.g. Lemmas 4.7.1, 4.6.1,
6.1.1, Theorem 5.2.2.

Theorem 5.2.1. ([34,40]). Suppose M is connected. Then Siq(f,V) is
contractible if and only if either of the following conditions is satisfied:
(i) f is has at least one saddle critical point or degenerate local extreme;
(ii) M is non-orientable;
(iii) V' contains more than x (M) points (which holds e.g. when dimV > 1
or x(M) <0).
In all other cases Siy(f,V) is homotopy equivalent to the circle S*.
In fact the latter holds if and only if f is one of maps of types (A)-(D) of
Theorem 5.2.2 below.

The following theorem characterizes Morse maps having only local ex-
tremes and describes their O-sequences.

Theorem 5.2.2. ([34, Theorem 1.9|) Let f € F(M, P). Then every critical

point of [ is a non-degenerate local extreme if and only if f is one of

the maps of the following types (A)-(E).

(A) f:5% — P is a Morse map having precisely two critical points {a, b},
and those points are non-degenerate local extremes. In this case

w

O(f) = [s'=5"—= 50(3) = 5%,
O(f,{a}) = O(f,{a,b}) = [S'=8'=5" o]
(B) f € F(D?,P) is a map having precisely one critical point a, and that
point is a non-degenerate local extreme. In this case
O(f) = O(f{a}) = [$'=8"=5" =]
(C) f € F(S' x[0,1], P) is a map having no critical points and
O(f) ~ [St=8'=51 .

(D) f e F(T?, 5Y) is a map without critical points. Let mZ C 7. = m S* be
the image of the induced homomorphism f1 : mT? — m.S! for some
m. Then m > 1, f:T? — S' is a locally trivial fibration whose fiber
s a disjoint union of m circles, and

m

O(f) 2 [S' %0 §" x Zy, < S x 57 17, 1)
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(E) f € F(K,SY) is be a map from Klein bottle to the circle having no
critical points. Let mZ C 7Z = mS' be the image of the induced
homomorphism f1 : m K — ™Sl =72 for some m. Then m > 1,
f: K — S' s a locally trivial fibration whose fiber is a disjoint union
of m circles, and

O(f) 2 [0 Zp — ST 2225 1)
All the above weak homotopy equivalences are homotopy equivalences.

Remark 5.2.3. To clarify the statement notice that the first weak ho-
motopy equivalence O (f) ~ [S! = S' < SO(3) —» 52| in (A) means
that O¢(f) is homotopy equivalent to 2-sphere S? and S’(f) is homotopy
equivalent to the circle S'. Since it is path connected, we also have that
S'(f) = A(f) = Salf).

For example, regard S? = {22+ y? + 22 = 1} as a unit sphere in R?, and
let f: S? — R be given by f(x,,2) = 2. Then f is a function of type (A).
Let H : S? x [0,1] — S? be the linear rotations given by the formula:

cos2mt  sin2nt 0 x
H(xz,y,z,t) = | —sin2nt cos2nt 0 Y
0 0 1 z
Evidently, each H; preserves coordinate z, i.e. f o Hy = f. Moreover,

Hy = Hy = idg2. In other words, H; is a loop in S(f) at idg2. Then the
inclusion of this loop as a map v : S* — S(f), v(e?™) = Hy, which turns
out to be a homotopy equivalence.

Similar consideration can be applied to other cases and we refer the
reader to [34, Proof of Theorem 1.9].

Corollary 5.2.4. Suppose Siq(f,V) is contractible. Then the following

statements hold.

(a) m,D(M,V) = 71,04(f, V) for n > 2 and we get the following short
exact sequence

mDia(M, V) =2 104 (f,V) 25 S/ (f, V). (5.2)

(b) If M # S? and RP?, then Of(f,V) is aspherical', so its homotopy
type is determined by the fundamental group m1O¢(f, V). In particular,
mOf(f, V) is torsion free.

(c) Ifx(M) < |V|, then Diq(M, V') is contractible as well, and and Eq. (5.2)
yields an isomorphism

81 : Wlof(f, V) = WoSl(f, V) (5.3)

'A path connected topological space Q is aspherical, if m,Q = 0 for n > 2. In this case
Q is also called Eilenberg-MacLane space K (m @, 1).
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Then moS'(f, V') is also torsion free and this group completely deter-
mine the homotopy type of O¢(f,V).

5.3. Structure of 71O (f,V). We will describe here the general structure
of fundamental groups of orbits, see Theorem 5.5 and Remark 5.4.1.

Suppose that Siq(f, V) is contractible. Then we have the following com-
mutative diagram:

mD(M, V) “2s 07 (mo A (£,V)) —Z> moA(f,V)

H I

mD(M,V) P o 1 Op(f, V) — L mS/(f,V) (5.4)
p061$ &P
G'(f,V) =m———= G'(f,V)

in which all horizontal and vertical sequences are exact. In fact, the middle
horizontal sequence is the last part of the above long exact sequence of p,
while the right vertical is b-sequence for (f, V).

Denote A = 0] ! (ﬂ'oA/ (f, V)) and consider the upper horizontal se-
quence:
01

mD(M,V) <2 A A (f, V). (5.5)

We know that moA'(f, V) is a free abelian, m;D(M, V) is abelian (0, Zs, Z,
or Z?) and its image is contained in the center of m O (f, V), and therefore
in the center of A. One might expect that this sequence splits, i.e. O
in (5.5) admits a section ¢ : mpA’(f,V) — A, which gave an isomorphism
¢ :mDu(M, V) ®mA'(f,V) = A, ¢(a,b) = pi(a) - q(b). This was initially
stated in [34, Theorem 1.5 for V' = &, however the arguments contained a
gap and were completed in [40, Theorem 6].

The following theorem describes a more general effect. Let T* be the
k-dimensional torus, i.e. a product of k circles.

Theorem 5.3.1. (cf. [40, Theorem 6]) Suppose Sia(f, V) is contractible
and that moA'(f, V) =2 ZF for some k > 0. Let w : mT*F — moA/(f, V) be
any isomorphism. Then there exists a continuous map n : TF — Of(f,V)
such that we have the following commutative diagram:

mTF —4 s m A (£, V)

" ) I (5.6)
mOs(f,V) —= 7S (f,V)

Hence for the map

¥ Da(M, V) x TF = Op(f,V),  ¥(h,s) =n(s)oh
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the induced homomorphisms ¥y : m (Did(M, V) x T"‘) — mO¢(f,V) are
isomorphisms for n > 2 and a monomorphism for n =1, so we will have
the following commutative diagram:

mD(M, V) @WOA/%\ b2 ﬂgA’(Jf, V)

DM, V) o 1 O£, V)~ mS(f, V) (5.7)
pod1 &p
g'(f,v)

in which main diagonal, middle row and right column are exact.

Therefore, if o : O — O¢(f, V) is a covering map corresponding to the
subgroup 1 (11 (Dia(M, V) x TF)) of mOy(f, V), then ¢ lifts to the map
e Dig(M, V) xTF — O such that ) = govp and v induces an isomorphism
of all homotopy groups, i.e. 7,2 s a weak homotopy equivalence.

In particular, if G'(f,V) is trivial (which holds e.g. when f is a generic
Morse map), then 11 is an isomorphism as well, whence v is a weak
homotopy equivalence (cf. [34, Theorem 1.5(3)]).

Proof. Let I* = [0,1]* be a k-dimensional cube. Then there is a natural
quotient map

v IF - Tk, V(tl,...,tk):(ezmtl,...,ezmt’“).

We will construct a certain continuous map ¢ : I¥ — Di(M,V U Q) such
that for all i = 1,...,k, and ¢1,...,ti—1,ti+1,...,tx € [0,1] we will have

fo((tl,...,ti_l,O,ti,...,tk) = fOC(tl,...,ti_l,l,ti+1,...,tk).

This will imply existence of a unique continuous map 7 : TF — O (V)
with po ( = nowv. Moreover, ( will be constructed so that n will make
commutative the diagram (5.6).

Notation. Notice that [0, 1] can be regarded as a CW-complex with two
0-cells {0} and {1} and a 1-cell (0,1). Then I* = [0,1]¥ inherits a CW-
structure, whose cells are product of cells of copies of [0,1]. It will be
convenient to introduce uniform notation for such faces.

Let K = {1,...,k}. Then each i-th face E of I* is determined by
partition of K into three mutually disjoint subsets A, B, C' such that

e for each s € A there is (¢1,...,t;) € E with 0 < t5 < 1.

e for each s € B and (t1,...,t;) € E we always have t;, = 0;

e for each s € C and (t1,...,t;) € E we always have t, = 1;

Denote such face by E4 p,c. Evidently, the dimension of F4 g ¢ equals
to the number of elements of A. Moreover, when writing points of K4 g ¢
we will sometimes indicate only coordinates belonging to A.
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Construction of (. One can easily find
(a) a subset Q C M such that |Q| > x(M);
(b) pairwise commuting diffeomorphisms 7i,...,7, € A/(f,V) whose
isotopy classes [7;] constitute a basis for mgA'(f) = Z¥;
(c) isotopies H' : M x [0,1] — M relatively Q with H® = idy; and
H{ =t foralli=1,... k.
Indeed, for each edge e of I'y choose a Dehn twist 7. along e. Then one
can assume that each 7; is a product of some 7.. This will guarantee
condition (b). Existence of @ and isotopies H' as in (a) and (c) is proved
in [40, Theorem 6| for V' = @. That sets also suffice if V' # & is finite but
V| < x(M). E.g. if M = D?, then one can take Q = dD?. If |V| > x(M),
then one can put Q = V.
Now ¢ will be constructed by induction on d-dimensional faces of I*.
Let d =0. Put

k
C(El,...,Ek):TIEIO---OTZk:Hﬁ', g; €{0,1}.
i=1

Since 7; pairwise commute, one can write the product of 7; in any order,
and therefore the notation Hle 7; is well-defined. Then

foller,...,ex)=forto--ort =f.

Let d=1. Every l-dimensional cell has the form F¢j p ¢, and so it is
“parametrized” by its i-th coordinate ¢;. Then we define ¢ on Ey;y p ¢ by

C(t;) = (H Tj) o HtZL
jeC

In other words, we first apply an isotopy H*, and if j-th coordinate of the
face is 1 (for j # i), then we additionally make a composition with 7;. Since
all 7; pairwise commute, ¢ is correctly defined on 1-skeleton of I*.

It follows that

fol(ti) = foH], ti € Ea B, C.
For example, if k£ = 2, then
((t1,0) = H}, ((t1,1) =m0 H}, ((0,t;) =HE, ((1,t2) = 0H}.
Let d = 2. Let i; < i be two distinct indices and
E = Bl in}, K\{i1,i2},

be a 2-face of I*¥ in which all coordinates except for i; and iy are zeros.
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By the construction ((0F) € Dig(M,V U @), and the latter space is
contractible. Hence ( extends to some continuous map
H2 : F — Dyy(M,VUQ).
Extend ( to each other 2-face Ey;, ;,}, B,c spanned by coordinates i1, g
in a similar way:
C(tiy, tiy) = (H 75) 0 HV (b, 1,).
jec
Then again
f © C(tiutig) = f o H'"2 (ti17ti2)
for any 2-face Ey;, i,},B,C-
Let d = 3. The construction is similar to the case d = 2. Let i1 < iy < i3
be three distinct indices and
E = E{il,ig,ig},K\{’h,ig,ig},@
be a 3-face of I* in which all coordinates except for iy, s, and i3 are zeros.
By the construction ((0F) € Djg(M,V U Q), and the latter space is
contractible. Hence ¢ extends to some continuous map
HY25 0 B — Dy (M, V UQ)
and we extend ¢ to each other 3-face E; |

11,19, %3 in a similar way:

C(tilati27ti3) = (H TJ) © Hi17i27i3 (ti17ti27ti3)‘
jec

in,is}, B,c spanned by coordinates

Applying the same arguments so on, we extend ¢ to all of I*.

Verification of properties of . By construction the restriction of ¢ to
each 1-face spanned by coordinate ¢;, is given by the loop ~; := fo H'. But
due to description of 9y (see Remark 5.1.2), 01 ([vi]) = Hi = ;. This means
commutativity of (5.6). O

It is convenient to formulate the general observation about the homotopy
types of O(f, V) in the form of the following property (Bib).

Definition 5.4. Let M be a compact surface, f € F(M,P), V be an f-

adapted submanifold, and G'(f,V) be the group of automorphisms of the

graph of f induced by elements of S'(f, V'), see (4.8). Say that a pair (f,V)

has property (Bib) whenever

(Bib) there exists a free action of the (finite) group G'(f, V') on a k-torus TF
for some k > 0 such that we have the following homotopy equivalence:

Of(f, V) = Di(M,V) x (TF/G'(£,V)),
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where TF /G'(f, V) is the corresponding quotient space.

Remark 5.4.1. Evidently, Property (Bib) generalizes the effect described
in Theorem 5.3.1 for the case when G'(f,V) is trivial. That property was
discovered by E. Kudryavtseva in a series of papers [23,24, 26|, in which
she described the homotopy structure of the spaces F,,, of Morse func-
tions on orientable compact surfaces equipped with a numeration of their
critical points (such spaces are finite covering spaces of the spaces of all
Morse functions). She presented a “finite-dimensional” model for the strat-
ifications of those spaces into orbits of Morse functions, and demonstrated
Property (Bib) for them.

Remark 5.4.2. Notice that not all pairs (f, V') have property (Bib). For
instance, if f : S — R is a Morse function with two only critical points as
in Theorem 5.2.1(A), then mOf(f) = m1.5% = 0. On the other hand, the
graph of f is a closed segment, whence G’(f) is trivial, and therefore

T (Did(S2) X (']I'k/g’(f))) > 7y x 7K # 0 for any k > 0.

Nevertheless this property seems to be very typical. The following theo-
rem describes several cases when (Bib) holds.

Theorem 5.5. Let M be a compact connected surface, f € F(M,P), and
V be an f-adapted submanifold. Then the pair (f,V') has property (Bib) in

the following cases.
(1) Sia(f,V) is contractible, and G'(f, V) is trivial (Theorem 5.3.1).

(2) M is orientable, V = @, and f € M(M,R) is such that the Euler
characteristic x(M) of M is less than the total number of fized critical
points of S'(f) (E. Kudryavtseva [23,24, 26]).

Warning. In [44, Corollary 1.3 & Theorem 5.10] it was claimed that Property (Bib) holds
for pairs (f, V) admitting a diagonal short exact sequence from (5.7). However, such a
statement is not in fact proved. The reason is that the above claims were just direct
applications of [44, Theorem 2.5] being in turn an incorrect formulation of a realization
theorem for crystallographic groups. That [44, Theorem 2.5] states that for every short
exact sequence ZF < I' —» G with finite G and torsion free T', there exists a free action
of G on T* such that 7 (T¥/G) = T". In fact, in general one should additionally require
that ZF is a mazimal abelian subgroup of T (this is a theorem by H. Zassenhaus, see
e.g. [563, Theorem 2.2]).

Nevertheless this does not mean that [44, Corollary 1.3 & Theorem 5.10] are wrong.
Indeed, consider the following short exact sequence z,, : nZ — Z —» Z,. Then nZ is not a
maximal abelian subgroup of Z, however there exists an action of Z, on T* = S* such that
m (T Z3) = Z.

Therefore to complete the proofs of [44, Corollary 1.3 & Theorem 5.10] one needs to
thoroughly check conditions on (f, V') when such actions of G'(f,V) on some tori exist.
This will be done in another paper. a
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In next sections we will describe algebraic structure of 71Oy (f,V) for
the case when M is orientable and distinct from S2.

6. MAPS ON SURFACES WITH X (M) < 0

Let M be compact surface, f € F(M,P), and V an f-adapted subma-
nifold. In this section we give a complete description of algebraic structure
of Bieberbach sequence (4.5):

b(f,V): mA(f,V) = mS(f,V) = mG(f, V).

for the case when M is orientable and differs from S2.

6.1. Reduction to the case x(M) > 0. Theorem 6.1.1 below shows that
computations of b’(f, V) completely reduces to the case when x(M) > 0
(i.e. is one of the following surfaces: S?, T2, D? S! x [0, 1], RP%, M&bius
band and Klein bottle) and V' consists of critical points of f and boundary
components of M.

Let Ry be a f-regular neighborhood of V' and D;,..., D, all the con-

nected components of the closure M \ Ry which are diffeomorphic with a
2-disk. Then the union

Ny ::RvUDlU...UDq
is called a canonical neighborhood Ny of V' (corresponding to Ry ), see [17].

Theorem 6.1.1. ([39], [44, Theorem 5.4]|) Suppose M is connected with
X(M) < 0. Let also K be the union of all non-extremal critical leaves of
f whose canonical neighborhoods have negative Euler characte-
ristic, R an f-reqular neighborhood of K, B1,..., By all the connected
components of M \ Rg, and Xia =B;,N(VURgk),i=1,...,k. Then

(1) each B; is diffeomorphic either with a 2-disk or a cylinder or a Mébius
band;

(2) the inclusion (S'(f,V URk),A'(f,VURg)) C(S'(f,V),A(f,V)) is

a homotopy equivalence, inducing therefore an isomorphism

k
b'(f,V)=b'(f,VURk) =]V (fls. XD).
=1

6.2. Relation between sequences b’(f,V) and b(f). Denote by

jo : moS'(f, V) = moS'(f)
the homomorphism induced by the inclusion j : S'(f, V) C S'(f).
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Lemma 6.2.1 (44, Lemma 5.1|). Suppose M is connected and V is a
non-empty union of several boundary components of M. Suppose also
that Sia(f) is contractible.

(i) Then we have the following commutative diagram:

mDi(M)—s 1,04 (f) ——2—— 1S (f)

Theorem 5.1(3) T = \ Tjo

Wlof(fv V) %»W()S/(f, V) (61)

ker(jo)

In particular, it induces an isomorphism between the right column and the
upper row which coincides with the sequence (5.2).

(ii) We also have the following exact (3 x 3)-diagram:

ker(jo) =——= ker(jo) — {1}

b(f,V) T (f,V) > mS'(f,V) = G'(f.V)  (6.2)
fy Yo | 1'(v.2)

b(f) T (f) —— mS'(f) —— G'(f)

Since the groups moA'(f, V) and moA'(f) are free abelian, the left column
splits, so there is a section & : moA'(f) = mA'(f, V).

(iii) If x(M) < 0, and thus Diq(M) is contractible, then by (6.1), jo is
an isomorphism, and (6.2) yields an isomorphism b'(f, V) = b'(f).

(iv) If x(M) > 0, so M is either a 2-disk, or a cylinder, or a Mdbius
band (since OM # @), then ker(jo) = mDi(M) = Z due to (6.1), and the
diagram (6.2) is a short exact sequence z1 — b/'(f, V) —» b'(f).

In fact, for M being a 2-disk of a Mébius band, then ker(jo) is generated
by a Dehn twist along boundary component of M, and for M = St x [0,1]
the kernel ker(jo) is generated by a pair of Dehn twists in different directions
along boundary components of M.

In the next two sections we will describe the algebraic structure of b(f, V)
for the cases when M is a 2-disk, cylinder and torus. Together with Theo-
rem 6.1.1 this will give complete information on b(f, V') for all orientable
surfaces distinct from S2.
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7. MAPS ON 2-DISK AND CYLINDER

Suppose (M, V) is one of the pairs (D?,dD?) or (S x[0,1], S x0). Then
the group D(M, V') is connected (in fact even contractible, see Table 5.1).
Hence D(M,V) = Dig(M, V) and

S (f,V)=8(f,V)NDyu(M,V)=8(f,V)ND(M,V)=8(f,V). (7.1)

Similarly, A’(f,V) = A(f, V). This implies that b(f, V) =b/(f,V).
Recall that if Siq(f) is contractible, then by Lemma 6.2.1(iv) we also
have the following short exact sequence:

z1 = b'(f,V) = b'(f) (7.2)

which is the same as the diagram (6.2).

7.1. Maps with minimal number of critical points.

Theorem 7.1.1. ([44, Theorem 5.5]) Let (M, V) = (S* x [0, 1], S x 0).
(1) For each f € F(M,P) the inclusion of pairs

(S'(f,0M), A(f,0M)) © (S'(£,V), A(£V)) 2 (S(1,V), A(S V)

is a homotopy equivalence, whence b'(f,0M) = b'(f,V)=b(f, V).
(2) If f € F(M, P) has no critical points, then

TS (f,V) =0, moS(f,OM) =
In particular, b'(f,V) =2y : {1} — {1} — {1}.

Theorem 7.1.2. (|44, Theorem 5.6|) Suppose f € F(D?, P) has a unique
critical point z being therefore a local extreme.

(1) If = is non-degenerate, then b'(f,0D?%) = zy : {1} — {1} —» {1}.

(2) If z is degenerate of symmetry index m, then Siq(f) is contractible,
and the sequence (7.2) is isomorphic with (3 x 3)-diagram {z,,

see (2.16):
Z1 : mz = mZ —= ()
" T i
b (f,0D?) = z,,: ML T, —>
/ b T

b'(f) : 0“—Zpy, ="2Zm



Deformations of functions on surfaces 183

7.2. General case. It follows from these theorems that

7.1
b(AV) = B(1.V) = b(7.00), (7.3
where the second and third sequences coincide if M = D? and are isomor-
phic for M = S! x [0,1] by Theorem 7.1.1(1). Our aim is to compute the
sequence (7.3).

Let K be a unique critical leaf of f such that the connected component
of M \ K containing V includes no critical points of f. Equivalently, let v
be the vertex of I'y of f corresponding to V. Then v belongs to a unique
edge e of I'y, and K is the leaf of f corresponding to another vertex of e.

It follows from uniqueness of K that

WK)=K, YheS(f,V). (7.4)

Let ¢ = f(K) € P and € > 0. Denote by Rx the connected component
of f~1[c—¢,c+¢] containing K. Decreasing ¢ we can assume that Ry \ K
contains no critical points of f and Rx NOM C ORf (this intersection may
be empty). In particular, Ry is an f-regular neighborhood of K.

Let Z be the collection of all connected components of M \ Rx. Since
by (7.4) K is S(f,V)-invariant, we have that so are Rx and M \ Rg. In
other words, we get a natural action of S(f,V) on Z. Let

S(Z)={heS(f,V)|hZ) = Z for each Z € Z} (7.5)

be its kernel of non-effectiveness. Then the quotient S(f,V)/S(Z) effec-
tively acts on Z.

e Let Z/** = {X(, X1,..., X,} be all the elements of Z invariant under
all diffeomorphisms from S(f, V), i.e. fixed points of S(f,V)/S(Z). Enu-
merate them so that V C Xy, and in particular, Xy is always a cylinder.
Evidently, if M = D?, them all X;, i > 1, are 2-disks. On the other hand,
if M = S' x [0,1], then the element of Z containing another boundary
component S' x 1 is invariant under S(f, V) and we will always denote it
by Xi. In this case X; is a cylinder, and all others X;, ¢ > 2, must be
2-disks.

e Let also Z"%9 := Z\ Z/* = {Y1,...,Y}} be all other 2-disks of Z. Thus
each Y; is not invariant under some element of S(f, V).

The following theorem expresses b’(f,dM) via the corresponding se-
quences {b'(f|z,0Z)}zcz. It is essentially based in Lemma 2.9.1,

Theorem 7.2.1.  (A) Suppose that all elements of Z are invariant under
S(f, V), which is equivalent to either of the following three conditions:

779 = &, Z=7'"={Xy,X1,...,Xa}, S(f,V)=S8(2).
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Then b'(f) 2 T b (f]x,,0X;)
=1

1 A(flx,0X) = 11 8(flx,.0X) - 1 G/(flx,.0X),  (7.6)

and the sequence (7.2): z1 < b/'(f,V) —» b/(f) is isomorphic with a split
sequence (2.8.3): z1 < z1 X b'(f) = b'(f). In particular,

B(f,V) 220 x D) 2 B(f) x 2 2 B(f) 1
(T A'(f]x,,0X)) <2 = (T S'(f]x,, 0X)) xZ — 11 G'([]x,.0X,).

(B) Assume that Z"%9 = {Y;}}_, #+ @.
(a) Then S(f,V)/S(Z) = Zy, for some m > 2;

(b) The effective action of S(f,V)/S(Z) on Z is semifree, i.e. free on
the set Z"°9 of non-fixed elements, and has exactly either one or two fixed
elements.

In particular, m divides b and that action has exactly ¢ := b/m orbits.
Fiz any (2-disks) Y1,...,Ye. € Z"9 belonging to mutually distinct non-fized
Ly, -orbits and define the following short exact sequence:

a:= ([[V'(flvi, %) tzm : (7.7)
j=1
(11 &(Flx0x0) " 2 s (11 8'(Flx,,0X0) 12— 1T G'({]x,0X0).
Then the following statements hold.
(c) If S(f,V)/S(Z) has a unique fized element, i.e. Z/" = {Xo}, then
b'(f,0M) = q.

(d) Otherwise, due to (b), S(f,V)/S(Z) has exactly two fized elements,
s0 ZF™ = {Xo, X1}. Let Ay = M\ X;. Then

Z/[" = 27"\ (X1} = {Xo},

whence the restriction f|a, satisfies condition (B)(c). Therefore

(4.14)
b'(f|4,,041) = q, b'(f,oM) = b'(f]x,,0X1) x q.

Corollary 7.2.2 (Decomposition into annuli and possibly one disk). Let
M be either a 2-disk or a cylinder and f € F(M,P). Then there are
f-adapted subsurfaces Ay, ..., A, C M having the following properties.
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(a) Fori=1,...,n—1 the surface A; is a cylinder, while A,, is either
a 2-disk or a cylinder. Moreover, the intersection A; N A; fori < j is non-
empty only for j = i+1 and in this case it is a common boundary component
of these subsurfaces. Also Ay contains some boundary component of M.

(b) For each i = 1,...,n — 1 there exist m;,c; > 1 and certain f-
adapted mutually disjoint 2-disks Y;1,...,Y; ., C A;, such that we have an
isomorphism

b/ (14,049 = (TTW(li, 94) ) 1 (73)

J=1

while the last sequence b'(f|a,,0Ay) is isomorphic either with a sequence
of type (7.8) or with zg or with z,,, for some my > 1.
n

(c) B/(£,000) = [T B(fl4,, 04).

=1
(d) The sequence (7.2): z; < b/(f,0M) —» b/(f) is isomorphic with
diagonal Garside sequence (2.15) for the sequences {b'(f|a,, 0A;)}1 .

In order to formulate the general result about the structure of b’(f, 0M)
it will be convenient to introduce a series of classes of groups and short
exact sequences, see Theorem 7.3.4.

7.3. Classes of groups and short exact sequences. A group B is called
crystallographic if it admits a short exact sequence: A < B — C' in which
C' is finite and A is a maximal abelian subgroup of B being also free abelian.
A crystallographic group B is Bieberbach if it is torsion free (i.e. has no
elements of finite order).

A short exact sequence u: A — B —» C will be called nearly crystallo-
graphic if A € Z, i.e. it is a free abelian and C is finite. In this case we also
say that u is crystallographic, if A is a maximal subgroup of B. Moreover, a
(nearly) crystallographic sequence u: A < B —» C will be called (nearly)
Bieberbach if B is torsion free.

For example, for m > 2 the sequence z,, : mZ — Z —» Z,, is nearly
Bieberbach but not Bieberbach, since mZ is not a maximal subgroup of Z,
though the group Z is Bieberbach.

A group G is solvable if it has a finite increasing sequence of subgroups
1=Gy <Gy < --- <G, = G such that G; is normal in G;41 and each
quotient G;+1/G; is abelian. It is well known and is easy to check that in a
short exact sequence of groups A — B —» C if any two groups are solvable,
then so is the third one.

7.3.1. Classes of groups. Consider the following classes of groups.
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o Let Z = {Z" | n > 0} be the set of all finitely generated free abelian
groups.

e Let B be the minimal set of isomorphism classes of groups such that
{1} e Bandif A,Be€ Band m>1, then Ax B and A Z € B as well.

m

e Let By be the minimal set of isomorphism classes of groups such that
{1} € By and if A, B € By then A x B and A1Z € B.
2

e Let also P be the minimal set of isomorphism classes of groups such that
{1} e P,and if A,B € P and m > 1 then A x B, Al Z,, € P as well.

e Let Py be the minimal set of isomorphism classes of groups such that
{1} € Py, and if A, B € P then A x B, A1Zy € Ps.

Evidently, B, C B and P, C P.

It is easy to check that a group G € B (resp. B2, P, P2) if G is obtained
from the unit group by finitely many operations of direct products and
wreath products of the form - Z for some m > 1 (resp. -1 Z only, -2 Z,

2

m
for some m > 1, -1 Zy only). For instance,

B >{1}, z={1}12, 7™, ((Z3§Z)zZ)x(leSZ),

By >{1}, zZ™, ((2352) Z)x(ZéZ),

)
2

P 5{1}, Zm, (Z51Zs)27Z11) % (Z31Zs5),
P2 3{1}, Zy, ((Z51Z2)1Z3) X (Z21 ZL3).

7.3.2. Classes of short exact sequences.

e Let ZBP be the set of isomorphism classes of all nearly crystallographic
sequences A— B —»C,s0 A€ Z, BeB,and C € P.

o Let ZZT = {(z1)™ : Z™ = Z™ —» 1}m>o0.

e Let also ZBP be the minimal set of isomorphism classes of short exact
sequences such that zg € ZBP, and if q,q' € ZBP and m € N then
qx q and qlz,, € ZBP as well.

e Let also ZBP2 be the minimal set of isomorphism classes of short exact
sequences such that zg € ZBPs, and if q,q' € ZBPs then q x q' and
qlze € ZBPy as well.

Similarly, a short exact sequence q belongs to ZBP (resp. ZBP32) iff it can
be obtained from zy by finitely many operations of products of sequences
and wreath products of the form -?z,,, m € N, (resp m = 2 only).

The following lemma describes properties of the above classes.
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Lemma 7.3.3. ([44, Lemma 2.6])

(1) Every B € B is solvable and nearly Bieberbach, and every C € P is
solvable and finite.

(2) zm EZ/I\Sﬁ)for all m > 0.

(3) If q; : ZF < B; —» C;, i = 1,2, are (nearly) crystallographic (resp.
(nearly) Bieberbach) and m > 1, then so are

q1 X qQqg: Zk1+k2 — leBg —» Cl><02,

Q1sz:Zk1mme<—>Bl VL —» CLU oy,
m

(4) ZBP, C ZBP C ZBP.

Theorem 7.3.4. ([44, Theorem 5.10]) Let M be a connected orientable

compact surface distinct from S? and T?, f € F(M,P), and V C M an

f-adapted submanifold such that

(a) each connected component of V is of dimension > 1, i.e. it is not a
critical point of f;

(b) V # @ whenever M = D? or S' x [0,1], so x(M) < |V|, whence
Dia(M, V) is always contractible, and we have an isomorphism

T (f,V) 2 7S/ (£, V).

Then the sequence
bl(f? V) : 7TOA/(fa V) — 7T()S/(fa V) - g,(f’ V) (79)

belongs to the class ZBP.

In particular, moA'(f, V') is a finitely generated free abelian group (which
is already stated in Lemma 4.7.1(3)), mO¢(f, V) = moS'(f, V) are solvable
nearly Bieberbach group, and G'(f,V') is solvable and finite.

If f € M*™P(M, P) is a simple Morse map, then b'(f,V) € ZBP>.

Notes to the proof. Assume that f € F(M, P) has exactly n critical points.

1) Suppose M is a 2-disk or a cylinder. If f has no saddle critical points, then by
Theorems 7.1.1 and 7.1.2 the sequence is either zp or zo ! z1. On the other hand, if f has
critical point, then Theorem 7.2.1 shows that b’(f,OM) expresses via analogous sequences
b'(f|x,,0X;) and b'(f|y;,dY;) by operations of direct products and wreath product - zm,
for some m > 1. Since each X; and Y; is also a 2-disk and cylinder and contain less number
of critical points than f, one can apply the induction on n, and obtain that b’(f,dM) is
obtained from a sequence zo by finitely many operations of direct products of short exact
sequences and wreath products - z,, for some m.

2) If x(M) < 0, then by Theorem 6.1.1 b’(f,0M) is again a product of sequences of
the form b’(f|g, OB), where B is either a 2-disk or a cylinder, and therefore b’(f,OM) is
also obtained from the sequence zo by finitely many operations of direct products of short
exact sequences and wreath products - ? z,, for some m.
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If f is a generic Morse map, then an f-regular neighborhood of each critical leaf of f is
a disk with two holes, which leads to the observation that in Theorem 7.2.1 we always have
that m = 2. This implies the last statement of Theorem 7.3.4. O

7.4. Realization theorems for b’(f,V). We discuss here the question
when an abstract group G can be realized as one of the groups (7.9) for
some (M, f, X). The presented results are obtained in the papers S. Maksy-
menko and A. Kravchenko [21], B. Feshchenko and A. Kravchenko [18],
I. Kuznietsova and Yu. Soroka [31].

7.4.1. Signs on the boundary. Let M be a compact surface. Then by defi-
nition each f € F(M, P) takes constant values at connected components of
OM. Fix an orientation on P (which is R or S'). Then for each boundary
component W of M one can say whether f takes a local maximum or local
minimum with respect to the orientation of P. Hence one can associate to
f afunction e¢ : mp0M — {£1} such that (W) = —1 (resp +1) if f takes
on W a local minimum (resp. maximum) with respect to the orientation of
P.
For every function ¢ : mpdM — {£1} define the following four spaces:
Fe(M,P)={f e F(M,P)|es=e},
M (M, P) = M(M, P) N Fo(M, P),
METP(M, P) = M (M, P)N F.(M, P),
./\/lge”(M, P) = M (M, P) N F.(M, P).
Also for every subspace X C F(M, P) consider the following sets of iso-
morphism classes of groups
Sx ={mS'(f,oM) | fe X},  Gx={mG'(f,0M)|f € X},
and the following set of isomorphism classes of short exact sequences:
ASGy :={b'(f,0M) | f € X}.

Then we have the following relations between those classes:

Smegmanp) © 2, G g arpy = {11
SMng(M,P) C BQ, GMng(M7P) C PQ,
Sm.(m,p) € Sr.(m,p) C B, Gr.on,p) CGrup) CP

ASG ey py C 22T,
ASGMSmp(M,P) C ZBPQ,
ASGME(M,P) C ASG]—}(M,P) C ZBP.

The inclusions for generic Morse maps follow from Lemma 4.5.1, and all
others from Theorem 7.3.4.
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Theorem 7.4.2. Let M be an orientable compact surface distinct from T?
and S?, and € : ToOM — {£1} be any function.

(1) If M = S x [0,1], and ¢ takes the same value on both connected
components of OM , then

Smemen,py = B2\ {1}, Sam.ar,p) = Sr.(m,p) = B\ {1},

G e, py = Po, Gur.np) = Grup) =P,

ASG o py = ZBPs\ {20}, ASGaprp) = ASGr (app) =
= ZBP \ {zo}.

In particular, for every f € F.(M, P), the group 7S’ (f,0M) is always
non-trivial.

(2) In all other cases of M and € we have that

S meme(r,py = Bz, Sm.m,p) = Sr.(m,p) = B,
GMZmp(M,P) = 7327 GME(M,p) = G]'—E(M,P) = P,

Notes to the proof. For groups Gx the proof is given in S. Maksymenko and A. Krav-
chenko [21], and for groups Sx by I. Kuznietsova and Yu. Soroka [31]. Notice that in the
case (1) any map f € F.(M, P) has local minimum (or local maximum) on both boundary
components of M. Therefore f must have saddle critical points inside M, and therefore by
Theorem 7.2.1 the group moS’(f, OM) is always non-trivial. This explains why one should
remove the unit group {1} from the classes in the first line of (1).

A thorough analysis of arguments in [31] shows that they actually contain realization
theorems for sequences b’(f,dM). This gives the corresponding relations for ASG x.

The case M = T2 is described in Theorem 8.3.3 below. g

8. MAPS ON 2-TORUS

In this section we will describe the results of S. Maksymenko, B. Fes-
hchenko, and A. Kravchenko [9-12,18,45-47] about algebraic structure of
m1O¢(f) for the maps f € F(T?, P).

Let f € F(T?, P). If f has no critical points, then f is a locally trivial
fibration 72 — S' and the homotopy types of stabilizers and orbits for the
pair (f, @) is described by Theorem 5.2.2(D).
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Assume that f has at least one critical point. Then we have the following
diagram (5.7) relating all the groups which we are interested in:

mD(T?) & moA(f) & moA(f)
np R W 4
mD(T?) > mOi(f) —2> mS'(f) (8.1)
pod1 &P
g'(f)

Recall that by Lemma 4.3.3 the graph I'y of f is either a tree or contains
a unique cycle. In each of those cases we will describe this diagram up to
isomorphism.

Lemma 8.1. ([18, Lemma 5.4]) Let f € F(T?, P). If f is either simple,
or P = S' and f is not null-homotopic, then 'y contains a cycle.

8.2. Maps f € F(T? P) whose graph I'; contains a cycle. Suppose
f: M — P be amap from F(T?, P) such that its graph I'; contains a
simple cycle . Let z be a point belonging to some open edge of v. Then
x corresponds to some regular leaf Cy of f. Let

C={n(Co) | h € S'(f)}

be the set of images of Cy under all maps of S’(f). Then C consists of
finitely many, say n, leaves of f which can be cyclically ordered along T2
and enumerated as follows:

CO’ Cl7 T Cn—l-

If n > 2, then for each i the leaves C; and C;1; bound a cylinder Q;
containing no other leaves C; and IntQ; N IntQ; = @ for ¢ # j. Every
h € S(f) cyclically shift those cylinders. Denote by @ one of them, e.g.
put @ = Qo.

Suppose n = 1, so Cp is invariant with respect to S’(f), then T2\ Cj
is an open cylinder “bounded by Cj from both sides”. In this case we put
Q = T2\ R¢,, where R¢, is any f-regular neighborhood of Cj

Now we will define several constructions and homomorphisms.

a) Recall that 72 = S' x S! is a abelian group, and therefore for each
(a,b) € T?, the shift 7,4 : (z,y) = (¥ + a,y+b) is a diffeomorphism of T2.
Then the correspondence (a,b) — 7, is an embedding 7 : T? < Dy(T?).
It is well known that 7 is a homotopy equivalence, see Table 5.1.

b) Let C{ be a simple closed curve which transversely intersects Cj at a
unique point z. It will be convenient to imagine C{; and Cy as a parallel and
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a meridian of T2. Let A = [C}], u = [Co] € m1(T?,z) be the corresponding
elements of the fundamental group of 72. Then one can assume that

A= (1,0),p=(0,1) € 2> = 1,72 o 11 Dig(T?).

c) Let Vy and Vi be the boundary components of ). By Corollary 7.2.2
one can represent @ as a “chain” of n cylinders Ay,..., A, having the fol-
lowing properties.

e 1 C 0A;1, V) C 0A,, and only consecutive pairs A; and A;41 intersects

and A; N A;11 is their common boundary circle;

o b/(flo,0Q) = H b'(fla,, 0Ai);

d) Lete: 0Q — {il} be the function defining the sings on the boundary
of the restriction f|g, see Section 7.4.1. Thus € takes constant values on
each connected component V' of 9Q) and equals +1 (resp —1) if f takes on
V alocal maximum (resp. local minimum). Then it is easy to see if P = R,
then e takes the same value on both boundary components of 9@, whence
by Theorem 7.4.2(1), moS(f|g,0Q) is a non-trivial group. On the other
hand, for the case P = S, the function ¢ takes distinct values on boundary
components of JQ), whence in this case mpS(f|g, Q) can be trivial, which
holds, e.g. when f has no critical points, see Theorem 5.2.2(D).

e) To simplify notations define the following groups A; := mS’(f|4,, 0Ai),

Ay = moA(flg,0Q), A= moA(flg),
Sy =108 (flg,0Q), S :=mS' (flo)-
Then the latter isomorphism for the sequence b’(f|g, 0Q) contains an iso-
morphism
Sy 11 A

o~

f) Let A = ([idg],. .., [idg],m) € S 2 Z be the Garside element of the

group Sa ! Z, see §2.8. Then P\ contalned in the center of Sy

g) Let ,u,Z be the Garside element of A;, and 1 = (ju1 . .,,un) be the
diagonal Garside element of Sy, see (2.15). Notice p is the generator of
the kernel jo : Sy — S, and corresponds to a pair of Dehn twists along
boundary components of ) produces in different directions.

h) Recall that by Lemma 6.2.1(ii) there exists a section

E:A = Ay C Sy
i) Then one can define the following homomorphism:

(o2 7T1D1d( )XAm%SQZZ
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Oé()‘a:ub7 q1,. .. ,QTL) = (g((h)ﬂb’ cee ag(Qn)/j’ba am)'
Since a(\) = X and a(p) = (i,...,1,0) belongs to the center of Sy Z,

one easily checks that « is in fact a well-defined homomorphism. Moreover,
it is also easy to see that « is injective.

Theorem 8.2.1. ([11,46,47]) Diagram (5.7) is isomorphic to the following
one:

mD(I?) & (”OMJCK ] (”OA’<fQO>)m

mD(1?) > w8 (flo.0Q) 1 Z —"= 70S'(f1Q) 1 Zm
g/(f|Q) Ly
where §(s1, ..., 8m, k) = (Jo(s1),---,Jo(Sm), k mod m), and other arrows

are obvious homomorphisms.
In particular, for the right columns of the corresponding diagrams we
have the isomorphism, see (2.13):

b'(f) = ' (flo) tzm.
8.3. Maps f € F(T?, P) whose graph I'y is a tree.

Lemma 8.3.1. (|45, Proposition 1]|) Suppose I'y is a tree. Then there
exists a unique critical leaf K of f such that T? \ K is a union of open
2-disks.

It follows from uniqueness of such critical leaf, that h(K) = K for all
h e S(f).

Let ¢ = f(K) € P. Take € > 0 and consider the connected component
Ry of f=1 ([c —e,c+ 6]) containing K. Decreasing € one can assume that
RrgNY¥y=KnNX;. Then Rk is an f-regular neighborhood of K, and it is
also invariant with respect to S(f).

Similarly to §7.2 let Z be the collection of all connected components of
T2\ Rg. Then by Lemma 8.3.1 each element of Z is a 2-disk, and S(f)
interchanges those disks. Let also

S(Z)=1{h e S'(f) | h(Z) = Z for each Z € Z} (8.2)

be the kernel of non-effectiveness of the action of S'(f) on Z. Then the
quotient S’(f)/S(Z) effectively acts on Z.
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Theorem 8.3.2. ([|9-11,18,45])

(A) Suppose all elements of Z are invariant with respect to S'(f). To
simplify notation put

A= 11 mA(f|2,02), S:= U mS(f|z,0Z), G:= 11 G (flz,02).
Zel ZeZ VASY A

Then diagram (5.7) is isomorphic to the following one:

mD(T?) & A P A

- o

mD(T?) s mD(T? S — > ‘j (8.3)
g

In particular, for the right column we have an isomorphism
b'(f) = [ ¥'(f12.02).
Zel
(B) Otherwise, the following statements hold.
a) S'(f)/S(Z) = Zy, ® Zy, for some n,m > 1;

b) The action of S'(f)/S(Z) on Z is free. For instance Z contains mnc
disks, where ¢ > 1 is the number of orbits of that action.

¢) Choose any collection Z1, ..., Z. of elements of Z belonging to mutually
distinct orbits and for simplicity denote

A= ,IEIIWOA/(f\Z”@Zi)a S = 'f[1 708 (flz,,0%;), G:= ,1511 G (flz;,0%;).

Then diagram (5.7) is isomorphic to the following one:

7T1D(T2) @ Amn P2 Amn
p1¢ \ \f
mD(T?) 2= S 1 72 % S)U(Z x Zy) (8.4)
G U (L x Zy)
where o : mT? = S U Z is given by
a()\“ub) = (e,...,e, amod m, b mod n)

and e is the unit of S.
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In particular, for the right column we have an isomorphism, see (2.14):
b'(f) = ([T V'(f12,02)) 122, .
VASY/

Evidently, (8.3) is a particular case of (8.4) for m = n = 1. The last
identity can also be proved using Lemma 2.10.1.

We will now formulate the results about the structure of b’(f) sequences
for maps on T2 similar to Theorems 7.3.4 and 7.4.2.

Define the following spaces of maps:

FYUT? P)={f € F(T?, P) | Ty is a tree},
FO(T?%, P) = {f € F(T? P) | s contains a cycle},
MY(T?, P) = M(T?, P)n F¥(T?, P),
MO (T2, P) = M(T?, P)n FO(T?, P).
Then Lemma 8.1 implies that we have the following inclusions:
MI(T? P) € M*™(T? P) ¢ MO(T? P) c FO(T? P),
MY(T% P) ¢ FY(T? P).
As a consequence of Theorems 7.4.2, 8.2.1, 8.3.2 we get the following:

Theorem 8.3.3. ([18,31]|) The following identities hold:
SMgen(T2’P) :Z:{ZTL ’n:(],l,...,},

SMsmp(T27sl) — {A 2 Z ‘ A S BQ,m Z 1},
Spmorzry =Srorer) ={(AX B)1Z[| A B e B\{l},m > 1},

SMO(TQ,SI) == S]-—O(TQ,Sl) == B,
SM‘I’(TQ,P) - S]:‘IJ(TQ’P) - {A Z ZQ | A € B, m,n Z ].},

G pgen (72, p) = {1},
G psmw(72,p) = {G VL, | for some G € P2 and m > 1},
Gmorz,py = Groz p) =P,
G2, py = Grvpe py = {GU(Zm X Zy) | G € Pym,n > 1},
ASG gen(72,p) = ZI,
ASG psmp(r2r) = {(U X V) 12, | 0, v € ZBP2\ {20}, m > 1},
ASG smp(72,51) = {usz |ue ZBP,m > 1},

N
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ASGMO(T27P) - ASG]:O(TQJD) -

={(uxVv)1zy |u,ve ZBP\ {z0},m > 1},
ASGM\IJ(T27P) = ASG]:‘I/(T27P) ==

= {uZZ?nm |ue ZBP,m,n > 1}.

The proof for classes Gy is given in [18] and for Sy in [31]. Those proofs
imply realization theorems for ASGy.

Partial computation of sequences b/(f) were obtained in [19,20] and
in [29] for the cases when M is 2-sphere and Mobius band respectively.
They are not complete, and therefore we do not present them here.

9. FIRST HOMOLOGY GROUPS OF ORBITS

Let M be a connected compact orientable surface distinct from S2, and
f e F(M,P). Let also

B = S]:\I/(T2’p) = {A l z? ‘ AeB m,n> 1}
m,n
Then by Theorems 8.3.3 and 7.4.2 the fundamental group G = m Of(f)
belongs either to B or to B’. Moreover, as mentioned after definitions class
B in Sections 7.3.1, G is obtained from the unit group by finitely many
operations of direct products and wreath products of the form - Z, and
m

(for the case when M = T2 and 't is a tree) possibly a unique and the last

operation of wreath product of the form - ! Z? for some a,b > 1. One can
a,b
formalize this observation as follows.

Consider the following two alphabets:
A:{I,Z,(,),X} U {ELZ}GZI
A=Au{ 172°}
a,b

a,b>1’

so A it consists of the unit group 1, group on integers Z, brackets “(” and *)”,

a product sign “x”, and wreath product with Z symbols “QZ” for all a > 1,
a

while A’ additionally contains wreath products with Z* symbols “ ¢ Z*” for
a,b
all a,b > 1.
Then every group G € B (resp. B') is written (though not in a unique
way) as a word w in the alphabet A (resp. A’). For example, Z? can be
written by the following words:

ZxZ, Zx(Z), 1x0Z)x(11Z), 11(Zx2).
a a b a,b
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for any a,b > 1. Of course, there are words which do not define a group,
e.g. ).
4

Given a group G € B (resp. B') every word w which correctly defines G
will be called a realization of G in the alphabet A (resp. A’). Denote by
B1(w) the number of symbols Z in the word w.

The following result is obtained by I. Kuznietsova and Yu. Soroka as a
consequence of Lemma 2.6.1.

Theorem 9.1 ([31]). Let G € B (resp. B'), and w be any realization of G
in the alphabet A (resp. A'). Then the center and the abelianization of G
are free abelian groups of the same rank (1 (w):

Z(G) = G/|G,q) = 71w,

In particular, p1(w) does not depend on a concrete realization w of G in
the alphabet A (resp. A’).

Recall that by Hurewicz theorem, e.g. [15, Theorem 2A.1], for any path
connected topological space X with the fundamental group G = m X we
have an isomorphism H;(X,Z) = G/[G,G]. Hence we get the following

Corollary 9.2 (|31]). Let M be a connected compact orientable surface
distinct from S%, f € F(M,P), G = mOf(f), and 1 be the number of
symbols Z in any realization of G in the alphabet A (or A'). Then the first
homology group H1(Of(f),Z) = G/|G,G] is a free abelian group of rank
B1, that is 31 is the first Betti number of the orbit Of(f).
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36ipuuk npaips u-ry maremarnkun HAH Vkpaiau (2020) T. 17, Ne 2, 200-282

Symmetries and supersymmetries of
generalized Schrodinger equations

A. G. Nikitin

Abstract. The contemporary results concerning Lie symmetries, higher
symmetries and supersymmetries in generalized Schrodinger equations are
presented. Namely, the standard Schrédinger equation with scalar and vector
potentials and position dependent mass Schrodinger equations are discussed
as well as the equations with matrix potentials. Group classification of the
mentioned equations is carried out, i.e., all inequivalent versions of them are
presented together with the admitted Lie symmetries. An extended class of
exactly solvable quantum mechanical problems admitting higher symmetries
and supersymmetries is specified.

Amwnorariga. [Ipeamerom crarTi € KiIacu4Hi Ta cydacHi pe3yJibTaTh BiJIHOCHO
JIITBCBKHX, BUIUX Ta CYIEPCUMETPiil CTAHJAPTHUX Ta y3arajJbHEHUX PIBHSIHD
IIpeninrepa. A came, onucano cumerpil piBusaug IIIpeginrepa, mo BKJIIO-
Ya€ CKAJSPHUIl Ta BEKTOPHUI IMOTEHI[iajl 30BHINIHHOTO €JIEKTPOMArHiTHOTO
nosisA, piBHAHHA Illpeninrepa-llayni ta piBesanna Illpeniarepa nua gactu-
HOK 3i 3MminHOIO Macoro. [IpoBemeno rpymoBy Kiaacudikario 3rajlaHuX pisB-
H#AHb, TOOTO 3HaliJIeHi BCl IX HeeKBiBaJleHTHI Bepcil pa3oM 3 MOBHUMHU HabO-
paMu HelepepBHUX TPYIl MEPETBOPEHDb 3AJIEXKHUX Ta HE3AJEKHUX 3MIHHUX,
1o 36epirafoTs ix popmy. IIpeacraBeHo JTorivHO 3aMKHEHY KOJIEKITIIO TOTHO
PO3B’SI3HUX KBAHTOBOMEXAHIYHUX CHCTEM, IO BOJIOIIOTH BHIIUMU CUMETDis-
MH Ta CYEePCUMETPIsAMH.
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Keywords: integrability, superintegrability, supersymmetry, Lie symmetry, position de-
pendent mass, matrix potential, shape invariance.
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1. INTRODUCTION

The well known statement that mathematics is the quin of sciences can be
prolonged by the following maxima: the quin of mathematics is symmetry.
Indeed, symmetry appears as a very effective tool in numerous fields of
mathematics, but in the present paper we restrict ourselves to symmetries
of differential equations.

Starting with the pioneering papers and books of Sophus Lie, just sym-
metries play more and more recognised role in the qualitatively analysis of
differential equations and construction of their solutions. The interest to
the classical Lie results was reanimated thanks to efforts of Lev Ovsian-
nikov |74], but also of Nail Ibragimov [2], Wilhelm Fushchych [30] and their
collaborators.

It is important to note that Lie symmetries (i.e., invariance with respect
to continuous transformation groups) are representing only a very restricted
part of symmetries connected with differential equations. Let us enumerate
some important kinds of symmetries which generalize the Lie ones.

First we can mention so called hidden symmetries whose existence for rel-
ativistic wave equations had been discussed in [27,28,30]. The specific pro-
perty of such symmetries is that they are generated by integro-differential
operators.

The next important class of symmetries includes so called conditional
symmetries, see, e.g., [30]. To find them it is necessary to add some addi-
tional conditions on solutions of the equation under study. In particular
these conditions can be chosen as conditions of invariance with respect of
some one parametrical Lie groups. In this way it is possible to find new
exact solutions which cannot be obtained in the traditional Lie approach.

In seventieth of the previous century a new qualitatively new symmetry in
physics has been discovered and called supersymmetry (SUSY) see, e.g., [35,
36,86, 89| but also [1,24,39,41, 45,49, 80, 81] where the idea of SUSY was
formulated in somewhat rudimentary form. Its rather specific property is
the existence of symmetry transformations mixing bosonic and fermionic
states.

Mathematically, SUSY is operating with the graded Lie algebras instead
of the usual ones, and the corresponding group parameters are not numbers
but Grasmanian variables. Moreover, just SUSY generated the essential
progress in the related fields of mathematics.

One of attractive properties of SUSY is that it presents effective tools
for understanding the relations between spectra of different Hamiltonians as
well as for explaining degeneracy of their spectra, for constructing exactly
or quasi-exactly solvable systems, for justifying formulations of initial and
boundary problems, etc.; see, e.g., surveys [18,21,33] and monograps [8,40].
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It generated a very attractive approach to quantum mechanical problems
called supersymmetric quantum mechanics (SSQM).

The SSQM was created by Witten [91,92] as a toy model for illustration
of global properties of the quantum field theory. Now it becomes a funda-
mental field attracting the interest of numerous physicists and mathemati-
cians. In particular the SSQM presents powerful tools for explicit solution
of quantum mechanical problems using the shape invariance approach [32].
The number of problems satisfying the shape invariance condition is rather
restricted but includes the majority of exactly solvable Schrodinger equa-
tions.

An important application of SUSY in quantum mechanics is the clas-
sification of isospectral Hamiltonians. In addition to the standard SUSY
there appear more refined approaches which presuppose using intertwin-
ing operators of higher order [6], the N-fold supersymmetry [82] and the
hidden nonlinear supersymmetry [20]. An important field of the contem-
porary SUSY is connected with using of so-called exceptional orthogonal
polynomials [72,78|.

Let us mention that there exist also other generalized SUSYs which in-
clude the standard SUSY as a particular case. We can mention so called
parasupersymmetry [10,11,13,79], which has good roots in real problems
of mathematical physics [14,15].

In addition to SUSY, there are other important generalized symmetries
of differential equations like higher order symmetries which specify superin-
tegrable systems and equations admitting solutions in separated variables.
We will discuss them in application to Schrodinger equation and some of its
generalizations. They belong to fundamental tools of quantum mechanics
and present us a perfect field for application of different kinds of symmet-
ries, which can be extended to many other partial differential equations.

We will not discuss generalizations of the standard SUSY in quantum
mechanics mentioned above, but restrict ourselves to the standard SUSY
quantum mechanics with the first order intertwining operators [12]. In
addition, the systems with extended SUSY as well as systems including
SEs with Pauli and spin-orbit couplings and with position dependent mass
will be considered. Notice that just these fields are the subjects of current
interest of numerous investigators.

Let us note that there are two faces of SUSY in quantum mechanics.
First, there exist QM systems like the charged particle with spin 1/2 in the
constant and homogeneous magnetic field which admit constants of motion
forming superalgebras. Secondly, it is possible to indicate the QM systems
with “hidden” SUSY like the Hydrogen atom, and just these systems can
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be solved exactly using the shape invariance of the related Schrodinger
equations. We will discuss both types of SUSY.

An inspiring example of QM problem with a shape invariant potential
was discovered by Pron’ko and Stroganov [77] while the relativistic version
of this problem was discussed in [23].

The specificity of the PS problem is that it can be reformulated using ma-
trixz superpotential while in the standard SUSY in quantum mechanics the
superpotential is a scalar function. Matrix potentials and superpotentials
naturally appears in quantum mechanical models including particles with
spin (see, e.g., [19, Sections 10 and 11]|) and in multidimensional models of
SSQM [3,37]. Particular examples of such superpotentials was discussed
in [4,5,7,22,25,38]. In papers [83,84] such superpotentials were used for
modelling the motion of a spin % particle in superposed magnetic and scalar
fields. In paper [25] a certain class of such superpotentials was described,
while more extended classes of them were classified in [67,68]. The con-
temporary results in this field will be discussed in the following.

In addition to SUSY, some SEs can posses one more nice property called
superintegrability. By definition, the Hamiltonian system is called superin-
tegrable if it admits more integrals of motion than the degrees of freedom.
Like SUSY, the superintegrability can cause the exact solvability of the
related SE.

As a rule superintegrable systems admit higher order integrals of mo-
tion realized by differential operators of order higher than one and even
higher than two [42,54,90]. Such integrals of motion have various interes-
ting applications including the construction of non-standard conservation
laws [29].

There exist a tight connection between the SI and SUSY, and many QM
systems are both supersymmetric and superintegrable. In fact the maximal
SI induces SUSY and vice versa, in spite of that this fact was never proven
for generic QM systems.

The superintegrable systems which are also supersymmetric will be a
special subjects of our discussion. Moreover, they will be the systems with
position dependent masses which are discussed in Section 6.

2. GENERALIZED SCHRODINGER EQUATIONS

In this section we specify the equations which will be a subject of our
analysis. First we consider the standard Schrédinger equation with a scalar
potential

(igt - H) b(t,x) =0, (2.1)



204 A. G. Nikitin

where H is the Hamiltonian

o= _%aaaa +V(x) (2.2)
with
0
O, = FI x = (x1,22,...,%n)

and summation is imposed over the repeating indices a over the values
a=1,2,...,n.

Equation (2.1) for n = 3 is one of corner stones of quantum mechanics. In
particular for V (r) being the Coulomb potential it is a model of Hydrogen
atom.

We will discuss also the stationary Schrodinger equations

Hy = E, (2.3)

where H is Hamiltonian (2.2) and FE is its eigenvalue. The related eigen-
value problem usually includes the square integrability condition for eigen-
functions 1 and their zero values at x = 0.

A more general version of equation (2.2) we consider includes also vector
potentials. The corresponding Hamiltonian looks as follows:

1
H = 5MaTa + eAy, (2.4)

where m, = pg, — €A%, p, = —i%, Ap and A, are components of the
vector-potential of the electromagnetic field, e is a (coupling) constant.

Equations (2.4) are modelling interactions of charged quantum mechan-
ical particles with superpositions of electric and magnetic fields, and their
symmetries also are very important and form the group-theoretical grounds
of quantum mechanics.

An important class of SEs includes more general, namely, matrix poten-
tials. Following Pauli, we write the related Hamiltonians in the following
form:

1
H = 3MaTa +eAy+ go Hyg, (2.5)

where H, = e4p.TpT is the magnetic field vector induced by vector-potential
Aq, g is the coupling constant and o, are Pauli matrices

0 1 0 —i 1 0
=) =) e )

The corresponding SE (2.1) described a charged particle with spin 1/2
interacting with the external electromagnetic field.
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The Pauli term go,H, is requested also for a bit exotic case of neutral
particles with non-trivial dipole momentum, a perfect example of such par-
ticles is neutron. The related Hamiltonian again have the form (2.5) where
the coupling constant e is trivial:

1
H = 5MaTa +V(x)+ goaH,. (2.6)

To keep a generality we introduce in (2.6) potential V(x) which repre-
sents an external field which is not necessary of electromagnetic nature.

The next class of Hamiltonians we consider include a position dependent
mass:

H = pof(X)pa — V(x) = =0af (%) — V (x). (2.7)

Here f = f(x) is a function of spatial variables which is associated with
the inverse mass.
SEs with position dependent mass are requested for description of various
condensed-matter systems such as:
— semiconductors,
— quantum liquids and metal clusters,
— quantum dots,
etc. However, in contrast with standard QM systems, their symmetries and
integrals of motion were never investigated systematically.
Thus the subjects of our research are just Schrodinger equations (2.1)
with generic potentials presented in formulae (2.3)-(2.6). We will study
their Lie symmetries and various kinds of generalized symmetries.

3. LIE SYMMETRIES

In this section we will study symmetries of the above presented equations
with respect to continuous groups of transformation of their independent
and dependent variables. Just symmetries of this kind has been discovered
by Sophus Lie and are called Lie symmetries.

3.1. Lie symmetries of free Schrédinger equation and Schrédinger
equationwith scalar potential.

3.1.1. Determining equations. Let us start with the simplest, but maybe
the most fundamental class of SEs presented by formulae (2.1) and (2.3),
and search for its symmetries with respect to continuous groups of transfor-
mations. We will not apply the generic Lie approach (whose presentation
can be found, e.g., in [30]) but restrict ourselves to its simplified version
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which is perfectly adopted to linear equation (2.1). We represent the infin-
itesimal operator of the searched transformation group in the form

Q=80 +€°0,+71= €0, + 3 (€0, + 0 +in, ()

where 1 = %gg +in, €, € and 7 are functions of independent variables and
o= 2.

Generator (3.1) transforms solutions of equation (2.1) into solutions if it
satisfies the following operator equation

QL—-LQ = alL, (3.2)

where L = i0; — H and « is an unknown function of ¢ and x.

Formula (3.2) represents the operator equation which should be satisfied
within action of the operators in the 1.h.s. and r.h.s. on the arbitrary dif-
ferentiable function . In other words the different differential operators
in (3.2) should be linearly independent. Evaluating the commutator in the
Lh.s. of (3.2) and equating coefficients for the linearly independent differ-
entials we obtain the following system of equations for unknowns £°, €2, n,
V and a:

éO = —a, 62 = 07 (33)
2 .
&+ & — 0w =0, (3.4)
&+ n, =0, (3.6)
NV, =aV + 1, (3.7)
where the dot denotes the time derivative and the subindexes indicate

0
derivatives with respect to the corresponding spatial variable: ¢ = gi,

ete.

It is typical for the determining equations that they are overdetermined.
In our case they can be solved by direct calculations, which, however, in-
clude some rather nontrivial steps.

In accordance with (3.3) both ¢° and a do not depend on x. In ad-
dition, equations (3.4) and (3.5) define the 3d Killing vector and fix the
z-dependence of coefficients £%:

Q
£ = _5% + 0%z + v, (3.8)
where a, 8% = —0%® and v are parameters which can depend on time. On

the other hand, in accordance with (3.6), 6% are time independent, thus
we have five unknown functions «, n and v* depending on t.
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Integrating (3.6) we obtain the generic form of function #:

n=Ta® = veza + f(2), (3.9)
and equation (3.7) is reduced to the following form:
(%xa — Uy — 6“%7,) Vo +aV + %xQ — UgTg — f =0. (3.10)

Thus to classify point Lie symmetries of equation (2.1) it is necessary to
find all non-equivalent solutions of equation (3.10). It should be done up
to equivalence transformations, whose specification is a subproblem of our
classification problem. The evident equivalence transformations for (2.1)
which keep the generic form of this equation but can change the exact form
of the potential, are shifts, rotations and scalings of independent variables.
Such transformations form the Euclid group E(n) extended by simultane-
ous scaling of these variables. In addition, we can scale 1 and make the
following transformations:

¥ — exp(itC), V-V+C,

where C is a constant.

The mentioned transformations exhaust the equivalence group for equa-
tion (2.1) with arbitrary potential. However, for some particular potentials
there are additional equivalence transformations which will be specified in
the following sections.

3.1.2. Dependence of symmetries on time. Let us specify the possible time
dependence of the parameters involved into equations (3.9) and (3.10). In
accordance with conditions (3.3) function ¢° does not depend on x, and so
our symmetries include the time derivative term of the following form:

Q=)0 (3.11)

Operators (3.1) and their part presented in (3.11) should form a basis
of a Lie algebra, the same is true for. Operators (3.11) are generators of
Lie groups on a line, and it was shown already by Lie that such groups
are as maximum three parametrical. The corresponding Lie algebra is

isomorphic to sl(2, R) and, up to a change of variables these generators can
be represented as:

Q1 =0, Q2 = 10y, Qs = t20;. (3.12)

Thus corresponding function ¢° in (3.1) is constant, linear or quadratic.
Changing variables in (3.12) we can obtain another realizations of this
algebra whose generic form is:

Ql = f(i:)afa QQ = g(t)afv Q3 = h(t)afa
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where f(t), g(f) and h(t) are functions of the changed variable { = F(t). In
order these changes to be compatible with symmetries of SE functions f (%)
and ¢(f) should be linear, quadratic, exponential or trigonometric functions
of ¢ [65]. This observation fixes the possible time dependence of functions

¢ included into symmetries (3.1).

3.1.3. Equivalence transformations. In addition to symmetries we consider
also equivalence transformations for equation (2.1) which keep its generic
form but can change exact forms of the arbitrary elements, i.e., of scalar
potential A? and components A', A? of the vector potential.

To describe all admissible equivalence relations we will exploit the follow-
ing fact: the transformed equation should have the same generic form (3.1)
and (3.8) of symmetry operators as the initial one.

Transformations of the time variable were discussed in the previous sec-
tion. Since £” in (3.1) are x-independent, the admissible changes of the
spatial variable are:

t—1=F1t), t = F(1). (3.13)
To describe functions F'(t) we start with (3.12). As it is shown in the
previous section we should restrict ourselves to such transformations (3.13)
generate either second order polynomial, or trigonometric, or exponential
functions f(t), g(t) and h(%).
The second order polynomials generate operators in the canonical form
given by (3.12). The corresponding transformations have the following
generic form

~ t
t%t:u7
t+ A

where p, v and A are transformation parameters.

Whenever f(t), g(f) and h(t) are trigonometric or exponential functions
the corresponding transformation (3.13) is not a symmetry but can be-
longs to the equivalence groupoid of (2.1). To obtain the corresponding
transformed generators we have three qualitatively different possibilities

for function F(t):
F(t) = tan(wt),

(3.14)

F(t) = tanh(wt) (3.15)
and
F(f) = et (3.16)
with some numeric parameter w.
Just the changes (3.15) were used in [50] to prove the equivalence of the

free particle and the oscillator SEs. However the related transformations
for the wave function presented in [50] are rather cumbersome.
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Let us consider in detail the change of the time variable given by (3.16).
It keeps the generic form of the equations (2.1) and (2.4) provided their
variables are transformed as:

t= e2w£, X = \/Zwew{i, U(t,x) = el (%2 —it) 7,2({, X). (3.17)

Transformations (3.17) connect the free particle and repulsive oscillator
equations and can be applied for all system which are conformal invariany.
The inverse transforms look as follows:

t=1In(t)/2w, X = x/V2wt (3.18)

and

D(E,%) =t 20ty (¢, x). (3.19)

The much more cumbersome transformations proposed in [50] can be
represented as products of (3.17) and transformations (3.14) with

v=A=-—pu=1.

The components of vector it are nothing but invariants of the dilatation
transformations whose generator for the free SE can be written as follows:
X = 2t0; + ©,0,. And just these invariants change the standard spatial
variables in transformations (3.18).

Notice that up no normalization (3.19) can be represented as

@Z(fa i) = ¢f w(tv X)7

where ¢y = (2@)_3757%6_1"2” is the fundamental solution of the free SE.
Our equivalence transformations are reduced to the change of the spatial
variables to the invariants of the dilatation transformation and the multi-
plication of the wave function by the fundamental solution.

3.1.4. Equivalence transformations which keep the time variable invariant.
Consider now admissible transformations of the following form:
T — Tq = Go(x) + Ry(1) (3.20)

and find such of them which do not change the time variable.
It is easy to show that functions R,(t) should be second order polyno-
mials in ¢:

Ry = g + vot + %atQ.

Parameters p, and v, generate shifts of spatial variables and Galilei trans-
formations respectively and so can be neglected in search for the equivalence
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relations. To keep the derivative terms in (2.1) unchanged the related trans-
formation (3.20) with non-trivial s has to be accompanied by the following
transformations:

1
xa%xg:xa—ifiatQ—,u, t—t =t
. (3.21)

Y(t,x) = ', x) = exp(—itﬁam’a + %/12753)1/1(15, X),

which connect the SE with trivial and free fall potentials [50] and also
equations with potentials not depending on z,.

Thus we specify the equivalence transformations admitted by the classi-
fied equations. They are given by relations (3.17)-(3.21), or belong to the
extended Euclid group, or are product of the mentioned transformations.

3.1.5. Symmetries for equations with trivial and isotropic oscillator poten-
tials. Setting in (3.10) V' = 0 we easy solve the obtained reduced equations.
The corresponding admissible symmetries (3.1) are linear combinations of
the following operators:

P, = _iaaa My = 2o Py — xp Py,
(3.22)

D =2tPy — P, + %

P() = i@t, Ga = tPa — Xgq
2 (3.23)

A:tD—t2PU—%.

Operators (3.22), (3.23) together with the unit operator I satisfy the
following commutation relations:

[Py, A| =iD, [Py, D] = 2iPy, [D,A] = 2i4,
Py, D] =iPs, [Ga,D] = —iGa,
Py, Go] =1Pa,  [Pa, Go] = idap1,

abs Mea] = 1(0aaMpe + OpeMaq — SacMpa — dpaMac) (3.25)
Po, My] = i(0ap P — dacPs);,  [Ga, Mye] = i(6apGe — 0acGy),

[ (3.24)
[
[M,
[

(the remaining commutators are equal to zero) and form the Lie algebra
schr(1,n) whose dimension is N = %. Commutation relations (3.25)
specify the Lie algebra g(1,n) of Galilei group, which is a subalgebra of
schr(1,n).
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Let us present some specific identities satisfied by operators (3.22) and
(3.23) (see, e.g., [30]):

PaGb - PbGa = Mab)
PGy + GoP, = 2D +2t(P* - 2R), (3.26)
GoGo = 2A + t3(P? — 2Py).

On the set of solutions of equation (2.2) the term in brackets is equal to
—2V. Since in our case V = 0 relations (3.26) express generators My,, D
and A via bilinear combination of Galilei group generators P, and G,. In
other words, the invariance with respect to rotation, dilatation and con-
formal transformations appears to be a consequence of the symmetry with
respect to the displacement and Galilei transformations.

Equations (2.1), (2.2) with trivial V' admit symmetries (3.22), (3.23), but
also all equivalence transformations indicated in Section 3.1.3. The effect
of transformations (3.17) and (3.21) is the change of the trivial potential
to the quadratic one

V= f%w2x2,
and linear potential
V = Kkezq
correspondingly.

Mapping (3.21) connects the systems with trivial and free fall poten-
tials [50]. However, its origin can be extended to all potentials linearly
dependent on a reduced number m of spatial variables with m < n.

Symmetries of equation (2.2) with quadratic potential can be obtained

from (3.24)-(3.25) applying transformations (3.17). These transformations
keep M,; but make the following changes:

Py — A™ (w), D — P, A — At (w),

P, — B, (w), Go, — Bf (w), Lo = La,
where

AT (w) = exp(£2wt) (2P + w*r? T w(xa Py + Puzy)),
BE(w) = exp(dwt) (P, T wy).

a

(3.27)

Analogously, starting with (3.22), (3.23) and making transformations (3.21)
we find symmetries for equation (2.2) with the free fall potential. Their
explicit form can be obtained making the changes

Py — Py + koG + %ﬂ2t2, P, — P, + kq4t, Ty — Tq+ %ﬁatZ

in all generators (3.22) and (3.23).
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3.1.6. Classification results for arbitrary potentials. Let us consider equa-
tion (3.10) for arbitrary potential V. It can be solved using the separation
of variables and reducing the problem to solution of systems of ordinary
differential equations for time dependent functions «, v* and f. Then the
corresponding potentials are easily calculated integrating equations (3.10)
with found functions of ¢.

However this problem is rather complicated thanks to the presence of a
big number of arbitrary parameters. We use the algebraic approach whose
main idea is to exploit the basic property of symmetry operators, i.e., the
fact that they should form a basis of a Lie algebra.

To find potentials compatible with symmetries (3.22) it is necessary to
solve the system of equations (3.9) and (3.10) with constant parameters
6% = —g% 1 and a. In this case we have as much as seven arbitrary
parameters, which make it impossible to integrate this system directly. To
achieve this goal we will restrict ourselves to inequivalent reduced combi-
nations of these parameters.

Operators (3.22) form a basis of the extended Euclid algebra é(3) whose
non-equivalent subalgebras has been classified in [26]. These subalgebras
generate non-equivalent linear combinations of symmetries which we have
to consider.

In accordance with [26] algebra &(3) has four non-equivalent one-dimen-
sional subalgebras spanned on the following basis elements: [26]:

L3 = Mya, L3+ P, D + plLs, Ps. (3.28)

The corresponding parameters in (3.8) are §'2 =1 for L3, 012 =1v® =1 for
L3+ P3, o = —2, 02 =y for D + pL3, v® = 1 for P;. Substituting these
data into (3.35) and (3.7) we come to exactly solvable equations whose
integrals give us the list of inequivalent potentials corresponding to the
one-dimensional subalgebras of &(3).

The next step is to use the non-equivalent two-dimensional subalgebras
of €(3). In accordance with [26], it is sufficient to consider the subalgebras
spanned on the following basis elements:

<L3,P3>, <D+/€L3,P3>, <P2,P3>, (D,Lg) (329)

Any sets (3.29) includes at least one element from (3.28). Thus we can
use the results obtained at the previous step and apply to them the addi-
tional restrictions which are nothing but equations (3.35) and (3.7) gener-
ated by the second basis elements of the considered algebra.

Analogously, considering the non-equivalent three-dimensional subalge-
bras of €(3), whose basis elements are presented in the following formulae

(D, Ps, L3), (D, P, Py), (L1, Lo, L3), (L3, P1, P»)
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<P17P27P3>7 <L3+P37 P17 P2>7 <D+/~’LL3)P1)P2>7,U’>O7

we obtain potentials compatible with three-dimensional subalgebras, and
SO on.

The same strategy can be used for the case of symmetries with polyno-
mial dependence on time. Solving the determining equations corresponding
to the fixed subalgebras of the extended Euclid group we find all inequiv-
alent Hamiltonians and the related symmetries which are represented in
Tables 3.1, 3.2 for d = 3 and Table 3.3 for d = 2.

In the tables G(-) are arbitrary function, p, k and w, are arbitrary real
parameters, €1, €2 and €3 independently take values 41, subindexes a and
k take values 1, 2, 3 and 1, 2 correspondingly. In addition, we denote

r= /23 425+ 23, 7 = /2 + 23 and ¢ = arctan(xa /7).

Table 3.1: Non-quadratic potentials and symmetries for 3d
Schrédinger equation

No Potential V' Symmetries Invariance algebras
_ ng1 ifk#0,

1 G(T,x3) + Ky L3+ Kt 3niy ifk=0
_ ng1 if kA0,

2 G(T,z3 — @)+ ke L3+ Py+ kKt 3niq if k=0

3  LG(Er"e¥)  D+rLs 521 @ Nl

4 G(z1,72) Gs, 3 N4,1

5 T%G(% ) A, D sl(2,R) @ ny 1

6 LG A, D, L sl(2, R) & 2n1

. ~ S5,14 if K 75 0,

7 G(F) + ke L3 +kt, Gs, Ps i1 ®nig if k=0

8 = G(F"e?) D+ kL3, G3, P3 s538

9+ %G(gp) A7 D7 G37 P3 S|(2,R)G§n371

10*  G(z1) Gs, P3, P», Ga, L1 g(1,2)

11 G(r) Ly, Lo, L3 so(3) ® 2n1,1

12* r% Aa Da le L27 L3 S|(27R) S 50(3) D nl,l

3 5 A, D, Gs, P3, Ly sl(2,R)&n3 1 &y

A, D,G9,G3
** K ) ) ) 3
14 p Py, Ps. Ly schr(1,2)

All presented systems by construction admit symmetry Py and the unit
operator I. The additional symmetries are presented in Columns 3, where
Py, Ly = 3eacM¥, D, A, B(w,), and Bg(w,) are generators (3.22), (3.23)
and (3.27).
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The related symmetry algebras are fixed in the fourth columns, where
Ny and s,; are nilpotent and solvable Lie algebras of dimension a. To
identify these algebras for a < 6 we use the notations presented in [88].
The symbol 2ny 1 (or 3nq,1) denotes the direct sum of two (or three) one-
dimension algebras. In addition, g(1,2) and schr(1,2) are Lie algebras of
Galilei and Schrodinger groups in (1+4-2)-dimensional space.

The algebras of symmetries presented in Items 6-10 of Table 3.2 are
solvable and have dimension d > 8. We denote them formally as sq(-)
without refereing to any data base, since the classification of algebras of
such dimensions is still far from the completeness.

In the tables we specify also the admissible equivalence transformations
additional to ones belonging to the extended Euclid group. Namely, the
star near the item number indicates that the corresponding Schrédinger
equation admits additional equivalence transformation (3.21) for indepen-
dent variables x, provided g—;z = 0. The asterix marks the items which
specifies equations admitting transformation (3.17) and (3.21).

Table 3.2: Potentials including quadratic terms for 3d
Schrédinger equation

No Potential V' Symmetries Invariance algebras
w233§ e Ae 54,9 ife = 1,
1 e—=2+G(r1,22) B3(w), B5(w) sis ife——1

ss,i6if e =1, #0
ssu5ife=—1,1#0

*z3 - B§(w), B§(w) S49 @D N1
2 5B 4G+ R A 9w
2 (F) +nep Ls + ut ife=1,u=0,
S48 B N1
ife=-1,u=0
2,2 Bj Bs ife—
3 U 4 G(m) 5(w), B5(w), $6,160 }fE_ 1,
P;,G3 S6,161 ife=1
2 2 2.2 . if — —T
€1w12x1 +€2L22x2 B (wg), 6,162 1 €1 iz ’
4 B w) k=12 6164 if e169 = —1,
+G(x3) g \Wk) =4 se166 ifeg=e2=1
w272 c Ae S6,162 ife =—1,
5 £ + G(‘T3) Bk(w)v Bk(w)’ Ls S6,166 ife=1
wizy waxs c Se
£ + e B a , B a ,
6 179 279 a (wa) a (wa) 58,1(5175%53)

+53% a=1,2,3
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Table 3.2, continued

215

No Potential V'

Symmetries

Invariance algebras

e W%fo + ey w%ﬂf% gzc (g:), Bk (wg), s32(c1, €2)
s et P .1(,3)
» ¥ BB
YR Biw). Bilw),

Py, Gy, L3

Let us present commutation relations which specify the algebras fixed in

Items 6-10 of Table 3.1:
[Py, BY] = iwBS, [Py, BY] = iewB:, [Py, G3] = iPs,
(B, Ls] = —iBy,

[B3, Ls] = 1By,

[BE, Bf| = idap1,

[B5, Ls] = iBi, [Bi, Ls] = —iB3,

where only the non-trivial commutators are presented.

Table 3.3: Non-equivalent potentials and symmetries for 2d
Schrédinger equation

No Potential V Symmetries Invariance algebras
~ n3.1 if k 75 0,
1 G(F)+ Ky L3+ kit Smyy f = 0
2 F%G(T”e_w) D+ kLg S2,1 DNy
3 5G(p) A, D sl(2,R) ®ny 3
4 G(n) P, Gy Ny 1
« K S|(2, R)® n3; ifk#0,
oAy A, D, Ly + ri §l(2,R) @3n1, if k=0
6** ;*% A, D, GQ, Py S|(2,R) D nyg 1
w?z? A 54,9 ife = 1,
7  e—5t+G(r2) Bi(w), Bi(w) oy ife—-1
w2a? R e se,160 if € = —1,
8 € Bl(W), Bl(w)7 P27 G2 S6.161 ife=1
€1 €2 $6,162 ife=¢= -1,
9 51 12% + 52"‘)%2:62 B]. (O.)l), BZ (OJQ), 567164 lf 66’ — _17

B (w1), B3 (w2)

S6,166 ife=¢ =1
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Thus we classify all non-equivalent Lie symmetries admitted by 3d and
2d Schrédinger equations (2.2). Some of them are well known, but a part of
them were overlooked by classics [17] and so are new. These new symmetries
are represented in Items 1, 2, 7 of Table 3.1, Item 2 of Table 3.2 Items 1, 5
of Table 3.3. Let us note that our analysis can be extended to the case of
SEs with larger numbers n of spatial variables. For n = 4 we have to start
with the following one-dimensional subalgebras:

Py, Mg, Mg+ Msy, Mg+ aMs (0<a<1), Mpao+vPi(v>0),
D+ AMya, D+ Mg+ Msy, Mg+ aMss+8D (0<a<1,5>1).

The number of these subalgebra is more extended than in 3d case (compare
equation (3.28) but not dramatically large. We remind that the determining
equations (3.10) are defined for arbitrary n.

3.2. Lie symmetries of Schrédinger equations with scalar and vec-
tor potentials.

3.2.1. Previous speculations. Let us consider the standard SE equation for
a charged particle interacting with the external electromagnetic field whose
Hamiltonian is given in (2.3), where A and A® are components of the vector
potential of the electromagnetic field, e is the coupling constant associated
with the particle charge, which, up to the redefinition of A° and A can be
(and will be) chosen as the unity.

The vector-potential is supposed to satisfy the continuity equation which,
in view of its time independence, is reduced to the divergence-less condition
for the vector A®. However in paper [65] we prefer to change it by the con-
dition A% = 0 which always can be done using the gauge transformations.
In particular we can set:

A3 =0, A} =0Fx)+%hG(x), Ay=0F(x)—dG(x), (3.30)

where 01 = 6%1, etc., F and G are functions of x.
Alternatively using the gauge transformation

H — exp(—iF(x))H exp(iF'x)
we can reduce (3.30) to a more compact form
Al == 82G(X), A2 == —81G(x), A3 == F(X), (331)

where F(x) = 03F(x). Just representation (3.31) will be used in what
follows.

To simplify the following calculations we express functions A' and A2
via another functions, i.e., F' and G. Notice that just function G generates
the divergent less part of the vector-potential.
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Substituting (3.31) into (2.3) we reduce it to the following form:

1
H = 5Papa — g(A“é)a + 9,A%) +V, (3.32)

where V is the effective potential:
0 e o 2 2
VY= A0+ 5(,41 + A5 + A3). (3.33)

Setting in (2.4) G = F = 0 we come to the standard SEs with a scalar
potential V| which is a very particular subject of our analysis.

3.2.2. Determining equations and classification results. Like in the previous
section we represent the generator of symmetry group in the form (3.1).
Substituting (3.32) and (3.1) into (3.2) we again come to the determining
equations (3.3)-(3.5). However, equations (3.6) and (3.7) should be replaced
by the following more general ones:

Mo = AP¢f — EP AR + aA® — £°,
EVy=aV +1n—eA%,.

The system of the determining equations (3.3)-(3.7) is rather complicated
and includes tree arbitrary elements A, A2 and V whose form should be
fixed by the compatibility condition of this system. However, the subsys-
tem (3.3), (3.4), and (3.5) does not include these arbitrary elements. Its
generic solution is well known and can be represented in the form given by
formula (3.8).

Substituting (3.8) into (3.6) and integrating with respect to x, we obtain
the following generic form of #:

n’ = %562 — vz, + K(x,t) =0, (3.34)

where parameters a and v should satisfy the condition ar® = 0. In addition,
K(x,t) is a yet unknown function. In accordance with (3.6) and (3.34)
K (x,t) satisfies the following condition:

K, = A% — P A + 0 A?, (3.35)
which, in view of (3.8), can be reduced to the following form:

K, = % (Afwy + AY) + 070 A — 0" AY — VP AL (3.36)
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One more equation for potentials is given by (3.7). Using again rela-
tion (3.8) and taking into account the time independence of #%° we trans-
form it to the form:

(—%x“ + 0%z, + V“) Ag#—%ﬂA“ —PAY =
i ' (3.37)
=aA’ + 57“2 — %2 + K.

It is convenient to consider the following algebraic consequences of (3.36):

%xa(:l: cA), — Hdcxc(m cA)g — yb(ac A+ WA = 2, K,

%xa(x X AV — 0%z (x x AT — 1Pz x AP + (v x A" = (z x O)"K,

where 2-A = 2,A%, (xx A)" = "2, AP, etc., with "¢ being the absolutely
antisymmetric unit tensor.

Thus to classify symmetries of the SE which include a superposition of
vector and scalar potentials, i.e., of equation (2.1) it is necessary to solve
the system of equations (3.36) and (3.37). This system includes parameters
a and v which can depend on time, and time independent parameters 92,

In complete analogy with Sections 3.1.2-3.1.6 (but with evident complex-
ification connected with the more extended number of arbitrary elements)
we can solve the presented determining equations, see [65] for calculation
details. As a result we obtain the list of inequivalent systems and the
related Lie symmetries, which is presented in Tables 3.4-3.7.

Table 3.4: Symmetries polynomial in time variable

No  Vector potentials V' Symmetries Algebras
Al = :EgalF(.’El,:Eg) +82G(:E1,.’E2), P

1 A2 = 33382F(m1, 132) — 61G(x1, 1‘2), 3F 3n171
AD = R(SL‘l,ZL‘Q) N (:E1,$2)
Al = 21GH(F, 23) + 22G*(F, 23),

2 A2 == :UQGI(T‘, $3) - $1G2(’F, $3), L3 3n171
A0 = (Ta 3)
Al = 21GY(F, ) + $2G2(T »),

3 AQ_QL’QGl( T, )—ﬂle ( T, ), L3+ Ps 3n1,1
A0 = ( )7 — T3
Al = x301 F(F) + 82G( )s -

4 A% = 230, F(F) — 01G(7), f:;” - F(7), 4nqq

A% = R(7)
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Table 3.4, continued

No  Vector potentials V' Symmetries Algebras
Al = 1301 (F(p)/7) + 0:G (), D,

5* AE = 1305 (1i‘2(<p)/f) — " G(p), p_ Flo) 318N
A’ = R(p)/T ST
Al = 9,G (21, 12),

6* A2 = —81G(l‘1,3§2), P3, G3 n471
AO = R(l’l,l'g)
Al = 29F (0, 0) /7% + 02G(0),

* A2 = —xlF( @) /r? — 01G(9), D, A sl(2, R) ®ny 1
A(1) = TQR(Q )2

N At = F(x3), A = G(x3),

8 A0 — REng (3) Py, P i1
Al =F , A2 =0,

9 40 — Rgi; P, P, Gy ng1®npg
Al = 0,G (1), A? = —01G(7),

10* A0 — RQ(f)(T> 1G(7) P3, L3, Gg  ng1@ny
Al =29 F(0) /1% + 0:G(0),

1% A2 = —21F(0)/r? — 01G(0), D, A, Ls sl(2,R) @ 2ny 3
A= 5 R(0. )
A" = 0,G (M exp(—¢)) ,

12%% A% = —0,G (7 exp(—¢)), 23+G'L;L3’ S5,38
oL ’
AT =X 747 =0, Py, P,

13%* 43 ﬁé G127 D2 6,96

Table 3.5: Symmetries induced by external magnetic fields

No Vector potentials V' Symmetries Algebras
At =01(F(0,2) + F(y,2)+
+02G(0, z),
A2 = 9,(F(0,2)+ F(y,z))—
A
166, YD, F(y,z) P E M
A° = LR, 2),
)+<ﬂ,

f(
pn(F) -
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No Vector potentials V' Symmetries Algebras
Al =01F(y,2) + 9G(0,2z), D+ uLs
2 A? = 82F(y, Z) - (91G(9, Z), +2,u8yF(y, Z), S5,38
AO = T%R(g, Z) Pg, G3
Al = F(x3) — azs,
3* A% =G(x3) + axy, P —ams, Sa7
A% = R(z3), a #0 Pyt am
Al = —auo,
A2 _ Py — axy,
VP 1
Al = —azy + vcos(x3), P — axo,
5 A% =ax; +vsin(as), P+ axy, Sa7@ Ny
AY = R(p — x3) L3+ Ps
7
Al = \z3010/ 7, Lyt wA”=
6 A2 = )\xgagﬁp/r, —)\1’1/7’,1 50(3) D 2n171
A0 = R(r) Ly —x3A —
—A\za/7, L3
L1+ 32'3142—
Al = \x301p/r, —Ax1 /7,
7 A2 = /\1'382(,0?7’, L2 — 1‘3A11 SO(?l))@
AO _ M/T2 —)\.%'2/7", ®s (2, R)EBnLl
L3, D, A
Al = —amxy, A% = ax P = axs,
8* AO -0 ’ ’ P2 + axq, S7.1
P3,Gs, L3

Table 3.6: Symmetries induced by external electric fields

No Potentials Symmetries Algebras
Al = l‘lGl(f, l‘g) + $2G2(7:, :Eg),
1 A%2= l‘QGl(?:, 333) — $1G2(f, .Tg), L3+ Kt n3 1
A% = R(F,x3) + ke
Al = lel(f, %) + CCQGQ(f, %),
2 A% = —21G?(F, %) + 22G (7, %), L3+ P+ Kt n3.1
AO: (~ )+K’907%:§071‘3
T = — =
ge Ay =000, A7 =~01G(F), Ps, Lg + kt, G S5,14

A® = R(F) + ke
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Table 3.6, continued
No Potentials Symmetries Algebras
Al = :EgalF(’F) + 82G(f), -
4 A2 = l‘g@gF(f) — 81G(f), f?, ;it(r% n3.1 D nii
AY = R(F) + ke 3
Al == 82G(331,l’2),
5 A?= —51G(5'3171L“2)2 . B (w), B; (w) S4.6
AO = R($1,$2) - w2
Al = 9,G(7), A% = —0,G(7 + .
6 0 X ~( ) w?a? WG By (), By (@) S4.6 D N1
A — R(T) — 5 3 L3 ’ ’
Al =0, A% = G(n), N -
” w2(x21) By (w). By (), S4,6 D N1,1
AV = R(x1) — 5o Py ’ ’
8 Al =0, Az:O’ Bii_(wl)aBl_(wl)v s
272 —
A0 = R(:Eg) — w2r B{(wg), B_2 (wg), Ls 72
L Al= 42—, B}i_(wl)’Bl_(wl)v
P g0 _wied  wixd By (w2), By (w2), 58,1
2 2 P;, Gs
Al = 42 = 0, Bii(wl)aBl:(wl)v
10 AO _ _w%x% _ w%mg wgmg B2 (WQ)a 32 (WQ)a 58,2
2 2 2 By (w3), B3 (ws)
*Al:Az:O? P17P27G17G2
11 w2g? + — S9,1
40 — e Bf (@), By (@) Ly %
*Al — A2 — O7 Bli(wl)aBli(wl)a
12 A0 — _w¥? By (w2), By (w2), 59,2
2 L3, P5, G
9 + —
13 A0 — W22 w3z B%_(WQ),BQ_ (UJQ), S9,3
2 2 B3 (w3)7 B3 (w3)7 L3
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Table 3.7: Symmetries induced by superpositions of electric

and magnetic external fields

No Potentials A® Symmetries Algebras
Al = x381F(:n1, 1'2)"1'
+62G(x17x2))
A2 = x382F(:1:1,x2)— B+(w)—
1 3 So,1 DNy
—81G(2U1,.2TQ2), —e“tF(xl,a:Q) ’ '
AY = Gz, m0) — 553+
twazF(z1, 13)

) Al = 0,G(7), ’% = —-01G(1), Bj (w), By (w), S5 15
AozRf—w3+l<, L3+ Kt ’
ARG 060

5 A% = 2302 (7) — 01 G(7), By (w) — e F(7), S0 @ 201 1
AV = R(F) — £ L3 + Kt ’ 7

+wxsF(F) + Kk
Al = 230, F(x1),
A2 = G(x Bf (w) — e*'F(x1), s2,1 @ 2n1

4* (1), 2,2 Py, and or S5,14

0 __ wexs ’ ’

A = R(r) — = Gy if Ay =0 if Ay =0
i +w$3F($12)

Al = F(x3), A* = G(x3), -

5 A% = R(z3) +wiz Al Bl (wn), By (w1), $6,162

T Fwarg A® — @ — w%v% B2 (o) B 2

At = F(x3) — axo,

A? = G(x3) + ax1, Bf (w) — ae¥tzy,

6 0 W22 — —wt 54,6
AY = R(z3) — %5 By (w) + ae™'a

+2awx1x9
. Al = —axq, A% = axy, Lg, Py — auy,
7 40— Wl P2++ Oé«Tll 57,2
B (w) — ae“'z
Al = —amy, A2 = L "
]* 0 _ T2 AL B (w) + ae “'z1, s6160
- P3, G
Al = —quxg, A% = 024%"21, Bf‘(w) — aevtxy,

9 A° 2:22awm1m2 — e B; (w) + ae™“'z1, sg 162

_wiT3 By (w3), By (w3)

2
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Table 3.7, continued
No Potentials A% Symmetries Algebras

10 AO = _WQT + TTR(Q’ ¥ + A+(w) 52,1 D n171
—i—w(dpG 9,<p)—
—58in(20)0,F (6, ¢))
Al = 0,F(0) + 02G(0),
A% = 0 F(0) — 9:1G(0),
11 A0 — _w22r2 + T%R(H)— A+(W), Ls S9.1 D 2n1’1
—% sin(20)9p F'(0)
T_ .5 F@
e AT (W),
12 A2 = 1’33247 B+(w . EWtF(L,O) 5371 @ n]-’l
A?:%R(w)_¢+w+w 3 7
Al =2
by A*(w), L3
1 A2 == I%I37 ) ua) 2
’ AO = VT3 w?r? w3 B;_(CU) —+ eft 5371 @ nl,l
R R
u Alzz—%, A? =0, A+(w),B;, N
wx ew $6,124
AO — _w22r2 _ T]S B;_((,U) + Tl

Tables 3.4, 3.5, 3.6 and 3.7 present the exhaustive information about
inequivalent SEs with scalar and vector potentials and their symmetries.
Like in Tables 3.1 and 3.2 we indicate by star and (or) asterix such systems
which admit equivalence transformations (3.17) and (or) (3.21).

Symmetries presented in Table 3.4 belong (or can be reduced) to sym-
metries of the free SE. This reduction can be made using the gauge trans-
formations. It is possible to nullify the external electric field, or magnetic
field, or both of them, and the mentioned symmetries still would be valid.
In other words, the external fields presented there cause the reduction of
symmetries of the free SE but keep a part of them.

Symmetries presented in Table 3.5 do not belong to the symmetries of
the free SE. They are valid also for the trivial scalar potential. However,
the presence of the vector potentials is essential since they are constituent
parts of the mentioned symmetries.

The systems fixed in Table 3.6 also admit symmetries which are not
valid for the free SE. However, the vector potentials presented there can
be nullified without reduction of the admitted symmetries. The scalar
potentials should be non-trivial since in fact they generates the mentioned
symmetries.
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The most specific systems can be found in Table 3.7. In order to the
symmetries presented here be valid, both the vector and scalar potentials
should be non-trivial.

3.3. Lie symmetries of the Schrédinger-Pauli equations for charged
particles.

3.3.1. Preliminary notes. The next equation whose symmetry we discuss
is the SP equation represented by formulae (2.1) and (2.5).
Substituting (3.31) into (2.5) we reduce it to the following form:

1
H = Spapa — 5(A"00 + 0,A") + V (3.38)

where V is the effective matriz potential:
V=Vt 9oaHa,

2
V0= Ao+ (A + A3+ 43)
and
H| = 0oF 4+ 8103G, Hy = 805G — O F, Hs3=—(8?+83)G. (3.39)

Equation (2.1) with Hamiltonian (2.4) includes three arbitrary elements,
i.e., functions Ag, F' and G.

Let us represent the generator of the symmetry group in the standard
form (3.1) where 7 = %§g+in, €0, €% and 7 are functions of ¢, x and 9; = %.
Moreover, 7 is a 2 x 2 matrix which can be expanded via Pauli matrices:

n=n"00+ 0an’ (3.40)
where o( is the 2 X 2 unit matrix which will be omitted in the following
formulae. In contrary, £ and &2 are scalar functions which can be treated
as multipliers for the unit matrix.

Substituting this expression together with (3.38) into (3.2) we come again
to the determining equations (3.3)-(3.5) and (3.6), (3.7). However, the
latter equations are now the matrix ones, i.e., any of them is a system of
four scalar equations.

Collecting in (3.6) the terms proportional to the unit matrix we obtain:

%+ g = (A€ — €A} + aA”), (3.41)
while the remaining terms are reduced to the following condition:
on®
=0. 3.42
i (3.42)

Equation (3.7) also is decoupled to the scalar and vector parts:
V0 =aV® 170 — eAm?, (3.43)
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and
g(€HY — aHY + 2e%dyeHY) — b = 0, (3.44)

where €%? is the absolutely antisymmetric unit tensor.

Substituting (3.41) into (3.43) and using definition (3.33) we reduce the
latter equation to the following form:

éaA2+éaAa:aA0+ﬁ0.

In other words, system (3.3)-(3.7) includes the autonomous subsystem
formed by equations (3.3), (3.4), (3.5), (3.41) and (3.43). Its solutions,
which give symmetries of equation (2.1), (2.4) in the particular case g = 0,
have been already obtained in the previous section. On the other hand set-
ting A! = A%2 = A3 = 0 we reduce our classification problem to description
of symmetries of the SP equation for chargeless particles. This description
had been made in paper [65]. The more general problem with nontrivial

coupling constant g and nontrivial vector potentials is solved in the present
section.

3.3.2. The connection with symmetries of Schrodinger equations. In accor-
dance with the above the first necessary step in description of symmetries
of the SP equation for charged particles is the group classification of the
standard Schrodinger equations including the vector potential of the ex-
ternal electromagnetic field. Then going over all inequivalent versions of
such external fields presented in Section 3.2.2 we will select such of them
which are compatible with equation (3.44) and specify the corresponding
functions n°.

By construction equations (2.1), (2.3) with arbitrary potentials admit
two-dimensional symmetry algebra spanned on Py = i% and the unit ope-
rator. In accordance with the results presented in Section 3.1 there exist
six inequivalent cases when this algebra is extended to three-dimensional
one. The corresponding potentials and the related additional symmetries
() are given by the following formulae:

Al = 62G(x1,1:2), A2 == —81G(:n1,x2),
A3 :F(l‘l,l‘g), AO :R(l'l,l'g),
P3 = p3 = —i0;, (3.46)

where F(-,-), G(-,-) and R(-,-) are arbitrary functions of the arguments
fixed in the brackets;

Al = agG(f,:L'g,), A2 = —81G(f7:1;3),
A3 = F(7,z3), AY = R(7,x3) + K,
Q= L3+t (3.48)

(3.45)

(3.47)
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~ 2 2 _ T _ . .
where 7 = /27 + x5, ¢ = arctan ﬁ, L3 = x1p2 —xop1 and k is an arbitrary
real parameter;

Al = 9,G(F, %), A* = —0,G(F, »),

3.49
A = F(F,%), A= R(F, ») + ko, (3.49)
Q = L3 + p3 + Kt, (3.50)
where » = ¢ — x3;
1
Al = 9,G(6, ), A% = —Z91G(6, )
" (3.51)

1 ~ 1
A= LR ) + Fv ), A= LR, 0),
Q=D+ alLs, (3.52)
where p = ap—p, v =p+ ayp, p=1In(r) and D = 2t Py — xap, + 3i/2;

Al == GQG(xl,xg), A2 == —alG($1,CL'2), A3 == F(,Il,l'g),

w2a (3.53)
A0 = R(xy1,x9) — 5 3 4+ wxsF(x1,x2),

B3 = exp(wt)(p3 — w3); (3.54)
Al = 0,G(0,9), A*=—-0:G(0,¢),
A3 = L(F(0,0) + (0, +2)F(p,¢)),

AY =~ 4 L R(0,0) + 4w, Flp, 0),
AT = exp(2wt)(po + w?r? — & (TaPa + PaTa))- (3.55)

Notice that L3 is nothing but the third component of the orbital moment.
Up to rotation it can be replaced by the first component Ly = zop3 — x3ps
or the second component Lo = x3p; — T1p3.

Consider consequently all potentials and symmetries (3.45)-(3.55) in
more detail and verify their compatibility with equation (3.44). The vec-
tor of magnetic field corresponding to potentials (3.45) has the following
components (refer to (3.39)):

Hl = —62F(;c1,x2), H2 :81F(1'1,1'2),
H? = — (07 + 03)G(21,22). (3.56)

The related symmetry (3.46) includes only a part of matrix n which is
proportional to the unit matrix, i.e., only the first term from the r.h.s. of
equation (3.40). Whenever the Pauli term is present, it is necessary to add
the remaining part of n equal to o®n?, i.e., replace (3.46) by the following
operator:

Py =ps+n° + 0",
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where 7° and n® are unknown functions. The corresponding condition (3.44)
is reduced to the following form:

g(OsH® 4 2% HY — b = 0. (3.57)

All components of the magnetic field presented in (3.56) do not depend on
x3, the same is true for functions n* in view of equation (3.42). This means
that condition (3.57) nullifies all functions 7%, a = 1,2,3 if F(z1,22) and
G(z1,x2) are arbitrary. However, for the very special case of these functions
corresponding to constant magnetic field (3.56) equation (3.57) has non-
trivial solutions which, up to rotation transformations, can be represented
in the following form:

H'=H*=0, H’=q,

nt = cpsin(2¢1gt) + c3 cos(2¢1gt), (3.58)
n? = ¢ cos(2¢1gt) — c3sin(2cygt), = cy,
where ¢y, ...,cq4 are arbitrary parameters. Moreover, up to scaling of the

independent variables and standard trigonometric manipulations we can
reduce these parameters to the form ¢y =1, ¢ =0,c3 =1, ¢4 = c.

The next system we consider is given by relations (3.47). The corres-
ponding symmetry (3.49) again has to be generalised by adding matrix 7,
whose components should satisfy condition (3.44) which is reduced to the
following form:

g((2102 — 901 H® 4 2% HY) — b =0 (3.59)
or
g(d,H® 4 2ebdpcHY) — P = 0. (3.60)

But in accordance with (3.39) and (3.47) the related components of the
magnetic field can be represented as:

Hl = *83(562611 - 331G2), H2 == 83(:61G1 + 332G2),
H? = (2 4+ 707)G?, (3.61)

where G! and G? are functions of 7 and x3. In view of (3.61) equa-
tions (3.60) are reduced to the following form:
2g(n' H* — i H') =, (3.62)
g2 H® + (203 — )H') =7,
920 H® + (1 = 2m3)H?) = —ij”.

(3.63)
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For generic magnetic field whose components are given by equation (3.61)
we obtain from (3.62) that

771 = 07 2 = 07 773 - —. (364)

However, for the constant magnetic field there is one more solution given
by equations (3.58).

In the complete analogy with the above it is possible to consider the re-
maining systems (3.47)-(3.55) and prove, that all symmetries (3.50), (3.52),
(3.54) and (3.55) valid for the Schréodinger equation are kept for the Schro-
dinger-Pauli equation also, provided Lg is changed to J3 = L3 + %03. The
main point of the proof is that Hs always depends on invariant variables
for these symmetries, and so in all cases we have the same equation (3.64)
which nullifies either n', n? or H', H?.

The obtained results can be formulated as the following statement.

Theorem 3.4. All Lie symmetries of the Schridinger equation with time
independent scalar and vector potentials can be extended to the symmetries
of the corresponding SP equation, if we change the orbital momentum op-
erators L, by the total orbital momentum operators J, = L, + %aa. In
addition, for constant magnetic fields or for the fields with the only non-
trivial component H3 the additional symmetry

Q) = 01 cos(2gt) + o2 sin(2gt) + co

or

Q= o3
1s valid.

Since the symmetries of the Schrédinger equation with time independent
scalar and vector potentials have been described in Section 3.2, in fact we
have in hands all inequivalent symmetries of the related SP equation.

3.5. Symmetries of Schrédinger-Pauli equations for neutral parti-
cles.

3.5.1. Determining equations. The SP Hamiltonian for neutral particles is
given by equation (2.6). In contrast to the equations considered in the
previous section, now equation does not include vector potentials but only
scalar one and three arbitrary components of the external magnetic field.

Evaluating the commutator in the Lh.s. of (3.2) and equating coefficients
for the linearly independent differentials we obtain the following system of
equations for unknowns £, €%, n, V and a:

f=—-a, =0, (3.65)
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2 .
§a+& — ~daki =0, (3.66)
& =—5a (3.67)
£ 41, =0, (3.68)
€V, =aV +7+in, V] (3.69)

where 1 = % and 7, = 8252'

Formally speaking, system of the determining equations (3.3)-(3.7) is
rather complicated since it includes four arbitrary elements V0, V1, V2 and
V3 whose form should be fixed from the compatibility condition of this
system. However, the major part of this system, i.e., equations (3.3), (3.4),
(3.5) and (3.6), do not include these arbitrary elements. The immediate
consequences of equation (3.6) are the following conditions:

on*
8$b -

0 (3.70)

and
£ +my = 0.
Equation (3.7) in its turn is decoupled to the scalar and vector parts:
Ve = oVl 40,
and
€Wl = aV?l 4 b — 2ebedpeyd, (3.71)

where €%°? is the absolutely antisymmetric unit tensor.

In other words, system (3.3)-(3.7) includes the autonomous subsystem
formed by equations (3.3), (3.4), (3.5), (3.41) and (3.43). Solving this
subsystem we recover symmetries of the standard SE describing a spinless
particle. Then, to find symmetries of the SP equation it is sufficient to
solve equations (3.41) and (3.44) where £ and « are functions found at the
previous step.

Symmetries of the standard SE are presented in Section 3.1. Thus all
what we need is to solve the related equations (3.41) and (3.44) with £” and
« presented in Tables 3.1 and 3.2.

3.5.2. Symmetries of SP equations which do not include oscillator terms.
Since we have in hands all inequivalent solutions of equations (3.4)-(3.6)
which are found in the previous section, the only thing we need is to find
the corresponding solutions of equations (3.44) where £* and « are known
and, in accordance with (3.70), n® are not dependent on x. In other words,
it is necessary to consider all cases indicated in Table 1 and extend them
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to the case of non-trivial V' solving the corresponding equation (3.71) for
potential components V.

First we consider the cases when SP equation admit one-dimensional
algebras whose generators are presented in (3.28). The related scalar po-
tentials are enumerated in items 1-4 of Table 3.1. In item 4 we can find one
more symmetry, namely, Gs, but it can be treated as induced by Ps.

Let us start with the case which is not included into Table 3.1: no symme-
try, all coefficients £€* and 7" are trivial. The corresponding equation (3.44)
is reduced to the following form:

7t — 2%y =, (3.72)

Up to constant matrix transformation the generic solution of (3.72) is:

vi=v?=q, V3=,
n' = cos(t), n° = sin(t), n’ = p, and
n' = sin(t), n* = — cos(t), 7’ = p,

where A and p are arbitrary constants.

Thus we find the symmetry of SP equation for a neutral particle inter-
acting with the constant magnetic field which without loss of generality can
be directed along the third coordinate axis. However, like in the case of
the harmonic oscillator, the related SP equation (2.1) can be reduced to
the equation with trivial potential, which can be done using transforma-
tion (3.21).

Let us consider consequently the matrix extensions of all potentials and
symmetries presented in Table 3.1. For the first symmetry specified in
Item 4, i.e., for P3 we have & = 1 while ¢!, €2 and « are trivial. Substituting
these data into (3.44) we obtain:

Vi =it — 2%tV (3.73)
Differentiating (3.73) w.r.t. ¢ we obtain the condition 7j¢ = 2e%¢nbVe,
and so
10
i = = —(7*7) = 0, 3.74
it = 5 500" (3.74)

In accordance with (3.74) vector components 7 should be time indepen-
dent, and so

,)70, — kat+na

with some constants k% and n®. Moreover, up to constant matrix transfor-
mations, k! = k? = n? = 0. As a result equation is reduced to the following
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System:
Vi =2n°V?, Vi =2(n'V? —n®Vh),
Vi =k —2n'V?, V= kv =0,

which has two classes of solutions defined up to constant matrix transfor-
mations:

(3.75)

Vi=V2=0, V?=ka3+0(x1,22), n'=1"=0, n’ =k +n, (3.76)
Vi=V2=0, V3=0a(z1,m), n'=n"=n’=0, '
and
V1 = ®cos(2nx3) + (a1, xo) sin(2nxs),
V=9 T1,x2)sin(2nrs) — P T1,x2) COS 2> ,
(1, 22) sin(2na3) — ®(x1, 22) cos(2na”) (3.77)

V3 == é(l‘l,l‘g),
')’,1:772:07 773:713:71’
where ®(z1,x2), é(ml,mg), G(z1,x2) and é(xl,xg) are arbitrary functions
of 1 and xs.

Solutions (3.76) are not interesting since they correspond to the direct
sum of ordinary SEs considered in the previous section. However, solu-
tions (3.77) generate the matrix potential which cannot be diagonalized.
Namely, these solutions generate the following potential:

V = N(z1,x2) + F(x1,22)M(n,x3), (3.78)

where N(z1,z2), F(z1,22) and M(n,x3) are matrices of the following
generic form:

N(wl,m'g) = G(xl,fbg) + 0’3@(331,332),
F(J:‘l,:EQ) = (I)(l'l, .%'2) =+ 10'3&)(.1‘1,$Q>, (3-79)

M (n,x3) = o1 cos(2nx3) + o9 sin(2nxs)

with arbitrary functions G, G, ® and 9.

In the case of standard SE the symmetry Ps induces the symmetry Gj.
It can be verified by the direct calculation that for matrix potential (3.77)
it is not the case, and so the related SP equation is not Galilei invariant.

Thus we have generalized the potential V' = G(x1, z2) presented in Item 4
of Table 1 which admit symmetry Ps to the case of matrix potential given by
equation (3.78). However the SE with potential V' = G(z1, z2) admits equ-
ivalence transformation (3.21) while in the case of matrix potential (3.79)
it looses this property. It means that the term xx3 which we omit in the
case of scalar potential (since it can be reduced to zero by the equivalence
transformation (3.21)) now cannot be omitted.
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In complete analogy with the above we solve equations (3.44) correspon-
ding to the other symmetries presented in Table 3.8. We will not present
here the related cumbersome calculations (which can be found in [66]).

In Table 3.8 the symbols M(-), N(-), F(-) denote matrices defined in
equations (3.79) where n can take arbitrary values including zero, G(r)
and ®(r) are arbitrary functions.

Table 3.8: Symmetries for SP equation with non quadratic

potential
No Potential V' Symmetries
Ps; + o3n + nkt
1 N(x1,29)+ F(x1,29)M(n,x3) + nkxs and Gy if n = 0
2 N(r,xz3)+ F(7,x3)M(n, @) + nkp L3 + nkt + o3n
3 N(rz3— )+ F(r, 23 — )M(n, o) L3 + Py + o3n + nsit
SN, ke ?) + S F(0,r"ke %)M (n,y)
2 I 2 ) ’ )
4 :Zzgo—f-l/ln(?“),uq-k‘#o D+kL3+TL(k+V>0'3
5 N(7) +nkp + F(r)M(n, x3) + vas, L3 + nkt,
n#0 P34+ nosg + vt
N . L3 + nkt + nos, Ps
6 N(7)+nkp+ F(7F)M(n, ) and G if 1 = 0
T NG Re P+ ZF R )M (ng) D+ F(Ls + o). P
D +nos, L
1 1 3,443
9 SN(0)+ zF(0)M(n,n(r)) and A ifm— 0

Py, P34+ nos+ nkt

10 N(.%'2) + F(-%'Q)M(nvx?)) + RT3 and G1, G3, Lo if n=20

11 G(r) + ®(r)oaz, La+%0’a, a=1,2,3
D +nos, Ly, Ly, L3
v 23 o ) ) ’
12 5 +o3.3 + TQM(n,ln(T‘)) and Aifn=0
13 %—FJg%—{—%M(n,@), n#0 D, L3+ nos, Ps
- D +nos, P, L3
14 % 4 o345 + 5 M(n,In(7)) and Aifn—0
D+ nos, P, Po, L3
v M o ) ) 5
15 72+ 03z + g M(n, In(zs)) and A, Gy, Goifn=0
16 r%‘i‘r%o_a-xa D7A>La+%0—a> a=1,2,3

3.5.3. Symmetries of SP equations with oscillator terms. The next step of
our classification is the generalization of the scalar potentials which include
the harmonic oscillator terms to the case of matrix ones. Such potentials
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are presented in Table 3.2. In addition, we are supposed to analyze all
versions presented in Table 3.1 and marked by the asterisk. The related
potentials can be generalized to include the isotropic harmonic oscillator
term which cannot be removed using the equivalence transformations (3.21)
provided the potential includes non-diagonal matrix terms.

Starting with the analogous reasons, it is necessary to generalize the
potentials including linear terms, which can be generated using equivalence
transformations (3.21) starting with the data of Table 3.1 marked by the
star.

Let us consider consequently all symmetries presented in Table 3.2 and
find the matrix potentials compatible with them. To achieve this goal it is
sufficient to solve equations (3.44) for V' where functions £ can be found
comparing definition (3.1) and explicit expressions for symmetry operators
presented in the Table 3.2.

For symmetries presented in Item 1 of Table 3.2 we find that neither B
nor Eg generate non-trivial solutions of equation (3.44) for components V¢
of matrix potential. However, the linear combinations Q¥ = By £ 3§ are
compatible with non-trivial V. In this case the nonzero components &*
and n° are

€3 = exp(dwt), n° = F exp(twt)wrs.

The related components 7 should have the same dependence on t as &3,
and so in analogy with (3.76) we have to set

nm =mn2=0, n® = nexp(Lwt).

In the following we omit signs 4+ but reserve the possibilities for parameter
w be positive or negative, and write the corresponding symmetry as

Q = exp(wt)(Ps — wxs + nos).

Substituting these data into equation (3.44) we come to the following
system:

Vi = 2nV?, VE=—2nV1,
V5 =wn. (3.80)

Equation (3.80) is easy solved and its solution is given by formula (3.77).
Just this solution is presented in Item 1 of Table 3.6 together with the
scalar term —%w%%.

Thus we have found an example of matrix potential which include the
repulsive oscillator term. The related SP equation (2.1), (2.6) admits a
one parametric Lie group additional to shifts of the time variable. This
potential includes three arbitrary matrices of special form (3.79), dependent

on two or one spatial variables. To classify the potentials which admit
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symmetry (3.44) and are compatible with more extended symmetry groups
we apply the additional conditions (3.72) where £ and 7n® are functions
specifying the additional symmetries (3.1), (3.40).

Table 3.9: Potentials with oscillator terms and symmetries
for Schrédinger-Pauli equation

No Potential V Symmetries
1 N(z1,x2) + o3wnas— Q
—2w?ad + F(x1,20) M (n, z3)
5 N(r )—i—agwnm‘g—g};( )M (n,x3)+ Q. Ls + nxt
+nKp — 50.1 3
N(zg) + oswnx3—
S L+ Flaa)M(n ) @G
4 N(xl) I" 5(1‘1)M(’I’L,$3) + %wéxé_ Q, BS, BS
—7w3a;3 + Nwo3xs3
5 uM(n,x3)+ aw%x% — lw3$3 +osnwzs  Q, B, BS, P
6 pM(n, x3) + SGwiz? + Zwizs— Q, By, BT,
—lwgazg + O3NWI3 B§2, B52
Q, Bi, B,
7 puM(n,z3) + 51 W22 %w%x% + o3nwxs Bg,Bg,ﬁg
g Own — sw?r? + SN (p,0)+ O
+T2F(% )M (n In(r))
T 2
ngn — swiri+ ~
9 12 , L
NO) + EFOMme) P
o2
J3wn + ~ _ 5_
10 , By, B
) - LE (M0 () @5 5
11 o3wn — %w2T2 + 4 %M(n, In(r)) Q, Ly, Lo, Ls
12 o3wn — 2w’ + £ + 3 M(n,In(7)) Q, L3, By, By
13 o3wn — Lw?r? + 4 7 + A M (n,In(z3)) @, L3, By
i B Bi.B;.B;
14 N(7) + F(7)M(n, >+%w2 Ls + o3n, B5, Bj
P: t
15 N(z2) + Sw?a? + F(z2)M(n, z3) + nkas B?; +BZUS + ik,
1> 1
B€1 Bfl B€2 BEQ
€1,,2,.2 €2,.,2,.2 1 »¥1 »P2 P2
16 pM(n,z3) + Fwiz] + Fwirs + nkrs Py + nos + nat
13 £ > 13
17 puM(n,z3) + %wsz + nkx3 Bi, By, B3, B,

L3, P3 +nos + nkt
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Applying this machinery to all potential presented in Tables 1-3 we find
all symmetries admitted by SP equations with matrix potentials which
include quadratic terms, see [66] for calculation details. The classification
results are present in Table 9.

In the table Q = BT and Q = A% are generators fixed in (3.27). The
symbols N(-), F(-), M(n,-) denote matrices (3.79) depending on the argu-
ments fixed in the brackets, u and A are arbitrary real parameters.

Symmetries specified in Table 9 correspond to non-zero values of parame-
ter n. However, the corresponding equations are well defined also for n = 0.
In this case symmetry algebras are more extended, namely, symmetries )
and Q are replaced by the pairs (Bs, Bg ) and <A_,fl_> correspondingly.
In addition, symmetry Gs appears in Items 15, 16, 17 and symmetry G}
should be included into Item 5.

Summarising, we classify all inequivalent Lie symmetries which can be
admitted by SP equations for the neutral particles. The classification prob-
lem appears to be more complicated than in the case of the SP equations
for charged particles, but it can be effectively solved using the algebraic
approach.

3.6. Symmetries of PDM Schrédinger equations.

3.6.1. The stationary equation. PDM Schrodinger equations include Hamil-
tonians whose generic form is given by equation (2.2). It incudes two arbi-
trary elements, i.e., the inverse mass f(x) and potential V(x).

Let us start with symmetries of the related stationary SE (2.3). Then
the corresponding invariance condition formally coincides with (3.2) where
o = 0 and generates the following determining equations:

£ fobap — F(EL + &) =0, (3.81)
—& fai + [i€0 + EL +2fn. = 0, (3.82)
fa77a + f”?aa - ﬁav =0. (3.83)

The system (3.81)-(3.83) is overdetermined and includes ten equations
for six unknowns.
Equation (3.81) can be decoupled to two subsystems:

2 )
S+ & = 0w, (3.84)

3¢ f; = 2f¢], (3.85)

which are nothing but the traceless part and trace of (3.81).
Relations (3.84) define the 3d conformal Killing vector, whose general
form is given by the following expression (see, e.g., [52])

€7 = N0z — 229Nz 4 pe™a® + wa® + 12, (3.86)



236 A. G. Nikitin

where the Greek letters denote arbitrary real constants.

To find function 7 needed to fix @ it is sufficient to differentiate (3.4)
w.r.t. z, and compare the result with (3.82). In this way, using equa-
tions (3.84) and the following identities

fla = 2)\ia i = —6A,

a

we obtain
n= —3Xaxq + c, (387)

where c is a constant.
The remaining equations (3.83) and (3.4) are reduced to the following
form:

&' fi =2(w — 2Xqza) f, (3.88)
§V; = =3\if;, (3.89)

where & are given in (3.86). Thus our classification problem is reduced to
finding the general solution of equations (3.88) and (3.89) for unknowns f
and V', where ¢! are polynomials (3.86).

Equations (3.88) and (3.89) include ten arbitrary parameters. To specify
the values of these parameters which correspond to non-equivalent versions
of these equations we note that in accordance with (5.12), (3.86), (3.87) we
should deal with the linear combination of the generators the 3d conformal

group:

Q=XNK+u'J +wD+v'P +e, (3.90)
where
S o o
Pl=yp=—ige, Ji=elalph (3.91)
(2 .
D =z"p" — %, K' = 2"z"p' — 22D,

and c is a constant which is not essential and will be chosen as zero.

Thus the integrals of motion belong to algebra c(3) whose basis elements
are given by equation (3.91). However, if all parameters A%, v*, u® and w are
arbitrary, then the determining equations have only trivial solutions f(x) =
0, V(x) = const. To obtain a non-trivial equation (2.1) it is necessary to
impose some constraints on these parameters and reduce the algebra c(3)
to one of its subalgebras.

Happily, the optimal system of subalgebras of ¢(3) are well known. To
enumerate them we note that algebra ¢(3) is isomorphic to so(1,4), i.e.,
to the Lie algebra of the Poincaré group in (1+4)-dimensional space. This
isomorphism is fixed by the following relations:

Mab — EabCJC, MOa _ %(Ka + Pa)v
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MY = LK - P,), M =D, (3.92)

where M* with u,v = 0,1,2,3,4 are basis elements of algebra so(1,4),
satisfying the following commutation relations:

[ij, M)\O’] _ i(guJMV)\ + gl/)\MuJ o g,u)\MuU _ gl/UMu)\)’

where g" = diag(1, —1, -1, —1,—1). Optimal subalgebras of algebra so(1, 4)
have been classified in paper [75]. Using this classification and applying
isomorphism (3.92) we obtain the requested list of non-equivalent subalge-
bras, which can be found in paper [70]. Here we present only the bases of
one-dimensional subalgebras:

<M21>, <M43 _ M03>, <M43 _ M03 —|—M21>,
(M®B +aM?), 0<a? <1, (M™-—vM*) 0<v<1.

Any symmetry (3.93) corresponds to the fixed values of the numeric
parameters in the linear combination (3.90) which will appear in our de-
termining equations, which appear to be exactly solvable. We will not give
here the related routine calculations which can be found in [70], but restrict
ourselves to the presentation of the classification results given in Table 3.10,
where u, v and a # 0 are arbitrary constants, ¢ and 6 are Euler angles,

2
w = aarctan — +1—<p, ki =7 + (z3 £ 1)2,
2333
while D1F(...), DoF(...) and DF(...) denote the derivations of func-
tions F(...) with respect to their the first, second and the only element
correspondingly.

Table 3.10 presents the complete list of inequivalent symmetries which
can be admitted by the stationary PDM Schrodinger equations. As it is
shown in paper [70] (refer also to Section 5 of the present paper) many of
the systems presented in Table 10 are exactly solvable.

(3.93)

3.6.2. Time dependent PDM Schrodinger equations. The equation ipdi—
cated in the section title has the generic form (2.1), where H = H is
Hamiltonian given by the following formula:

H = mpom~ 1 "2Pp,mP + V. (3.94)

Here p, = —i%, m = m(x) and V = V(x) are the mass and potential
depending on spatial variables x = (z1,x2,...,2,), and summation w.r.t.
the repeating indices a is imposed over the values a = 1,2,...,n. In our
case n = 2 wile the case n = 3 will be considered in the following section.
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Table 3.10: Functions f and V' in Hamiltonians (2.2) and the
corresponding integrals of motion

No f Vv Integrals of motion

1 F(f2vm3) F( 27:E3) M21

2 F(xy,22) F(x1,23) M3 — MO3

3 r2F(0,rve¥)  F(0,r"e¥) M% — M

4 Ry O T DI

’ +F (™ 241 ,w)

5 F(x3—¢) F(i* x3— gp) M* — M 4+ M2

6 FPF(CEHY  srF 4+ F(CE M3, M2

7 F(F) F(7) M2 M — MO

8 PPF(Fe®)  F(ie¥) M* — M9, MY + oM

9  r2F(9) F(9) M40, M2

10 TQF(QO) F(y) MO AO3 prA3

~ M M“1

11 F(xs3) F(x3) WE M02 M2

12 F(r? F(r?) M3, M31,M21

13 HT.Z v MU4 Mu Mdl MZJ

14 /”:2 v M40 M21 M4d MUJ
M41, M4Z,M4d,

15 p(r? 4+ 1) 6ur? + v M2 A3l 32
MUl, M027M05’

16 p(r? — 1) 6ur? + v M2 3L 32
Mdl M21 MJZ

17 prt 6pur? + v M*3 4 MO MA2 4 MO2,
M41 —|—M01

In (3.94) we give the physically motivated representation for the kinetic
energy term, where p is the so called ambiguity parameter [46,87]. Alter-
natively, it is possible to represent H in the standard form (2.7). Moreover,
the related function m and f are connected by the following relation [64]:
ama _ PMaq

m2

f=m™ V=V+(p*+2p)

Here m, = 3772 and f, = 88711.

3.6.3. Determining equations for symmetries of time dependent PDM Schro-
dinger equations in any dimension. Let us search for symmetries of equa-
tions (2.1), (2.7) with respect to continuous groups of transformations. Like
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in previous sections we represent the generator of the symmetry group in
the form (3.1) and substitute this expression together with (2.7) into the
invariance condition (3.2). Evaluating commutator in (3.2) and equating
coefficients for the same differentials we come to the following system of
the determining equations for unknowns £, €%, n, f, V and a:

f=—a, =0, (3.95)
(&h+e)f—o"(€fi—af) =0, (3.96)

—i€" + [E8 = 2if 0 + & fab — E S5 — [Ea = fa (3.97)
(ot €Vt g sty + (56 -7) =ave (99

where §% is the Kronecker delta, the dot and subindices denote derivations
. 0

with respect to time and spatial variables: £ = %, fo= %,

Using differential and algebraic consequences of (3.96)-(3.98) it is pos-

sible to reduce this system to the following equivalent form (see [71]):

etc.

&+ & — 20ugl =0, (3.99)
€~ af = 2 fé, (3.100)
£+ 2naf =0, (3.101)
Vo + %Sé’afa =aV +1. (3.102)

The system (3.95), (3.99)-(3.102) gives the determining equations for
symmetries of arbitrary dimension PDM Schrodinger equation. It is overde-
termined but rather complicated. In the following sections we present so-
lutions of this system for n = 2.

3.6.4. Reduction to the case n = 2 and equivalence relations. The classi-
fication problem in (1 4 2)-dimensional space is rather specific. First, the
number of dependent and independent variables is relatively small, sec-
ondly, the equivalence relations appear to be more powerful than in the
cases of more extended carrier spaces.

Equation (3.99) for n = 2 is reduced to the Cauchy-Riemann conditions
for functions ¢! = u and €2 = v:

U = o, Uy = —v7. (3.103)
The corresponding symmetries (3.1) can be rewritten as follows:

Q= 5080 + udy + vda + uy + in. (3.104)
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The remaining equations (3.100)-(3.102) take the following form:

2fm +u=0,
2fn2+v =0,
ufi +vfo— (a+2u)f =0,
uVi +oVa +uiifi +vaafo = aV + 1.

Just system (3.95), (3.103), (3.105)-(3.108) together with definition (3.104)
describes symmetry algebras for equations (2.1), (2.4) with n = 2. To solve
this system it is necessary fix the admissible equivalence relations.

Let us note that Hamiltonian (2.7) is form invariant with respect to the
following transformation:

T — ’L~L($1,£L'2), xro — ’D(ZL‘l, 1:2), (3.109)

1 1
Y — ﬁw, H— ﬁH\/ﬁ, (3.110)

where @ and © are arbitrary functions satisfying the Cauchy-Riemann con-
dition (3.103), and R = /4 + u3. Indeed, the transformations (3.109)
and (3.110) keep the generic form of the Hamiltonian but change functions
fand V in (2.7).

In addition, the related equation (2.1) admits the scaling and shifts of
the time variable:

t— vt+p, (3.111)

where v # 0 and p are arbitrary constants. Such transformations can
be compensated by multiplication of f and V' by % Moreover, formu-
lae (3.109), (3.110) and (3.111) give the most general continues transfor-
mations which keep the generic form (2.7) of the Hamiltonian up to change
of functions f and V' [71]. Thus two equations of type (2.1), (2.7) be equiv-
alent if they can be connected via transformations (3.109)-(3.111).

3.6.5. Classification results for n = 2. Let us present the classification re-
sults obtained in [71] by solution of the determining equations (3.3), (3.103),
(3.105)-(3.108) up to the equivalence relations (3.109)-(3.111). They are
given by the following formulae where the inequivalent symmetries together
with the corresponding Hamiltonians:

{ H = po f(r)pa + V(r),

3.112
Q1 = J = x1p2 — x2p1; ( )
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H = pa(r® +1)°pa — 41,
=7 (3.113)
Q2 = (23 — 27 — 1)p1 — 22129p2 + 217, .
(Qs = (2] — @5 — 1)py — 2m1w9p) + 2iwy;
(H = pa(T2 — 1)2pa — 47“2,
G =7 (3.114)
Q4= (:Ug - 33% + 1)p1 — 2z120p2 + 2ixy, .
(@5 = (aF — 25 + 1)pa — 2x179p1 + 2y
H = pr*t?F ay
2+ 1) a1y
Q6 = D =iatd; + z1p1 + x2p2;
H = 14
Paf(T)pa + v+ V(r), (3.116)
Qr=J+vt;
H = paatt2p, + vz, a#1;
Qs = pz, (3.117)
Q9 =

H= pax?pa + pxy + vas,
Q10 = p2 + Vi, (3.118)
Q11 = it0y + 1p1 + T2p2,

where ¢ = arctan (%) and r = /22 + 3. In addition, f(r), F(p), V(r)
and V(cp) are arbitrary functions of the arguments fixed in brackets.

Equations (3.112)-(3.118) present Hamiltonians with different symmet-
ries, defined up to equivalence relations (3.109), (3.110) and (3.111). All
presented systems are invariant w.r.t. shifts of the time variable. The gen-
erator of these transformations is Py = i%.

Let us note that for F(p) = exp(ry) and V(p) = pexp(ry) the sys-
tem (3.115) admits the additional symmetry @ = J + 2vtFy. In addition,
if in equations (3.116) function f(r) is proportional to 72, the correspon-
ding system admits the additional integral of motion Dy = x1p1 + xops — 1.
We do not specify these systems in the list (3.112)-(3.118) since they are
equivalent to systems with constant masses.

Operators Q1,Q2,...,Q5 given by formulae (3.112)-(3.114) commute
with Hamiltonians and so are integrals of motion. In addition, they satisfy
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the following commutation relations:

(@1, Q2] =1Q3, (@1, Q3] = —iQ2, (Q2, Q3] =1Q1,
(@1, Q4] =1Qs, (@1, Q5] = —iQ4, (Q4, Q5] = —iQq,

which specify algebras so(3) and so(1,2) correspondingly.

The other symmetries which are given by equations (3.115)-(3.118) are
time dependent and do not commute with Hamiltonians. However, they
satisfy the following relations:

[Qe, H] = 2iH, (3.119)
Q7 H] = —vI, Q7,11 =[H,1I] =0, (3.120)
[Qs, H] =0, [Qo, H] = iaH, [Qo, Qs] = iQs, (3.121)

[(Qr0, H] = —ivI, (@11, H] =iH, [Q10, Q1] = ivQo,

[Q10,1] = [Q11,1] = [H,I] =0, (3.122)

where [ is the unit operator.

3.6.6. Classification results for n = 3. The determining equations (3.95),
(3.99)-(3.102) are defined for PDM Schrodinger equations of arbitrary di-
mension d. The most interesting case d = 3 was considered in paper [64],
where the mentioned systems were solved and the related equivalence re-
lations were specified. Here we restrict ourselves to presentation of the
mentioned equivalence relations and classification tables.

It is shown in [64] that the generic equivalence group for PDM Schrédinger
equations with three spatial variables is nothing but C(3), i.e., the confor-
mal group in three-dimensional flat space. We can search for potentials V'
up to constant terms C, i.e., potentials V and V' =V + C will be treated
as equivalent. To reduce V' to V' it is sufficient to make the transformation
Y — e in equation (2.1), (2.7). In addition, rescaling the time variable
we can reduce to the unity any constant multiplier for f.

Transformations discussed in the above belong to the generic equiva-
lence group of equations (2.1), (2.7) and can be applied for any arbitrary
elements f and V. However, for some particular cases there are additional
equivalence transformations which are listed in the following formulae:

T1 — £1 = X1 COS (%) — X9 sin (%) ,
T9 — Tg = X9 COS (%) + x1sin (%) ,

(3.123)
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xr1 — &1 = z1 cos (In(w)) — z2sin (In(w)) ,

x9 — Tg = x3cos (In(w)) + 1 sin (In(w)) ,

x3 — 3 =0 '(z3 +2In(0))

) o ().
<

To — T9 = To COS <H2> — x1sin
=9

[\.7

Y(t, x1, 22, 23) = Y(t, T1, T2, x3) = “t(%_e)ﬂ)(t,ma@’l‘:}),

e
V>V+ ,ué, © = arctan <:f2> , © = arctan <m2) ,
Z1 1

~ _#t2
X > X=xe 2,

W(t,x) = Pt %) = e 2
[V =V +puln(r),

( 2

T3 — T3 = x3e 2 ,

2 +i“t(%_ln(7"))1/;(t, x),

W(t, 1,29, 23) — D(t, 11,29, 53) =

382 | 243 .
_ +it——iutIn(x
=c 2 5@y (4 2y 29, 73),

|V =V + pln(xs),

-2
x3 — &3 =x3+In(1+t*) +1n (%) , t—t= —arctan(t),
,u

—ipt —x3
W(t, 1, w9, 03) — V(E, T1, 22, F3) = €O+ ap(t, 11, T2, 3),

2 ~
Vv e,

243

(3.124)

(3.125)

(3.126)
(3.127)

(3.128)

(3.129)

(3.130)

(3.131)

(3.132)
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x3—>§;3:x3+1n(1—t2)+1n(g>,

- 2
t — t = —arctanh(t),

H o (3.133)
w(ta .’L'l,IEQ,.’I,'g) ¢(t $1,JI2,$3) = e~ &° ¢(t7$1,$27$3),
V-oV-— %e %3

x1 — &1 = x1 cos(P) — xosin(P),

2
(I>—ll (wa(l—i—t)),
o 2

g — To = 9 cos(P) + x1 sin(P),

— arctan(t

d}(ta Zy,T2, 5E3) — J}(ﬂ jl

—iwt 7(7@

3}2,1}33) — ea(1+t>2 ¢(t,ﬂfl,$2,$3),
2
w &
V-V + ?e_"@,

T — T =21 COSh((i)) — 9 sinh(é)),

b % <wa(12— t2)> 7

To = To = X9 cosh(ti)) + 21 sinh(tf),

~ 2
t — t = —arctanh(t), (3.135)
wo
Y(t, x1, 20, 3) = Y(t, T1, Ta, 3)
iwt efo'(—)
— ea(l—ﬂ) ¢(t7$17$2,353),

2 -

VoV -0
( 2

x—>i:x(1+t2)%,

- 1
t — t = —arctan(t),
wo
~ —iwt x2)—°o
Bt %) = H(E%) = (1+ ) 1em03 ) g1, x),
w2
V—=V4+ ?(58)—”,

(3.136)
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(x — % =x(1 — (ct)2)27,

- 1
t — t = —arctanh(ot),
o (3.137)

T _dwt (1 2y—0o
Y(t,x) = D, %) = (1 — 12)Tedo0-m )
w2
V—=V- 7(,22)—0_

P(t, %),

Transformations (3.123)-(3.137) do not belong to the equivalence group
C(3) which is valid for arbitrary mass and potential. However, they keep
the generic form of equations (2.1), (2.7) for some particular f and V.

The admissible fixed mass functions are presented in the following for-
mulae:

=5 =+ ad
m=r"2 m=e " m=r>+£1)"? (3.138)
m = f_3, m = :1:52, m = 3353
Mass functions defined up to arbitrary parameters also correspond to
highly symmetric PDM Schrédinger equations. They can have the following
forms:

m =240 = 572790 gy = 20 vO) (3.139)
where © = arctan(3?), o and v are arbitrary nonzero parameters. Masses
—2—0

with m =277 and m = r are equivalent.

There is a big variety of potentials corresponding to the position depen-
dent masses given by equations (3.138) and (3.139). The corresponding
classification results are arranged in Tables 3.11, 3.12, 3.13, 3.14.

In Table 3.11 the systems with power inverse mass are represented. Here
A is a parameter which takes nonzero values, p can be reduced to zero
applying transformation inverse to (3.129) for Items 1-6 and transforma-
tion (3.123) for Items 7-18. The invariance algebras include the presented
symmetries together with generator Py and the unit operator.

Additional symmetries are indicated in the third columns of the tables
where My, Py, Lo, and D are operators defined in (3.91) and (3.92), G(-)
are arbitrary functions of the arguments fixed in brackets, and small Greek
letters denote arbitrary parameters. The related symmetry algebras are
fixed in the fourth columns, where n,; and s, ; are nilpotent and solvable
Lie algebras of dimension a. We use the notations presented in [88].

The systems presented in Items 15-17 admit equivalence transforma-
tions (3.136) and (3.137). By definition o # 0.
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Table 3.11: Systems with power inverse PDM function f =

72 = 1:% + x%
No Potential V' Symmetries Invariance
algebras
1 G(’Fv $3) + lu@7 A% =t (L3 + %t) — @, n
where® = arctan(72) Al = L3+ pt b1
2 G(T)+ ud + ka3 Af, A, P+ kit N5.4
3 G(%)+ pO + vin(r) Aj, A, D+t N5.4
G(ZHL) + 4O + \®
4 r Af, A}, K3 — Py — 2\t
where ® — arctan(';x_:) 1s 412, 143 3 N5.4
5! ,u@ + l/ln(f) A%, A%, D+ l/t7 Pg S6,91
6 uo Aj, A}, Ps, D, K3 ni1 @sl(2, R)
B% = )\Sin()\t)Lg
. 22 02 —(A\20 + ) cos(At),
7 G(’I“,l‘g) + 2 (C) + M@ B% _ )\COS()\t)Lg S4.,7
+(A20 + p) sin(\t)
8 G(’F) + %@2 + puO + ks Bll, B%, P; + Kt S5,16
G(%)+ K@2+ 1 1
9 T 2 By, By, D+t
+10 + v In(7) b Py Dy 55,16
G(=H) + e+ 1 pl
10 2 B, By, K3 — P3— 2\t
q_'u@ Y 1, P2, B3 3 S5,16
G
11 2 H Bi, B, D P
+v1In(7) 1, by, D+ vt I3 $6,230
12 )\72@2 + 410 Bi, B}, P3, D, K3 sa7 Bsl(2, R)
C{ = Asinh(A\t) L3+
_ - 22 +(1 + A20) cosh(At),
13 G(7,w3) =4O = 50 C} = Acosh(At)Ls+ 54,6
+(1 + A\%0) sinh(\t)
14 G(F) —p© — X 02+ kg CF, CY, Py + st S5.15
15 G(%) — 46 — §q2+u1n(f) CL,CL, D+ vt S5.15
16 G(T;rl)—ue—%Gﬂ-i-/\q) Cll,CQI,Kg—Pg—Q)\t S5,16
17 —u© — %@2 + uln(f) Cll, 021, P, D+ vt 6,229

18 —uO — 46?2

0117 0217 P37 D7 K3

s4,7 Dsl(2, R)
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Table 3.12: Systems with inverse PDM function f = #2e”®
(Items 1-5), f = r? = 23+ 23 +23 (Items 6-14) and f = r>t,

o # £1 (Items 15-17)
No Potential V' Symmetries Algebras
Q% = it28t+
1 G(7,x3)e’® +%L3 + %6_‘79, sl(2, R)
Q3 = ;L +itd,
2 G(r)e’® Q1, Q3, P3 sl(2, R) & ny 4
3 G(L)eo® Qi, Q). D sI(2, R) ®ny
4 G(H1)e® Ql, QL K3 — P; sl(2,R) @ ni g
5 re® Q1, Q3, P3, D, K3 sl(2, R) @ sl(2, R)
= A7 =tD + ut? —In(r)
T 1 2 ’
6 G(O,7)+ pn(r) A2 D+t N1
7 G(E)+pln(r)+ k0 AF, A3 Ls+ kit N5 4
8 ,uln(r) Af, Aé, Ll, Lz, L3 N4.1 ©® 50(3)
i B? = sin(\t)D—
9 G(@,;) + pln(r)+ — cos(At)(A1n(r) + &), N
+2- In(r)? B2 = cos(\t) D+ 4T
+sin(At)(AIn(r) + &)
G(L)+ kO+
10 T B, B3, Ly + kit
—i—)‘; In(r)? + pln(r) i) 52, by kR 35,16
11 pln(r) + 2 In(r)? B2, B2, Ly, Ly, Ls ni7 ® so(3)
i C? = cosh(\t) D+
19 G(@é) — pln(r)— +sinh(At)(AIn(r) + &), o
—2-In(r)? C?2 = sinh(A\t) D+ 4,6
+ cosh(At)(AIn(r) + &)
G(%) + kO—
137 C%, C3, Ly + Kt
X () — pln(r) TP
14 —pln(r) — )‘7 In(r)?  C%,C3, Ly, Lo, L3 ny6 & so(3)
: QT =it?0, + ZD + 75
o T o o ’
15 r°G(O, 1) 03 — %D D r sl(2,R)
16 r°G(L) 1,93, Ly sl(2,R) &1
17 kr? Qfa Qév Ly, Ly, L3 S|(27R) ©® 50(3)

The maximally extended symmetry algebras presented in Table 3.13 are
seven dimensional, see Items 3, 6 and 9 there. These algebras and all other
algebras presented in Items 1, 2, 4, 5, 7, 8 ultimately include the unit
operator which is accepted by any of the considered equations. Notice that
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the low dimension algebras with dimension d < 5 and a certain class of the
algebras with dimension 6 had been classified by Mubarakzianov [47], see
also a more contemporary and accessible papers [9] and [76].

In Table 5.2 some exotic PDMs are specified. In particular, there are
two systems which admit eight-dimensional invariance algebras, see Items 6
and 7. However, the related symmetries are time independent and commute
with Hamiltonians. In other words, they belong to integrals of motion for
the stationary Schrédinger equation which have been classified in paper 70|,
see also the latest version of preprint arXiv:1412.4332.

All the invariance algebras presented in Items 1-5 of Table 3.13 are solv-
able. Like in the previous tables we use notations s, for solvable algebra
of dimension a and classification number b, see [88].

Table 3.13: Systems with some particular mass functions.
The invariance algebras include the presented symmetries to-
gether with generator Py and the unit operator. Parameter
can be reduced to zero using transformation inverse to (3.131)

No Inverse Potential Symmetries Invariance
mass \%4 algebras
1 73 KI3 + AT 53 +nt, D+itd, S4,6 D N1 1
3

Py, Py, Lg,

2 x3 pln(xs) D1+ ,u2t ’ S53@ N1
P; + kt, Ps,

3 :c‘i’ Az + KT3 1y +ito, S5,17
Pla P2a L3a

4 xg+2 KX3 D +iotoy, S43@DNn11 DNy
oc#0,1,-2

~0 \O Lg‘f‘l)\t@t, P3,

e D +iotdy, o £0 ®s21 DN

M. Mao. M.
e Mi, Mi’ Mzz, so(4)®ny 1 B npy
Moq. Moo. M,
7T (-1 32 o1, Mog, Mos, o
(r ) i M21,M31,M32 SO( ’ )69”1,1 @nm

One dimension algebra n; ; in Items 1 and 2 is spanned on L3 and the
unit operator correspondingly. In Item 4 the basis elements of s; 1 ©s1,1 are
L3 and the unit operator. In Items 6 and 7 the symbol s1 1 @ s1,1 denotes
the direct sum of one-dimensional algebras spanned on Py and the unit
operator.
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In Table 3.14 the systems with masses are exponentials in the only spatial
variable x3. are presented. The invariance algebras again have dimensions
3, 4 or 5. These algebras are either simple of form a direct sum of a simple
and solvable algebra, and can be extended by the unit operator. In addition,
the Euclidean algebra in two-dimensional space is denoted as e(2)

The systems which are presented in Table 3.14 admit equivalence trans-
formations (3.132), (3.133) and (3.128), the latter generates multiplier o
for x3.

Table 3.14: Systems with exponential inverse PDM function

f=e
No Potential V' Symmetries Invariance
algebras
Q3 =it?0; + 2tP3 + 2e %3,

T3
L enGlnm) o5y, 1 p, sI(2, R)
2 e“G(wg) ‘15, Qg, P1 S|(2, R) ® nii
3 e"3G(T) QF, Q3, L sl(2,R) @ ny g
4 Kke®3 ‘f, Qg, Pl, Pg, L3 S|(2,R) ( )

Rather generic systems are presented in Table 3.15. They include poten-
tials (and masses) defined up to arbitrary functions, but admit reduced
numbers of symmetries belonging to class 3 specified in Section 5. In
Table 3.15 the symbols F(-) and G(-) denote arbitrary functions of ar-
guments fixed in brackets, D1 F and Do F are the derivations of function
F = F(TQ;H,V(I) + @) with respect to the first and second argument cor-

respondingly, F” is the derivation of function F = F (’"i«é) with respect
T :tl

to its combined argument In addition, to save a room we denote

® = arctan (ﬁ) and ¥ = (7”2%7377_241:2. The symmetries additional to
Py and I are indicated in the third column. For the systems presented in
Items 1, 3, 5, 7, 9 and 2, 4, 6, 8, 10 the corresponding symmetry algebras
are sp 1 @ ny,1 and s3 1 correspondingly. In Items 11, 13, 15, 17, 19 and 21
we have symmetry algebras isomorphic to so 1 @ ny,1 @ ny,1 if at least one of
parameters A\ or o is nontrivial. If all these parameters are equal to zero,
these symmetry algebras (and algebras admitted by systems presented in
Items 12, 14, 16, 18 and 20) are degenerated to the direct sums of four
one-dimensional algebras.

In Ttems 12, 14, 16, 18 and 20 we have symmetry algebras isomorphic
to s3.1 @ ny,1 if at least one of parameters A or o is nontrivial. Finally, the
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systems presented in Items 22, 23 and 24 admit the direct sums of symmetry
algebras e(2) @ ny 1, so(3) @ ny 1 and so(1,2) @ ny; correspondingly.

Table 3.15: Systems with masses and potentials defined up

to arbitrary functions

No Inverse mass f Potential Symmetries
1 F(l‘l, 1‘2)6)‘3:3 G(:L“l, asg)em?’ P3 + iAtot
2 F(l‘l, :L'Q) G(l‘l, 33'2) + Ax3 Py 4+ At
3 F(F,23)e’® G(7,23)e’® L3 +iot0;
4 F(’F, 1‘3) G(’F, 1‘3) + \O Ls+ Xt
5 7“"+2F(§, e 0) r"G(%,’r)‘e*@) )\Lji—;tg+
¢
F _ G(Z,me )+ ALz + D+
2 T o A,—0O 5
rEG ) To(AO + In(r) Fo(l+A2)t
7 F(f,r3—0)e® G(7, 23 — ©)e’® Ps + L3 +iot0y
8 F(r,xz3 —0O) G(T,x3 — 0) + \O Py + Ly + Mt
e"®(WDF — YD F+
9 2F (ZE 0+ 6) e® ; 2 Mis + M
+G(ZH 0+ 0)) Hoto,
G (Tzfl,)@ + 6)) +
9 2, r s Myz + AL3+
10 77F (T P AP+ 9) 400 — 3%D1F+ Lilot
+U Dy F
11 F(7)eo®+Aws G(7)e7® s ]Lf if/\%’
3 t
12 F(7) G(F) + 0O + Az3 ILD;’ :[ ;’é
- 7 - . D +ioto
o+2 20 T o uO x3 ty
13 77T2ePF (%) 77 etOG (%) Ls + iAtO,
14 72F(E) G(E)+00+AIn(r) DT
r r L3+ ot
15 e*1 F(x3) e?"1G(x3) P +iotdy, Py
16 F(l‘g) G(l‘3) + Axo P, P+ Mt
0O\ =2 1 r2+1 7O (%fF,—i_ Mys + i)\tat,
17 e r F(T) 2.1 L ot
+G(%)) 3 +iotd,
B 4l Muys + At
1 .,QF T2j,1 QTF + G( = )"‘ 43 )
§ TP (=) 100 — \D Lz + ot
19 72 R(e ) G e ) D +iotd;+

+vLs, P3
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Table 3.15, continued

No Inverse mass f Potential Symmetries
- Y vy D +ito + v
3 (v ,—O v,—© t 35

20 F (Ve ) TG(e™®) + ox3 Py + ot
Oy - Y D +vLs+
2 v,—0 v,—0 3

21 72F (e ©) oln(7) + G(7e™?) ot. Py

22 F(x3) G(x3) Py, Py, Lg

23 F(r?) G(r?) Ly, Ly, L

24 23F (Tij) SusF' + G (Tigl) Moy, Moz, Mis

Thus we classify all inequivalent (generalized) Schrodinder equations,
namely, standard SE, SP equations for neutral and charged particles and
PDM Schrédinder equations, and represent their Lie symmetries. The next
task is the study of their extended symmetries and supersymmetries.

4. SUPERSYMMETRIES

The nice kind of symmetries called SUSY has two meanings in quantum
mechanics. First, some QM systems like spin 1/2 in magnetic field can
admit constants of motion forming superalgebras. Secondly, there are the
QM systems which, like the Hydrogen atom, can admit “hidden” SUSY
together with shape invariance, and so be exactle solvable. We will discuss
both types of SUSY, starting with the systems admitting supercharges as
motion constants.

4.1. N =2 SUSY and Landau levels. Let us start with the very nice
system, namely, the spin 1/2 particle interacting with the constant magnetic
field. The corresponding QM Hamiltonian is given by equation (2.5) where

1 1 1
AO == 0, Al == —ingg, AQ == §IlBg, Ag == 0, Vv = 5 (41)

and by definition By = By = 0, B3 = B = const. Such Hamiltonian can be
represented in the following form:

(o1m1 + 027r2)2
2m

H=H+ H,, Hy =

2
, Hy= 3 (4.2)
m

with p3 = —iaizg.
Using just representation (4.2) it can be verified very easily that our
Hamiltonian commutes with the following three operators:

Q1 = o1m +02m2, Q2 =io3Q1, (@3 =Dp3 (4.3)
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which satisfy the following relations:

[Q?an] = [Q3a QQ] = [Q37H] = Oa (44)

{Qm Qv} = 2‘5/WH2: [Qm HZ] =0, (4-5)

where p, v independently takes the values 1, 2, d,,, is the Kronecker delta,
the symbols [-,-] and {-,-} denote the commutator and anticommutator

correspondingly.

In addition, we can indicate three more constants of motion, namely, the
Johnson-Lippmann constants and the third component of the total orbital
momentum:

L3 = 21p2 — Tap1 + 303, (4.6)
Kl = 81 - %ngg, KQ = 82 + %xlBg,. (4.7)

Four of the presented constants, namely, Ps, L3, K and Ko commute
between themselves and with ()1 and ()2. The latter ones are not in invo-
lution, but satisfy more complicated relations (4.5), which characterize a
Lie superalgebra.

Just this specific supersymmetry can be treated as the reason of the two
fold degeneration of the Landau levels, i.e., the non-ground energy levels of
a spin 1/2 particle interacting with the constant and homogeneous magnetic
field.

Thus we have a nice example of superalgebra realised on the set of so-
lutions of a realistic physical system. In general superalgebra is a graded
algebra which, in our case, is characterising by the Zs grading. Its elements
belong to two different classes, say, are odd or even. In our case @1 and
Q2 are odd while Y3, H; and Hs are even. The product of two algebra
elements is defined as the commutator if at least one of them is even and as
the anticommutator if both the elements are odd. In SUSY quantum me-
chanics the odd elements are called superchages. Since we have indicated
two supercharges then it is possible to indicate the N = 2 SUSY admitted
by the considered system.

4.2. Extended SUSY. In analogy with the above we can construct a
supercharge for Hamiltonian H;j in the case of arbitrary external magnetic
field:
Q1 =oim; (4.8)

since Q% = H; and [Q1, H1] = 0.

Let us show that there exist three more supercharges if the external field
is given by relations (4.1). To do it we exploit the fact that equation (3.45)
is invariant w.r.t. the following three discretetransformations:

Y — o Ry, Y — iog Royp”, Y — Rg1p (4.9)
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where R, are reflections:

Raw(x) = O'aaaw(x)v Haw(x) = w(rax) (4'10)
and

rix = (—x1,x2,23), rox = (x1, —T2,x3),

r3x = (901,362, —963)7 (4-11)

and the asterix denotes the complex conjugation.
In accordance with the above the following operators

Q1 =o0imi, Q2=iR3Q1, Q3=CRiQ1, Qi=CRQ; (4.12)
fulfill the following relations

{Qk7 Ql} = 2gklﬁa [Qka I;I] = 07 (413)

where k,l = 1,2,3,4, g11 = g22 = —¢g33 = —gaa = 1; g = 0, k # [. In
other words they are supercharges generating the NV = 4 extended SUSY.

The main trick for constructing the extended SUSY was using the dis-
crete involutive symmetries, i.e., reflections (4.10) and (4.11). In analogous
way it is possible to find extended SUSY for more generic potentials with
well defined parities and involution symmetries realized by rotations. We
will not present here numerous examples of such extended SUSY which can
be found in paper [51]. Let us stress then among them there is a lot of
systems with a clear exact physical meaning, see [53] for discussion of this
aspect.

4.3. SUSY and shape invariance. Considering the stationary Schrodin-
ger equations (2.3) with Hamiltonian H; (3.45) we can exploit its rotational
invariance and search for solutions in separated radial and angular vari-
ables. Indeed, representing the wave function 1 as

1
= =R(1)e"?, (4.14)
7
where 7 = x% + x%, (p = arctan %, we come to the following equation for
the radial functions:
- o2 1 -
HR= <_W—m(";;)+wag+w2f2) R=ER, (4.15)

where m =n — %, w = 2ma and E = 2mE + wn.

Equation (3.75) defines the “2d supersymmetric oscillator” which is rather
similar to the 2d supersymmetric oscillator but includes half integer para-
meter m while in the 3d oscillator this parameter is integer. It can be
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decoupled to direct sums of equations since Hamiltonian H can be repre-

sented as: .
~ H, 0
H = - 4.1
< ! H) , (4.16)
where ) ( )
~ 0 nn F1 9 -9
Hamiltonians H4 has two nice properties. First, it can be factorized:
H, =a"a, H_ =aat, (4.18)
where a™ and a~ are the first order differential operators:
_ 0 0
a = 5= + Wi, al = —o7 T Wi, (4.19)
and W, = =1 + ¢, ¢, = (25 — 1)w. Moreover these Hamiltonians satisfy
the following relation
Hi (k) =H_(k+1)+Cy (4.20)

with C,, = 2w. In other words, Hamiltonians H. (k) are shape invari-
ant [32].

Thus our analysis of the realistic quantum mechanical system having
a clear physical meaning (charged particle with spin 1/2 interacting with
the constant and homogeneous magnetic field) make it possible to discover
its nice hidden symmetry, i.e., the shape invariance. It happens that this
symmetry is valid for many other important QM systems like the Hydrogen
atom, and causes their exact solvability [32].

To be shape invariant, Hamiltonian should be factorizable, i.e., to admit
representation (4.18), (4.19) for H_(x) with some function W called super-
potential. In addition, it should satisfy condition (4.20) together with the
corresponding Hamiltonian ﬁu(/{) which is called superpartner.

The shape invariance condition can be formulated as a condition for
the potential. Considering the 1d Hamiltonian H = —% + V(k,z) and
representing V' (k, x) as

V=W2+W,., (4.21)
where W/, = ag;n’ and superpotential W, is a solution of the Riccati equa-
tion (4.21). Then we construct a superpartner potential

V=w:-w. (4.22)

The corresponding stationary Schrodinger equation is shape invariant pro-
vided V(k,z) = V(k + 1) + C,, where C}, is a constant. In terms of the
superpotential this condition looks as follows:

W2 -W.=W?2+W.+C,. (4.23)
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Of course it is interesting to find all inequivalent QM systems satisfying
the shape invariance conditions. This problem is reduced to finding the
inequivalent solutions of Riccati equations (4.23).

4.4. Matrix superpotentials.

4.4.1. Pron’ko-Stroganov problem. Let us show that the concept of shape
invariance can be extended to the case of matrix superpotentials.

We will start with a well defined QM system which includes a matrix po-
tential and appears to be shape invariant. Namely, let us consider a neutral
QM particle with non-trivial dipole momentum (e.g., neutron), interacting
with the magnetic field generated by a straight line current directed along
the third coordinate axis (Pron’ko-Stroganov problem [77]) The related
Hamiltonian looks as follows:

2 .2
D1+ D5 01T2 — 0271

2m
where A is the integrated coupling constant, o1 and o9 are Pauli matrices.
In other words, we are considering a very particular case of the systems
studied in Section 3.4.

Hamiltonian (4.24) commutes with the third component of the total or-
bital momentum L3 = x1p2 — xop1 + %03, and the corresponding stationary
Schrédinger equation can be solved separated variables. The related equa-
tion for radial functions looks as:

H.p = B, (4.25)

where H,, is a Hamiltonian with a matrix potential, F, and v are its eigen-
value and eigenfunction correspondingly, moreover, v is a two-component
spinor. Up to normalization of the radial variable 7 the related Hamiltonian
H,, can be represented as
2

Hﬁz—aaﬁ+n(/€—03);2+01;, (4.26)
where o1 and o3 are Pauli matrices and « is a natural number. In addition,
solutions of equation (4.25) must be normalizable and vanish at 7 = 0.

Hamiltonian H,; can be factorized as in (4.18), (4.19) where ¢, = — 5=y

(26+1)2
and W, is the matriz superpotential
1 1 2k +1
W= —o03 — — —. 4.27
2770 T a1t 2F (427)

It is easily verified that the superpartner of Hamiltonian H,, satisfies rela-
tion (4.20). In other words, equation (4.25) admits supersymmetry with
shape invariance and can be solved using the standard technique of SSQM
exposed, e.g., in survey [19].
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4.4.2. Generic matrixz superpotentials. Following a natural desire to find
other shape invariant systems we return to conditions (4.23) which should
be satisfied by the corresponding matrix superpotentials.

Assume Wy(z) be Hermitian. Then the corresponding potential Vj(x)
and its superpartner V,"(z), are Hermitian too.

The problem of classification of shape invariant superpotentials, i.e., nxn
matrices whose elements are functions of z, k satisfying conditions (4.23),
was formulated and partially solved in papers [68] and [67]. Here we present
the completed classification results for a special class of superpotentials
being 2 x 2 matrices.

Consider superpotentials of the following special form

1
Wi =kA+ B+C, (4.28)

where C, B and A are Hermitian matrices depending on z.
Substituting (4.28) into (4.23) we obtain the following equations for C,
B and A:

A = (A% 4 vI), (4.29)
o %{A, CY+ kI =0, (4.30)
{B,C}+ M =0, B*=uw’I (4.31)

where A’ = %, {A,C} = AC + CA is the anticommutator of matrices
A and C, I is the unit matrix and k, A, v, w are constants. Thus the
problem of classification of matrix superpotentials is reduced to solution of

equations (4.30)-(4.31) for unknown matrices A, B and C.

4.4.3. The completed list of scalar superpotentials. Consider the scalar case
when A, C' and B in (4.28) are 1 x 1 “matrices”. The corresponding equa-
tions (4.29)-(4.31) can be integrated rather easily, refer to [67] for detailed
calculations. As a result we obtain the well known list of scalar superpo-
tentials:

w

W = _n + (Coulomb),
T K
W = Ak tan \x + % (Rosenl),
W = Ak tanh Az + v (Rosen2),
K
W = —Ak coth Ax + v (Eckart),
K

W = px (Harmonic Oscillator), (4.32)
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W = px — £ (3D Oscillator),
x

W = Ak tan Az + psec Az (Scarf I),

W = Ak tanh Ax 4+ pusechAzx (Scarf 2),

W = Ak coth Ax + pcosechAz (Generalized Péschl-Teller),
W =k — pexp(—x) (Morse).

Thus integrating equations (4.29)-(4.31) we recover the known list of
superpotentials (4.32) which generate classical additive shape invariant po-
tentials, in a straightforward and very simple way. The corresponding
potentials V,; can be found using definition (4.21).

4.4.4. Matriz superpotentials of dimension 2 x 2. Here we consider the case

when superpotentials are z-dependent (2 x 2)-matrices of form (4.28).
Supposing that A(z) is diagonal and solving the related equations (4.29)-

(4.31), it is possible to specify five inequivalent solutions of equations (4.23):

1 w 1
= ((2u+1)os—20—1) — = 4.
Wyu=(2n+1)o3 v )2x+2u—|—101’ > 5 (4.33)
Wyou=A (—V + pexp(—Az)o; — g(73) ) (4.34)
v
Wyopu=A (1/ tan Az + psec Axos + 801 , (4.35)
v

Wyop=A (—u coth Az + pcschAzos — g01) , p<0,w>0, (4.36)
v

Wopn=A (—y tanh Az + psechAzoy — %03) ) (4.37)

where we introduce the rescaled parameter v = . These superpotentials

are defined up to translations ¢ — = + ¢, v — v + 7y, and unitary transfor-

mations W, — U, W, Ud, where Uy = oy, Uy = J5(1£i0s) and Us = o3,

In particular these transformations change signs of parameters p and w
in (4.34)-(4.37) and of p + 5 in (4.33), thus without loss of generality we
can set

w>0, >0 (4.38)
in superpotentials (4.34)-(4.37).
Notice that the transformations x — x' = Kk + a correspond to the
following transformations for v:
v—=v =v+1. (4.39)

If 4 = 0 and w = 1 then operator (4.33) coincides with the superpotential
for PS problem given by equation (4.27). For for u # 0 superpotential (4.33)
is not equivalent to (4.27). The other presented matrix superpotentials were
found in [68] for the first time.
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The corresponding potentials V,, can be found starting with (4.33)-(4.36)
and using definition (4.21):

Vi = (p(p+ 1) + 2 — v(2u + 1)os) % - %al, (4.40)
V, = A2 (1% exp(—2Az) — (2v — 1)pexp(—Ax)oy + 2wos) (4.41)
V, = A2 ((y(y — 1) + p?) sec? Az + 2w tan A\zoy+ (4.42)
+ p(2v — 1) sec Az tan )\x(fg), (4.43)
V, = A2 ((V(V — 1) + p?)esch?(A\z) + 2w coth Azoy + (4.44)
+ u(1 — 2v) coth )\:L'csch)\xog)), (4.45)
V, = A2 ((MZ — v(v — 1))sech?\z + 2w tanh A\zoz— (4.46)
— p(2v — 1)sechAz tanh )\xal). (4.47)

Potentials (4.40), (4.41), (4.42) (4.44) and (4.46) are generated by superpo-
tentials (4.33), (4.34), (4.35), (4.36) and (4.37) respectively. All the above
potentials are shape invariant and give rise to exactly solvable problems
for systems of Schrédinger-Pauli type.

It was proven in [68] that n x n matrix superpotentials of the form (4.28)
with a diagonal matrix () and n > 2 can be reduced to direct sums of opera-
tors fixed in (4.33) and scalar superpotentials specified in equations (4.32).
Thus in fact we present the complete description of superpotentials (4.28)
being matrices of arbitrary dimension, provided matrix @) is diagonal.

The case of non-diagonal matrices @) has been examined in paper [67].
The classifying equations (4.29)-(4.31) have been solved for the cases of
superpotentials being 2 x 2 or 3 x 3 matrices. In the first case the following
list of superpotentials was obtained:

Wi = )\(ﬁ; (o4 tan(Az + ¢) + o tan(Az — ¢)) +

1
+ poiy/sec(Ax — ¢) sec(Ax + ¢) + ;R),

W,_g2) - A(—ﬁ(0+ coth(A\x + ¢) + o_ coth(A\z — ¢))+

1
+ po1y/esch(Ax — ¢)esch( Az + ¢) + ;R),

W — A<_H(g+ tanh(Az + ¢) + o_ tanh(Az — ¢))+

1
+ po1y/sech(\x — ¢)sech( Mz + ¢) + —R),
K
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Wé“) = A(—ﬁ(a+ tanh(Ax + ¢) + o4 coth(Az — ¢))+

1
+ poiy/sech(Ax + c)esch(Ax — ¢) + —R),
K

W) =\ (—Fc(a+ tanh(\z) + 0_) 4 poi+/sech(Az) exp(—\z) + iR) ,

1
WO (_K(UJr coth(A\z) + o_) + poy/csch(Az) exp(—Az) + mR> ;

_ 1
W — _ I+ g _MHor g
r " x+c+:p—c +\/x2—62+1€ ’

w® = _I* & +Wl\1f+ 1r
W =\ (—/—d + pexp(—Az)oy — %0’3> ; (4.48)
where
o1 = 5(00 £ 03), R =r303 + 1202, (4.49)

7, are constants satisfying r3 + r3 = w?, K, i, A and ¢ # 0 are arbitrary
parameters.

4.4.5. Shape invariant QM systems with matriz potentials. The discussed
matrix superpotentials naturally appear in realistic QM systems. The entire
collection of such system can be found in [57,58,60]. Here we present only
one example of such systems.

Consider the following Hamiltonian

2
H=1L 4 ialB +V, (4.50)

2m
where o; are Pauli matrices, B; = B;(x) are vector components of magnetic
field strength, V' = V(x) is a potential and vector x represents independent
variables. In addition, A denotes the constant of anomalous coupling which
is usually represented as A = gug, where pg is the Bohr magneton and g is

the Landé factor.

Formula (4.50) presents a generalization of the Pron’ko-Stroganov Hamil-
tonian for the case of arbitrary external field. And some Schrédinger equa-
tions with Hamiltonians (4.50) appears to be shape invariant. The example
is given by the following equation:

Hy = (—V2 + A(1 —2v) exp(—x2)(o1 cosx] — ogsinzy )+

. 4.51
+ M exp(—2x9))) = Evp. (4.51)
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Here A is the integrated coupling constant, and independent variables are
rescalled to obtain more compact formulae.

Hamiltonian H in (4.51) admits integral of motion Q = p; — 5. Thus
it is possible to expand solutions of (4.51) via eigenvectors of () which look

as follows: .
exp(i(p + 3)x1) w(wz)>
= . 4.52
0= (oot~ Do o o2
and satisfy the condition Qv = pi,.
Substituting (4.52) into (4.51) we come to the following equation
2

.\ 0 N
Hyp = (—W + Vy) Y = By,

where

V, = A exp(—2y) — AM(2v — 1) exp(—y)o1 — pos,

~ 1 (4.53)

Yy x2, p 4’ d} <£)
Potential V;, (4.53) belongs to the list of shape invariant matrix potentials
presented in the above, see equation (4.41). Thus equation (4.51) can be
solved exactly using tools of SUSY quantum mechanics [60]. Notice that

this equation is also superintegrable [57].

4.4.6. Dual shape invariance. Starting with (4.33)-(4.36) we found the re-
lated potentials (4.40)-(4.44) in a unique fashion. But it is interesting to
study also the inverse problem: to find possible superpotentials corres-
ponding to given potentials. To do it is sufficient to find all solutions of
the Riccati equation (4.21) for W with given potential V. Such solutions
depend on two arbitrary parameters (v and the integration constant), and
there is some ambiguity in choosing such of them which should be changing
to generate the superpartner potential. Notice that the mentioned inverse
problem is very interesting since it opens a way to generate families of
isospectral Hamiltonians [19].

In the case of matrix superpotentials the considered problem is more in-
teresting and complicated than in the scalar case since the corresponding
solutions are not unique. Namely, in some cases there exist two superpo-
tentials compatible with the shape invariance condition. And both these
superpotential can be requested to generate solutions of the related eigen-
value problem.

To find the mentioned additional superpotentials we use the invariance of
potentials (4.40), (4.42) and (4.44) with respect to the simultaneous change
of arbitrary parameters:

= v—3, V=t 3. (4.54)
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This means that in addition to the shape invariance w.r.t. shifts of v po-
tentials (4.40), (4.42) and (4.44) should be shape invariant w.r.t. shifts of
parameter pu too.

Thus, it is possible to represent potentials (4.33), (4.35) and (4.36) in
the following alternative form

Wiy, =W, =Vt cp, (4.55)
where V# = Vl,, and
—~ vos —pu—1 w w?
W, - L 4.56
M,V T 2(M+ 1)017 Cu 4(:“"" 1)2 ( )

for Vi given by equation (4.40),

Wiw =5 <(2u + 1) tan Az + (2v — 1) sec Az + 2ui :

. 01) (4.57)

for potential (4.42), and

— by 4
Wy = 5 (—(QM + 1) coth Az + (2v — 1)cschAzos — QNj‘ 101) (4.58)
for potential (4.44). The related constant c,, is:
1 4?
=N (E-Cu+1)°+ 4.

where the sign “+” and “—” corresponds to the cases (4.57) and (4.58)
respectively.
We stress that superpartners of potentials (4.55) constructed using su-

perpotentials W, ., i.e.,

. —~, —

Vj =Wi,+ WL'W (4.60)
satisfy the shape invariance condition since

VJ = A,H_l +Cyu with Cu=cuy1—cy.

Thus potentials are shape invariant w.r.t. shifts of two parameters, namely,
v and pu. More exactly, superpartners for potentials (4.40), (4.42) and (4.44)
can be obtained either by shifts of v or by shifts of p while simultaneous
shifts are forbidden. We call this phenomena dual shape invariance.

Notice that the dual shape invariance makes it possible to construct the
complete set of ground state solutions for all admissible values of quantum
numbers enumerating these solutions.
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4.4.7. FEzxact solutions for shape invariant systems. An important conse-
quence of the shape invariance is the nice possibility to construct exact
solutions of the related stationary Schrodinger equation. The procedure of
construction of exact solutions for the case of scalar shape invariant poten-
tials is described in various surveys, see, e.g., [19]. Here we present this
procedure for the more general case of matrix potentials.

Consider the stationary Schrodinger equation

82
e

H, = < + Vl,> Vv =E,, (4.61)

oGy tHev and V, isa shape invariant potential. An algorithm

for construction of exact solutions of supersymmetric and shape invariant

Schrodinger equations includes the following steps (see, e.g., [19]):

e To find the ground state solutions 1o (v, u, ) which are proportional to
square integrable solutions of the first order equation

where H, = a

0
@;,,ﬂﬁo(’/’ M, 33') = <8$ + Wy“u,> wO(V, My 17) =0. (462)

Function (v, p, ) solves equation (4.61) with
E,=E,=—c,. (4.63)

e To find a solution v (v, u, z) for the first excited state which is defined
by the following relation:

(v, i, @) = atbo(v+ 1, p,7) = (—5‘; + W) Go(v+1,1,2). (4.64)

Since af and H, satisfy the intertwining relations

ot Ao (4.65)

ﬁ”“lju =
function (4.64) solves equation (4.61) with E, = E, 1 = —cy41.

e Solutions for the second excited state 1s(v, u,x) can be found acting
by the first order differential operator a™ on the first exited state, i.e.,
Yo (v, pu, ) = GIM¢1(V + 1, u, z), etc. Finally, solutions which correspond

to nt" exited state for any admissible natural number n > 0 can be

represented as

¢n<ya s x) - a:ua’j-f—l,u T aj—s—n—l,qu(V + N, s .CL‘) (466)

The corresponding eigenvalue F, ,, is equal to —c, .

e For systems admitting the dual shape invariance it is necessary to repeat
the steps enumerated above using alternative (or additional) superpoten-
tials.
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All matrix potentials presented in the above generate integrable models
with Hamiltonian (4.61). However, it is necessary to examine their consis-
tency, in particular, to verify that there exist square integrable solutions of
equation (4.62) for the ground states.

In the following sections we find such solutions for all superpotentials
given by equations (4.33)-(4.36) and (4.56)-(4.58). However, to obtain nor-
malizable ground state solutions it is necessary to impose certain conditions
on parameters of these superpotentials.

Let us present the energy spectra for models (4.61) with potentials (4.40)-
(4.44) which can be found applying the presented algorithm:

w2

(2N 1 1)

for potential (4.40),

2
_ 2 2 W
E=-)\ <N +N2)

for potentials (4.41), (4.44), (4.46), and

2
2 (a2 Y
E=)\ <N — ]\72)
for potentials (4.42).

Here N is the spectral parameter which can take the following values

N=n+v,
and (or)
N=n+p+s3,
where n = 0,1,2,... are natural numbers which can take any values for

potentials (4.40)-(4.42). For potentials (4.41), (4.46) and (4.44) with a fized
v < 0 the admissible values of n are bound by the condition (v +mn)? > |w|.

In order to find the ground state solutions for equations (4.61) with po-
tentials (4.40)-(4.44) it is sufficient to solve equations (4.62) where W, ,
are superpotentials (4.33)-(4.36), and analogous equation with superpoten-
tials (4.56)-(4.58). We will not present these solutions there but draw the
readers attention to reference [68] where the complete list of them can be
found. Let us remind that the related solutions for the exited states are
easily found applying relations (4.66).

5. SUPERINTEGRABLE SYSTEMS WITH POSITION DEPENDENT MASS

5.1. First order integrals of motion. In this and the following sec-
tions we study superintegrable stationary Schrodinger equations (2.3) with
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position dependent mass, which formally coincide with (2.3) but include
Hamiltonians (2.7) with variable mass parameters.

In paper [70] all Hamiltonians (2.2) admitting first order integrals of
motion are classified, refer also to Section 5.1 of the present paper. Some
of the systems specified in Table 3.10 appear to be superintegrable since
they admit more than three integrals of motion. Namely, it is the case for
the cases presented in Items 12-17 of this table.

Here we consider only the systems specified in Items 12 and 13 and
present their exact solutions.

5.1.1. System invariant w.r.t. algebra so(4). Consider Hamiltonian (2.6)
with functions f and V presented in line 15 of Table 3.10:

H = (pa(1+ 12)2p, — 612 + V). (5.1)

The eigenvalue problem for this Hamiltonian can be written in the following
form:

HYp = — (8,(1 4+ 1%)%0, + 61%) o = Ep, (5.2)
where
I—AI:%(H—V) and E:%—ﬁ. (5.3)

Equation (5.2) admits six integrals of motion M4%, A, B =1,2,3,4:
Mab — xapb . l,bpa’ M4a — %(72 . 1)pa . ﬂfal‘bpb + %xa7 (54)
which form a basis of algebra so(4). Defining a new basis
Ga = % (M4a + %Eabchc) , Go = % (_M4a + %Eabchc)

we decouple algebra so(4) to the direct sum of two algebras so(3) since ¢*
and g% satisfy
[qa’ qb] _ i&_abcq¢:7 [ga’gb} _ iEabch, [qa’gb] = 0.

Thus system (5.2), like the Hydrogen atom, admits six integrals of motion
belonging to algebra so(4) and is maximally superintegrable. However,
in contrast with the Fock symmetry of the Hydrogen atom, integrals of
motion (5.4) are the first order differential operators.

Using this symmetry it is possible to find eigenvalues E algebraically,
before solving equation (5.2). To do it we calculate Casimir operators of
algebra o(4) for representation (5.4):

Cy = s MM =2(q” + g%) = §(
CQ = %EabCM4aMbc = 2(q2 — g2) =0.
where q® = (¢')2 + (¢%)? + (¢%)?, etc.
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In accordance with (5.5) the Hamiltonian eigenvalues can be expressed
via eigenvalues of C]. Since C} is trivial, eigenvalues of C'; take the following
values

Cip =4q(g+ 1) = (n* = 1), n=1,2,... (5.6)
and so eigenvalues of Hamiltonians H (5.1) and H are:
FE = pu(4n® +5) +v and E =4n+5. (5.7)

The next step is to find eigenvectors of Hamiltonian (5.1) corresponding
to eigenvalues (5.7). It can be easily done coming to the spherical vari-
ables [70].

5.1.2. System invariant w.r.t. algebra so(1,3). The next Hamiltonian we
consider corresponds to functions f and Vpresented in line 16 of Table 3.10:

H = p(pa(1— r2)2pg — 612 + V). (5.8)
The related eigenvalue problem is based on the following equation:
Hyp = — (9,(1 — 75?0, + 6r%) ¢ = Exp, (5.9)

where notations (5.3) are used.
Equation (5.9) admits six integrals of motion M*, u,v =0,1,2,3:
M® = zopb — 2Pp®, a,b=1,2,3,
Oa 1/,.2 a a, b, b | 3i a (510)
M™ = 5(r* 4+ 1)p* — x%2"p” + a7,

which form a basis of algebra so(1,3). Calculating the corresponding Casimir
operators, we obtain:

Cl — %MabMab . MOCLMO(l _ %(ﬁ_f_g%

0.11
CQ = %EabCMoaMbc =0. ( )

Like in previous section, the first Casimir is proportional to the (shifted)
Hamiltonian.

Let us suppose that operators (5.10) generate a unitary representation
(IR) of group SO(1,3). The admissible eigenvalues ¢; and ¢z of Casimir
operators C; and Cy (5.11) are given by the following formulae [48]:

cr =133 —ji, c2 = 2ijojt,
where jg and j; are quantum numbers labeling irreducible representations.

Using our knowledge of these representations [48] we easily find that the
admissible values of j; and ¢; are

g1 =i\, ca=1-ji=XN+1,
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where A is an arbitrary real number, or, alternatively,
0<j1<1, a=1-ji.

In accordance with (5.11) the related eigenvalues E in (5.9) can be ex-
pressed as:

E=-5—j2
They correspond to the continuous spectrum, and so there are no bound

states. Moreover, the possible values of E should belong to the following
intervals:

— 6 < E < —5 (principal series), —5 < E < co (subsidiary series).

Thus we can find admissible energies applying purely group-theoretical
arguments. For the corresponding eigenfunctions refer to [70].

5.2. Rotationally invariant systems. By definition, the rotationally in-
variant systems include the following functions f and V:

f=f(x), V =V(z), r = /2% + 23+ 23.

In accordance with [70] there are four Hamiltonians which are rotation-
ally invariant and admit a more extended symmetry with respect to conti-
nuous groups of transformations. The corresponding Schrodinger equations
admit second order integrals of motion belonging to the enveloping algebras
of the Lie algebras of these transformation groups. Such Hamiltonians are
specified by the following inverse masses and potentials:

f=r f/:(),

f=Q V = —6r2,
f=01-r%2 V= —6r?,
f=r V = —6r2.

Let us find all other rotationally invariant PDM Schrédinger equations
admitting second order integrals of motion of the following generic form

Q = p™ 0,05 + £°04 + 1, (5.12)

where p® = b, €% and 7 are functions of x and summation from 1 to 3 is
imposed over all repeating indices.
By definition, operators  should commute with H:

[H,Q)=HQ — QH = 0.

Calculating the commutator and equating the coefficients for different diffe-
rential operators we come to the following system of determining equations:
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(st 4 g ) = 0 4 2 +

(5.13)
+ (5bc< + 21uan) + §ac < + 2//’2”) _ 0’
f/
(™ + 2415%) f = 5" = = 0, (5.14)
ab,.n a a nn n,.n f,
(st + €0+ €0) f + (i — 2% — 6% (umn + ™)) T4
) v (5.15)
+ (uanxb_i_lubnwa_‘_é-abukn k) - (f _f//) _
.%'
f/
(2110 + &Eun) f + (Era" =€) 7~
1 aen,n an,_n a, nn
T 2 ) (2P f) (5.16)
_iamnmn " 2 el annV/_
Rl (2 " = 32 f" + 3a ') + 2p —=0
332f77nn + %l‘”iﬂf’ + ("2 + ,Unn)l‘v/)"i'
(5.17)

1 -
_|_ Zan m n( V// V):O,

where [/ = m, £l = Bz , ete.

Thus to classify Hamiltonians (2.2) admitting second order integrals
of motion (5.12) it is necessary to find all inequivalent solutions of sys-
tem (5.13)-(5.17). We will not present here the rather complicated solution
procedure which had been carried in [63].

Table 5.1: Functions f and V specifying non-equivalent
Hamiltonians (2.2) which admit vector integrals of motion

No f v Solution Effective

approach potentials

1 T ax direct or 3d osc. or Coulomb
two-step

2 x? azx direct or Coulomb or 3d osc.
two-step

o direct or Eckart or
3 z(z —1)? hyperbolic

2 _
(z+1)%  two-step Poschl-Teller
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Table 5.1, continued

No f v Solution Effective
approach potentials
4 2(z + 1)2 ax direct or Eckart or trig.
(x —1)2 two-step Poschl-Teller
1— 2
5 (14 22)? all =27 direct trig. Rosen-Morse
€
1 2
6 (1—22)? ol +27) direct Eckart
T
7 - T Cul two-step Coulomb
L Loty
8 1 1 two-step Coulomb
T — T —
(2% — 1)%x ox
9 two-step Eccart
22 —2ux+1 2?2 —2vx+1
(2% +1)%z or

10

two-ste trig. Rosen-Morse
22 —2ur—1 22— 2ux— P 5

In the third columns of the tables the effective radial potentials appearing
after the variables separation are indicated. They are shape invariant, i.e.,
can be expressed in the form (4.21) where the related superpotentials W,
are enumerated in formulae (4.32). The kinds of the superpotentials are
fixed in the fifth columns. Notice that the trigonometric and hyperbolic
Poshl-Teller potentials are equivalent to the Scraft 1 and generalized Péshl-
Teller potentials (presented in (4.32)) correspondingly.

The content of the terms presented in the fourth columns is explained in
the next section.

We see that there exist exactly twenty superintegrable systems invariant
with respect to 3d rotations. The majority of them is defined up to one
arbitrary parameter. In addition, there exist four systems dependent on
two parameters, see Items 9 and 10 in both tables.

Table 5.2: Functions f and V specifying non-equivalent
Hamiltonians (2.2) which admit tensor integrals of motion

No f \% Solution Effective
aproach radial
potential
1 L o direct or Coulomb or
x2 x? two-step 3d osc.
9 24 o« direct or 3d osc.

22 two-step or Coulomb
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Table 5.2, continued

No f % Solution Effective
aproach radial
potential
9 . Eckart or
ox direct or .
3 (22 —1)2 R hyperbolic
(@2 +1)7  TWOSD B b Teller
2 A
9 9 ox direct or Eckart or
4 (2% +1) (22 —1)2 two-step Poschl-Teller
4 1 2 4 1
5 (z ) (@’ +1) direct Eckart
R =
1 -1
6 (z 4; ) af@ 5 ) direct  trig. Rosen-Morse
€I €Xr
1 Qo
7 o 1+ 1 21 two-step 3d osc.
8 ( 3742 — 1)2 o a—zl two-step 3d osc.
-1 ax
9 two-st Eckart
x4 —42ux2 + | 21/%2 pq vosep car
1
10 (z"+1) ax two-step  trig. Rosen-Morse

4 —2ux?2—1 2t —2u22 -1

5.3. Two strategies in construction of exact solutions. Let us con-
sider equations (4.25) where H are Hamiltonians (2.2) whose mass and
potential terms are specified in the presented tables. We will search for
square integrable solutions of these systems vanishing at x = 0.

First let us transform (4.25) to the following equivalent form

HU = EV, (5.18)
where

=T = Y T,

Then, introducing spherical variables and expanding solutions via spherical
functions Y,

U= o)V, (5.20)
Im

we obtain the following equation for radial functions:

P (fUL+1
axl2 * < (;L«Z )y V) Pum = Edum. (5.21)

—f
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There are two possible ways to solve equation (5.21). They can be treated
as particular cases of Liouville transformation (refer to [73] for definitions)
and include commonly known steps. But it is necessary to fix them as
concrete algorithms to obtain shape invariant potentials presented in the
tables.

The first way (which we call direct) includes consequent changes of in-
dependent and dependent variables:

! 0 10,1 0 f
Oim — Pum = f2dum, %%f“%f 4—%4‘@ (5.22)
and then
x — y(x), (5.23)

where y solves the equation % = ﬁ As a result equation (5.20) will be

reduced to a more customary form
0?®y,,
0y?

where V is an effective potential

Vv (‘“;; b _ (4’}) - (i})) C r=aly).  (5.2)

Equations (5.18), (5.19) with functions f and V specified in Items 1-
6 of both Tables 5.1 and 5.2 can be effective solved using the presented
reduction. All the corresponding potentials (5.25) appears to be shape
invariant, and just these potentials are indicated in the fifth columns of the
tables. The related equations (5.24) are shape invariant too and can be
solved using the SUSY routine.

However, the presented algorithm is not valid for the remaining systems
indicated in Items 7-10 of both the tables. To solve these systems we need
a more sophisticated procedure which consists in the previous multiplica-
tion (5.21) by oV ~! which leads the following equation:

~82¢ m f~l l + 1 ~
-7 a:cIZ + ( (332 ) +V) Pim = EPim, (5.26)

+ V&, = E®py, (5.24)

where f = O‘Vf, V= —% and £ = —a. Then treating £ as an eigenvalue
and solving equation (5.26) we can find « as a function of E, which defines
admissible energy values at least implicitly. To do it is convenient to make
changes (5.22) and (5.23) where f — f.

The presented trick with a formal changing the roles of constants « and
FE is well known. Our point is that any of the presented superintegrable
systems can be effective solved using either the direct approach presented



Symmetries and supersymmetries of generalized Schrédinger equations 271

in equations (5.19)-(5.25), or the two-step approach. Moreover, some of
the presented systems can be solved using both the direct and two-step
approaches, as indicated in the fourth columns of Tables 16 and 17. In
all cases we obtain shape invariant effective potentials and can use tools of
SUSY quantum mechanics.

5.4. Example: system with two arbitrary parameters. Consider the
systems specified in Item 10 of Table 5.2. The corresponding Hamilton-
ian (5.19) and radial equation (5.21) have the following form:

(z*+1)2 ax?

H =
x4—21/m2—1p +:r4—21/x2—1

and

4 1)2 2 2
< _@ )7 (8 —l(l—zl)>+ o 1>¢zm—E¢zm.

ot w2 — 1\ 922 x xd — 2ux? —
(5.27)

Multiplying (5.27) from the left by % we come to the following
equation:

<_@M1P<82—W+U>+d@;1»¢m=5@m .

2 Ox? 2

where
a=-F and E=—a—2vE. (5.29)
Notice that equation (5.28) with & — « and & — E' is needed also to

find eigenvectors of the Hamiltonian whose mass and potential terms are
specified in Item 6 of Table 5.2.
Making transformations (5.23) and (5.22) with y = 3 arctan(z?) and

f= (14;1)2 we reduce equation (5.28) to the following form:
O*®yyp, 2 _ .
"o + (p(p — 4) esc®(dy) + 2acot(4y)) @i = EPuyp, (5.30)

where
E=E+4, pw=2l+3. (5.31)

Thus we come to equation with a shape invariant (Rosen-Morse I) poten-
tial. It is consistent provided parameters & and u are positive. Solving this
equation usring the standard tools ou SUSY QM we easy find its eigenfunc-
tions and eigenvalues; the corresponding eigenvalues for equation (5.27) are
given by the following formula [63]

—4
En:(21—|—3—|—4n)2<1/—\/1/2—1—1—|—a>, (5.32)

(20 + 3+ 4n)?
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where both n and [ are integers.

In analogous manner it is possible to find the complete sets of solutions
of the eigenvalues problem (5.21) for all systems presented in Tables 16
and 17.

6. RUNGE-LENTZ VECTORS

The LRL vector is one of corner stones of celestial mechanics. In some
aspects the same is true also for quantum mechanics. In particular, using
this vector, Pauli found the spectrum of the Hydrogen atom before the
Schrédinger equation was discovered.

There are important examples of 3d quantum mechanical systems with
spin admitting the LRL vector. They are the MICZ-Kepler system [43], a
dyon with gyromagnetic ratio g = 4, interacting with a magnetic monopole
field plus a Coulomb plus a fine-tuned inverse-square potential [44], and
a neutral particle a non-trivial dipole momentum [57]. All the mentioned
systems include particles with spin 1/2.

Following papers [59,61,62] we will classify LRL vectors with arbitrary
spin. It will be done for 2d and 3d systems, and partially for systems of
arbitrary dimension.

6.1. The Hydrogen atom. We start with the LRL vector corresponding
to the Hyderogn atom. This system is described by Hamiltonian (2.2),
where V' = —% is Coulomb potential.

Hamiltonian (2.3) commutes with orbital momentum L = x x p. An

additional integral of motion is the LRL vector

1
K=— L-L 1
o (p X L—Lxp)+xV, (6.1)

which is the second order differential operator and so belongs to higher
symmetries. These integrals of motion satisfy the following commutation
relations:

(Lo, H] = [Kq, H] = 0, (6.2)
- igabCLC) [Kaa Lb] - igachm
2i (6.3)
[Kaa Kb] = _Ef‘:abCLcH-

In accordance with (6.2) the Hydrogen atom admits five independent in-
tegrals of motion three of which are commuting. Thus this QM sytem is
maximally superintegrable.

On the set of eigenvectors of Hamiltonian H corresponding to eigenvalue
E relations (6.3) specify the Lie algebra which is isomorphic to so(4) for
E < 0 and so(1,3) for E' > 0. Using this symmetry and our knowledge of
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irreducible representations of algebra so(4) it is possible to find admissible
eigenvalues F algebraically.

6.2. Systems with spin.

6.2.1. 2d system. The non-relativistic model of Hydrogen atom ignores the
spin of electron. The first (historically) model with spin which admits an
analogue of the LRL vector was discovered by Pron’ko and Stroganov as
far back as in 1977 [77].

Hamiltonian (4.24) commutes with the third component of the total or-
bital momentum

J3 = x1p2 — x2p1 + S3, (6.4)

where S3 = 03. There are also two more constants of motion for (4.24),
namely:

(J3p1 + p1J3) + T p(n)zs,

1
2
m (6.5)
Ky = $(Japa + paJs) — 7#(“)901,

where p(n) = A(S1n2 — San1), ne = %2 and n = (ng,n2).
Operators (6.4) and (6.5) commute H and satisfy the following relations:

[Jg,Kl] = iKg, [Jg,KQ] = —iKl, [Kl,KQ] = —2imJ37-[. (66)

Algebra spanned on basis elements K1, Ko and J3 can be defined on sets
of solutions of the eigenvalue problem:

Hip = E. (6.7)

Changing Hamiltonian H by its eigenvalue E we obtain the Lie algebra
isomorphic to so(3) provided E < 0 or to so(1, 2) if E is positive.

Using this symmetry it is possible to find eigenvalues E for coupled
states algebraically [57]. To do this it is sufficient to rescale operators K
and K As:

K1 =V —2mEJ1, K2 =V —QmEJQ. (68)

Then Ji, Jo and J3 realize a representation of algebra so(3). Supposing
this representation be irreducible we obtain the following constraint for
eigenvectors

C= (J2+ J3 + I = n(n+ 1) (6.9)

In addition, % is supposed to be an eigenvector of operator J3 commuting
with H and C:

J3¢:k¢7 k:%’

NI

o (6.10)
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Substituting (6.4) and (6.5), (6.8) into (6.9) and using (6.7) and (6.10)

we obtain the energy spectrum in the following form:
mA?
=-——> A1
(2n + 2k + 1)%’ (6.11)

where n =0,1,2,....

The corresponding eigenvectors can be found using supersymmetry and
shape invariance of Hamiltonian (4.24) [57].

6.2.2. 3d system. To construct a 3d system with spin it is necessary to
change the angular momentum L by the total angular momentum

where S is a spin vector whose components satisfy the conditions:
[Say Sb] = iEachw S% + S% + 532, = S(S + 1)[.

For spin % we have S = (%01, %02, %03).
The LRL vector with spin is supposed to have the following form:

. 1 .

K=—/pxJ-Jx v 6.13

5 (P p) +x (6.13)

where V is a potential which specifies the corresponding Hamiltonian (2.3).
Now it is a matrix of dimension (2s + 1)(2s + 1) depending on x.

Let us note that components of vector (6.13) can be rewritten in the

following form:
Ko = 5 (poJab + Jabpb) + 7V, (6.14)

where Jup = €qpede, a,b,c=1,2,3 and €4, is the Levi-Civita symbol. This
uniform representation is valid for both 2d and 3d cases, compare (6.14)
for a,b=1,2 and (6.8).

By definition vector (6.13) should commute the following Hamiltonian

A~ p2 A~
H=_—+V. 6.15
5 T (6.15)

The necessary and sufficient conditions for this commutativity are given by
the following equations [62]:

V,Ju] =0, (6.16)
2aVaV +V =0, (6.17)
Sabvbf/ + VbVSab =0, (6.18)

where V, = % and Sgp = €apeSe-
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If conditions (6.16)-(6.18) are fulfilled, operators J, K and H satisfy the
same commutation relations (6.2) and (6.3) as the orbital momentum, LRL
vector and Hamiltonian of the Hydrogen atom.

It can be proven that up to a constant multiplier « there is the unique
choice for V' [62]:

o-Xx

V=a

. 6.19
. (619
Moreover, this potential can be found without a priori restrictions on the
generic form of vector integrals of motion given by equation (6.13) [62].

Thus the total angular momentum and LRL vector for spin % have the
following form

1
J:L+§O'7

(PpxJ—JIxp)+ax—-—,

A 1 o-X
72

2m

while the corresponding Hamiltonian is given by equations (6.15) and (6.19).

Let us note that Hamiltonian (6.15), (6.19) is shape invariant, which

makes it possible to find energy spectrum (6.15) using tools of supersym-

metric quantum mechanics. It has been done in paper [62], where the
corresponding eigenvectors have been calculated also.

6.2.3. Systems of arbitrary dimension. It is well known that LRL vector
can be generalized to the case of multidimensional Schrédinger equation
with Coulomb potential. Let us show that it is the case also for the case of
multidimensional systems with spin.
Consider a multidimensional Hamiltonian:
-9
a=r 1v,
2m
where p? = p% + p% 4+ 4+ pg and V; is a matrix potential. We suppose
that this Hamiltonian is invariant with respect to the rotation group in d
dimensions whose generators have the following standard form:

J;u/ = TuPv — TvPyu + S;u/) (620)
where S, are matrices satisfying the familiar so(d) commutation relations
[S/,LV7 S)\J] = i((su)\sua + 61/05;1)\ - 5#05’1/)\ - 5U)\S/,w')a

where subindices run from 1 to d. One more supposition is that when
reducing this matrix algebra to its subalgebra so(3) one obtains a direct

sum of irreducible representations D (%) This means that eigenvalues of
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matrices S, are equal to i% and these matrices can be expressed via basis
elements ~, of Clifford algebra
1
S = 1 ('Yu%/ - ’Yzz%n) . (6.21)
The generic form of potential satisfying (6.16) and (6.17) is:
V = Sana. (6.22)
r

Thus we construct a d-dimensional quantum mechanical system with spin
% which is invariant with respect to the rotation group in d dimensions and
admits the generalized LRL vector. This system is specified by Hamilton-
ian (3.93) with potential (6.22), i.e.,

«
H=— ~2"aa; (6.23)

while the corresponding basis elements of algebra so(d) and the additional
vector integral of motion are given by equations (6.20), (6.21) and (6.14),
(6.21). These operators satisfy the following commutation relations:

[Jap, H] = [Kq, H] =0, (6.24)
[Kaa ch] = i(éackb - 5(1ch)7
A 2% . (6.25)
[KaaKb] = abHa
m
[Jabs Jed) = 1(0acTbd + Ovadac — dadbe — Obcdad)- (6.26)

Changing in (6.25), (6.26) H by its eigenvalue E < 0 we obtain algebra
isomorphic to so(d+-1). More exactly, operators Ju, and Jgy1q = /— 55 Ka
satisfy commutation relations (6.26) where indices run from 1 to d + 1.

Let us note that all Hamiltonians discussed in previous sections are noth-
ing but particular cases of (6.23). Like in Sections 4.1 and 4.2 it is possible
to use the hidden symmetry of Hamiltonian (6.23) w.r.t. algebra so(d + 1)
to find its spectrum algebraically. As a result we obtain [62]:

2ma’?
F=——n—. 6.27
d(d—1) + 4co ( )

Notice that the 2d spectrum (6.11) is a particular case of (6.27).

7. DISCUSSION

The present survey includes rather complete information about various
symmetries of fundamental equations of quantum mechanics. At the first
play they are symmetries with respect to continuous groups of transfor-
mation (Lie symmetries) which form the grounds of other more general
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symmetries. Secondly, we discuss supersymmetries which present powerful
tools for construction of general solutions of various quantum mechanical
problems. Finally, we represent integrals of motion belonging to the second
order differential operators which are important constituents of superine-
grable systems.

We present the complete group classification of Schrédinger equations
with scalar and vector potentials. This classification supplies us by the a
priori information on all inequivalent quantum mechanical models of parti-
cles interacting with external (electromagnetic and more general) external
fields and symmetries which they can admit. In particular we correct gen-
erally accepted list of inequivalent Hamiltonians with scalar potentials.

Our contribution into the SUSY approach to quantum mechanics is the
complete classification of matrix superpotentials realized by 2 x 2 matrices.
Such potentials naturally appear in many realistic problems, but we present
the completed list of them.

The next contribution is the classification of quantum mechanical prob-
lems whose higher symmetries are realized by the Runge-Lentz vector.
Among them are systems with two, three and arbitrary number of spatial
dimensions. In the present paper we restrict ourselves to systems with spin
1/2, while the systems with arbitrary spins are discussed in papers [59,61].

To construct QM systems with extended SUSY we essentially use dis-
crete symmetries, i.e., reflections and rotations to the fixed angles. The
idea itself to apply reflections to construct N = 2 SUSY was proposed
in paper [34]. Then it was applied to generate extended supersymme-
tries [51,53, 85|, moreover, in the latter paper the discrete rotations were
applied also. In addition, using these discrete symmetries, it is possible to
make a reduction of SUSY algebras as it was shown in paper [16] and some
others.

One more important field of our research are quantum systems with
position dependent masses. We discuss their symmetries, supersymmetries
and higher order integrals of motion.

We believe that the present paper would serve as a small handbook on
symmetries of the main equations of quantum mechanics. In particular it
include as many as 14 tables enumerating all inequivalent Lie symmetries.
In addition, we present the list of shape invariant systems and PDM systems
admitting second order integrals of motion.

The quantum mechanical systems we discuss are rather general but surely
there exist more general ones. In particular we did not discuss symmetries
of the non-linear Schrodinger equations which have been classified in [69]
and its generalization called Ginsburg-Landau equation whose symmetries
were specified in [55], see also [56] for more general quasi linear systems of
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diffusion equations. In addition, the conditional symmetries were applied
in [31] to construct exact solutions of the nonlinear SE.

One more very attractive research field which however is not well studied
yet are superintegrable systems with position dependent masses. We dis-
cuss them in the above but only rotationally invariant ones. More general
systems are subjects of our current research.
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IIceBnoaundepenniajabHi piBHIHHA Ta
Q-CTillKi BUIIaJIKOBi IIporecu

M. M. Ocumrayk, M. 1. I[Toprenko

Abstract. The notion of a single-layer potential for a class of pseudodif-
ferential equations associated with rotationally invariant a-stable stochastic
processes is introduced. A certaine analogy to the classical theorem on the
jump of the conormal derivative of a single-layer potential is established. This
result makes it possible to construct fundamental solutions of some initial-
boundary value problems for the equations mentioned above. A probabilistic
interpretation of those solutions is presented. The results of investigations
on the topic published by the authors during 2014-2018 are expounded in
this article in a systematized and modified form.

Awnoraniga. IloHdaTTsa OTEHIANY IPOCTOrO Mapy, IO € BaXKJIUBUM B T€O-
pil mudepeHniagbHuX PIBHAHD 3 YACTUHHUMHU [TOXITHUMHE, IEPEHOCUTHCS Ha
niceBaonepenIiiaabHi piBHAHAS TapabOJIiTHOrO THITY, ACOItOBaHI 3 poTa-
[iffHO iHBaApiaHTHUMU Q-CTIKMMU BUIIAJIKOBUMU IIPOIECAMU B €BKJIIJOBUX
npocropax. g TakuxX HOTEHIasiB JOBOJUTHCS AHAJIOI KJIACHIHOI Teope-
MU PO CTPUOOK KOHOPMAJIBHOI MOXiHOI TOTEHIaIy IPOCTOrO Iapy. 3 J0-
IIOMOTI'OIO I[HOT'O PE3YJIBTATY OyAyIOThC (DYHIAMEHTAIbHI PO3B’A3KU HEBHUX
[TOYATKOBO-KPAOBUX 3a/1at ISl IICEB/IO/N(MEPEHITIAIbHIX PIBHAHD 3rajaHo-
ro THUIly Ta BUMCHAETHCH iX fiMoBipmicuuit cernc. CTarTsd HOCUTDH OIVISIOBHIA
xapakrep. B Hiit B cucremarnzoBaniii Ta mojudikoBaHiii dopmi BUKIIaIEH]
pe3ympTard, oirybsikoBari apTopamu mi€l crarTi mpotsarom 2014-2018 pp.
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1. Bcryn

IlceBnonudepentiiaabhi piBHAHHS € 00’€KTOM YUCIEHHAX ITyOIiKAIi Ma~
TeMaTHKIB HAPIZHOMAHITHIIMX crieniamizarii (1us., Hanpukaa, Kaury |5
i HaBeZeHuit TaM crucok Jiteparypu mo Tewmi). [ms aBropis i€l crarti,
SIK MaTeMaTUKiB-HMOBIPHICHUKIB, HAOMzKIMME € Ti poboTH (HAIPUKJIIAJ,
TpuToMHUK [6]), siKi pucBsueni nceBuoaudepeHIiaIbHUM DIBHIHHSAM a-
paboJIiIHOrO THIY, IO BiJIOBIIAIOTH MEBHUM KJIACAM BHUIIAQIKOBUX IIPOILE-
ciB. CepeJ TaKuX HAUMPOCTINIMMHI € POTAITHO IHBapiaHTHI Q-CTiiKi 1Ipo-
necu. Ix POJIb y BIIOBiAHIN TeOpil MOTEHIANY € TaKOIO K, AKYy Bimirpae
BiHepiB mporec' B Kacuumiit Teopi.

Opniero 3 HaliBaxkmBimux (i Hafikpacusimux!) B KIacu4Hii Teopii € Te-
opeMa Tpo CTPUOOK KOHOPMAJILHOI MOXiTHOI MOTEHIa Iy IIPOCTOrO IIapy.
Cawme BoHA J1a€ 3MOTY Oy/IlyBaTH PO3B’A3KM MOYATKOBO-KPAMOBUX 3329 TH-
ny 3aga4ai Hefimana abo 3Mimmanoi KpaitoBol 3a1a4i (IuB., HAIIPUKIIA, KHU-
ru [14, Tn. 4], |20, . V).

B mammux po6orax [8,9,16,17] nobGymoBano mock mo/ibHe 10 Teopii mo-
TEHITiaJy IPOCTOTO MIapy B CHUTYallil, KOJU 3aMicThb oleparopa Jlamraca,
[TOB’sI32HOTO 3 BIHEPOBUM IIPOIECOM, PO3TJISIHYTO TICEBI0 G EPEHIiaIbHIIA
OIepaTop, IO ACOIIOETHCA 3 POTAIINHO IHBAPIAHTHUM (-CTINKUM BUIIQI-
KOBHUM IIPOIECOM B d-BUMIPDHOMY €BKJIIJIOBOMY TTPOCTOPI Rd, d>1. B rux
poboTax MU BKa3aJil ONEPaTop, iKWl B HOBiil Teopil Bizirpae poJib rpaicH-
Ta B KJIacuIli i skuit (irypye B HaIiii Teopemi po cTpUOOK, 10 € AHAJIOTOM
3raJIaHol BUIIE KJACUIHOI TeopeMu. TakoK B TUX poDOTAX MU 3aCTOCYBAJIM
TeopeMy PO CTPUOOK 10 MOOYHOBU PO3B’SI3KiB IEBHUX TOYATKOBO-KpPaiio-
BUX 3aJ1a4 Ui 3raJaHuX CeBI0nMEePeHIaJbHUX PIBHIHb.

IIs1 mama cTaTTd € OrJsiJIOBOIO. Ii meroo € nojaTu B I[IJTICHOMY CHCTe-
MaTH30BAHOMY BUKJIAJI PE3YJTbTATU HAIIUX JIOCTIIKE€Hb. BibIIicTh TBEp-
JI?KEeHb i€l CTaTTi CYNPOBOIKYIOTbCA JIOBEIEHHIME, TKi € MOIU(IKOBAHN-
MU B IIOPiBHAHHI 3 OmyO/IiKOBAaHUMHU paHinte. B mux oBegeHHIX 9acTo J10-
BOJIUTHCS OIiHIOBATH (3a3BHYail 3BepXy) pizHoMaHiTHI Bupasu. Mu mosHa-
qaeMo Jiitepoio C' (iHOAI 3 MEBHUMN 3HAYMKAMIE) CTAJI, 3HAUYEHHS SKUX He €
BaKJIMBUMU JIJTsT TAHOTO KOHKPETHOTO BuKJaMy. CromiBaeMoch, e He Oye
CTBOPIOBATH INTAYEB] HE3PYIHOCTEN.

SymuHUMOCH JeTaIbHIIIe Ha TUX PIBHIHHSIX Ta MOYATKOBO-KPAMOBUX 3a-
Jadax Jis HOX, 3 aKkuMu Oyzemo matu cupasy. Hexait (z(t), My, Py) (abo
kopotiie (z(t))s>0) — poraniitno inBapianTHUI -CTIfiKMl BUIAIKOBUIL IIPO-
nec B R? (Mu BUKOpHCTOBYEMO 3BHYAfiHi TO3HAYEHHS I CKAJAPHOTO JI0-
6yTKy (-,-) Ta HOpMH | - | esemMenTiB 1BOro npoctopy). IlozHaunmo uepes A
rereparop (indiniresnmasnbuuii oneparop) nporecy (x(t)):>o. Oneparop A

Yoro me HazuBaOTH HpOIECOM GPOYHIBCHKONO PyXY.
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mozke 6yTn saganuit cBoiM cuMBooM (—cl§|Y)¢cra. TyT o € (0,2], ¢ > 0 -
nesiki cradti, mo 6yayTh BBasKaTuCs (DIKCOBAHMMME BIIPOJIOBIK BCiel poboTu?.

3 mpouecom (x(t))i>0 HOB's13aHe PIBHAHHS

gtu(t,x) = Au(t,-)(z), t>0, xR (1.1)
ske y BunaJky « € (1,2) e nceBnoudepeHIiiajlbHuM, a y BUMAJAKY @ = 2 —
nudepeHIliaIbHIM PiBHIHHAM TapaboJIidHOrO THUITY.

3posymiso, mo Komu o = 2 (1eif BUMAJ0K MU BBAXKAEMO KJIACHIHUM ),
CIpaBIKyeThCsl piBHICTE A = cA, B skiit A — oneparop Jlamnaca. B miii
cuTyariil BumakoBuit mporec (& (t)),cpd € BIHEPOBUM IIPOIECOM, a BiIIOBIiI-
He PIiBHAHHYA € PiBHAHHAM Temstonposimnocti. Hagami mu #e Oymemo pos-
[JISTATH TIefl TOCTATHBO BUBYEHUN BUMAIOK, & 3/e01IBbIIOr0 0OMEKUMOCH
posrisgom curyaril « € (1,2) (xoua gac Bix dacy 6yaeMo st MOPiBHSAH-
Hsl 3raJlyBaTu KjuacudHuil Bunagok « = 2). Inozi 6yayTs dopmysnoBaTich
pe3yIbTaTH, IO CIPaBRKy0Thed 1 aya 0 < o < 1.

Jist omeparopa A Ha 1ocuTb Ky (MIPUHARMHI 3 JIHIIAIEBUM TDaIi-
€HTOM) OOMezKeHy Pa3oM 3i cBoiMu noXigHuMu ByHKIO (O(T)), cpa BU3HA-
vqaeTbes (1ie pas 3adikcyemo: y Bunajxky « € (1,2)) inrerpasom

Ap(a) = oo [ [plo+1) = ola) = (Vo). )y~ dy,
MNa+ 1T ((d+ «)/2) sin (T /2)
md+D/2T ((a +1)/2) '
Busnaaumo oneparop B cuvposom (4]€|Y2€) ¢erd- Lleit omepartop mepe-

A€ o =

BOJUTH CKaJspHi GyHKIHT y BeKTOpHI. Voro jiisi Ha 0OMeXeHy JHIIIATEBY
dbyuxuio (¢(x)),crd BUSHAIAETHCS HACTYIHOIO (POPMYIIOIO:

Bo(w) = & [ (pla+2) = o)l de

«

Jlerko nmepesipuTu, mo oneparopu A i B mos’a3ani mMixk coboro criBBiaHO-
meraaM A = cdiv(B), B skomy div o3nauae omepatop aieprentiil. Takmm
garHOM, omepaTop B € medkum amasiorom rpajieHTa. K cTane 3po3yMino
JaJii, Il aHaJIorisd € JIOCUTH ITOBHOIO.

Hexait S — neska mosepxnsa B RY ((d — 1)-BuMmipHuit MHOrOBUT), fKa
POB/Iisi€ MHOXKUHY R4 \ S Ha aBi BiAKpuTi HiAMHOXKMHM: BHyTpimtHIO D_
Ta 3oBHimmI0 Dy Takum ummoM, mo R? = D_ U S U D,. B mjit crarri
MH OOMEKHMMOCH PO3TJIAIOM TiJIBKUA TaKUX MMOBEPXOHB. lloHATTS 6nympi-
WHA Ta 308HIUWHA TYT € YMOBHUMHU i MalOTh CBilf CEHC TIJIBKH TOJi, KOJIK

TudiniTesnMaNbHII OIEPATOP BU3HAYAECTHCS HE JIAIIE CBOEIO JIi€I0, a 1 0BJIACTIO BU3HA-
uyenns. Jlesakuii onuc obsiacti Bu3HAYeHHs oreparopa A B OJHOBUMIDHOMY BUIIAJKY € B
crarri [10]
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IIOBEepXHA OOMEXKeHa 1 3aMKHeHa. Bymgemo npuiryckarn, o moBepxHs S Ha-
CTIJIBKH TVI&JIKA, IO B KOXKHIN 11 TOYIIl iCHY€E JTOTUYHA JI0 Hel TiIepIIonuHa.
[Tosraunmo [epe3 v(x) opT 30BHIMIHBOI HOpMaJI (HAIIPABJIEHU B CTOPOHY
muoxkuEM D) 1o moBepxui S B Touri x € S.

IIpu dopmymroBanHi rpaHUIHIX YMOB /it piBHsHHEA (1.1) ctig BpaxoBy-
BaTHU IIOBEJIHKY TpaeKTopiit mpornecy (z(t)):>0, fxkuii y Bunaaky 1 < a < 2,
crapTyioun 3 ofHiel 3 MHOKUH D_ yu D | riepiin HiXK OTPAIIUTH HA IIOBEPX-
HIO S, BimBinye inmy 3 mux muOxkuUH. To6TO, MHOKIHA RY \S=D_UDy
BUSBJISIETHCA ‘3B I3HOI0” BiTHOCHO TPAEKTOPI ITHOI0 MPOIECY, a MOBEPXHS
S € 11 rpaHuIiero.

Takum 9UHOM, IIOYATKOBO-KPANOBY 3ajady Jyis piBHsaHHs (1.1) Gymemo
dopmysIoBaTH TAK: I 33 IaHUX PYHKILN (0 € Cb(Rd) (Tak MU O3HAYAEMO
GaHaxiB mpocTip 06MEXKEHIX HelepepBHAX 3ajaHnX Ha RY mificHo3HaqHIX

dbyukuiit 3 Hopmorwo || f|| = max |f(z)]) Ta (¢())zes, (1(2))res OOMekeHUX

i HenepepBHUX (Apyry 3 HEUX OyJIeMO BBarXKaTu HEBIJ'€MHOIO) 3HAfiTH Ta-
Ky HerepepsHy JlilicHosHauny QyHKINO U(t, T)s0 zerd, KA 33/J0BOTbHAE
PIBHSAHHHA
0
au(t,x) = Au(t,-)(z), t>0, zeR\S, (1.2)
JIJIs Hel BUKOHYETBLCA II0YATKOBA, YMOBA,
u(0+,2) = p(z), = ERY, (1.3)

i rpanmaHa ymMoBa: npu Beix t > 0, x € S cupaBIXKyeThest PiBHICTD

(1 + M)By(x)u(t, Ya+) - <1 - M)By<x)u(t, (=) =

2 2 (1.4)

= r(x)u(t, x),

e B,y = (cv(z),B), a f(r+) wm f(r—) osHavae HeTOTHYHY IDaHUITIO
dbyukrmil f B Tourni x € S 3 6oky muONkUH D un D_, Bigmosigmo. Ilomi-
61O 710 Teopil audepeHIiaIbHUX PIBHAHD B YaCTHHHUX MOXITHAX IPYTrOro
HOPAZKY ¢HOPMYJIbOBAHY TPAHUYHY YMOBY Ha3MBATHMEMO 3MIIIaHOI (260
Tperboro). B wactkoBomy Bunazky r(x) = 0 maemo apyry (tuiy Heiimana)
rpannuHy ymoBy. dkmo ¢(z) = 0, To Taky 3ajady HA3MBATHMEMO CHMe-
TPUIHOIO.

ZIK Brke 3a3HAYAIOCDH, IpU (v = 2 iporiec (2 (t))¢>0 € BIHEPOBUM IIPOLIECOM.
Horo TpaeKTOPil HEMlepePBHI i TOMY € CeHC PO3TJISIATU 9K BHYTPIIITHIO, TaK
i 30BHIIIHIO OYATKOBO-KpaiioBi 3aaui jyist pisasHHs (1.1), sike B 1pomy
BUIIQIKY € PIBHAHHAM TEILIOPOBITHOCTI

&u(t, x) = cAu(t,-)(z).
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CdopmysiboBaHa MOYaTKOBO-KpailoBa 3ajiada Jijisd 1IbOI'0 PIBHAHHSA 3a3BU-
Jail BiJTHOCUTBCH JIO 3aJ1ad CIpsKeHHd. 7K JIErKO 3pO3yMiTH, B IIbOMY BHU-
nagaky B = V i omeparop B,(,), © € S crae omepatopomMm KOHOpMaJbHOL
noxifguol. Po3s’s3aHHI0 TaKUX 3304 (3BATUMEMO IX KJIACHYIHIME) IPHCBS-
YEeHO BeJUKY KUIbKicTb myburikarii (aus., Hanpukian, [14,20] i nurosany
TaM JITepaTypy).

ITikaBo BimgHaYIUTH, MO HABITH V BUIAIAKY v = 2 PO3B’A3KU ITOUATKOBO-
kpaitoBux 3asa4 (1.2)—(1.4) He 3aBK /U 1OB’sI3aH] 3 HEBHUMU BUIIA[KOBUMHU
nporecamu. Le Gyne Tak, Ko BuKoHyeTbes ymoBa |g(x)| < 2. B upomy
Buna Ky 3agada (1.2)—(1.4) mopo/pKye BUIAIKOBUI IPOIEC, SIKUl MOMKHA
Ha3BaTh O0AraTOBUMIPHMM AaHAJIOTOM ACHMETPHYIHOIO BiHEPOBOTO MPOIECY
(muB. [18]) 3 yOuBaHHsAM B TOUYKax HOBepxHi S 3 iHTeHCHBHICTIO (T(7))ze5-
Aximo K g ymMoBa Ha QYHKINHIO ¢ HE BUKOHYETHCs, TO HAIIA 3324 IIOPO-
JIKY€ JIMIIEe [ICeBIonportiec (a He mporec) B po3yMinti poboru [2].

Curyariis € KapJMHAJBHO HINOW y BUNa Ky « € (1,2): po3B’s30K Hecu-
MeTpr4HOI 3aa4i (To6To, Koutu ¢(z) # 0) 3aBXK /1 MOPOZKYE JIHUIIE IICEBI0-
mporiec, a He BUIaKoBuit mporiec. Lle BunuBae 3 Toro, mo GpyHIaMeHTA b
HUI PO3B’A30K BIIIIOBIIHOI ITOYATKOBO-KPAaOBOl 3a/1a4i He € HEBilI €MHOIO
dyukiieo. Brepime 1e 6y10 momMiueHO B OJHOBUMIDHOMY BUIAJKY B POOO-
i [15].

ITlo k crocyerbes 3aranbHol ymMoBH (1.4) B CUMETPHUYHOMY BHIIAQJIKY, TO
sayada (1.2)—(1.4) nopoizKye BUIAIKOBHIL IPOIEC, AKUil € poTaniiiHo iHBa~
plaHTHUM Q-CTIMKUM IIPOIECOM, IO YOMBAETHCA B TOYKaX T € S 3 iHTeH-
custictio 7(z) (muB. myHkT 4.2.1, e mo6yI0BaHO NIIBHICTH WMOBIpHOCTI
HepexojLy IOro mporecy). B npoMy BUmaAKy MOBEPXHIO S MOXKHA PO3IJIsi-
JaTH, 9K eJJACTHYHY MeMOpaHy i POTAIlifHO iHBapiaHTHOIO Q-CTiHKOTO
IIPOITeCy O AHAJIOTIT 3 TUM, 9K B Teopil audy3ifiHnx mpoIeciB 3ByThCA IT0-
BEpXHI 3 TMOAIOHNMHI BJIACTHBOCTSIMHA.

Cain 3ayBakuru 1me, mo B po6ori [10] B 0HOBUMIDHOMY BHUIAJKY IIO-
OyI0BaHO TEOPII0 CHMMETPUIHHUX (-CTIAKMX MPOIEciB Ha iHTepBaJi abo Ha
[IPOMEH] 3 TPAHUIHUME yMOBaMHU, IO BiApi3HsaoTbCa Bim Hammx. 11i ymoBu
TaM € aHAJOTIYHUMU 3araJibHOBimoMuM yMoBaM Pejutepa-Benriesns B Teo-
pil nudysiitnux nporeciB, B AKUX OIHOBUMIPHUI oepaTop audepeHIioBa-
HHZ 3aMiHEHO OIIEPATOPOM B3ATTS JIOKAJILHOI IPOOOBOI MOXiTHOI TTOPAIKY
$ B TPAHUIHHUX TOUKAX.

Crpykrypa crarti Taka. Po3mia 2 MicTuTh ekl JTOTMOMIXKHI pe3y/IbTaTh
aBTOPIB Ta IHITUX JOC/Ii THUKIB, HEOOXiTHI 11 PO3yMiHHS OCHOBHOI YaCTUHUI
crarTi. B Tperbomy pozaiii 6ymayeThes Teopisd MOTEHIAIy TPOCTOTO APy
Juis ncesaoudepentiaabaoro pisusaus (1.1). Baxiusy posb B mmiit Te-
opil Bimirpae ozmadenuii Buiie omeparop B. B ocramnnomy, yerBeproMmy,
PO3ILI PO3IJISIAIOTHCS OYATKOBO-KpaiioBi 3a1adi (Japyra, TpeTs, B TOMY
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qucai i cumerpudnra). Tam Tako»K 0OGrOBOPIOETHCS MUTAHHS HMOBIpHICHOT
inTeprperariii moOyI0BAHUX PO3B’I3KiB IMUX 3aa4.

Marepiau i€l crarTi € yacTuHOIO MOHOTrpadil, AKy aBTOPH rOTYIOTH 0
APYKY.

2. JIOTIOMIZKHI PE3YJIbTATH

2.1. HlinpHicTh WMOBipHOCTI IIepexody poTaliiiHO iHBapiaHTHOTO
a-crifikoro nporecy. 3adikcysasmu o € (0,2) ta ¢ > 0, po3risiHeMO
aiticnosnauny dyukuio (g(t, z, y))t>0,x6Rd,y6Rd’ AKa 380a€ThC PIBHICTIO

olta) = 20" [ explile =) -l bde. (2)
3 BaacTuBOCTEH (DYHKINI ¢ 3aKIEHTYEMO yBary Ha TAKUX:

Baacrusicrs 2.1 (qus. [5,13], a Takox [8,16]). Icnyromo cmani N ma N',
maxi, wo 0 < N' < N i npu scizt > 0, x € R ma y € R¢ sukonyromucs
HEPIBHOCTNI
t t
! <g(t,xz,y) <N )
R e

(2.2)

BuaactusBicte 2.2. Qynxuyia g 3adosoavtae pisHanns Koamozoposa- Ye-
NMEHA:

g(s +t,2,y) = /dg(s,x, 2)g(t,z,y)dz
R
npu eciz s >0, t >0, z € R may € R?,
Buaacrusicts 2.3. ITpu sciz t > 0 ma x € R? suxonyemocsa pienicmo

/ g(t,z,y)dy = 1.
]Rd

Buaacrusicte 2.4. Qynxuyia

(Lotrmemar)

npu dircosarnuz t > 0 ma o € C(RY) maxoorc e eremenmom npocmopy
C(RY) (nazadaemo, wo C(RY) ckaadaemves 3 makuz dymruit ¢ € Cy(RY),
Ons axux muoocuna {x € RY : |p(x)| > €} e xomnaxmom 6 RY npu 6yoo-
axomy € > 0).

IIi BmacTtuBOCTi TOKA3yI0Th, 10 (MYHKINS ¢ € IMIJIbHICTIO WMOBipHOCTI
nepexojy Jsiesikoro mporecy Mapkosa. Heckiaguo 3posymitu (uB. HuK-
4e), 110 %g(t,x,y) = Ag(t,-,y)(x), t > 0, z € RY y € RL Tobro,



IlceBmomudepenitiagbii piBHIHHS Ta -CTIfKI BUIAIKOBI IPOIECH 289

GYHKINA ¢ € MIABHICTIO HMOBIPHOCTI HEPEeXoay BBEIECHOTO y BCTYII IPO-
necy (x(t));~o- Kpim Toro, Bona e dyngaMeHTaIbHIM PO3B’A3KOM 33/1a4i
Komii st pisustamsa (1.1), ockimbku npu koxuomy @ € Cyp(RY) dbynkiis
u(t,r) = JpaeW)g(t,z,y)dy = Eq@(x(t)) € poss’sskom samadi Kot st
piBasHHs (1.1) 3 mogaTkoBo0 yMoBOWO (1.3) (muB. Hukue 1. 2.3.1).
Hacrynme TBepmKeHHS CBiIIATH TIPO Te, IO I HMOBIPHICTH ITEPEXOLy
€ PIBHOMIPHO CTOXaCTHIHO HEepepBHOIO mpu « < 2. ko x a = 2, 1o
dyukuis (2.1) Mae SBHE IPeICTABICHHS
—d/2 ly —af d d
g(t,z,y) = (dmet)™ exp{—m}, t>0,zeR%yeR (2.3)
i 11 Hel BUKOHYETHCSI YMOBa iCHYBaHHsI HelepepBHOI Moaudikariii Biamo-
BistHOTO TIporiecy MapkoBa.
151 JOTIOBHEHHSI B R? 110 3aMKHEHOT Kyni By(x) 3 nenTpoM B ToUIi & €
R? pasiycy r > 0 6y1eMO BUKOPHCTOBYBATH 3BIYHE O3HAUCHHS B, (x)°.

JIema 2.1. (a) IIpu o € (0,2) sukonyemvesa nacmynne: axum 6u ne 6Yyr0
e >0,
sup / g(t,z,y)dy — 0,
z€R4 Bs(x)c
xoau t — 0+4.
(b) Axwo orc o = 2, mo npu gircosaromy £ > 0

t! sup / g(t,z,y)dy — 0,
z€R4 BE(.’E)C

xoau t — 0+.

CrupaBeJIuBIiCTh IUX TBEPIXKEHb JIEKO BUILINBAE 3 IIPaBOl HEPIBHOCTI
B (2.2) Ta mpexacrasienus (2.3).
Tenep, nocstaumch Ha Teopemy 3.14 3 [12], MmoxkeMo cTBepKyBaTH, 110
.99

icHye “mizkom mpucroiiamit’ mporec Mapkosa B RY, s sikoro dbyHKIs ¢
€ IiTBHICTIO fiMOBipHOCTI Mepexoy (BigHocHo sneberosoi mipu B RY).

Teopema 2.1. Ilpu a € (0,2) icnye maxud cmandapmuud npouec Mapro-
sa (x(t), My, ) 6 RY, dasa axozo

P,({a(t) €T}) = /F olt, 2, y) dy (2.4)

npu sciz t > 0, x € R? ma 6opeavosur mmoorcunar I' C RY.

Tepwmin “cranmapTHuil” B IbOMY TBED/I2KEHHI 03HAYAE, IIO:
(i) Tpaekropil Takoro mporecy (To6ro, dyHKIil (2(t))t>0) € HEIEPEPB-
HUMU cIpaBa pyHKIigMU 6e3 pO3PUBIB APYTOro POIY;
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(ii) mpm Bcix t > 0 BuKOHYeThCS ymMoBa My = My, ne My oznagae
nonoBHeHHs o-arebpu M, no cucremi mip (Py),cprd, @

MH = ﬂ ﬂwe;

e>0

(iii) mporec € KBa3iHeepepBHUM 3/1iBa, TOOTO, AKIIO TIOC/IJIOBHICTE MO-
MeHTIB 3ymHKE (T, (W))p>1 Ha geskiit moxuni Q € \/,~q My, Mo-
HOTOHHO 3pocTaroun, 36iraerbesa 10 T(w) < +00 mpu w € Q, To
nh_{rgo (T (w),w) = z(7(w),w) Py-maiike HameBHe Ha MHOMKHHI ()

it KozkuOro x € R
V Bumaaky « = 2 BiAIIOBiHE TBEp/2KEHHS (PDOPMYJIIOETHCI TaK.

Teopema 2.2. Ilpu a = 2 icnye maxut cmandapmuuti npouec Maprosa
(z(t), My, P,) 6 R, das axozo euxonyemwvea (2.4), i tioeo mpaexmopii e
HENEPEPSHUMYU HYHKUIAMU.

B 1miit craTTi Mu posrisggaemo came Ti iporiecu MapkoBa, icHyBaHHA KX
rapaHTyeThCAd B IIUX TeOpeMaxX, i Ha3WBAEMO 1X POTAIINHO iHBapiaHTHUMU
a-criiikuvu mporecamu B R, YV Bunanky d = 1 BOHE 3BATHMYTBCS CHMe-
TPUIHUMU (-CTIHKMME IPOIeCaMU. 3ayBarXKMMO, 1[0 CTAaHJIAPTHUI BiHEPIB
npouec B R Bignosinae snavenusM mapaMeTpis o = 2 ta ¢ = %

JlBocTropouns orinka GyHKINT g HaBeneHa Buie y Biactusocti 2.1. Hux-
Ye MU MATUMEMO HAroJly CKOPUCTATUCH OIIHKAMH MOXITHUX (B TOMY YHC/I
i mpoboBux mopsakiB) dbyukmil g. Yepes Dé: I HATypajabaux | > 1 Ta
z € R? nosnauaernes orepallig B3dTT JOBIJIbHOI YaCTUHHOI ITOXiIHOI ITO-

psaaky | 3a 3minHO0 2. CIpaBeuBUM € TaKe TBEPIKEHHS.

Buaacrusicte 2.5 (mus. [5,13]). V sunadky 0 < a < 2 ichye dodammns
cmana Np (6ona 3anescumv auwe 6id d, «, ¢ i l), maxa, wo npu ecix
t>0, z R yeR? suronyemuvca nepisricmo

t
(tl/oz + ’y _ m‘)d—i—a—i—l'

Hami, nexait (Qg(€))¢ecre — onuopimma dyukmia nopsaky (3, Taxa, mo
3aJI0BOJIbHSE YMOBY \DZEQg (€)| < const-|£]|P~! mpu € # 0 Ta maTypambHUX L.

IDLg(t,z,y)| < N, (2.5)

Yepes DY mosmatmmo meesnomudepeniab it omepaTop, CHIMBOIOM SKOTO
e dynkuig (Q(€))ecra-

Buaacrusicts 2.6 (muB. [5,13]). V sunadky 0 < a < 2 icnye dodamms
cmana Ng (3anescumo auwe 6id d, o, ¢ ma gynxuit Qg), mara, wo npu



IlceBmomudepenitiagbii piBHIHHS Ta -CTIfKI BUIAIKOBI IPOIECH 291

scizt >0, x € R? ma y € R? suxonyemuvcsa nepiswicmo
1
(1o + |y — )8

ID2g(t, z,y)| < Nj

3okpeMa, HEPIBHICTD
1
(17 + Ty = al) o

CITPaB/IKy€e€Thcd TIpH Beix t > 0, x € R? ta Y € R? 3 n1eKOIO CTATIO0 N > 0,
IO 3aJIEXKUTh Bid o, d Ta c.

Bunazaxosuit nponec (2(t))¢>0 € OZHOPIIHIM 1 Ma€ BIACTHBICTH aBTOMO-
nenabaocTi. ToOTO, MAaEMO CITiBBiHOIIIEHHST

gt z,y) =t Yg(1,0, (y — 2)t~/)

crpaseymBe pu Beix t > 0, € R, y € R,
Hobpe Bimome (mus., Hanpukiaz, [3|) macTynHe 306pakeHusi QyHKIT

(9(17 Ov x))xeRd:

+0o0
g(l,O,ﬂﬂ)I(277)_‘[/2!ffsl_d/z“/0 p2e " Jyso 1 (plzl)dp,  (2.7)

ne J, oznadae GeccesboBy yHKIIiO, TOOTO,

- 1
Ju(z) = \/7% /_1(1 — u2)“_1/2 cos(zu) du

mpu Rep > —1/2 1a J_y)5(2) = \/ = cos z.
Hacrynmne TBep/zKEeHHS BUIVISIA€ Maiizke OUYEBUIHAM, OJHAK MU HaBele-
MO HOro aHAJITHYHE JIOBEICHHS.

Jlema 2.2. Hezatid > 2, v — ixcosanuti opm ¢ R?, a & — dosinvhui se-
xmop 6 R opmozonasvrud do v. Todi dna dosinvrozo & € R sukonyemuvea
PIHICMD

/ e g(1,0, v + &) d)\ =
R (2.8)

d—3

_am o _aa [T 2 Na/2y 4=t ~
=(2m)" =z |z[" ; exp{—c(&” +p )" }p 2 T (pl]) dp-

Hosenenns. [loznaunmo inrerpas B Jisiit yactuni (2.8) uepes I. 3 dop-
Mmysu (2.7) BUILUIMBA€E PiBHICTH

2 +o0 /2 —cp +o00 ) o d-2
I:ﬁ/ pere de/ Jija-1(pV A2+ 62) (A2 + %) 7T cos(AE) d),
(2m) 2 Jo 0
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e b = |Z|. Buyrpimmsiit inrerpas B it dpopmysi obumcaoerbes (mus. (4,
I 3, § 16]), a came
oo d—2
/ Jaja—1(pV A2+ 02)(X2 +b*)7 7 cos(AE) dA =
0

0, saxmo €| >p

d—3

d— [2_¢2\ 2
gp_T{]% (b\/p2 —§2> ( - ¢ ) ,  akmo €] < p.

Towmy,

d—3

I= (277)‘%()_% +Ooe_6pap J% (b\/p2 —52) (\/,02 —§2> * dp.

4

3pobusiu B 1poMy Bupasi migcranosky p' = y/p? — &2, upwuitnemo 10 dbop-
My (2.8). O

Hacuaigok 2.2.1. Hezati L — nidnpocmip R, dimL =k, 1 < k < d. /Jas
dosinvrux &€ € L ma & € L+ cnpasdocyemucsa pienicmo

d—k—2

/e"(fvf)g(Lo,xM)dx:(27T)dflf! ?oX
L

too g g N ~
x /0 07" exp {—e(le + )72} asa (ol .

Bokpema, axwo v — dixcosanuti opm 6 RY, S = {x ceRe: (z,v) = O},
mo dns & €S ma X € R enpasedaueum e maxe cniesionoweria

+oo
/ @8 g(1,0,2 + ) de = % / e—clEl* 40?2/ cos(pA)dp.  (2.9)
S 0

2.2. Tloepxni knacy H'tY Ta nmesiki memu. Hexait Temep d > 21 S —
nesika osepxast B RY. IIpumycrimo, 1o icaye Take fiiicae wmcmo ro > 0,
IO ISt KOXKHOI TOUKM & € S "acTuHa HoBepxHi Sy, (x) = S N By, (z) Moxe
OyTr 3aJaHa B JIOKAJIbHIM cucTeMi Koopm/IHaT?’ (3 mowaTkOM B TOUI )
piBasHEAM Y4 = F), (TR TR ,yd_l), ne F, — neska omHO3HAYIHA QYHKITIS.
ITosepxusa S 3BeThea moBepxHero Kiaacy H'TY nma nesxoro v € (0,1)
(muB., nanpukian, [20, Tor. 111, §8|, ne Taki moBepxHi HABUBAIOTHCH MOBEPX-
HaMu Kjaacy C H‘V), SAKINO JJIsi KOsKHOTO & € S Bimmosimna ¢yHKIiis F, B

3 JTIOKAJIbHOIO CHCTEMOI0 KOODIMHAT B TOWI = € S HASMBATHMEMO TAKY ODTOTOHAJBHY
cucremy koopmuuar (y*,y2, ..., y%) 3 mouarkoM B Touni z, mo y¢ = (v(x),y).
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d—1
. R 2 .
006J1aCTi, 10 3aJAE€ThCsI HEPIBHICTIO » (yk) < rg /4, Mae HermepepBHi Ja-
k=1

OF | =1,2,...,d — 1, 9Ki 3310BO/IBHAIOTH B Il 061acTi

ayk )
yMmoBy l'esbriepa 3 MOKa3HUKOM Y i 3 KOHCTAHTOIO, IO HE 3aJIEXKUTh BiJl .

3 BracTuBOCTEH OOMexKkeHol 3aMKHenol nosepxmi kmacy H!'TY mu pery-
JIAPHO OyIeMO BHUKOPHCTOBYBATHU TY, 3TiIHO 3 SKOIO iCHYIOTH JIO/IaTHE UH-
co g Ta HATYypaJbHE YUCIO M Taki, MO JJIs KOXKHOI TOYKA & € S icHye
cKiHueHHMH HAOIp TOYOK {1, Z9,..., T} HA TOBEPXHI S, JJIsl IKUX CIIPaB-

CTUHHI ITOX1JIHI

l
mKyeTbes cnigsimpoments S\ Sy a(x) C U Sy j2(xk) 3 meaxum | < m i
k=1
IpY IBOMY min inf y — x| > dg.
1<k<l yGSro/z(ka)| |
Ha 3aBepiueHHs [bOrO IyHKTY HaBEJIEMO J[Ba TBEDJKEHH:, $Ki 3HAJ0-
6IIATHCS B TIOAJIBIIOMY .

Jlema 2.3. Hexati S — obmesicera samxnena noseprha 6 R (d > 2) xaacy
H'Y 5 deaxum v € (0,1) abo orc zinepnaowuna. Jas woschux t > 0,
z € RY ma 6 > —1 cnpasdocyemvces nepisHicmo

doy, _1
< L (9+1)
/S (7o 1 [y — 2] < Ht (2.10)

3 deaxoro cmanoro H > 0.

HoBenennsi. Posrisinemo Buna ok oomezkenol 3aMKHeHol moBepxHi S. Tlo-
sHa4uBIM depe3 I iHTerpas B JiBiit wactuni HepiBuocti (2.10), npu t > 1,
OYeBUJIHO, MOXKeMO 3anucaTi (OcKiibku d > 2)

I< |S| ‘t—é(d-‘r@) < |S‘ ~t_é(0+1),

ne |S| — mwroma mosepxui S.
Axmo x 0 <t <1ip(z,S)= ing ly — x| > po 3 meskoro crasowo py > 0,
ye

To I < |S| ~pad_9 < |5 -pad_afé(eﬂ). Bubepemo temep py > 0 mocuthb
MasuM i posrasneMo sunagok x € RY 3 p(x, S) < po. Hexait & € S 3a10-
BOJIbHsIE piBHICTH p(x,S) = |z — Z|. Ilo3HauMMO Yepe3 § HPOEKI0 TOYKU
y € S Ha rinepIoNuHy JOTHYHY 110 S B Toumi Z. P0o3i6’eMo moBepxHio S Ha
aBi gactunm: Sy /o(Z) Ta S\ S, /2(T). Bpaxosyroun BractTusocTi moepxHi
S (muB. BUIIE), MOXKEMO 3aIUCATH

I</ doy, 4
= s, @ (V0 | — 7])AH

ro/2
l

do
- / — - =I+1TI"
2 5p0 o) (O3 + [y — & — [a — &])T0
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g I' cupaBIKyeThes HEPIBHICTD
d—2
I’<C’ TETTAE 1
1+ €yt ’
ne C — nedka gojaTHa CTaJja.
Bubpasiu tenep pg < dg (4mcsio dy 03HAUEHO BHUIIIE), MATUMEMO
ly— &l — |z — | > 8 — po > 0
i Tomy
I" < m|S|(80 — po) 4 < m|S| (50 — po) Pt a O+,

Ilum i 3aBepILyeThCs JIOBEJIEHHS JIEMUA Y BUIIAJKYy OOMEXKEHOI 3aMKHEHOL
noBepxHi. JloBeeHHA y BUMIAIKY TiNEPILIONINHYA 3HAYHO IIPOCTIIIe i MU 3a-
JINIIIAEMO fIOTO YUTadeBi. ]

BayBarkenus 2.1. Crasa B mepirocri (2.10) 3amexkurh Tinbku Bix d, 6 i
moBepxHi S.

Hepisricts (2.10) pasom 3 (2.2) npuBoauTh J0 ONiHKHK (HAraJIa€MO, IO
bymxuis (9(t,7,Y))i>0,0erd yerd € MITBHICTIO HIMOBIPHOCTI HEpexoTy Tpo-
necy Mapkosa (x(t)):>0)

/g(t,:c,y) do, < Kt~V (2.11)
S

mpu Bcix t > 0 Ta x € R% 3 negxomo crason K > 0; 1151 OITiHKA CIIpaBeIInBa,
JIJIsl KOXKHOI TIOBEPXHI S, sIKa 3a0BOJIbHgAE yMoBH Jlemu 2.3.

IIpu noBeneHHI HACTYITHOTO TBEPJI2KEHHSI MU BUKOPHUCTOBYEMO 3AIIPOIIO-
HoBaHuil B poboti [13| (muB. rakoxk |5, Ch. 4]|) meTon moBejeHHS HEPIBHO-
cTeit TOro K THILY, IO 1 TYT.

Jlema 2.4. Hexaii S — maxa nosepria 6 R, wo sukonyemoca meepiorcer-
na Jlemu 2.8. Todi onsn xkoorcnux k > —1,1> —1, % > k—a+1, A > l—a+1
i dan ecizt >0, z € R may e R enpasdorcyemuves nepienicmo

/dT/ (t = 7)le <
(t — D)o+ [z — )T (r1/a 1 [y — 2)a ©77 =

1 A tl—&—l(%—i-)\—k—l)
<L{B(1+_(Ge—k=-1),1+2 + (2.12)
« (

tl/o 4 |y — )4+

A+ GerA=1-1)
tl/e 4 |y — z|)dth

+B<1+;()\—l— 1), 1+%>(

3 deaxoro cmanoro L > 0, wo sansescums misvku 6id d, 1, k ma noseprHi
S. Tym B(-,-) € bema-ppynxuiero Elinepa.
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Hosenenns. 3adikcyemo gesiki t > 0, € R y € R? i posi6’emo MuOKHI-
HYy iHTerpyBaHHS B JIiBifl YaCTHHI HEPIBHOCTI, IO JIOBOIUTHCS, HA, YACTUHU:

I ={(r,2) : 7€ (0,t/2],z€ S}, o= {(r,2):7€(t/2,t],z€ S},
a X B CBOIO UepTy — HA TaKi JaCTHHU:
My ={(r2) €l: (t=n)Y + |z — | < J(¢/ + |y -]},
Mg =TIy \ Tyy;
Iy = {(T,Z) €lly: 7V 4y — 2| < L(tV/o + \y—x\)},
Mo =11y \ Ily;.

CKOpHCTABIIUCH OYEBUIHOO HEPIBHICTIO (U — v)P > uf — vP | cpaBeInBO0
npu Beix 0 < v < 5, 0 < p <1, Ta HEPIBHICTIO TPUKYTHUKA

ly — x| <|y—z|+ |z — x|,

MOZKEMO 3alluCaTu:

TV gy — 2] > l(tl/o‘+|y—ﬂz|) npu (7,2) € Iyy;
(t=m)*+ |z — x| > J(* + |y — ) npu (7,2) € Ilo.
Kpim Toro, oueBumno, 1o
(t—T)l/a—f—]z—ﬂ:| > %(tl/a—k\y—x\) upu (7, z) € Ilj9;
TV y— 2| > %(tl/o‘—i-\y—m\) upu (7, z) € Ilao.
Tomy st miBol wactuam HepiBHOCTI (2.12) (mosnaummo iT gepes I) Bu-
KOHY€EThCSA
9d+l t— /o N«
S dl/ (17) . ax drdos+
(e + Jy = @) iy um,, (8= 7)Y + [z — 2])*F
9d+k t — F)H/arA o
T i d+k / (1/04 i gy drdo: <
(t +’y_$|) IT;2Ull2y (T —|—|y—z|)

d+1 _ %/a Ao
< 2 / d / t T do,+
T o
= (tl/a i ]y d+l (t—7) l/a ]z |)d+k z

od+k t _ 7_ %/a AN a
- / / do.
(/o + |y — a|)d+* T 4 |y — 2[) !
Hepisricts (2.10) mo3Bosisie Tenep 3amucaru

1 ! Le—k—1)_M\a
ISL((tl/a+|y_x|)d+l/0(t_T)a( )M dr
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1 ¢ wla_Lt(A=1-1

1 A tl—l—é(%—&—)\—k—l)
=L|B(1+ — —k—1).1+ —
( TRl koLt ><t1/a+|yx|>d+l

o
1 A2 GeA—l-1)
+B<1+(>\—l—1),1+%>( ,
(6%

_'_

o) (/e + |y — x|)dtk

ne L — nmesika momaTHa crajia, 10 3aJIeXKUTh TLIBKY Bix d, [, k Ta moBepxHi

S. O
2.3. 3agaua Kormi.

2.3.1. Po3s’a3ox 00nopionoi 3adawi. 3 dopmynu (2.1) Ta 3 03HAUYEHHS Ole-
paropa A BUILIMBAE PIBHICTH

C

Aglt.9)(a) = ~ g5 | explile —3.€) = e} el" e

cipaseuBa mpu Beix ¢ > 0, z € R? 1a y € R OueBuamo, mo %g(t, x,y)
BU3HAYAETHCS IIAM 7K€ IHTETrpajIoM, a oTzKe, pu (dikcoanomy y € R? dyHk-
it (g(t, 2,Y))1>0,0crd € PO3B'A3KOM DiBHAHHS

2 glt.y) ~ Aglt, - y)(a) = 0. (2.13)

Ilpu a = 2, gk 3a3nagasock ume, A = cA (A — oneparop Jlammaca) i
piBHsHHs (2.13) € PIBHAHHSAM TEILIONPOBIIHOCTI.
HoBememo Temep Take TBEPI>KEHHSI.

Teopema 2.3. ko1 6 ne 6yaa gynruia ¢ € Cy(R?), dynruis

utag) = [ alta)o)dy = Eoslat)), ¢>0. xR

€ pose’aszxom 3adaui Kows.

(2.14)

%u(t, z,y) — Au(t,-,y)(x) =0, t>0, rcR?
U(O—i-,.f,g@) = QO(I'), T € R,

Hoenenns. Ilpu a = 2 ne nobpe Bimomuit dhaxr. JloBemenus moro da-
KTy pu 1 < o < 2 moxkHa 3HaiiTu B [5,13]. Mu BigrBoproemo iforo Ty mis
MMOBHOTH BUKJIQLY.
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Hexait 1 < a < 2. Cnouarky nepesipumo, mo (-, -, ¢) 3a0BOJIbHSIE
nouaTkoBy yMoBy. st t > 0 Ta & € R Mmoxemo 3amucaTn

ulta) = (@) = [ o)~ pl@lott.o.p)dy = T+11.

ne I osnavae inTerpast Bij Tiel 2k HyHKIIiT, pO3MOBCIOIzKennii Ha KyJ1o Bs(x)

3 pessikuM 0 > 0, a [] — Ha jonoBHeHHs JI0 Hel, 10070, Ha Bs(x)¢. Ockinbku

dyHKIs @ HenepepBHa, Ay 3amaHoro € > 0 Bubopom & > 0 MoKeMO

3a0e31eunTH HEPIBHICTH é%azc) lo(y) — ¢(x)| < €, 3 a0l ButumBae 1] < €.
yEBs(z

Bubpasmu Take § > 0 i 3acikcyBapimm ioro, majist 1 gicraHeMo OIHKY
<2l swp [ gltay)dy -0
zeR? J Bs(x)¢

kosu t — 0+ (mus. Jlema 2.1(a)). 3Bigcu Bumumsae, mo

lim u(t, z, p) = ¢(x)

t—0+

pu KoxKHOMY 2 € R?, T06TO, BHKOHYETHCSI OYATKOBA, YMOBA B (2.14).

Haurti, 3po3ymino, mo piBasaas (2.13) Mae ¢BOIM HACTIAKOM Takuii haxT:
bynkmia (u(t, , ¢))is0, zerd 320BOIbHsE PIBHAHHA B (2.14), AKIMO BUKO-
HYIOTHCS PIBHOCTI

) R J
QU(t,x, @) = /d ag(tx,y)s@(y) dy, t>0, z €R",
(2.15)

Au(t, -, o)( /Ag ) (@) ey)dy, t>0, € R

O6uzBa iHTerpasy B IPaBUX YaCTHHAX I[UX PIBHOCTEH iCHYyIOTH, 60 3 He-
pisrocti (2.6) BumIIBaE

J.

mpu t > 0 ta z € R%

BayBakumo, 10 BHacTiZOK Bmacrusocti 2.5 dynkiis (u(t, z,¢)),crd
npu ¢ikcoBanomy t > 0 mMae oOMexkeHI MOXiAHI MO & OYIb-IKOTO MOPSI-
Ky, 9K TOKA3y€ HACTYITHA BUKJIAJIKA

dy
Dlg t,x,y‘dySNzt/ =

0 ~ dy
St z,y)| dy< N =
529 ”)’ VSN J @ Ty — eyt

dz

=t 'N | T
ra (14 [z[)¢+e

< 00
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dz
e [ 42
l /Rd (1 + |2])d+otl

3Bigcu BUILIMBaE, MO omeparop A MOXKHA 3aCTOCOBYBATH 10 (PyHKII
u(t, -, ) upu dikcoanomy t > 0.
Maewmo, maui,

Au(ta‘vy)(x) :cqa\/Rd|Z(|idia/Rd [g(t7x+z)7y) _g(tax7y)_

— (Vay(t,z,y), 2)|e(y) dy = I + I1,

ne I ta I] BU3HAYAETHCS TAKIM 7K€ BHPA30M i3 3aminoo R? B 30BHIMIHBOMY
inrerpasi Bignosigao Ha Kyao Bs(0) (3 gesakum § > 0) Ta Ha i1 JOIIOBHEHHS,
To6T0, MEHOKHUHY Bs(0)C.

Hns ouinku inrerpasa no kyii Bs(0) ckopucraemocs dopmyrowno Jla-
rpamxa

g(t,x—I—z,y)—g(t,x,y)—(vwg(t,x,y),Z):
d
1 0? L
:52 _— kg(t,x,y)zjzk,

ne T = x+0z nna gesikoro 6 = 6 4., . € (0, 1) i HepiBHicTIO (2.5) pm | = 2.
Hicraemo ominky (C' — meska joaTHa cTasa)

|2t
(tl/a + |y _ j|)d+a+2’

lg(t,x +z,y) — g(t,z,y) — (Veg(t,z,y),2)| < C

3 4KOI BUILIUBAE

[ a2+ 209) = gtz — (Tug(t..9),2)] dy <

_ dy
< 2t 2/0“/ 7
= ORI e

Tomy npu dikcoBanomy ¢ > (0 MOKEMO 3amucaTh
<ol [ e <o

a 1e, B CBOIO 4epry, jio3Bosse 3amucaru | B Taxiit opmi (kopucryemoch
reopemoro Py6ini)

I= cqa/ o(y) dyx
Rd

& (2.16)

x / (96,2 + ,) — 9(t, 2,9) — (Vag(t, 2,1), 2) —n.
B;(0) |2]
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1106 mokazaTn, mo

II:cqa/ o(y) dyx
Rd

L @1

x /Bé(o)c[g(t, z+2,y) =gt z,y) — (Vag(t,2,y), Z)]W’
3HOBY CKOPHUCTYEMOCH (hopmyJsioro Jlarpanxka, 1iporo pa3y B Takiit popmi

gtz +2z,y) —g(t,z,y) = (Vag(t, 2,y), 2),

ne & = x + 0z s neakoro § = ét%y,z € (0,1). Temep 3 (2.5) BuBOAUMO
HEPiBHICTH

o N ol ¢ . ol ¢
SNy @R (@0 g — afy et )

ska 7103BoJisie€ oriauTu [ B Takuii cnoci6 (C' — Jeska J01aTHA CTAJA)

dz
11 §cqa/ X
] Bs(0)e 1291
< [ otta+2.9) = att.a9)| + [(Vagt.9),2)) Lol dy <
dz
<C ||90||t_1/°‘/ _ .
B5(0)¢ |z|dH+o—1

Teopema Pybini 3HOBY 103BOJIsI€ CTBEpKyBaTH, Mo I 3a1aeTbcsa piB-
mictio (2.17). Ckuasmm temep (2.16) ta (2.17), micraemo apyry 3 piBHO-
creit (2.15).

[To6 mosectn meprry pisuicTs B (2.15), 3ammmemo (At — mocurs Mase)

u(t + At,z,0) —u(t,z, ) = /Rd [g(t + At,x,y) — g(t, z,y)]p(y) dy =

o .
= At /Rd %g( ,z,y)e(y) dy,

ne t € (t,t+ At), sxmo At > 0, abo ¢ € (t + At,t), sxmo At < 0. Aze
%g(ta z,y) = Ag(t,-,y)(z) i Tomy

o .
ag(tvw,y)

N N
< = < )
({10 + |y — afydte = (01 + |y — z[)dte
OCKIZIbKM MOXKHa BBaxkaTw, 1o t — |At| > § > 0. Takum umnHOM, MaeMo
%g(f,x,y) — %g(t,m,y), ko At — 0, i Bukonyerbes (2.18). 3 Teope-
mu Jlebera mpo MarkopoBany 30iKHICTb Temep i BUILIMBAE HEPINA PiBHICTD
B (2.15). Teopemy s0BejIeHO. O

(2.18)
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BayBaxkenusi 2.2. [TouarkoBa ymosa B 3amadi Komi (2.14) daxruano
O3HAJaE, IO tli%1+g(t,a:,y) = 0.(y) ma 2 € R? 1a y € RY, ge uepes
—

(62(y))yere mosHaueno gebra-dynkimio Jlipaka, CKOHIEHTPOBaHY B TOHII
z € RY, To6To MaeMo [pq 62(y)¢(y) dy = ¢(x) npu = € R?, axoro 6 He Gyna
bynkuis ¢ € Cy(RY).

IIpu o = 2 dyskiia g, Busnadena dopmysow (2.3), 3BeTbest dyHIA-
MEHTaJbHUM PO3B’sa3koM 3ajadi Komri jjisi piBHsSIHHST TEIIOTPOBIIHOCTI.
ITo anasorii 6yemo HasuBaTH (DYHKIIIIO, BU3HAYEHY piBHiCTIO (2.1), TAaKOXK
dynmamenranbauM po3’s3kom 3aga4i Komri (2.14) 1y sunagky a € (0, 2).

2.3.2. €dunicmos poss’asky. s mouaTky chopMyIIOEMO OJHE JOMOMIXKHE
TBepKkennd. lle mobpe BimoMwuil TPUHIUIT MAKCUMyMy IJis IICeBAOoande-
permianpanx (npu 1 < a < 2) abo audepennianbaux (npu o = 2) piBHIHD
napabosiaaoro tuiy (aus., Haupukiaz, [5, Ch. 4], [20, I 2]).

Jlema 2.5. Hexaii nenepepena ¢ymruis (u(t, x))t>0,m€Rd € maxum pos-
6'azkom sadawi Kowi (is sadanoro ¢ € C, (R?))
%u(t,m) = Au(t,")(z), t>0, zecR?
{u(0+,x) =p(z), zeR4,
axutl 3a00604HAE YMOBY |x|li>IEoou(t7$) = 0 npu Kootchomy Pikcosaromy

t > 0. Todi u(t,r) >0 npu eciz t > 0 ma x € R, axwo mirvku o(x) >0
npu eciz x € R,

Jlema 2.5 ta BuacrusicTh 2.4 mokasyioTb, 1o npu ¢dikcoBanomy t > 0
Take nepersopents mpocropy C'(R?) camoro B cebe, sxe bynkuii ¢ € C(R?)
CTaBUTH Yy BiAMOBITHICTH PYHKILIO

(/Rdg(t,m,y)@(y) dy) -

€ iH'€KTUBHUM, TOOTO, B3AEMHO OJIHO3HAYHUM. llocTae 3anuTaHHsI, U1 TaKe
TBEP/PKEHHS 3aJIUIITAETHCS CIPABEJIMBUM 1 JIJIS TIPOCTOPY C’b(Rd).

Y Bunajky « = 2 BiANOBiIb HA Iie 3alMTAHHA MO3UTUBHA, OCKIJIBKHU
JIUIsE PIBHSIHHS TEILIONPOBiIHOCTI po3B 530K 3asa4i Komi equnnit (aus.[20,
L. 1]) B knaci dbynkiit (u(t, )0 zerd, MO JOMYCKAIOTH OTIHKY

lu(t,z)| < Be**’ ¢t € (0,T], » € R?

npu goBimbaHOMY T > 0 3 HedkuMu JT0JaTHIMEU CTaJuMu 3 Ta B.
Y Bunanky 1 < o < 2 mO3WTUBHA BiAIOBiIb HA MTOCTABJIECHE 3aIUTAHHSI
MICTUTBCSI B HACTYITHOMY TBep izKeHHi, 1m0 Hajexxkuth A. H. Kouybero.
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Haramaemo jeski nosnadenns. Yepes S(RY) mosmauaerscs mimmpocTip
Cye (RY), mo ckaamaernes 3 GyHKIii, gKi cami, a TakoxK Bei ix moxigmi cra-
JIAI0OTh HAa HECKIHYEHHOCTI IMBUJIe, HIXK |z|™" 1pu JOBUILHOMY HATYpaslb-
womy n. lobpe Bimomo, o neperBopennsa Pyp’e pyHKITH ITHOTO TPOCTOPY
1epeBoUTh 1X y dyHKIil 3 Hboro K. laui, HeckiaaaHo gosectu (mus. [13]),
mo npu ¢ € S(RY) bynxiia (AY(z)),cpe € a6COMOTHO iHTErpOBHOIO Ha
RY.

Tenep samMo o3HaUEHHS y3arajibHEHOro po3’si3ky 3azadi Komi (2.14).

Osuadenns 2.1. Oynruyio (u(t, )0, perd 3 Kaacy Loo([0,00) X RY) 1a-
36EM0 Y3a2a.0bHEHUM D036 a3kom 3adawi Kowi (2.14), axwo suxonyemuvcs
PIBHICTND

/Ooo /Rd“(t’x) [i?ﬁ(t,x) + A(t, -)(x)] dtdz = —/Rd o(2)(0, z) dz,

axo10 6 ne 6yaa dynryis p € S(RIL).

Scno, mo poss’aszok 3amauai Komi (2.14), nobynosanuit 8 Teopemi 2.3,
gacTuH piBHaAnHA B (2.14) Ha dynskuio ¢ € S(R) Ta inTerpysanmusam ix
o mMuOuHi [0, 00) x RY.

Hacrynme TBep»KeHHSA MOKA3YE, 10 KOXKEH y3araJbHEHH PO3B I30K 3a-
nadi (2.14) 36iraeTbest Maiizke BCIOIM 3 THM, 10 ioro nobyaosano B Teope-
Mi 2.3. Haramaemo, mo eementamu mpoctopy Lo ([0, +00) x RY) € kiracu
eKBIBAJEHTHUX MixK c00010 (DYHKI# (TOOTO, TaKuX, sIKi MOXKYTh BiJIpi3Hs-
TUCBb OJ[HA BiJ IHIIOI JIMIlle HA MHOXKUHI HYJIHOBOI MipH).

Teopema 2.4. Y3aearvrenut poss’asok sadawi Kowi (2.14) edunuii 6 xaa-
ci Loo([0, +00) x RY).

[T Teopema pasom 3 i1 qoBeIeHHAM OyJiM 3MICTOM IIPUBATHOTO TTOBiAOM-
smernsg A.H. Kouybes apyromy 3 aBTopiB 11i€l craTTi Ha movaTKy 80-X pOKiB
20-ro cromiTTa. ABTOpPH MarTh HAMIP BiITBOPUTH L€l pe3yJIbTAT B ITOBHO-
My obcs3i (3 moBemenHsaM) B MoHOrpadil, sika 3apa3 TOTYEThCS 0 JIPYKY.

2.3.3. Tennosi nomenyiasu i po3e’a3ok Heodnopionoi sadawi. Hexait Temep
(f(t,2))t=02crad — /lesiKa BUMipHa dynKiia. Posrianemo pu t > 0 ta z €
R? inTerpasn

F(t,x) = /0 dr /Rd gt —1,2,2)f(1,2)dz. (2.19)
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IIpr o = 2 Taki iHTerpasu 3ByThCS TEIJIOBHMMU MOTEHIAIAMA. 1X BiIa-
crusocti j106pe BuBYeHi (quB., Hanpukias, [20, I 1], [14, To. 4]). ¥V Bu-
nagky 1 < a < 2 ix simacrusocti onmcani B kum3i [5]. Tam BoHEM Takox
HA3UBAKOTHCS TEIJIOBUMHU.

Hocrarapoio ymMoBOIO icHyBaHHs inTerpasa (2.19) € macrymna ymoBa Ha
dbyukiio f: axum 61 me 6yno T > 0, pu (£, 2) € (0, T] xR cipasmxyerses
HEPIBHICTH

|f(t,2)| < Brt” (2.20)

3 meakuMu ctagumu By > 0 1a 3 > —1. dxio f 3a710BOBHSE 10 YMOBY, TO
dyukia F Busnavena B (2.19), € menepepsHOIo hyHKIT€0 aprymenTis ¢ > 0
ta x € RY. Kpium Toro, Bukonyerbes nepisuicts | F (¢, z)| < By(14 )11+
npu Beix ¢ € (0,T] ta z € R?, 3 axoi sunimsae, mo F(t,x) — 0, ko t —
0+ pisHoMipHO BimHocHO € RY. Bimbime Toro, 3a ymosn (2.20) dynxmis F
HellepepBHO audepeHIiiioBHa 1o 3MinHii z. [le BunmBae 3 (2.5) npu | = 1
Ta HACTYITHOI OITiIHKU

t
/df/ DLg(t — 2, 2)| 1f(r, =) d= <
0 R4

! dz
<BrNy, | #(t—7)d _
< Br 1/0 Tt —T) T/Rd (t — 7)o |z — g)dratl
=Br N /tT%(t—T)_l/adT/ _dx e iva
T o (L Jz]ydratt = BT :

110 CHpaBIKYEeThCs pH Beix (1, 2) € (0, T]xR? 3 negko10 104aTHOIO CTAIOI0
Br npu dikcoparnomy T > 0.

Ilo crocyerbest BUpasiB %F (t,z) Ta AF(t,-)(z), To mig 1x icHyBaHH:
BukoHanHst ymoBu (2.20) e € mocraraiM. [Ipore, sik 1 B Kiacuuniii Teopil
TEIUIOBUX TIOTeHIaiB (Tobro, mpu o = 2), y Bumajaky 1 < a < 2 ymoBa
Tesibiepa mo mpocToposiit 3MinHil Ha dyHKIO f:

[ft ) = f(ty)] < Lotz —y?, (2.21)

mo Bukonyerwes npu t € (0,7], © € R? ta y € RY 3 nesgkuMu craamMu
v > —1, 79 € (0,1) Ta Ly > 0 upu dikcoBanomy T > 0, 3abe3neuye
iCHYBaHHS iHTerpaJa

t
I(t2) :/ dr [ Ag(t—7,-2)(@)f(r,2)dz, t>0, xR

0 R

Ile BummBae 3 Toro, 1O

Ag(t —7,,2)(x)dz=0, 0<7<t, xR
R4
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Tomy npu t € (0,7] Ta € R? mMoxemo 3amuacaru

I(t,a:):/o ar [ Aglt=r2)@)r(r2) = 1))

3BizgKu, Bukopucrosytoun (2.21) ta (2.6), gicraemo

I(t,) </ ar [ 1Ag(t =)@ () = fra)] d <

/ - dT/ |z — x|"2dz _
re ((t — 7)1/ + |z — gf)dte
- NLT/ (t — )2/ Wldf/ _Pdz
0 ra (1+ |z)H
Ockinbku [pq |2]72(1 + |2])7*dz < conpu a € (1,2) Ta 2 € (0,1), Maemo
ouinky |I(t,z)| < Ly -t 72/ npu t € (0,T] ta x € R? 3 gesixoro cramomo
iT > 0.

Jaji, BUKOPUCTOBYIOUN Ty 2K apryMeHTaIlifo, o i mpu noBegeHHi Teo-
pemu 2.3, moxkemo TBepauTH, 1o AF(t,)(x) = I(t,x) upu Bcix t > 0 Ta
r € RY

Terep, SKINO JOJATKOBO MPUITYCTUTH, O QYHKIA f HEnepepBHA 110 Cy-
KYITHOCTI 3MIHHUX, TO MOXIiIHY %F MOYXKHA, 00YHCIIOBATU 33 (HPOPMYJIOIO
(pu ¢t > 0 Ta z € RY)

2ren =1+ [ ar [ Do ralie) - fnaa

Ilum moBemeHO Take TBEPI KEHHSI.

Teopema 2.5. Hexati sadamo gynruito ¢ € Cy(RY) ma nenepepsny no
CYKYNHOCTG BMIHHUL PYHKUTIO

(f(tv x))t>0 z€RD
axa sadacorvhac ymosu (2.20) ma (2.21). Todi pynwuia (t >0, x € R?)

u(t, x) :/ g(t,z,y)e dy—l—/ dT/ —1,z,y)f(1,y) dy,
Rd
€ p038’°azkom Hneodnopidnoi 3adawi Kow

{é?tu(t,:ﬂ) — Au(t,")(z) = f(t,z), t>0, v € R?

u(0+,7) = p(z), z€R% (2.22)

BayBaxkKuMo, IO MATAHHS [P0 EIUHICTH OOMEXKEHOTO PO3B’SI3KY 3ala-
qi (2.22) Bupimyerbes 3 jgonomororo Teopemu 2.4, omHaK CJIiJi MaTH Ha
yBasi, 1Mo po3B’g30K Ii€l 3agadi Moxke Oyt HeoOMmexkenum. Hampukiam,
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upu p(x) =0, a f(t,2) = 1 po3s’a3kom 3azmadi (2.22) € byukis u(t,x) =t
mpu t > 0, z € R%

Axuo dbyukuig f B npasiit yacTuni piBHAHHS 3pocTae (dK yHKIs ap-
IYMEHTY t) He Jiy2Ke [IBUJIKO, TO, TIEPEHIIOBIIN JI0 TepeTBopeHHs Jlamiaca B
3azadi (2.22), MOXKHA 3BECTH CIIPABY JI0 MICEBIOANMEPEHIIATBHOIO DIBHIH-
HS eJTIITUYHOTO TUITY 1 B2Ke JIjI HbOT'O BUPINTyBaTH MATAHHSA PO €IWHICTD
PO3B’SA3KY.

3. TIOTEHIIAJIM ITPOCTOIO IIAPY

3.1. O3nadyeHHsi, yMOBM iCHyBaHHsI Ta OCHOBHi BjacTuBoOCTi. Po3-
IJISIHEMO JIESIKY JIBOCTOPOHHIO BuMipHy nosepxmio S B RY. Sk i Bumie, He-
xait bynxia (g(t, T,Y))i>0 zerd zerd — MITBHICTD #iMOBIpHOCTI TIepexosty
poTaniifHo iHBapiaHTHOIO a-CTifiKoro BuIaAKOBOro mporecy (x(t))i>o (um
dyHIaMeHTaIbHuNE PO3B’s130K 3aja4di Kol 11t BiAmoBiAHOTO IICeBmoau-
depentiagbHOrO piBHSHHS).

Osunauenns 3.1. Ilomenuianrom npocmozo wapy wa noseprwi S (Hocid
nomenyiany) 3 eycmunoto (Y(t,x))i>0zcs HABUBAMUMEMO PYHKYTIO

t
v(t,z, ) = /0 dT/Sg(t —1,2,y9)¢(r,y)doy, t>0, z€ Rd, (3.1)

de sHYMPIUHIT iHMezpas € NoBEPTHESUM THMEZPANOM NEPUL020 DPOJY.

Mu 371e6iabI110r0 PO3TIAIATAMEMO CATYAINII0, KOJU HOCIH MOTEHIAIY €
JIOCUTH TJIAJIKOI0 OOMEXKEHOI 3aMKHEHOI0 TOBEpXHEK. Xodva OymayTh 3ra-
JIYBATUCh PE3YJAbTATH 1 y BUMAIKY TiEPILIONIWHE, K HOCiS MOTEHIAaTy.
OcobjiuBicTiO npyroi cuTyarlil B MOPIBHSHHI 3 MEPIIO € HEOOMEXKEHICTh
riMepIIOMMHY, 3 OJHOTO OOKY, Ta MOXKJIMBICTH IIPOBOJIUTH JI€AKi SIBHI 00-
quciieHHst, 3 iHmoro 6oky. OKpemMo OyIeMO TOBOPUTH IIPO OJHOBUMIDHMIA
BUIMAJO0K, B TKOMY HOCI€M MOTEHITIAJIY € TOYKA.

[punycrumo, mo wa muoxuni (0, 00) X S 3amana HerepepBHA JIIHCHO3HA-
uma byHKIig 1), gKa 33710BosIbHSAE HepiBHicTs |¢(t, )] < M t~? upn Beix
(t,z) € (0,00) x S 3 mesxkumu cramumu M > 0 Ta § < 1.

s movaTKy po3TiIsiHEMO BUIIAJO0K, KO S — 0OMexKeHa 3aMKHEHA I10-
BEPXHHA B Rd, d > 2, gKa HaJeKuTh 110 Kaacy H I+y (muB. m. 2.2) 3 eAKUM
v € (0,1).

HeBaxkko Gauntu, mo GyHKIiA v, sgka 3amaeTbes piBaicTio (3.1), KO-
PEKTHO BHU3HAYEHA, € HEIIEPEPBHOIO 3a CYyKYIHICTIO apryMeHTIB B 00/acTi
(t,x) € (0,00) x RY, Ta 3a/10B0/MbHSAE TAKY HEpiBHICTH

FA-prd—-1/a) 1 s 1/a
lu(t,z,)] < MK TG f1/a) =Bt/ (3.2)
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ne K — crana 3 (2.11).
IToxkaxkemo, 1m0 GyHKINS v 3810BOIbHAE PIBHIHHSA

0
av(t,x, Y) = Av(t, -, ) () (3-3)

B obtacti (t,2) € (0, 00) x (R?\S). [Ijs 1p0ro g0BeeMO MOKJIMBICTD BHECE-
HHs orlepaTopa A 3a 3MiHHOMO T mij 3HaKM iHTerpasis B (3.1). SayBakumo
CIovaTKy, 10 3 HepiBHOCTI (2.5) BuruiuBae Toit dakr, mo dbyukiis v(t, -, 9)
Iy KoykHOro (pikcoBamoro t > (0 momyckae mudepeHIiioBaHHS TOBLILHY
KilbKicTh pa3 B Koxkwiit Touri muoxuan RY \ S. Badikcysasum 10BiabHy
Touky (t,r) € (0,00) x (R%\ S), BuKopHCTAEMO iHTETPATLHE TPEICTABIICHHST
oneparopa A (aus. 1. 1). A cawme,

Av(t7 * ¢)(93) =
= can [ (vlt -+ ) = oft. ) = ( Vlt ) (@) s =

= cq /‘u’dJra/dT/ (t—7,x4+uy) —glt—T7,2,9)—

- (U, Vg(t =T y)(f'?)))ﬂ)(ﬁ y) dO-y =I5+ I2a

ne Iy ra Iy iHTerpasm Bin Tiel xk niginrerpanbHol dyHKIil 10 (u, 7,y) HA
muo)kuHax Bs(0) x (0,t) x S ta Bs(0)¢ x (0,t) x S, Bignosigso, 3 neskumM
6> 0.

Bpaxosytoun uepiBzicTsb (2.5), miginrerpaibay byHKINO B [] OIMiHEMO
3BEpXy 3a aDCOJIIOTHOI0 BEJIMIMHOK BUPA3OM

1 1 52

|u|“’/+0‘*2§kl_1 &L‘k@xl‘q( Yo

(T, y)| <

Nod? M (t—T1)r "
— 2’u‘d+o¢—2 ((t _ 7—)1/04 + ’y _ i-|)d+a+2

3 JIeSIKOI0 TOUKOI0 & = & + Ou, 1e 0 = 0,75 € (0,1).

Bubpasum § < p(z,S) (maramaemo, mo p(z,S) — Bigcraub Bifg TOUKH X
1o moBepxHi S, a © — dikcoBaHa TOYKA), JJIs IPABOI YACTUHU OCTAHHBOT
HepiBHOCTI (6€3 cTaJuX MHOXKHUKIB) OJIEPKUMO MayKOPaHTy

1 (t— T)T_B <
PR ()T (e, 5) Dy

< 1 (t— 7')7'_5
= (p(x,S) — )dtet2 |y|dta=2 ”
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sKa IHTErPOBHA Ha BCiil MHOXKWHI iHTerpyBanus interpasa I1. OTxke, B 11b0-
My iHTerpaJi MOXKJ/IUBa JIOBIJIbHA 3MiHA MOPSAIKY IHTErpyBaHHS.

IlininTerpaspbua yHkiia B inTerpai [y OIIHIOETHCA HACTYIIHUM BUPa-
30M (KOpPHCTyeMOCh oriakamu (2.2), (2.5))

el gt = 7o+ u)] +lglt = )]+ ull Vgt = ) @) <

M max(N, N{)r2(t — 1) < 1
. uffre (@7 T Iy ure

_l’_

1 ju
T S T )

Maemo cymy Tpbox DYHKIIN, B 9Kifl OCTaAHHI /IBi, OY€BUIHO, IHTEIPOBHI 3a
(u,7,y) Ha Bs(0)¢ x (0,t) x S. Posruistnemo iHTerpaJ BiJ{ HEPIIOro JI0/aHKA
6e3 cTasmx MHOXKHUKIB (3MIHUBIIM TIOPSJIOK IHTErpyBaHHs). 3poOUBIIU B
HBOMY 3aMiHy 3MiHHOT u Ha W 3a dopmynow (t — 7)/w = y —z — u,
OJIEPKUMO

/ q /d / t —7) du
T 0. =
Y JBs00 !u\‘”‘* ((t = 1)V + |y =z — ul)dte

/ 4 /d / B dw _
g T g OOJ
0 p Y D(ry) |y—:c— (t_T)l/aw|d+a (1+ ‘w|)d+a

ne D(r,y) = {w € R?: |y—x—(t—7)*w| > §}. Taxum uurOM, B iHTerpasi
1> MOXK/TMBa MOBIIbHA 3MiHA MOPAIKY IHTErpyBAHHSI.
Orxe, mpu t > 0, 2 € R4\ S

Av(t, ) () = /0 dr /S Ag(t -7, y) (@)(r, y) doy,

Ockinbku g(t — 7,1,y), 95 byskuis aprymentis (t,z) € (1,00) x R?,
3a710BOJIbHsAE piBHsAHHs (3.3) npu dikcoBanux 7 > 0 Ta y € Rd, HaM 3aJIu-
HIA€THCS JIOBECTH, 1110 Tipu dikcoBanux x ¢ S ta t > 0

Jim 59(6, x,y)(t,y)doy, = 0.

Ate e ButumBae 3 HepiBrocTi (2.2):

_ &
/S g6, 2,y [(t y)| doy < M N |S| ¢~

(/e + p(z, S))d+e

Taxkum umnaOM, piBHIiCTH (3.3) cupaBKyerbes B obsacti (t,z) € (0,00) x

(R4 S).
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Ileit pe3yabTaT KOPECIOHYETHCA 3 BiJITOBITHUM KJIACUIHUM PE3yJIbTa-
TOM: 11032 IOBEPXHEIO-HOCIEM MOTEHITAy ITPOCTOrO APy BiH € PO3B’SI3KOM
BinosigHoro mapabosivnoro pisusuHg (qus. [20, . V).

Hexait Tenep S = {z € R? : (z,v) = 0} — rinepmiomuna B R? op-
TOrOHAJIBLHA, JI0 33aHOr0 OIMHEYHOrO BekTopa v € RY. Bocepemumocs Ha
Bunajky d > 2. OgHOBUMIpHUN BUIAJIOK Oye PO3TJISHYTO B IIYHKTI 3.3.
Bpaxosytoun (2.9), omepKyemo piBHICTD

A o1 [ o

[ gtz da, = EOL [T sy, )) dp, (3.4
S T Jo

10 CIIPaBIKY€eThest pu Beix £ > 0, € RY, € € S, ne & — oproronaabHa

pOoeKIlisi Touky 2 Ha rinepromuny S. Kombiayoun (2.1), (2.2) npu d = 1

Ta (3.4) 3 £ = 0, 0JIepKUMO OIIHKY

t
ta,y)do, < N , 3.5
R ey o >

npaBmIbHY 1pH Beix ¢ > 0 Ta x € RY 3 mesxoro cramoio N > 0 (N — crana
3 (2.2) upu d = 1).

3 HepiBHOCTI (3.5) BUILIMBA€E HACTYIIHA OIIHKA JIJIsl [IOTEHIAJIY IIPOCTOrO
mapy (3.1) (N — cramna 3 (3.5))

ra1-pg)ra- 1/04)t1—5—1/a

re-p8-1/a) ’
sKa, OYeBUIHO, 306iraeTbes 3 ominkoio (3.2). Ile mo3Bossie crBepmKyBaTH,
o0 (PyHKINS v € He TIIbKH J00pe BU3HAYEHOIO, & 1 HEIEePEePBHOIO BiTHOCHO

aprymentis t > 0 ta z € R,
Hosemenns Toro daxry, mo BUKOHYeThCs (3.3) B obacTi

(t,z) € (0,00) X (Rd\S)

lo(t, z, )| < MN t>0, z e RY

Maiike HiYUM (KpIM [I€SKHX TEeXHIYHHX MOMEHTIB) HE BiJpI3HAETHCH B
HaBesieHOro Buie. [IpomoHyeMo 3alikaBjaeHOMY YHUTadeBi 3poOUTH Iie ca-
MOCTI#HO.

3.2. Teopema mpo cTpubok. [louneMo 3 po3MIsIAy BUIAIKY, KOau S €
06MerKEeHOI0 3aMKHEHOI0 TToBepxHeo B RY, sxa Hamexuts 10 kiaacy H1TY 3
neakum 7y € (0,1). Dikcyemo Touky xg € S i mokaxkemo, mo npu 0 < 7 < ¢
icHye iHTerpamn

/S 9" @) (t — 7, 20, y)b(7, y) Aoy,

ne 1) — dynkuisa 3agana Ha (0,00) X S, 10 33/10BOJIBHSIE yMOBHU IyHKTY 3.1,
a g”(f’f)(t,x,y) = B,)9(t,-,y)(z). losmaumsmm meit inrerpan wepes I i
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BpaxyBaBIIK CHiBBiTHOMEHHS (1 € R? — noBinbHmii opr)

1 (y—z,v)

v _ )

g (taxay) - g(taxvy)a (36)
o t

sSIKe JIETKO JTOBOJIUTHCS (BI/IKOpI/ICTOByGMO o3HaYeHHs oneparopa B Ta imTer-

pyBaHHA LIaCTI/IHaMI/I), MOKEMO 3aIIHCATH

1
I - /S’<y - JUO; V($O))g(t - 7-, xo,y)w(77 y) dO'y — Il + I//,

alt—1)
ne I' signosinae interparmy 1o S, /2(zo) = SN By, j2(w0), a 1" — inrerpamy
1o S\ Syy/2(20) (wmcso ro BusHATEHE B 1. 2.2).
Hpwu Beix € S qast y € Sy /2(), BEUKOPUCTOBYIOUN JIOKAJIBHY CHCTEMY
KOOpJUHAT (IUB. TaM Ke), OyIeMO MaTu

(y =z, v(2)| < Ply — a7, (3.7)

ne P > 0 — megdka craJia, 10 He 3aJI€2KUTh BiI T.
Cupasri, B JIOKaJbHI# cucTeMi KOOpAWHAT, OB sI3aHill 3 TOYKOIO T, MO-

xemo samucaru (ul® = (ub,u?,... ul), P> 0 - neska crama)

(y — z,v(2)) = Fa(u'?), [Fo(u'D)] < Plu‘®]H.
Ane x [ul®? = |y —z|? — (y — z,v(x))? < |y — z|? i (3.7) cupaBmKyeThCs.

Ouinka (2.2) mossossie Tenep tBepauTu, 1o (C — jesika J10aTHA cTaja)

1+~
'l < MNPT—B/ |y|1/a doy e SO Pt
Srgsatwo) ((E=T)V + yl)

Jauti, icHytOTh J1oj1aTHE YUCJIO0 0g 1 CKIHYEeHHA, KLJIBKICTh TOYOK &1, L9,...,
T, HA HOBepxHi S, TaKUX, II0

mo
S\Sr0/2(x0) - U Sr0/2(mk)
k=1

i IIpu 1IOMY

inf |y —x9| >3 mupmBCcix k=1,2,...,mp.
yGSTO/Q(CUk)

Ane Toni [I"] < C77P((t — 7)Y/ + 80) "4 *, ne C — nesika nomarTHa cTama.
3 nmepisnocreit qua I’ Ta I” punnusae Take TBEpIXKEHHS.

JIema 3.1. Hexati S — obmesicena 3amrnena noseprma xaacy HITY, a
((t,2))e>00es — HENEPEPEHA PYHKYLA, WO 360080ALHAE YMOBY

Wt x)| < Mt™P, t>0, ze8
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3 deaxumu cmasumy M > 0 ma S < 1, mo dasa 6ydo-axoeo T > 0 icnye
maxa cmana Cp > 0, wo npu eciz (t,x) € (0,T] x S cnpasdrncyemocs
OUIHKG

t
/ dT/gV(x)(t—T,IL‘,y)’l/J(T, y)doy| < Cpt—Btv/e, (3.8)
0 S

3ayBaxkeHHd 3.1. YMoBa HemepepBHOCTI (DYHKIIT ¥ B JOBEJIEHH] JIEMU HE
BUKOPHUCTOBYETBCH, K 1 IIPH JIOBEJIEHHI KOPEKTHOCTI BUBHAYEHHS ITOTEHITIa~
JIy TIPOCTOrO APy Ta BUKOHaHHs piHOCTI (3.3). Ilg BuMora Bigirpae cBoro
POJIb IIpH JI0BEJIeHH] TepeMu po ¢TpuboK (muB. Teopemy 3.1, Huxkue).

Inrerpas B siBiit yacTuni (3.8) 3BeThCsI IPSIMUM 3HAYEHHSIM JIiT OIIEPATO-
pa B,(;), ¥ € S, ma morennianx pocroro mapy v(t, x,1)) 3a TPOCTOPOBOIO
: : 9 d.v.
3MinHOW0 B Touli = € S. Ilo3Hauarumemo #ioro yepes By(x)v(t, L) (x). Jle-
Ma 3.1 B kJlacuuHill Teopil 3By4YUTHh TaK: IpsMe 3HAYEHHS KOHOPMAJIbHOL
MTOXiJHOI 32 MPOCTOPOBOIO 3MIHHOIO ITOTEHIAJIY IIPOCTOTO IAPY iCHYE.

SayBaxkeHHst 3.2. K i B kjmacuuHiit Teopil, Bl‘f'&')v(t, ) (x) € Henepeps-
HOIO (byHKITI€E aprymentis (t,x) € (0,00) X S.

Mot koxxuux t > 0, zg € S ta x ¢ S po3rysiHeMo Tenep iHTerpas
t
/ dr / ¢t — 7,2, y)b(7 y) do,. (3.9)
0 S
Voro icHyBaHHS BUIIMBAE 3 HACTYIHIX MipKyBaHb:

/Sg”(”””)(t—ﬂx,y)w(ﬂy) doy| <

1 _ ly — x| do
<-NM 5/ Y <
= N (s e e

(0]
1 do
< NMTH/ y <
T a s ((t=7)to 4 |y — g|)d+a-l =
1

<

< SN MIS|ro((t =)V + pla, 8)) 7,

ne N — crasa 3 oninku (2.2), 3Bigku
¢
[ ar [l - rutnp)ldo, <
0 S

t
<IN MIS| [ () pl, )
0

i mpaBa yacTuHa TYT CKiHYeHHA 1pu Beix t > 0 Ta x ¢ S.
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Imrerpar (3.9) € pesynbratom 3actocysanns onepatopa By ,), To € 9,
710 motentiany npocroro mapy (3.1) B Touni (t,x) € (0,00) x (R?\ 9).
Hosnaunmo inrerpas (3.9) wepes v (®0) (¢, z,1)). Hamum 3aB1anmsy remep
Oyze JOCTiIUTH TMOBEIIHKY (DYHKILI v”(xo)(t,x,w) Ko © — xg. Sk i B
kaacuiy, dyukiis v () npu nepexoxi yepes moBepxHio S POGUTH CTPUGOK.
Tounime, cpaBe/JTMBe TaKe TBEPZKEHHS.

Teopema 3.1. Hexaii S — obmesicena samrnena noseprua 6 R xaacy
HYY | wo posdinse mrooicuny R\ S na dsi eidxpumi nidmmoorcuru: emy-
mpiwmnro D_ ma 30eniwmio D, v(x) — opm 306niwnboi Hopmanai do no-
sepxmi S 6 mowui x € S. Hexatl diticnosnauna gyrwyis (Y(t, T))>0zes —
nenepepena ma 3adosonvhac ymosy [Y(t, x)| < Mt 3 deaxumu cmarumu
M >0 map<1.

Todi npu gixcosanurt > 0 ma xg € S cnpagdxrcyromubes cnig8iOHOULEHHA

t
lim dT/ g”(xo)(t —1,2,y)(r,y)doy, =
S

r—xot 0

1 t
= w0t + [ dr [ ¢ = a0 0)0(m.0) o,
0

de x — xo+ (6i0Nn06iI0H0 To— ) 03HaAMAE, WO T HADAUIHCAEMDCA DO T() 6300601C
d06iAbHOT KPUBOT, POZMAWOBAHOT 8 DEAKOMY 3AMKHEHOMY OOMEHCEHOMY KO-
nyci K 6 R% 3 eepuwunorn 6 mowyi xo, maxomy, wo K C Dy U {xg} (sio-
nosiono KK C D_ U {zo}).

HoBenennsi. /loBenenus 1iel TeopeMu 6araTo B 9OMY ITOBTOPIOE JTOBEIE-
HHsI KJacuaHoro pesyabrary (mus. [20, [u. V, Teopema 1]), xoua € i nessi
BiaMiHHOCTI. 30KpeMa, JTOCUTh PO3TJISIHYTH JIAIIE BUIAI0K, KOJU & HabJIU-
JKAETHCS 10 Xo B3J0BXK HOpMast v(xg), 10610, T = 2o + dv(xg), e 6 € R i
d — 0. Tozi, BpaxoBytoun (3.6), MmaTumemo

o0 (1, 16) = /t_T — a0, (w0))g(t — 7,2, y)(T. ) doy -

_5/15—7 —1,2,y)0(1,y)doy = J1 + Jo.
Honanok J; B Iiii piBHOCTI MOXKHA, 3aITUCATH TaK:

Ji = ByGu(t, - ) (z0)+

-Ffﬁ &-A@—xmﬂmﬁ@ﬁ—ﬂ%w_g“_ﬂ%wnx

o t—T1

x (7, y) doy = By u(t, - v) (wo) + J1.
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Hosenemo, 1o (lsim Ji = 0. Lng uporo nmogamo Jj y BUIIIsii cymMu iHTErpasiiB
—0

(mOMHOKEHUX Ha é) BiJt Ti€l 2K DyHKIIT 10 MHOXKMHAX:

(Oyt - p) xS, (t - pat) X STO/Z(:EO)) (t - pvt) X S\Sro/Q(x0)7

3 geskuM 0 < p < t (3ayBazkumo, 1o ¢t > 0 dikcoBane). Hazuarumemo ix
IEPITUM, JIPYTUM Ta TPeTiM, BijimoBimgHO. [louHeMo 3 OIiHIOBAHHS JIPYTOTo
Ta TpeThoro iHrerpasiB. OniHIOYN APYTUil iHTErpas, MOXKEMO 3aIMCATH
(3razyemo HepiBHiCTB (3.7))

'/t(iTT /(y—xo,y(mo))(g(t—T,m,y)—g(t—T,xo,y))w(T,y)de <
p

t— Srq/2(z0)
dr ly — x|+
<MNP/ / =)ot _I’)d+aday+
pT ro/z(ﬂvo) Y
dr ly — xo|tH7 B
—|—MNP/ / G—nat] _m‘)d_mday—fz.
p S 0/2 :t()) y 0

[osnaummo "epes § OPTOTOHAIBHY TIPOEKITiio Y € Sy /2(Z0) Ha TIOMHHY,
jgoruany 10 S B Touni zg. Ouesugno, |y — x| > |§ — xg|. 3 inmoro Goky,
BUKOHYETHCS HEPIBHICTH

ly — 2|

0<Cr <
1§ — 2|

< Cq

sty € Sy /o(z0) Ta 2 = 20+ (U (20) TIPU ¢ € [—|d], |d]] 3 MEeaKEME cTaTEMHT
Cy i Cy (ue mosenero B §1 rmasu V xuurm [20]). Tomy, nmepexomsau 10
JIOKAJILHIX KOOPJMHAT 3 TIOYATKOM B TOUILi T, 3aIIUIIEMO HCPIBHICTH (uepes
Ay, TO3HAYEHO II€BHY OOMerkeHy 00J1acTh B RI-1L 4 C rta C nesixi noparHi
cradi)

; 311 dg
L <C
2= / ((t =)V + [g))TFe =
/ / 5|7 dy _C s
=0 Sy Jpams (=)o 1 gyt~ (= pp""

Tomy apyrumit iHTErpas MOXKHA 3POOUTHU K 3aBrOIHO MaJIUM BHOOPOM Ma-
JIOTO .
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Tperi#t iHTErpaJ OMIHIOETHCSA HACTYITHUM YAHOM:

/t— = / (y — o, v(w0)) (9(t = 7,2,y) — g(t = 7,0,9)) (7, y) doy | <

t—171
S\S.q/2(0)
todr ly — xo]

< -

=MV I e e
S\S.q /2(w0)
bodr ly — o]

+ MN — do, = I5.
tp TP / ((t — 7)o + |y — mo|)dte v
S\STO/Q(ﬁo)

Bpaxyemo BuMipHIiCTb Ta 0OMEXKEHICTH MOBEPXHI S, 8 TaKOXK HEPiBHOCTI
ly — x| = do, ly — x| = |y — zo| — |6] = do — [4],

AKi CIpaB/LKyIoThes pu Beix y € S\ Sy /2(w0). Tomi, B3asmm |0 < dg
marnmemo (C' — JesKa J0IaTHA CTAJIA)

I; < O (B0 — 8) (8 — (1 = p)P).

IIpaBa wacTtmra TyT MOXKe OyTH 3poOJieHA SK 3aBrOJHO MAJIOI0 BHOOPOM
MaJIoro p.

Temnep 3adikcyemo Take p > 0, mob cyma Apyroro Ta TPEThOro iIHTEerpaJiB
OyJ1a JOCUTH MAJIO0, 1 PO3IJITHEMO HEPIIHil IHTerpaJ

t=r dr
/0 T /S(y — x0,v(20)) (9(t — 7,2, 9y) — g(t — 7,20,9))¥(7,y) doy.
[Mosuauusmu 1eit iHTerpas yepes @, 3ayBaxkumo, mo Gyskiia g(t — 7, z,y)
piBHOMIpHO HenepepBHa Ha MHOKUHAX [0,t — p] X K1 X Ky 3minn (7, 2,y),
ne Ky ta K9 — 1oBlIbHI KOMIIAKTH B R4, Tomy

lim@ =0

6—0 @
(maramaemo, mo r = xg + dv(xp)). Llum 3aBepuryeTbes JOBEIeHHS CIIBBI -
somrersst: lim J] = 0. Orxe,

6—0
lim J; = B yu(t, - ¥) (o). (3.10)
3aUIaeThest JOCHI T MOBeaiHKy Jo mpu 0 — 0. IlpemcraBumo Jo y
4
BUITIA] cymu Jo = Y J2(k), ze
k=1
¢
(1) ) dr
J. :_7'(# t7x0 / / gt—T?'%.’y dO',
= Svtero [ [ )do,
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o _pt—T

§ [t d
J2(2):/t T /( )g(t—T,m,y)(w(t,Sﬂo)—Tb(Tay))de’

§ [tr dr
J2(3) — _/ / g(t—T;%y)w(ﬂy) dO’y,
0 Se(zo)

t—T1

todr
[ [ st ramirads,
0 V=T JS\Sc(zo)

3 geakumu cramumu 0 < € < % (rg osmadeno B 1. 2.2), 0 < p < 1.
4)
gt

Mg oninkn J, ' mpu ¢dikcoBanomy € > 0 BUKOPHCTa€MO MipKyBaHHS,
noaibHi 10 THX, MO JA0BOAATH Jlemy 3.1 (IMB. OIiHIOBAHHS TaM BEJIMYHU-

T =

«
0
«

au I”), a came, icuyors Taki Toukn r € S\ S:(x0), k = 1,2,...,mo,
Ta Take wncao pg > 0, mo S\ Se(xo) € UpL Spj2(zk) i mpu mpomy
inf inf |y —xo — (v(zo)| > po mpm Beix k = 1,2,...,mp (uucia

ICI<|6] yE€Sry 2 (k)
mo Ta po 3anexkarsb Bixg €). Tomy s dikcoBarnoro € > 0 MaeMo

1 ¢ da
yJ§4)|gamoMN|5\/ TPt = 7)Y 4 po) T dr — 0,
0

ko & — 0.
Haumi, mpu dikcoBanomy p > 0, MAEMO OIIHKY

157 < M N|S|p~ %8| = 0,

1
a(l—j)
ko & — 0.

Axro Temep moBecTu, IO iCHye %in(l) J2(1) npu ¢ikcoBanux p > 0 Tta e > 0,
—

. v 2
TO 3Bifcu Oyje BUILIMBATH, 10 3HAUEHH %lm |J2( ) | Mmoxke GyTu 3pobiiene
—0

K 3aBrOJHO MaJIUM BHOOPOM p Ta € BHACJIIOK TOTO, IO (DYHKINS 1) Here-
pepsHa B Touri (t, ).

ITozraunmo dwepes 11, rinmepronuny B R, JOTUYHY 110 S B TOUI Zg i
OOYMCIMMO TPAHUITIO iHTerpaJia

§ [t d
R—/ - / ot — .20 + u(z0),y) do,
t e

o _pt—T

Koy & — 0. Bukopucrosyouu dopmyiy (2.9), MokeMo 3amucaru
5§ [t d oo o
u / e~ =T cos(rd) dr.
t—p 0

R = —
IuTerpyBannsa yacTuHAMU Y BHYTPIIIHHOMY IHTErPaJi TPUBOIUTD JI0 BUPA3Y

T
t o0 ;
R= C/ dT/ e_c(t_T)raraLn(M) dr.
™ t—p 0 T

t—T1
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Tak 3Bana gpyra TeopeMa Ipo cepeHE 3HAYEHHS B IHTErpajJIbHOMY YUCIICH-
Hi JIO3BOJISIE TYT 3MIHUTHU TIOPAJOK iHTErpyBaHHs (JMB., HAIPUKIAI, [4, c.

18], [19, 1. 2, c. 117, 600]). Tonmy

1 1 [ o Si
R = §sign5 — / e " M dr,
0

s r
sBinku lim R = :t%.
6—0+
Temep HEBaXKKO 3pO3yMiTH, 10

1
lim JQ( ) = :F*"llb(t,$()) + Rl (57 p)7
N 2

qge auciaa € > 0 ta p > 0 Bubpani JocuTh MajmMmu, a (HArajaemo, IO
x = o+ dv(xg))

R(sp)—hm&//tazo(/ /szdaz /pdT/ szdaz>

Sg :EO
Posrigauemo
p p
([ Jormrw [ [
0 T
Se(x0)
p p
:6(/M/(szdaz /dT/ szdaz>
0 T
( II. 370)
—(5/ / g(t,z,2)do, = J — J”,
HI-O\Hg(xO)

ne 1. (xp) oproronanbua mpoekuist Sq(xg) na Il;,.
3BaXKalo4u Ha BJIACTUBOCTI MOBEPXHI S, JIETKO 3pO3yMiTH, IO iCHY€E Taka
crasa 6 > 0, mo msa koxuoro z € Il \ Il (xg) Bukonyerncs |z| > 6. Tomy

‘J”| < | /Oo rd=2dr /oo rd=2dr 1
~ p = e —
o (07 +r2)H/ o/l6) (1 +1r2)(dte)/2 |5
3 geskoto crajoro C > 0. 3Bigcu, KopucTyrOUuCh mpasujaoMm Jlomirass,
onepxkyemo, mo J” — 0 nmpu § — 0.
g oninku J' nepeiineMo J10 JTOKaIbHOI CUCTEMI KOOP/IUHAT 3 IOYATKOM
B TOUII Z( T& OPTOM OCTaHHBOI oci v(xg). OcKiibKu

So(z0) = {u e R : v = F, (u!?),u!? € D,, c R4},
I (z0) = {u e R : u? = 0,u'” € D,, c R*'},
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ne Dy, — neaka oOMexKeHa 3aMKHEHA MHOYKHHA, AKa 3aJCKUTh TIIbKH Bif
ocobuBocreit mosepxui S, i gepes u!? nosnaueno Bexrop (ut,u?, .. ud=l),

IIEPETBOPIOIOYY TTOBEPXHEBI IHTErpaIN Ha KPAaTHI, OAEPKYEMO

/ g(T,l‘,Z)dO'Z— / g(T,l’,Z)dO'Z:

Se(zo) I (zo)
= [o(m (0,8), (. Fuy ))) (/1 5 (VP ()2 1) dul®+
Day
(o0 09,8), oy (w®) ~ g7 (09, 8), (ul®,0)) ) au® =
Dag
=01+ Q2

Jauti BpaxyeMmo, Mo moBepxHs S HaleKUTh 10 Kiaacy H'T7. Ile npusoauTs
JI0 HEPIBHOCTEN

JIH (VE@l@®)2 — 1 < (VE, (®))? < Clu@ 2,
Py (ul®)] < C @]+,

10 CHPABIKYIOThCH 1pH Beix uld € D, 3 neakoro cranoo C > 0. Toni,
BUKOPUCTABIIY BJIACTUBOCTI TOBepxHi S Ta HepiBHICTD (2.2), ojepKuMo

7|v]?7 dv
Do (w1 /ol + (Fig(0) = 07
7|v]?7 dv
Do (7‘1/0‘ + k1\/m>d+a’
7|vM Y dv
Dao (711 4 \ /[P F (0Fry (o) — 0)°
T|v|7 dv
Dag (7’1/0‘ + kz\/m)

ne C >0, ky >0, ko >0 gesixi craii, 0 = 6,5 € (0,1).
TakyuM 9HHOM, MAEMO

Q] <C o <

<C

Q2| <C

)d+a+1 <

< c d+a’

pd’]’
g(t,x,2)do,| <

5-730 H
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v 1 Y
<C|5|/ dT/ Tlo|7(1 + |v|7) dv
Dao 74/ 4k \vy2+52)

A d=2+v qp
gcm/ dT/ N
0 (e kT R)

ne C >0, g9 > 0 gesaxi craiui, k = min(ky, k2). 3MiHIOI0OUYN MOPSIJIOK iHTET-
PyBaHHS Ta BPaxOBYIOYHU PIBHICTH

/ LzaB(d,a)afd,
o (

Tl/o a)d+a

III0 IPaBUJIBHA NIPU KOXKHOMY @ > 0, OJIepKyEMO OIIHKY

prd—2+7 oo .d—2+y
J<C’\<5]/ dr SC/ L
T2+52) 0o (Vr2+1)

3 mesikoto crason C > 0. TOMy J" — 0 upu 6 — 0.
I[Mum 3aBepIIyeTHCA MOBEJICHHSA (PAKTY éli%li Jo = IF%w(t,xg), AKui pa-

30M 3 (3.10) i 3aBepIILy€e JIOBEJICHHS TEOPEMHU. O

Hexait teniep S = {z € R? : (z,v) = 0} i3 33 JaHEM OMHITHEM BEKTOPOM
v € R? (d > 2). Bposywmino, mo B&vY(t, 1) (x) =0 qna t >0 rax € S,
ockinbkru ¢ (t — 1,2,y) =0 mna x € S Ta y € S BignosigHo 10 (3.6). Tomy
Teopema 1po CTPUOOK (B JIAHOMY BHUIIAJIKY) Ma€ HACTYIHE (POPMYJIIOBAHHSI.

Teopema 3.2. Hexatli S — 2inepniowura opmoz201asoHa 00 dearo20 0du-
nuwnozo sexmopa v € RE, dynryisn (Y(t,2))e>00es — HENEPEPEHA MA 3a-
dosonvnse nepienicmo [Y(t,x)| < Mt=8 npu eciz t >0, x € S 3 deaxumu
emaaumu M >0 i 8 < 1. Todi cnpasdorcyromupes cniggidHoueHHA

t
1
lim dT/ gt —1,z,y)Y(1,y)doy = F-(t, ) (3.11)
z—at [ IS 2

oas ecixt > 0 ma x € S, de z — x+ (6idnosiono, z — x—) o03nauac,
WO 2z HAOAUNCAEMDBCA A0 T 830082C A0BINBHOT KPUBOT, UL0 AEHCUMD 6 CKiH-
wennomy samrnenomy xonyci K 6 R 3 eepwunoro 6 mowyi x maromy,
wo

Kc{zeR?: (z,v) >0} U {z}
(6idnosiono, K C {z € R?: (z,v) < 0} U {z}).

3ayBakeHHda 3.3. B meskux BumaKax yMOBH Ha T'yCTUHY ITOTEHIHAJIY
IIPOCTOr0 IAPy BUABJAIOTHLCI 3aHAATO oOMexkymBuMu. TBepxennsa Te-
opem 3.1 Ta 3.2 cupaBIKYIOTbCd 1 IIpU HACTYIHUX yMOBaX Ha (PYHKIIO
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((t,z))t>0.0es. Hocurs BumaraTn mob dyuxiia (1 (t, z))i>0.zes5 Oyiaa He-
IIepepBHOIO Ta g KoxkHOro 1’ > ( icmyBajna Taka crana Mr > 0, mo npu
Beix t € (0,T], € S Buxonysanacs 6 mepimicts |(t,z)| < M7pt=P 3
Jesikoro crajon [ < 1.

3.3. OmHoBUMIipHUII BUNaA0OK. B momepeHix myHKTax po3risjiaiacs Cu-
Tyartist, koiu d > 2. Hexait ryt d = 1. Tozi, He mpuMeHIyo9n 3araJJbHOCTI,
MOXKeMO BBazkaTH, mo nosepxas S = {0} i cuig posymitu

/ f(x) do, = £(0).
S

Takum umHOM, 3ajaBu HerepepBHy OYHKINO (Y())i>0, KA 33/10BOJIb-
nsie mepipuicts |Y(t)] < Mt=8 3 meaxuvu M > 0 ta 8 < 1, BusHAYHMO
IIOTEHIIIaJI TPOCTOTO APy PiBHICTIO

t
v(t,x, ) = / gt —1,2,0)(r)dr, t>0, x €R.
0

Bci mipkyBanus 111010 KOPEKTHOCTI TAKOTO BU3HAUCHHSI, OIIHOK Ta BJIACTHU-
Bocreil dyHKIl (v(t, %,1))t>0rcr, HABEJEH] BHINE, 3aJHUIIAIOTHCH B CHIIL.
CdopmymoemMo oKpeMi 3 HUX.

ITo-nepure, bynxiis (v(t, x,v))t>0,zcr HellepepBHa Ha, CBOIi 0bacTi Bu-
3HAYEHHS Ta CHPABIKYETHCA HEPIBHICTH

l(t,z, )| < Kt~V >0 zeR

3 JIesIKOIO JIOJIATHOIO cTasion K.
Hacrymnre, dynkuis (v(t, 2, 1))t>0,rcr 3810BOJIbHSE B 00IaCTI

(t,2) € (0,00) x (R\ {0})

PiBHSHHSHA

0
5V 2. ) = Av(t, ) (@),

Kpim Toro, npu Bcix £t > 0 Ta z € R BOHA HOIIyCKae 3aCTOCYBaHHS OIEpa-
topa B 3a mpocTopoBoio 3MiHHOIO i/ 3HAKOM iHTerpaJa, To6To,

Bu(t, -, ¢) = /0 Bg(t — 7,-,0)(x)y(7) dr.

Bukopucrosytoun pisrocti (2.9), (3.6) Ta iHTerpyBaHHS YaCTHHAMU OZEP-
KyeMmo, o Tpu ¢ > 0 Ta x # 0 CIpaBIKYEThCA PiBHICTD

' 1 Lo
C/ Bg<7—’ '70)(37) dr = —=signx + — / e cté M de.
0 2 7 J ¢
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Tomy anasioriuno moBenenHio Teopemu npo crpubok (Teopema 3.1) Ges
6y/Ib-IKIX 0CODJIMBOCTEN (HABITH 3 JIESKUM CIPOIIEHHSM ) JIOBOAUTHCS CITiB-
BIIHOIITEHHSI

4. IIOYATKOBO-KPAOBI 3AJIAYI

KpaiioBi un mouaTKoBO-KpaiioBi 3a/1a4i OCIIal0Th BaXKJIUBE MICIle B TE€O-
pii mudepeniiaabHUX PIBHAHDb 3 YacTUHHUMU ToXigauMu. s nudepentri-
AJILHUX PIBHAHB MapabOiYHOrO Ta eJIIITHIHOrO TUITY y3arajJbHeHI pO3B’si3-
KU 3rajlaHuX 33/1a9 MAIOTh sBHI HMOBIpHICHI npeicTaBIeHHs (/IUB., HAIPU-
kaaz, [12, c. 4-7]). B mpomy maparpadi Mu po3risgaTUMEMO CEBIOIU-
depennjanbue piBugHHA mapabosigroro tumy (1.1) sike, gK MU BKe He-
OJTHOPA30BO 3ra/IyBaJiM, IIOB’d3aHe 3 POTAIINHO 1HBApIaHTHUM Q-CTiAKAM
BunaAKoBUM IporecoM. ITogaTrkoBoo ymoBoio € pisricTs (1.3), a rpanmani
YMOBH 33/IaBATUMYThCs piBHiCTIO (1.4).

Ax i B kyracuaHiit Teopil, chopMyTbOBaHY 33029y MH Oy1eMO PO3B’I3yBa~
TH 3 BUKOPUCTAHHSAM IIOTEHIaJIiB IIPOCTOrO APy Ta TEOPEMU IIPO CTPUOOK
KOHOPMAJIbHOI TOXigHOI Bif HEX (B HAIIOMY BHIIAJKY, MOXiTHA MODPSIKY
a — 1, mo 3amaerses oneparopom B). Ilpu nboMy 0KpeMo po3IiIsiHEMO BU-
nazsok ¢(z) = 0, e — Tak 3BaHa CUMETPUYHA MOYATKOBO-KpaioBa 3a/ada,
Ta Bunagok r(z) = 0 — apyra moYaTkoBo-KpaiioBa 3a1ada. KoxkHOro pasy
mykatuMmemo Gyukiio ['pina wu, gk Mu gasi Oymemo 11 HasuBaTu, QyH-
JaMeHTAJIbHUH Po3B’sa30K. [ljag cumMerpudHol Apyrol moYaTKOBO-KPaioBOl
3ajadi 1me — pyHKIisg g, oueBuaHO. Tomy Iieit BUIAJIOK HE TOTPEOYE MO-
JATKOBOTO PO3IVIALy. B KOXKHOMY BHUIIAJKY HAC I[IKABUTUME IMUTAHHS IIPO
WMOBIpHICHI CeHC Ta IPEeJICTABJICHHS BiJIIIOBITHUX PO3B’A3KiB.

HeobmeskenicTh rinepruiomuHy Ha BiMiHY Big 0OMekKeHO01 3aMKHEHO] 10~
BepxHi kiacy H'Y ra gesxa sigMinaicTs TEOPEM PO CTPHOOK B IUX BHIIA/I-
KaX CIIOHYKAIOTh PO3TJIANATH 1X okpemo. Kpim Toro, curyartis 3 rinepruio-
IIIUHOTO TIOMUPIOETHCS 1 HAa BUMAIOK d = 1, 1110 MU PErysispHO POOUTHMEMO.

dkmo o = 2 (ta ¢ = %), To (2(t))i>0 € Bineposum mpomecom. Jeski
pe3yJIbTaTi CTOCOBHO COPMYIBOBAHOI 3a/iadi B IIbOMY BHUIAJKY MOXKHA
3HaliTH, 30kpeMa, B Kaurax [11,12] au crarri [1].

4.1. Ipyra nmouaTkoBo-KpaiioBa 3agada. Hexaii mosepxns S B R?, (mpu
d > 2), € 3aMKHEHOI0 OOMEKEHOI0 Ta HAJIeXKWUTh 10 Kiacy H 7 3 fe-
akum v € (0,1), i mexait 3amani dynxmia ¢ € Cy(R?) ta memepepsna
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dyukuis (¢(z))zes. 3amada noarae B mody10Bi Takol HerepepBHOT (yHK-
i (u(t, 7, 9))i=0.perd, AKA 330BOMbHAE PiBHsHHA (1.2), TOIATKOBY yMO-
By (1.3) Ta rpaHuuHy yMOBY
1) 5 (1@ g
1+ T z/(m)u(ta Z, (,0)((13+) =|1- T l/(:l?)u(t7:1:7 90)(%_) (41)
npu Bcix t > 0, x € S.
OynnamenTanbuuil po3s’sa30K (§(t, T, Y));50 perd yerd €T 32111 posny-
KYEMO y Takiit dpopmi:

t
g(t,z,y) =g(t,x,y) + /0 dT/Sg(t —1,z,2)w(T, z,y)q(2) do, (4.2)

3 lesikoro Hesimomoio byHkiie (W(t, T,Y))is0 ze8 yerd-
Harmmoro MeTo0 B 1bOMY MYHKTI € mOOyI0Ba Takol PyHKINHIT w, MO0 JJIs
koxuoi ¢ € Cy(RY) bynxiisa

(2, ) — / ita,y)el)dy, >0, xeRY
Rd

zastoBosibHsiia, ymosu (1.2), (1.3), (4.1). Le i o3nauarume, mo dyHKIA §
€ dbyHITaMeHTaJIbHIM PO3B’sI3KOM JIPYTol 0YaTKOBO-KpaiioBol 3asad4i (1.2),
(1.3), (4.1). OueBuHo, 1o st BukoHauus ymos (1.2), (1.3) mocurs, 11106
npu koxuiit o € Cy(R?Y) bynkiisa

v(t,z, @) = / wt,z,y)p(y)dy, t>0, z€S (4.3)
Ra

3a/10BOJIbHSIIA, yMOBH JaysazkeHHs 3.3 (aus. c. 316). Lle meraitno Burum-
BaTHUMe 3 BJIACTHBOCTel (DYHKIII ¢ Ta MOTEHIliaIy IPOCTOTO IMapy, AKUM €

dyHKITIA
t
/ dT/ g(t — 1,2z, 2)v(T, 2, 0)q(2) do,
0 S

(muB. mysakTu 2.3.1 Ta 3.1, BignosigHO).

Teopema 1po cTpubok (fuB. 1. 3.2) 103BOJIsIE TBEPANUTH, MO yMoBa (4.1)
6y/le BUKOHYBATHUCH, AKINO (PYHKINA W 3310BOJIbHATHME piBHAHHA (1 > 0,
r €S, ycRY

t
wltiag) =gt [ dr [ @O -ra i) do. (1)
0 S
Crowarky omimmvo dynxiio (g¥(®) (t,2,Y) )1>0,2e8,yerd, STATABITH, IO

JUIst Hel CHpaBIRKyeThest npejcrasients (3.6). Bpaxosyroun orisaky (2.2)
Ta BacTuBOCTI noBepxHi S (muB. 1. 2.2), omepxyemo npu t > 0, x € S,
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y € S omiakKy
N
v(z) <
9" (t, 2, y)| < (e Ty = i (4.5)
3 nesikoro cranoo N > 0. Cupaszi, 3 (2.2) ta (3.6) Bummsae
1 N|(y—
‘gu(x)(t’x’y)‘ <= |(y {L',l/(l'))‘ (4.6)

@ e 4y — )i
Tenep mpu y € S, /2(*), BUKOpPHCTOBYIOWH HepiBHiCTb (3.7), Jyisa TpaBoi
yactunu J HepiBrocTi (4.6) omepxkyemo (C' > 0 — jesika crasa)

— x|ty
J<_Cly=a .
= @+ Ty — 2
Hnay € S\ S, j2(x), Bpaxosyrouu, mo |y — x| > do, sarmmmemo
1 Noy "
a (tl/a + |y _ $|)d+a717’y

1 N
J < — <
S Q@ et
Orxke, HepiBHicTh (4.5) 10BeICHA.
dkmo x t >0,z €S,y € R\ S, To Mozkemo 3amucaru, mo

A~

N

V(Z) t7 x? < T O\ dL_1°
IS Gy s

(4.7)

e p(y,S) = inf [y — zf.
zEeS
Haui, poss’a3yBarumemo piBusHus (4.4) mpu t > 0, x € S, y € S mero-
JIOM TIOCJTiIOBHUX HaO/KeHb. Busnauumo nipu t > 0, z € S, y € S HyIH0BE
nab/Kenns pismicrio wo(t, z,y) = ¢" @ (t,z,y) ta nus k > 1

t
wwmm=/\héy“W—n%@w4w%m«@wp
0

Hacrynni Texniyai MOMEHTH 3aJIMIIAEMO JIJIsi OOIPYHTYBaHHS YUTAYEB].
Hacammnepen ingykiiieto o k, BukopucroByioun TBepkenus Jlemu 2.4, mno-
BOAMMO, 110 TIpw BCix t > 0,z € S, y € S ta k > 0 BUKOHYIOTHCSA HEPIBHOCTI

tkw/a
(B +Jy =)o

lwe(t, z,y)| < Ry, (4.8)

Jie aucsioBa nocsioBHicTh { Ry @ k > 0} BU3HAYAETHCS CIIiBBIHOIIEHHSIMU:
. - «
Ry=N,  R.=NlglL ( +B(2 1+ (k- 1)”)) Ry
k~y « «

upu k > 1, B axux N — crama i3 (4.5), a L — 3 (2.12). Tyr (i gamni) mus

byl (1(z))res nosuatero [ = sup [¢(z)].
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Opnepxxani ominku dbynkniit (w(t,2,y))i>0zeSyes AO3BOJSIOTH CTBEP-

oo
JOKYBaTH, O psif » . wi(t, z,y) 36iraeTbcs abCOIIOTHO IpH
k=0

(t,xz,y) € (0,00) x S xS

Ta piBHOMipHO 1O (2,¥) € S X S i MoKamBHO piBHOMipHO 1O ¢t > 0. Moro
cyma (w(t,Z,y))i>0,0eS,ycS € HEEPEPBHUM PO3B’da3KOM piBHsaHH: (4.4) i
st Koxkuoro T > 0 icuye taka crana Cp > 0, mo npu Beix ¢ € (0,71,
x € S, y € S BUKOHY€ETbCSI HEPIBHICTH

1

<
"Uj(t,ﬂ?,y” = CT (tl/a + |y _ x|)d+a,1,,y'

(4.9)
Kpim Toro, dyskiis w 3amoBosbhsie piBusuusg (t > 0, z € S, y € S)

¢
w(t,z,y) = g”(z)(t,x,y) —|—/ dT/ w(t — T,x,z)g”(z)(T,z,y)q(z) do,. (4.10)
0 S

Ocranne BuimBae i3 cuissigaomens (t > 0, z € S, y € S)

t
wi(t, z,y) —/ dT/ka1(t—T,x,z)g”(z)(T,z,y)q(z) do,, k>1, (4.11)
0

SIK1 JIETKO JIOBOJSATHCS 3 JIOMIOMOTOK0 1HIYKIHI 1o k Ta HepiBHOCTeil (4.5)
i(4.8).

Cuissigaomenns (4.10) npogoBxkye GYHKIHIO W HA MHOXKUHY
(t,z,y) € (0,00) x S x R%.

[TincraBuBim ofepxkany QyHKIiO w B npaBy dacTury (4.4) Ta 3MiHmo0O9M
HOPSIZIOK IHTErpyBaHHs 3 BpaxyBaHHsIM OIHOK (4.5) i (4.9), moBoaumo, 1o
nobynosana Gynxiia (w(t, 2, Y))i>0 res,ycrd 32/10BOIbHAE DiBHAREA (4.4).

Ouinkn (4.7) Ta (4.9) pasom 3 HepiBuicTiO (2.10) 103BOILIOTH 3aIIHCATH

jw(t, z,y)| < Cr (4.12)

1
(p(y, S))d+a-t

npu t € (0,7], z € S tay € R4\ S na koxmoro T > 0 3 JeSKOIO CTAJI0IO
Cr > 0.

Bpaxosytoun HepiBzicTh (2.2) Ta cuissignomenns (3.6), MOXKeMO 3aIu-
CaTH OIIHKY
N 1
a (tl/a + |y _ x‘)d—l—a—l’

9”@ (t, 2, y)| < t>0,2€8, yeR™

Tomy, momuOXKuBIHM 00mBI YacTuru cuiBeigHomenns (4.10) wa p(y) Ta
sinTerpysasmu fioro mo y € R? (tyT Bpaxoyemo HepismicTh (4.12)), s
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vl (w(t, t>0.zcS, 3amaHol piBHicTIO (4.3), OHEPXKYEMO, IO IJIS
by (w(t, 2, y))t>0,2es, P (4.3), onepxyewmo,
KOXKHOI € Cb(]Rd), npu KoxkHOMYy 1 > () BUKOHYETLCA HEPIBHICTD
o(t,z,9)| < Krllp| ¢+, € (0,T], = € 5,

3 messkoro crajgoio Kp > 0.
Orxe, dyukuis (v(t, 2, ¢))t>0,0c5 3a10BOIbHSIE YMOBI 3ayBaykeHHS 3.3.
CdopmyoeMo Terep ojiepKaHuil OCHOBHU PE3YJIBTAT [IbOTO MYHKTY Y
BUTJISA/]I TEOPEMU.

Teopema 4.1. @ynryia (§(t, T,Y))i~0 zerd yerd, 3adana pienicmio (4.2), de
(w(t, 2,Y))1>0,2e8.ycrd 3a0060av1HAE picHanna (4.4), e Pyndamenmanvrum
pose’askom 3adavi (1.2), (1.3), (4.1).

SayBaXuMo, Mo A7 DYHKINT § MOXKHA 3aIIPOMIOHYBATH JedKe 1HIme 30-
OparkenHs. A came, mokmagemo gasat >0,z € REray e S

t
w(t,x,y) = g(t,x,y) +/ dT/ gt — 1,2, 2)w(T, 2,y)q(2) do.
0 S

BuxkopucroBytoun 300paxenns w(r,z,y) upu 7 > 0, z € S, y € S y Bur-
A pagy Y e o we(T,2,y) Ta BpaxoBytoun (4.11), omepxyemo, 1o W €
PO3B’I3KOM PiBHAHHSA

t
it z,y) = glt,2,y) + / dr / Bt — 7,2, 28" (7, 2, y)a(2) dos
0 S

mpu t > 0, 2 € R? ta y € S. 9k macminox, 3 BpaxysannsaM (4.2) mMaemo
HACTYIHE, ryajbHe 70 (4.2), 300pakeHHs DYHKIIT §

g(t,z,y) = g(t,x,y) /dT/ t—szg()(T,z,y)q(z)daz,

npasuibHe mpH Beix ¢ > 0, 2 € RY 1a y € R\ S.
3Bijicu Jerko jsicratu GopMyJin

ittt) = (1 500 ) (e.,0)

cipaseymsi mpu £ > 0, € R? ta y € S. Cnpasgi, 3 Teopemu Ipo cTpU6OK
(Teopema 3.1) maemo

g(tv z, y:l:) = g(ta xz, y)+

t
—l—/dT
0

w(t D Z)gV(Z) (7—7 2y y)Q(Z) dUZ:l:

o

+ %q(y)w(t,x,y) = (1 + %Q(y))w(t, ,y).
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Tomy 1imKoM mpupoaHo mokmact gt > 0, z € R ta y € S

%[g(i,lﬁy‘i‘) + g(t,x,y—)] = lD(t,.’L',y)-

BayBaxkumo, 1m0 3 pisnocti (4.2) npu t > 0, z € S Tay € R? punmsaoTs
CIiBBITHOIIIEHHS

Bu(x)g(tv 7y)(xi) = (1 + ;Q<$)> w(t7x7y)'

Hexait Terrep

gtz y) =

S ={zeR?: (z,v) =0},
ne v € R? — dikcosannit opr. BpaxoByoun HecKinueHHICTH TOBEpXHi S, BI-

MaraTuMeMO J0IaTKOBO (710 HemepepBHOCTI), mo6 dyukiisa (¢(z))zcs Oyna
obmexkenorw. PiBusiaHs (4.4) Tenep MepeTBOPIOETHCs B PIBHICTH

w(t,z,y) = g"(t,x,y),

HpaBHJIbHy mput >0,z € S, y € R Tomy Gymyemo dbyHnaMeHTATbLHII
po3B’sa30K 3aadi (1. ) (1.3), (4.1) y Burasazi (t > 0, » € R? ta y € RY)

3t z,y) = g(t, z,y) /dT/ — 2, 2)¢" (7, 2, y)q(2) dos.

st moBeneHHst TOTO (hakTy, Mo (hyHKIls § € PyHIaAMEHTAJIBHUM PO3B’ 13-
koM 3aadi (1.2), (1.3), (4.1) 3ayBaxkumo nacrynse. [To-niepiue, mist dikco-
BaHOIO Yy ¢ S BoHA 3a70BOsIbHsIE piBHsAHHS (1.2) B obsracTi

(t,z) € (0,00) x (RY\ ).

Axmo y € S, 1o §(t, x,y) = g(t,x,y) i orKe, e PIBHAHHS 33/I0BOJIbHIAETHCS
dynkuieo (§(t, ,Y));s0.pcrd ¥ Beiil obmacri (t,z) € (0,00) x R
ITo-apyre, mokaBmu g 3a0aH0l DYHKITT o € Cb(Rd)

itag) = [ oWitandy, >0, se R
MOKEMO 3aIUCATH ‘
u(t,z, o) =u(t,z,p) / dT/ — 1,2, y)u’ (1,9, 9)q(y) doy, (4.13)
ne
W) = [ 0 2)eE)de = Buulr ), 7> 0, g €5

a (OYHKIIA U BUSHAYAETHCS PIBHICTIO

utag) = [ otope)dy t>0, 0 R
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Ak ButMBae 3 pe3ysabTariB MyHKTY 3.1, PYyHKIA % 33/I0BOJBHAE YMO-

u (1.2) Ta (1.3). BacrocoBytoun renep omneparop B, mo 06ox cropin pis-

Hocti (4.13) Ta BuKOpmCTOByIOUn criBBinHOmenus (3.11), mpuxomumo 1o
HACTYIHUX PiBHOCTEHN

1
Byt p)let) = (17 Jale) ) ' (taanp), 00, 0€ 5

Takum anaOM, DYHKILisS U 33/I0BOJIbHSIE rpaHrIHy yMoOBY (4.1).
B onnoBumiprOoMy Bunajiky QyHKIs § 3a7aerbes piBaicTio (qus. [15])

t
d
glt.w.y) = gt y) + 2 /O gt =2, 0)g(r.0,y) " (414)

st Beix ¢t > 0, ¢ € R ta y € R. dk 6ysno nokazano B [15], nga dynkuis
npuiiMae He JuIIe HeBi'eMHi, a i Bix'eMHi 3HavenHs (saKimo g # 0). Te came
crocyeThbes 1 yHKITl § y Bunaaky d > 2 (ra g(x) % 0).

4.2. Tpersa moyaTKoOBO-KpaiioBa 3ajia4a.

4.2.1. Cumempuyna 3adaua. B mpOMy IyHKTI BBaXkKaeMo, 110 B I'PAHUYHIM
ymoBi (1.4) dyskuist ¢ ToToxkHO nopiaioe Hyso. Toxni ymosa (1.4) nabysae
BUIVISIIY

Bzx(m)u(ta ) cp)(x—l—) - Bu(w)u(ta ) 90) (:U—) = r(:c)u(t, €, @)7 (4'15)
npu t > 0, z € S. CnouaTrky BUKOHAEMO JesKi 1mo0ymoBU, a mpo dyHIa-
MEHTAJIbHUI PO3B’A30K CUMETPUYHOI TPETHOI MOYATKOBO-KPailoBOl 3aadi
ITOrOBOPUMO IIiJT, KiHEIlb IHOTO ITYHKTY.
4.2.1.1. PIBHSAHHSI 3BYPEHHSA. HeBaxkko 3moragaTucs, mo IJIS OTpUMAa-
HHs HaIIBrpymnu, 1oB’si3aHol i3 3amadero (1.2), (1.3), (4.15), Mu nouHHi
AJINTUBHO 36yp1/1T1/1 rerepaTop A mporiecy (x(t))t>0 OIIEPATOPOM, HHst Juis
Tyr dg € y3aFaJIbHeHOIO dynkmiero Ha RY, 1m0 BU3HAYAETHCS CIIBBITHO-
wennsaM (0g,9) = [q1 ¢ ¥(x)do, aKe cHpaBIAKyeThCA JJIA KOXKHOI TTPOOHOT
dbynkuii (¢ (x ))xeRd anom;LHo J10 Teopii 36ypens (aus. |7]), Taka 36ype-
Ha HamiBrpyma Oyne BusHauarucs aupoM §(t,z,y), t > 0, z € RY, y € RY,
10 3a/I0BOJIBHSE KOXKHE 3 HACTYIHOI ITapyu PiBHAHb

g(t,z,y) = g(t,x,y) / dT/ —71,2,2)9(7, z,y)r(z)do,,  (4.16)

g(t,z,y) = g(t,x,y) —/0 dr/sg(t —71,2,2)9(7, z,y)r(z)do,.  (4.17)

Takum unHOM, /U151 33aHO01 HerepepBHOI HeBin emuol dyHKIT (r(x))zes
posriaseMo GyHKIio (J(t, 7, Y))t0.rerd yerd, MO € PO3B'A3KOM DiBHTH-
s (4.16)



IlceBmomudepenitiagbii piBHIHHS Ta -CTIfKI BUIAIKOBI IPOIECH 325

s movaTky 3ayBazKkumo, 1m0 piBHsHHA (4.16) Moxke OyTu po3s’s3aHe
METOJIOM TTOCJTTOBHUX HAOIMKEeHb. A came, IMyKATUMEMO PO3B 30K ITHOTO
PIBHSTHHA Yy BUTJISI

o0

g(t,z,y) Z ar(t, z,y), (4.18)
k=0

ne go(t,z,y) = g(t,z,y) mpu scix t >0,z € R4, y € R ra iz k = 1,2, . ..

k(t,x,y) = / dT/ —T,2,2)gk—1(T, 2,y)7r(2) do,. (4.19)

BaiimeMoch Tenep OIiHIOBAHHSIM YJIeHIB psmy 3 piBuocti (4.18). I3 cmis-
Biguomrens (4.19) Ta mepisraocTi (2.2) omepkyemo, 110

T

t
0 < gu(t,z,y) < N d (=7, 2,y)d
attry) < NIl [ ar [ T - ) o

mpu Beix t > 0,z € RY, y € R ra k = 1,2,..., ne ||r|| = supr(z), a N
z€S
crasa 3 (2.2).

Iupykmiero o k 3 gomomoroio Jlemu 2.4 moBomuMo, 1o upu Beix ¢ > 0,
reRY yeRYtak=0,1,2,... cOpaBIKyeThCs HEPIBHICTD

A+k(1-1/)
(Vo + |y — a[)d+e”

gk(t, 2, y) < Ry (4.20)
JIe 9UCI0Ba TMOCTiIoBHICTE { Ry : k > 0} 3a/10BOJIbHSIE PEKYDPEHTHE CIIBBiI-
Homensst (npu k > 1)

Ry, = Rk,lNLHrH<B(1 —a 2+ k=1 (1-3))+B(2k(1- *)))

3 Ry =N, ne L >0 — crasa 3 mepisrocri (2.12).

Takum wmnOM, psifi B piBHOCTI (4.18) 36iraeThest abCOMIOTHO TPU BCiX
t>0,z€RY y e R? ra piBromipuo ma muoxkuni (0, 7] x R? x RY aminu
aprymenTis (t, x,y) ms Koxkuoro 1" > 0. 3Bijcu pobuMo BUCHOBOK, 1110 HOT0
cyma (§(t, 2, 9)) >0 zerd yerd € HETIEPEPBHOIO DYHKIIIEIO, AKA 38/I0BOJILHAE
piBasiHEA (4.16), mpudomy mist koxkuoro 1' > 0 icuye crama Cp > 0 Taka,
o mpu Beix ¢ € (0,7T], z € R, y € RY cupapmkyeThes HepiBHicTb

t
(7 Ty = al)e

9(t,z,y)| < Cr (4.21)

Baysaxenns 4.1. Oyukuia (§(t, 2,Y));~0 zerd yerd 32IOBOTBHAE TAKOX i
piBustHHg (4.17).



326 M. M. Ocumayk, M. I. IToprenko

Ile crae 3posymisuM, AKIMO TOBECTH, HAIPUKJIAI, IHIYKINEO 0 k CITiB-
BITHOIITEHHSI

t
gk(taxay) :/ dT/Sgk.1(t_T,.'B7Z)g(T,Z,y)T(Z)dO'Z
0

s Beixt >0,z € R, yeRIma k=1,2,....

3ayBasKuMO, 10 PO3B’SI3KHM KOKHOTO 3 piBHAHD (4.16) Ta (4.17) enuni B
kyaci yHKII, SKi 3810BOIBHAIOTE HepiBHICTD (4.21). Ile BumnBae 3 Toro,
1o oninka (4.20) npu Beix k > 1 cipaB/RKyeTbest s PI3HUII KOKHUAX JTBOX
PO3B’SI3KiB KOXKHOIO 13 3raIaHuX PiBHSIHbD.

Haui 6yne seranosseno Toit dakr, mo dynkmia (§(t, 2,Y))i>0 rerd yerd €
IIiTbHICTIO HMOBIPHOCTI Iepexozty mporecy MapKkoBa, SIKHil yTBOPIOETHCH 3
uporecy (z(t))¢>0 o6puBoM (3 iHTeHCHBHICTIO (7(T))4ecs) B TOUKAX HOBEPXHI

4.2.1.2. ®orPMVYJIA PEMHMAHA-KAIIA TA AIIPOKCUMAIIIMHA ITPOIE-
AYPA. 3 TOYKH 30py Teopii BUNAJIKOBUX mporeciB dyukiis fi(z), t > 0,
x € R, mo BusHavaeThCs piBHiCTIO

i) = [ ar [ or.o ) do,

€ W-dymnxriero ms nporecy (z(t))i>0, fKa 330BOJIbHIE yMOBY

sup fi(x) = 0 komu t — 0+
zeR?

(mus. (3.5)).

Bignmosigao mo Teopemu 6.6 3 [12], icuye W-dynkuionan (n:(r)):>0 Bix
nporecy (x(t))¢>o Taxuii, mo fi(x) = Eun(r) nmpm seix ¢ > 0 tax € R Ipn
ro(x) = 1 mosuauumo 17 = n(rp), t > 0. Pynkuionan (1:):>0 HABUBAETHCS
JIOKAJIbHAM YacoM Ha moBepxHi S mpouecy (z(t))i>o. fAcno, mo

MﬂZAT@@Mm,tZQ

B 1poMy IYHKTI HAIIOIO METOIO € MOKA3aTH, o IpH BCix t > 0, x € R?
ta ¢ € Cy(R?) cripasKyeThes criiBBigHomeHHs

Ea(a()e™ = [ atta)e)dy (122
B KOMY

(g(t) Zz, y))t>0,x€Rd,y€Rd

— 1100y I0BaHMil BuUllle PO3B’sA30K piBHsAHB (4.16) Ta (4.17).
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tst movaTKy ampoKcuMyeMo DYHKITIOHAJ 1)y AeTKUME IPOCTIIUMY Dy H-
krionamamvu Bix mponecy (z(t))i>o. Jna koxnmx h > 0 ta 2 € RY nokna-
JIEMO

vh(x)z/sg(h,%y)r(?/)day-

IIpu dikcosamomy h > 0 1st byHKILIS € HeepepBHOIO Ta 06MezkeHoIo Ha RY,

Busnaunvo (ms dikcoBanoro h > 0) aguTuBHAN GyHKITOHAT (ngh)>
£>0

B nporecy (x(t))¢>0 3 JOMOMOIOIO CIiBBiHOIIECHHS ngh) = fg vp(z(7)) dT.
e — W-dyukiionas 3 xapakTepuCcTHKOIO

t t
" =/ dT/ g(T,w,y)vh(y)dyz/ dT/g(T+h,x,y)T(y)d0y-
0 R4 0 S

ITicna HecKIaIHUX TEPETBOPEHD OJEPAKYEMO, IO

t+h h
Eqon,") —Ewtz/ dT/Sg(T,x,y)T(y) de_/O dT/Sg(T,x,y)r(y) doy,.
t

3 mepiBHocTi (2.2) Ta TBep/Kenns Jlemu 2.3 npu § = « BUILIUBAE, 10
nist Kozkaoro T' > 0 npu Beix ¢ € (0,7, = € R? ta h > 0 cIpaBIzKyeThCsI
HEPIBHICTD

a pe—
e Cp > 0 — neska crana. Teopema 6.4 3 [12] 103BoJIsIE CTBEPIKYBATH, 110
nﬁh) — n¢ ipu h — 0+ B cepeHbOMY KBaJAPATHIHOMY IIPH KOKHOMY ¢ > 0.
3Bincu omepxyemo, mo s koxuol ¢ € Cy(R?) mix dynxmisvu (t > 0,
r € RY)
_ph) A _
ul (8,2, 0) = Eqp(a(t))e ™ Ta At z,p) = Egp(x(t))e™

CIPABIKYETHCA CIIBBIIHOIIEHHS hlim uh) (t,z,p) = u(t,x,¢) B cenci mo-
—0+

TOYKOBOI 30i2KHOCTI.
Mpu koxnomy h > 0 dymkuis (u (t,2,0))t>02crd € PO3B'AZKOM DiB-
HSHHSI

uh (t,z,0)) = ult,z,¢))—

t 4.23
- / dr / ot — 720 s o yon(y) gy )
0 R4

B AKOMY
uta) = [ att.a9)et) dy (120

ITepeiinemo Tenep so rpanuni npu h — 0+ B piBasuHI (4.23). 3poburn
e HaM JIOTIOMOZKE JIOBEJICHA HUKYIE JIEMA.
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Jst BumMipHOT KOoMIIIeKCcHO3HATHOT DYHKIL (Y(, 2));>0 zerd TAKOL, MO

npu koxxkHomy T > 0 BukoHyeTbest — sup  [¢(t, x)| < oo, posrisiemo Ti
0<t<TzcRd

nepersopenns (t > 0, z € RY, h > 0)
t
)= [Car [ gt =raetn

Jlema 4.1. /laa danux wucea e > 0, L > 0 ma T > 0 ichye maxe wucao
0 > 0, wo HepisHicMb

’wh(t/7 ml) - wh(ta $)| <e
sukonyemuea npu eciz h > 0, t' € (0,T], t € (0,T], 2’ € RY, 2 € R? 4 dan
wootcoi pyrruii (Y (t, )0 zerd 3 6AGCMUGICMIO

sup  [¢(t,z)| < L,
0<t<T,z€Rd

axwo miavky [t —t| + |2’ — x| < 4.

JloBenenns. PO3I‘.H$IH€MO mpu 0 < t < t' < T rax €RY z e RY pizanmo
Yp(t',2') — p(t, ), mogaBmm i1y BUTISAAl CyME IBOX JIOJIAHKIB

I, = / dr /Rd — 1,2 y) — gt — T,x,y)] (1, y)on(y) dy,

t/
= [ ar [ ot = o i) dy

3 mepiBHOCTi (2.12) BUIUIMBAE OIiHKA

/ o(t, 7, y)vn (y) dy = / g(h+ 1,3, 2)r(z) do, <
Rd

S
< el (¢ + )~ <l K e

tomy |Ip| < C (' — )17/ 3 pesxoro cramoo C > 0. e osnauae, mo I
Moxke OyTu 3p0obJIeHO K 3aBrOIHO MAJIUM, SKIO TiMTHKKA MAJUM BUOpATH
t—t.

Bisbmemo tenep gesike ancsio p € (0,t) i mogamo 17 y BUDJIsIZl CyMu JBOX
inTerpastis 3a 3minHUMY (T, i) BiJ Ti€T 2K HigiHTerpaabHOT QYHKINT: TIepInuii,
I}, no muoxumi (0, — p) x R, a npyrwmit, I}, no (t — p,t) x R%.

BsiBuu nosnavenns ) = max(t B (t — p)~P), BpaxoByioun noBeIEHy BH-
1€ HEPIBHICTH 3aIUIIIEMO

<mqQ [ dr / 1,2, yon(y) dy+
t—p R4



IlceBmomudepenitiagbii piBHIHHS Ta -CTIfKI BUIAIKOBI IPOIECH 329
t
+:Q [ ar [ gty dy <
t—p R

t
<SMQIFIE [ | =77 - 7)e] ar =
t—p

a e e s
:MQ”THKﬁ[(t/—t—}—p)l 1/ —(t/—t)l 1/ +p1 1/ :|

Ile no3Bousie BI/I6paTI/I p Takum, o6 I crano ,ZLOCTaTHbO MaJIUM PIBHOMIPHO
Bigrocno ¢t € (0;T), ¢ € (0;T] (t <t'), x € RY, 2/ € R4

ko Temep BpaxyBaTH, 0 (DYHKINA ¢ PIBHOMIPHO HellepepBHA HA MHO-
xumi [p, 00) x RY x R? g xoxmoro p > 0, To jjis JIOBEJIGHHS TOTO, IO
I] MoxKHA 3pOOUTH MaJMM IPH J0CTaTHBO Majux ' — ¢ ta |z’ — x|, mocurhb
JIOBECTH, 1[0

Sup/ vp(y) dy < oo.
h>0 JRd

Aute, ockiJIbKI

/ on(y) dy = / r(z)do, < ||rIS] < oo,
R4 S

TO JIeMa ITOBedeHA. ]

3 BracTuBoCTel (DYHKINI ¢, 9K (DyHIAMEHTAJIBHOTO PO3B’ 3Ky 3a1adi Ko-
i jist piBasigas (1.1), BUILUIMBAE piBHICTD

hIE(I)lJr y o(x)vp(z)de = /Sgo(x)r(aj) do, (4.25)

CIIpaBeJIuBa, JIisg OYIb-SIKOl ¢ € C'b(]Rd).
Jlema 4.1 nozBosse BubpaTu mocaigoBHicTb hy — 04, n — 00 Taxy, 1o
s koxxuol @ € Cy(R?) Bukonyerhes

lim u) (¢, 2, 0) = i(t, z, )

n—oo

JIOKAJILHO piBHOMIpHO 10 ¢ > 0 Ta piBHOMIpHO 1O = € RY.
3 piBuocti (4.25), BukopucToBytoun TBepizkenns Jlemu 4.1, omepikyemo

t
lim dT/ g(t — 7,2, y)u") (1, y,0)op, (y) dy =
n—oo 0 Rd
/ dr / — 72, y)i(T, Y, 0)r(y) oy,
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[epexiz 1o rpanuni B (4.23) 1o mocstiIoBHOCTI Ay, TIPU 1 — OO IPUBOIUTH
HaC 70 HACTYITHOTO PiBHAHHS /s (DYHKINI U

w(t,z, p) = u(t,x, ) _/0 dT/Sg(t—T,x,y)ﬁ(T,y, o)r(y)doy.  (4.26)

Ile x piBHSIHHS MOXKHA OTPUMATH JOMHOXKUBIIN OOM/IBI YaCTHHU DiBHSH-
ns (4.17) ma @(y) Ta sinrerpysaru ix mo y € RY. Ockinbku obMexkemuit
po3B’s30K piBHsHHsA (4.26) €nuHuii, TO

i) = [ it o) dy (1.27)
i piBuicTb (4.22) moBeneHA.
4.2.1.3. PYHIAMEHTAJILHUN PO3B’S30K.
Teopema 4.2. [lobydosana cuwe dynryia (§(t, T, Y))i>0 perd yera € Gyn-
damenmanvrum poss’askom 3adawi (1.2), (1.3), (4.15).

Josenenns. Bisbmemo nosimbuy dyukiio ¢ € Cy(R?) i nosememo, 1mo
dynkuisa (4.27), gxka € po3p’s3koM piBHAHHSA (4.26), 3a/I0BOJIbHIE yMOBH
sazani (1.2), (1.3), (4.15).
OyuKIig ¢ € QyHIaMEeHTAJIbHIM PO3B’a3KOM 3asadi Komri s piBHAH-
g (1.1). Takum guroM, dyHKIIIA

(u(t, 2, 0))i>0,0erd;

3asiana pisaicTo (4.24), 3an0B0osbHsIE piBHsHHS (1.1) B oGsacTi
(t, ) € (0,00) x RY

Ta oyaTKoBy yMoBy (1.3) i3 3amanoio dbymkmieo ¢ € Cy(RY).

Heckmamamno 3pogymitu, mo GyHKITiS

t
V(t,z,p) :/0 dT/Sg(t—T,x,y)ﬁ(f,y,so)r(y) doy,

susHadena ms (t,z) € (0,00) x RY, € moTeniamnoM mpocroro mapy. 3 #oro
BJIACTUBOCTEH MAaEMO, IO PyHKIIisd

(V(ta L, @))t>0,m€Rd

IIpU KOXKHIN ¢ € C’b(Rd) 3a710B0JIbHsI€ yMOBY (1.2) Ta npu Beix t > 0, x € S
piBHOCTI

1 .
Bu(w)v(ta K (p)(:l}:l:) = q:ﬁr(x)u(ta Zz, 90)—1_

t
+/ df/g”(”“’)(t—f,x,y)ﬂ(ﬂ y, 0)r(y) doy,.
0 S
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Bsincu omepxyemo, mo byukiia (U(t, T, ¥))iso erd, BUSHaUeHA y (4.27),
3azioBosibHsi€ yMOBY (4.15). OueBumna Toroxuicts V(0+, x, ) = 0 3aBep-
IIy€ JTOBEJIEHHSA TEOPEMU. O

4.2.1.4. S — rimEPIIONINHA. Hexail Terep moBepxHst S 3a1a€ThCsl PiBHI-
crio S = {x € R? : (z,v) = 0} 3 nesxkum oprom v € RY, B rpanmamiii
ymoBi (4.15) dyHKIis 7 10AaTKOBO BBayKaTuMeTbcsi obmexkenow. Cxema
o6y oy dbyHIaMeHTaIbHOro po3s’s3ky 3azgaqi (1.2), (1.3), (4.15) B mpo-
My BUIAJKY aHAJOTIYHA 3aCTOCOBaHIN BUIlle. €auHe, 110 BapTe yBaru, Iie
Jemo iHmmit BapianT anpokcumariitaol Jlemu 4.1 (36epiraemo nosHaueHHst
npuitHAT B Tiil Jemi).

Jlema 4.2. /Jlasa 3adanux wucea € > 0, L > 0, T > 0 ma R > 0 ichye
yucno 6 > 0 make, wo HEPIGHICMY

[Yn(t, @) — n(t,x)| < e
CNPABOAHCYEMBCA NPU GCIT
h>0, tel0,T], t€[0,T], x€Bgr(0), 2 € Bgr(0)
ma 6ciz sumipnux Gynwuiar (Y(t, T))i>0 zerd, WO 3a0060ADHAIOMY YMOGY

sup  [|¢(t,2)| < L,
(t,z)€[0,T]xRd

AKULO MINLKY BUKOHYEMbCA Hepienicmy |t —t| + o/ — x| < 4.

4.2.1.5. Bunagok d = 1. B npomy Bunazaky pisusanus (4.16), (4.17) mo-
KyTh OYTH IIE€PENUCaH] HACTYIIHIUM IHHOM

t
g(tvxay):g(tvxuy)_T/ g(t—T,$,0)g(T,0,y)dT,
0 (4.28)

t
g(tvxay) :g(tvway) _T/O Q(t—T,:c,O)g(T,O,y) dT?

ne r jpeaxe Hesix emue wumcso. [loszmagusmm 6 = 1 — é, IHAYKITi€o 0 N
OJIEPKYEMO

1/a n—1

(ac/¥sin T)~ 1.0
t,0,0) = o t7at t >0, n=0,1,...
9n(t,0,0) T((n +1)0) "

Orxe,

> " (ac!/® sin T)-n-l

§(¢,0,0) = 3 (=) t~atnd,
g nzo T((n+ 1))
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Marouun §(t,0,0), ¢ > 0 smaxomumo ¢§(t,z,0), t > 0, z € R 3 neproro
piBusHHg B (4.28), a micas mporo, dyukmis §(t,z,y), t > 0,z € R,y € R
BHParKa€ThCs 3 IPYroro piBagaHHA B (4.28).

dAx i B baraToBUMipHOMY BUIMAIKY, PYHKINA § € MIIBHICTIO HMOBipHO-
cri mepexozy uporecy Mapkosa (£(t))>0, yrBOopenoro 3 npouecy (z(t)):>o0
yOMBaHHAM 3 IHTEHCUBHICTIO ' B ITOYATKY KOODIUHAT.

4.2.2. 3azanrvma 3adaua. B ipoMy TyHKTI PO3IJITHEMO, CPOPMYJILOBAHY BU-
1€, 3araJibHy TPETIO II0YaTKOBO-KpailoBy 3a1ady (1.2)—(1.4).

Bizememo dynuxmio §(t, z,y), t > 0, z € R y € R? nobymosany B
nyukTi 4.1. 3a anasnorieo g0 pisasab (4.16), (4.17) 3anumemo i piBHSAH-
Hs, 3aMmiHuBIIK QYHKINIO g Ha §. [llykany yHKIi0O mo3HAYINMO depes3 g*.
O1epKUMO HACTYIIHY TApy PiBHIHb

g (t,x,y) = g(t,z,y) —/0 dT/Sg(t—T,x,z)g*(T,z,y)r(z) do,, (4.29)

g (t,z,y) = g(t,x,y) —/0 dT/Sg*(t—T,m,z)g(T,z,y)r(z) do,. (4.30)

Baysazkumo, 1o piBHsHHA (4.29), (4.30) mocurb po3B’s3yBaTH HA MHO-
x)uHi (t,z,y) € (0,00) x S x S. Toui cuissignomenns (4.30) 1poOIOBKUTH
oneprkanmii po3s’sa30K Ha MuOKHHY (1, ,y) € (0,00) x S x RY, a (4.29) -
na Muoxkuny (£, z,y) € (0,00) x R? x R?,

Cuisnbauit po3B’si30K piBHsHb (4.29), (4.30) mIyKaemo y BHUIUISII CyMu
pay

o0

g (twy) = > (=) gi(t, 2, y), (4.31)

k=0
ne go(t,z,y) = g(t,z,y), anpu k > 1

Ltz y) = /dT/ = 7,2, 2)gr-1(7, 2, y)r(2) do =
:/ dT/gZ_l(t—T,IL’,Z)g(T,Z,y)T(Z)dUz-
0 S

SayBakeHHd 4.2. CrpaBeuBicTh APYrol piBHOCTI JOBOAUTHCS 1HILYKIIi-
€10 110 k 3 JIOIIOMOTOIO JIOBEIEHUX HUKYE OI[IHOK.

Cuissignomenus (4.2), vepiBuocti (2.2), (4.9) Ta TBepmkenns Jlemu 2.4
IPUBOJATH HAC JIO OIHKH

tl—l/a

g t,l', < C 3
’g( y)’ — T(tl/o‘+]y—x])d+o‘_1
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ska npasuibHa npu Beix t € (0,7], z € S, y € S nusa xoxuoro T > 0 3
neskoio crajoo Cp > 0.

3 I0MOMOroI0 iHAYKIIl 110 & BCTAHOBJIIOEMO CIIPABEJINBICTD [T KOXKHIX
k>0, T > 0 macrymHux HepiBHOCTEIt

Hk+1)(1-1/0)
, t
(tl/a + ‘y _ J;’)d+a71
Je gucsoBa nocaigosuicts {Ry : k > 0} 3agaerbes CliBBiIHOIIEHHSIME:
R(]:CTTaank21
Ro=L(BA-L1+k(1-1)+B@E-Lk1-1)))R,

B skux Cp > 0, L > 0 — geski crasi (nepia MoXKIuBO 3ayexkuTh Big T).

3 ouninok (4.32) BummBae, mo pafn y coiseignomenui (4.31) 36iraerbes
abcomorno upu (t,x,y) € (0,00) x S x S ta piBnomipuo no (z,y) € S x S
i TokasipHO piBHOMIpHO 1O ¢ > 0. Moro cyma

€(0,7], z€ S, yes, (4.32)

|9k (t, 2, y)| < Ry

(9" (t, 2,9))t>0,0e8,yes
3as10BosbHsIE piBHsAHHEA (4.29), (4.30) Ha MHOXKUHI (£, 2,y) € (0,00) X S X S.
Kpim Toro, cupaBmKyeThes OIliHKA
tl—l/a
(tl/a + ‘y _ :Li‘)d+a71

upu Beix t € (0,T], z € S, y € S miua koxxaoro T' > 0 3 JeKOI0 CTAJIO0
Cr > 0. Pisrocri (4.29), (4.30) npomoBxKytoTh (DyHKIIO ¢* HA MHOXKHU-
uy (t,z,y) € (0,00) x R? x R? 3i 36eperkenusM crpaBeyIaBoCTi HEPiBHO-
cri (4.33). Tyt 3u0By HaMm crana B Haroi Jlema 2.4.

Mt kool ¢ € Cy(Ry) nokmazemo

u(t, z, ) =/ gt z,y)e(y)dy, ¢>0, xR (4.34)
R4
3 piBusiaHs (4.29) BUILUIMBAE CIIBBIIHONIIEHHS

w(t @, ) = ult, @, ¢)—
/ dT/ —T,z,2)u (1,2, 0)r(2)do,, t >0, z € RY,

Ae ﬂ(ta Ly 90 - fRd g ta x,y)cp(y) dy,t >0,z € R%,

Dynukuist @ 3300B0sbHsIe yMoBH (1.2), (1.3) Ta ymosy (1.4) 3 dyHKItieo
r(z) = 0.

[osnaumvo inrerpan B mpasiit wactumi (4.35) wepes (3(t,));~0 zerd-
i HBOTO CHIPABIKYETHCH TTPEICTABICHHSI

#(t,x) / dT/ —1,2,2)k(T, 2, ) do,

9" (t, 2, y)| < Cr (4.33)

(4.35)
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B KOMY

k(t,z, ) = r(x)u*(t,z,¢) + q(m)/o dT/Sw(T,x, 2u*(t — 7,2z, 0)r(2) doy,

Je dyHKIig w Bu3HadeHa B 4.1.

Dopmyia (4.34) Ta Ge3nocepe Hi OGUMCIEHHS JTO3BOJISIOTH CTBEP/IZKYBa-
i, mo bynxiia (k(t,z,¢))is0zcs mpu koxwiit ¢ € Cy(RY) samosonbuse
ymoBHu 3ayBaxkeHHsd 3.3 (nuB. c. 316).

BuKOpHCTOBYIOUM TBEP/ZKEHHS TEOPEMH PO CTPUOOK /I MOTEHIIAY
IPOCTOrO MIAPY, OJEPKYEMO (Ha JedKuil 9ac IPUILyCKAEMO, Mo S — oOMe-
YKeHa 3aMKHeHa ToBepxua 3 kiaacy H'tY 3 meakum v € (0,1)) npnu Beix
t>0,zes

Byoyelt, V(o) = For(@)u(t, 2, ¢)
T ;q(x)/o dT/S’UJ(T,:E,Z)U*(t —7,2,0)r(z)do,+

t
—l—/ dT/gy(m)(t—T,CC,Z)]{(T,Z,QO)dO'z.
0 S

Tomy, BpaxoBytoun (4.4), mpuxoaumo 10 piBHocteit (mpu Beix t > 0, z € 5)

<1 + ‘1(2”“’)> B, (o) x(t, ) (z+) — <1 - M) By @)x(t,-)(2—) =

2
= —r(z)u*(t,z,p) — q(x)/o dT/Sw(T, x, z2)u*(t — 7, 2,0)r(z)do,+
t
T T v@) (¢ — 7,3, 2)k(T, 2 0, =
+a(o) [ dr [ = r iz )

= —r(x)u*(t,z,p) + q(x)/o dT/Su*(t —1,2,0)r(2)h(r,2,2)do, =

*
= —T(JI)’U, (tv z, @)7
B OCTaHHIN 3 AKX BPAXOBAHO, II0

h(r,z,z) = —w(T,x,2) + g”(z) (1,2, 2)+

+/O dp/sgy(m)(T - p,z,y)w(p,y,z)q(y) doy, = 0.

dxio xk S — rinepiuiomuHa 3 HOPMAJLIIIO ¥, TO KiJIbKa OCTaHHIX PIBHO-
CTell CIPOILYIOTHCI 38 PaXyHOK TOTOXKHOI PIBHOCTI HYJIIO TPSIMOTO 3HAYE-
HHS pe3yabTary Jil omeparopa B, Ha moTeHIiag mpocToro mapy B TOYKAX
MOBEPXHI-HOCIsI.
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Taxum aunom, dynxmis (u* (¢, T, ¥));~0 zerd, 331a0a piHicTIO (4.34), 32-
noBosibHsie ymMoBy (1.4). ITorennjas mpocToro mapy s 3a/0BOJBHIE YMO-
By (1.2) Ta HyapoBy mnouarkoBy ymoBy. OTiKe, MU Ofep:KaJ HACTYIIHE
TBEPA2KCHHA.

Teopema 4.3. Qynxuia (% (t, T, Y))i>0 verd yerd, 3adana pienicmo (4.31),
¢ pyndamernmanvrum poss’azkom zadawi (1.2)—(1.4).

B ognosumipromy Bunazxy (xkosmu S = {0} i r(x) = r) piBuanus (4.29),
(4.30) maOTH BUIIIAL

t

g*(t,x,y) = g(ta$7y) - 7a/ g(t - T,IL‘,O)Q*(T,O,Z/) dTv
0
t

g (t,x,y) =g(t,x,y) — 7‘/ g (t—71,2,0)g(7,0,y) dT.
0

Ix posp’azannsa 3ajuimaemMo dnTadesi, sk BupaBy. Haragaemo TijgbKwm, 110
dbyukIis § 3amaerbes pisnicTio (4.14).

4.3. ﬂMOBipHiCHa inTepnperartisi. 3 yciX pO3TJISHYTHX BHIIE 3aJa JIU-
e PO3B 30K CUMETPUYIHOI TPETHOI MOYATKOBO-KPAMOBOI 3a71a4i TOIMyCKAE
iimoBipHicHe mpencraBiaennsa. A came, npu t > 0, € RY CITPaBIKY€ETHCS
PiBHICTH

it 2,9) = Bal(0(@(1)) = Ba (w(a()e™ @), (4.36)

Jie ButaKoBuii porec (£(t))¢>o yrBopenwuii 3 mpouecy (z(t)):>0 yonusauusm
fioro 3 inrencusHicTiO (7(7))zes Ha moepxui S (mus. [12, Ch. 10, §4]).
Dyukiisg § (qus. nyHKT 4.2.1) € MUIBbHICTIO HMOBIPDHOCTI TIEPEXOJLY IIHOTO
poriecy Mapkosa.

OyuKIig § HE MOXKe OyTH IIIJIBHICTIO HMOBIPHOCTI MEPEXO/Y KOJIHOT'O
nporiecy MapkoBa, OCKiJIbKH 11 3HAYCHHS HE € HEBi/I'€EMHUMU P BCIiX 3HA-
JeHHAX 1T apryMmeHTiB. Ajie 11 MOXKHA PO3IJISJIATH TAKOIO JJIs TICEBJIOMPO-
necy (y(t))e>0 B po3yminni [2], i Tomy dbyukiis ¢* nosuana 6yTu moB’s13ana
3 IUM IICEB/IOIPOIIECOM 3a aHajorieo 3 (4.36) Tax, mo ama t > 0, z € R?
BUKOHYETHCS PIBHICTH

w(ta) = [ gn o) dy =B (pu©) i),

ne EY nosnadae “mMaremaTudHe CHOIBaHHS BIJHOCHO IICEBJOIPOIECY Ta
(; (r))¢>0 mosHadae Heskuii “axuTuBHU (YHKIIOHAT BiJ HICEBIONPOIECY

(y(t))e=0"
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CraructuyHa MexaHika cucTteM 3
IIOCUJIEHO HAJACTINKOIO B3a€EMOJIIIEIO

O. JI. Pebenko

Abstract. The paper provides an overview of the works of the author and his
yang colleagues, in which the condition of strong superstability of interaction
makes it possible to greatly simplify the proof of some important results of
the mathematical description of infinite systems of interacting point particles
and helps to introduce the so-called it cell gas model (see [37]). This model
allows to approximate continuous lattice systems and apply the appropriate
mathematical technique.

Amnoranis. B pobori npusenennii oryism pobiT aBropa Ta Horo yUHiB, B SKUX
YMOBA TIOCHUJIEHO] HAJICTIHKOCTI B3AEMO/II1 JIa€ MOXKJIMBICTH 3HAYHO CIIPOCTH-
TH JTOBEJICHHS JIeSKUX BaXK/IMBUX PE3YyJIbTATiB MATeMaTHIHOIO OIHCY HECKiH-
YEeHHUX CHCTEM B3AEMOJIIOUNX TOYKOBUX JACTHHOK 1 JIOIIOMAra€ BBECTH TakK
3BaHy MOJIEIb KoMiPKk06020 2a3y (mus. [37]). Lla Momenb 103BOJIsIE alIpoOKCH-
MyBaTHU HeIlePEPBHI CHCTeMU I'DATKOBUMH 1 3aCTOCOBYBATH BiIIOBIIHY MaTe-
MATHYHY TEXHIKY.

1. Bcryvnn

OCHOBHOIO METOIO IIHOTO OIVISy € HOBe MaTeMaTudHe (hOpMy/TIOBaHHS
JIeIKAX BIJJOMHX IIiJIXOJiB, & TAKOX HOBUX PEe3yJbTaTiB, sKi 3 SIBUJIUCH B
JPYTiil TOJIOBUHI MUHYJIOTO CTOJITTS i IepIii JIecaTuIiTTd HOBOro. B ocHo-
Bl HAIOIO MiAXOIy JeXKaTh METOIW HECKIHYeHHOBUMIDHOTO aHaJi3y, gKi
HaHOLIBI aJIeKBATHO BiJIIIOBIIAIOTH MaTeMaTUIHUM moTpedam omwmcy ¢i-
3UYHUX CUCTEM 3 BEJIUKOIO KiJIbKICTIO €JIeMeHTIB. BarK/IMBOIO MOTHUBAITIEIO
JIJISE AaBTOPa € TAKOXK CYTTEBE 301JIbIIEHHST 3aCTOCYBAHb MATEMATHIHUX Me-
TOJIIB HECKIHUYEHHOBUMIPDHOTO aHAJII3y HE TIIbKU 710 DI3UIHUX CUCTEM, SAKi
€ TIpeIMETOM KJIACUYHOI Ta KBAHTOBOI TeOpil MOJIsd i CTATUCTUYHOI MeXaHi-
KH, a ¥ 0 eKOJIOTIYHUX, eKOHOMIYHUX, COIIaJbHUX Ta 1HIINX MOIEJIHLHUX
cucreM (muB.,Hampukiaaz, [3,4,14-16,30|, Ta 6araTouncesbHi TOCHTAHHS B
X poboTax).

TepMoarHaMidHI XapaKTEPUCTUKU CUCTEMH 3aJ1€2KaTh BiJl XapaKTepy B3a-
€MOIil, IKa BU3HATAETHCA [TOBEIIHKOIO ITOTEHITAIIB B3aeMo il V. Y BUIIAIKY
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HECKIHYEeHHOI CUCTEMM MOTEHIa N 3aJIesKaTh TIJIBLKU BiJl BiJICTaHI MIXK Ja-
CTUHKAMH Ta X COPTiB, TOOTO BOHU € TPAHC/IAIINHO-IHBapiaHTHUMA DYHK-
[igMU KOOPIUHAT YACTUHOK CUCTEMHU. ¥y HAHOIIbIT BXKUBAHOMY BUIIQJIKY,
KOJIA BPAXOBYIOTh TIJbKWA MapHi B3a€MOJil, B3AEMOIisd MiXK ¢-10 1 J-10 Ja-
CTUHKAMUI

2
Vi (@,y) == dii(lz = yl), @,y €RY, (1.1)
abo npocro ¢(|x — y|) y BUIAIKY CHCTEMHM TOTOXKHUX YACTHHOK. ¥ IHOMY
Buna Ky eneprig N gactuHok koHbirypamii v := {z1,...,2ny} €
U(y) =Un(1,...,an) = Y (|zi —x5]). (1.2)
1<i<j<N

B 3arajJpbHOMY BHIIAQJKY MOMKHA HPHIyCTUTH!, MO iCHYIOTH B3aeMOIii, dKi
OpATAMAHHI TIJTbKA TPHOM, UOTUPBOM, i T.I. k-JacTUHKAM 3 JIOBUILHUM
k€ {2,3,...} i omucyorscs norenmiasamu VF) (zq,. .., 21), (z; € RY). Tlo-
TEHIIaJbHA €HEPrisl YaCTUHOK KOH(Irypartii vy J10piBHIOE

1

Uy =Y v =>" > VB, ;). (13)

‘n|§>72 k=2{z1,.., 2} Cy
n>

3ayBaxKMMO TAKOK, 1110 IHKOJIU PO3TJISIIAIOTHCST CUCTEMH, JIJIST TKUX v (1),
# 0. Ile o3Hagae, 10 BCsS CHCTEMAa 3HAXOIUTHCS Y JIESTKOMY 30BHIITHBOMY
IIOJI, sIKE /i€ Ha KOYKHY YaCTUHKY CHCTEMU.

Burnan norenmniany B3aemofii BU3HAYMAE MOJEIb, B PAaMKaX SKOI OIH-
CyIOTb TepMOJMHAMIYHI XapakTepucTuku cuctemu. HaliBaxkusimmoro xapa-
KTEPUCTHUKOIO Yy TaKOMy onuci € ereprist U(7y), sika IOBUHHA 38I0BOJIbHSITH
[IEBHUM YMOBaM B 3aJIE2KHOCTI BiJ Mpo0eMu, sIKy MU XOYeMO OIUCATH.

Crifikicrs (Stability) (S) B3aemonil € HEOOXiIHOIO YMOBOIO JIsl OIUCY
TEePMOIUHAMIYHUX XaPAKTEPUCTUK HECKIHIYEHHUX CTATUCTUIHUX cucTeM. 1110
YMOBY 3alUCYIOTh 3a JIOIOMOI'OI0 HECKIHYEHHOI CUCTEMU HEpPiBHOCTEH Ha
MOTEHIIAJIbHY €HEPTil0 B3a€MOJIl Mi2K JIOBIBHUMU CKIHUYEHUMHU IIiJICUCTE-
MaMu, 110 HAJIYYIOTh N JacTHUHOK, SKi PO3TAIIIOBaHI B TOYKAX X1, ..., TN
npocropy RY.

(S) Cmitxicmo. Icnye nocmitina B > 0 maka, wo

U(z1,...,xzn) > —BN (1.4)

das dosiavruxr N > 2 i dosinvhux kongieypauit {x1, ..., TN}

!Take NPHUIYIIEHHA € He TITHKM TEOPETHHHOIO TilOTe3010, ate i 6asyeThes Ha TeAKHX
crocreperkeHHsx (1uB.  Hanpukiai, [46]).
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THITI0r0 Ba2KJIMBOIO YMOBOIO € YMOBa tHMe2po6HOCM TIOTEHITAIIB Ha He-
CKIHYEHHOCTI. ¥ BUIAJKY ITapHOI B3aEMOJIIT Jijid JoBlIbHOTO R > 0

/x|>R¢(]a:)d:c < +00. (1.5)

Ymosu (1.4) i (1.5) € gocrarnivu s nmodymosu Mipu ['166ca neckingennol
CUCTEMU YaCTUHOK B OOJIACTI peryaspHUX 3HAUYEHDL mapameTpiB = kBLT
i z, me T me TemmepaTrypa CHUCTEMH, & Z AKTUBHICTH, gKa 0E3MOCEPETHBO
OB sI3aHAa 3 T'YCTUHOIO YaCTUHOK (JUB., Hanpukiasi, [52, Tn.4]).

1106 BupimmTy npobiemy mobymoBu Mipu ['i60ca 1t HECKIHIEHHUX CH-
CcTeM TpU BCiX JIOJATHUX 3HAUYEHHSX HapaMerpiB [ 1 z, HeOOXiJHO BBECTH
OibIT OOMEKYBAJIBbHY YMOBY Ha, XapaKTep B3a€MOJIil MiK JacTuHKaMu. Ta-
KOI0 YMOBOIO € yMoBa Hadcmitikocmi (superstability) (SS) (mus. [22,43]).
Jljis1 BUSHAUEHHST HAJCTIHKOCTI BUKOPHCTAEMO po36mTTsM mpoctopy RY ma
Kyouku A, T0BXKWHU pebep sIKUX JIOPIBHIOE @, IEHTPU AKUX PO3TAIIOBAHI B
toukax r € aZ? C R%:

Ag(r) :={z eRY| (r' —a/2) <2’ < (r' +a/2),i=1,...,3}. (1.6)

Byaemo nucaru A 3amictb Ay (1), AKIIO He Mae OTPeOU BKAa3yBaTH, Jie
3HAXOIUTHCA IEHTP KyOuka. Ilo3HaumMo Take po3ouTTs uepes Ag.

(SS) Hadcmitixicmov. Baaemodia na3ueaemvbes HadcmitiKo AKW0 iCHY-
romo nocmitini A > 0, B > 0 ma pozbummas Ng maki, wo 0ia 006iavHoi

kongieypauii v = {x1,...,TN} cnpasedausa nepisHicms:
U(y) = Y [Ahal? = Bhal].- (1.7)
AeA,

Hemro inme BusHaveHHsi OyJI0 3apornoHoBaHo B pobori [22] ZKenibpom:
B3a€EMOJIisl € HAJCTIfIKOI0 dKIIO ICHYIOTH ABi Aiicui kounctantu B > 0 i
Ay > 0 raki, mo st TOBLIBHOT KOHMIrypariil v clipaBelJinBa HACTYIIHA
HEPIBHICTH:

PRl
U(y) =2 1573 - Byl (1.8)
e £ = maz |z —y|. Hexait o6mexkennit konreitnep A o6’emom V' = vol(A)

{z.y}cy
rakuit, mo v C A. Toxi ymosy (1.8) MoxKkHA 3amucaTu y TAKOMY BHUIJISII:
lals

U(y) > Ay - Byl (1.9)

Je mocriiiHa A He 3ajieXXuThb Bim 00’emy V' 3amaHol dopmu, aje MoxKe
3ajexkaTu Big 1iel popmu. Jlerko mobaduTu, IO SKIO MU PO3LJIAHEMO A
sk 006’exHanHs KyOukiB A, BusHauenux B (1.6) i Brurouae xoua 6 OjHy
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TOYKY KOH@iIrypariil v, Tozai, BukopucroByoun HepiBaicTh Kormmi-ITIBapia,
MOKHA 3allUCATA HACTYIHY HEPIiBHICTD:

=X hal) s ¥ 1 X haP=5 ¥ hal

AcA, AEAL Ny A€EA, AcA,

Taxum unsOM, yMoBa (1.9) Bummmsae mpsamo 3 (1.7) 3 Ay = Aa.
IcHye GluibIn cruuibHA yMOBa Ha B3aeMosito Hixk (1.7).
SSS Iocusena nadcmitixicms (Strong superstability). Baaemodisa nasusa-
EMBECA NOCUAEHO HAICMITKON0 AKWO icHytomb kKoucmanwmu A > 0,
B >0, p> 2, ma posbumma A, maxi, wo das 006iavroi xongiey-

pauii v = {x1,...,TN} cnpasedausa HacmynHa HePiGHICMb:
UM > Y [Ahal’ = Bhall, va=vnA. (1.10)
AcA,

B. M. ITapk (sus. [31]) Bukopucras ymony (1.10) 3 p > 2 mis noBeeHHs
0OMEXKEHOCTI €KCIIOHEHT Bi OIIepaTOpPiB UNCIIa YACTHHOK KBAHTOBUX CUCTEM
B3aemoJiirogoro boze razy.

Y macTymHEX pPo3ijax Mu OyIeMO PO3IJSIATA CHUCTEMH, B3a€MOJisd B
SKUX 3a710BosIbHsE HepiBHOCTsAM (1.7) abo (1.10). ¥V apyromy posmini Oy-
IyTh BBEJIEHI OCHOBHI BEJIWYWHU, SKI BU3HAYAIOTH TEPMOIMHAMIYHY ITOBE-
JIHKY CHCTEMU: TEPMOJIMTHAMIYHI MTOTEHIIAJIM TUCKY Ta BIJILHOI €Heprii, Ko-
pendriitai MyHKITT 118 CUCTeMH, IKa 3HAXOIUTHCS B IETKOMY 0OMEXKEHOMY
06’emi 1 MOOyIOBI BiANMOBIIHUX BeauYauH My O0e3MexKHOI cucTemMu. ¥y Tpe-
THOMY PO3ILJII MU 3aIIPOIIOHYEMO TaK 3BaHY KBa3i-IPATKOBY allPOKCUMAITIIO
HETIEPEPBHUX CHUCTEM, KA JIO3BOJISIE OIIUC CTAHIB HEIIEPEPBHOI CUCTEMU PO3-
IJIsIIaTA Ha MPOCTOPAX PO3PIIKeHUX KOH@Irypailliif, Mo BU3HAYAIOTHCA Y
npyromy posziii. Ile /103BoJIsie BU3HAYUTHU MOJIEJIb TAK 3BAHOTO KOMIPKO-
6020 2G3Y — HEIEPEPBHOI CUCTEMU B3aEMOJIIOYNX TOYKOBUX YACTHUHOK,KI
pyxaforbcss B R, aje KOXKHOT MHTI IIOJIOKEHHSI JACTHHOK CHCTEMHI € Ta-
KIM, IO ISt 3a,1aH0r0 po3butTs A, npocropy R? Ha eneMenTapHi KyGuKm
A, y KO)KHOMY KyOUKY Oyjie 3HAXOMUTUCH He Oinbine oauiel yacrunku. 1o
MOJIeJIb MU BU3HAYUMO B OCTAHHBOMY YETBEPTOMY PO3/IiJi i 0OroBOPUMO
[IEPCIEKTUBY BUPIIMIEHHsT HAOibmT amOiriitHol mpobiaemu — npobJjieMu Ma-
TEMATHIHO CTPOrOTO OMKCY (DA30BUX MIEPEXOJIIB MEPIIOTO POMLY B CUCTEMAX,
AKI MU PO3IJIAIAEMO.

2. Onuc MIKPO TA MAKPO CTAHIB

Vci BimoMmi cucremu, siki MU BUBYAEMO, € CKIHUYEHHUMU, aJie HaBITH B He-
BesmKoMy 06’eMi 1em? micturbea 1023 — 102° monekysn. Tomy meckindenni
CUCTEMU € JIEAKOI0 MaTEMATHYIHOIO iJIeasIi3alfi€l0 BeJIMKUX CKiHYEeHHUX CHU-
cTeM, 9Ky 3PYyYHO 3aCTOCYBATH IPU BUBYEHHI PeaJIbHUX BEJIMKUX CHACTEM.
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Peanbna dizuuna gu GiosorigHa cucreMa y KOKHHI MOMEHT dacy mepe-
OyBa€ y moCTiiHOMY pyci, TOOTO KOKHa JaCTUHKA OIUCYE sIKYCh HEITEPEpPB-
HY TPaEKTOPIiIO, 8 MIKPOCKOITIYHUHN CTaH yCiel cHCTeMU BU3HAYAEThCA yCiMa
TaKAMU TPAECKTOPIAMU. AJie Jijisd JOCJIIKEHHsI CUCTEMU HeoOXiJHO 3HATHU
He MIKPOCKOITIYHY TOBETIHKY, 8 MaKPOCKOIIYHI HACIIKN TaKOl ITOBETIHKH,
TOOTO JIesTKi MAKPOCKOIIIUHI XapaKTepUCTUKHI: TUCK, €HePris, TeIJIOEMHICTD
Tomro. Taki izudni XxapakKTepUCTUKN HA3UBAIOTD CNOCMEPEHCYBAHUMU BE-
auvunamu. Crocrepe:kyBaHi BEJIMYMHA ONMUCYIOTh BUMIDHUME (DYHKITISIMA
Ha (azoBoMy IPOCTOPi, TOOTO /I HECKIHYEHHUX CUCTEM Tie (DYHKIIIT Bi/T He-
CKiIHYeHHO] KIJIPKOCTI 3MIHHUX, fKi y HAIIOMYy BUIAJKY JJIS PIBHOBaXKHUX
CHCTEM € MHOYXKHWHOIO KOOPJIMHAT YACTUHOK, a 1X CYKYITHICTb YTBOPIOE Npoc-
MIP HECKIHUEHHUT KOHPI2YPaid.

2.1. IIpocTropu koudirypaiiiii cucreM cTaTucTudHoi mexaHiku. He-
xait o — e mipa JleGera B RY. Tlosmauumo uwepes B(R?), Gopemiscbky o-
asre6py BiakpuTnx MHOXKHH B R?, a uepes Bc(Rd) yCi MIMHOXKWHHY, IO
MaIOTh KOMIIAKTHe 3aMuKaHus. Kongizypayitnud npocmip I' := I'pa Oyne
CKJIAJIATHCS 3 YCIX JIOKAJIBHO CKIHUEHHX IaMHOKIH mpocTopy RE, T06TO

I'=Tga = {'y CR? | [yNA| < 0o, mst Beix A € BC(Rd)} , (2.1)

ne |A| e aucno, mo o3nadae kimbkicts ToUoK B A. lle mocuth mpupomme
BU3HAYEHHS 3 TOYKU 30Dy 3aCTOCYBaHb, OCKIJIbKA B OOMEKEHOMY 00’eMi He
MOK€e 3HAXOJIUTHUCH HECKIHYEHHA KiJTbKICTh YaCTUHOK.

Tlosnaunmo MHOKUHY yCixX cKiHdeHHUX KOHQIryparriit mpoctopy I' aepes
T'g. Hacopasai I'y € migmuoxkumoio ', ase Bora Oyme po3TyidgaTucd gK Ca-
MOCTifiHm KOHGITYpaIifiHuii IPOCTip, B AKOMY HE3AJeKHUM IYNHOM MOYKHA,
BBECTHU CBOIO TOIOJIOTI0. Buznaummo cruepiry koudirypariitauii mpoctip 3
ikCOBaHOIO KiTBKICTIO TOYOK:

r™.={yel | |y=nneN}, I'Y.=g

dAxmo yci Taki KoHIrypalil 3HAXOIATHCI B JesdKiii 0OMeXKeHiii MHOXKUHI
A € B.(R3), To Bimmosimmuit mpoctip 6yse:

stn) = {’y el™ | yc A} . (2.2)

Tozi mpocropu ckinuennx koudirypaniii 8 R? i 8 A € B,(R?) moxua mpeji-
CTaBUTHU y BUTJISIII I3 FOHKTUBHUX 00’€THAHD:

Lo:=[Jr™, i Ta:=]]r{ (2.3)
n=0 n=0
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2.1.1. IIpocmopu wisvhuxr ma po3pidscenux kondieypayiti. B mocimxen-
Hi 0araTbOX TEPMOIMHAMITHUX XapPaKTEPUCTHK HECKIHIEHHUX CUCTEM Ba-
JKJIUBe 3HadeHHs Mae po3butra (1.6) mpocropy R? na enementapni Ky6uxm.

Jna nosinbroro A € B.(R?) i nosimbHoro pozéurra A, mo3HauMMO Hepes

Agr={A €A, | ANA# T}
MiniMaabHe TTOKpuTTa A rinepkybmkamu A € A, TaKIM 9IHOM, IO
ACA, i lim A, = A. (2.4)
a—0

Pos6urrs (1.6) Gyn0 3acrocoBano Proesem [43] mist noBenenHs obmerke-
HOCTI KOPeJAIifiunX PyHKIH. ¥ IbOMY OIVISAI MU HABEAEMO i/1ef0 OiIbIm
IIPO30POr0 i IMMPOCTIMIOTO JIOBEJIEHHS aHAJOTIYHOIO PE3YJIbTATY 34 JIOIIOMO-
IOl KJIACTEPHUX PO3KJIaJiB, siki Oysu 3ampornoHnoBani B pobori [36]. st
OOY/IOBY TAKMX KJIACTEPHUX PO3KJIAJIIB BBEJEMO JIBa TUIIM KOHDIryparriii.
st moBinbHOTO po306uTTs A, BBEIEMO MIPOCTIP po3pidceruxr KOHDIrypa-
ITi:

rdil) — pi)(A,) .= {yeT | al=0V1 ammecix Ac A, }  (2.5)
i mpocTip wiiavHuT KOHMITYypariii:

p(den) — plden) (A ) .= {7 €T |yal > 2, nnz Beix A € A, }. (2.6)

Jna nosinbroro A € B.(R?) npocropu Fg\dil) i I‘Xjen)

riuno 3rigao dopmyrn (2.2), (2.3) Ta (2.5), (2.6).
106 me ckamamocsa BpaXkKeHHsl, M0 po3piizKeni Koudirypariii onucyoTs

dizuuHi cucTreMu PO3PizKEHNX ra3iB, HABEIEMO HACTYIIHE 3ayBayKEHHSI.

BHU3HaAYaIOTHCA aHaJIO-

3ayBaxkeHHd 2.2. OjHi€0 3 HANBaXKIUBIMNUX XapaKTEPUCTUK (PI3UIHOTO
CTaHy CHUCTEMU B3AEMOJIIOYNX YACTUHOK € T'YCTHHA, TOOTO KiJbKICTh va-
CTUHOK B ojuHuUIill 06’emy. CKIJIbKU 3aBTOIHO BeJIMKE 3HAYEHHS Iel Xapa-
KTEPUCTUKN MOXKHA OTPUMATH i B PAMKAX OIHUCY CUCTEMH Y IIPOCTOPI PO3-
pimKeHux KOHMIrypariit, Bubuparmouu po3Mmip a pedep KyOuKiB JOCTATHBHO
MaJIAM.

Y macrynmnoMmy posniii Ham Oyne moTpibHe e omHe po3ouTTa KOH@I-
ryparrii ngen) Ha [IBa TiOIPOCTOPHM B 3aJ€XKHOCTI Bix meskol dhikcoBaHOI
koudirypamii 7 1 0 < € < 1. Jlna 3aganux 7, € i goBiteHoro A € A,

BU3HATIIMO F(:) = F(:)(n, )i F(A<) = Ff)(n,e), dopMmynamu:

rQme) =1 = {veTd™ | hi>dya), hz2} @7
PO e) =1 = {yerd™ | hi<da), hiz2}, @3

me A€, 0<e<1i dy(A) = (dist(n, A))*.
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OdeBuHO, 110 I‘Xle”) — F(A>) U F(A<). st mpoBinmpaux X = Uner, XA, e

Aox ={AcA,|ANX # 2}, X c R?,
IIO3HAYUMO

rgo = || k", sign e {dil,>, <}. (2.9)
AEZ,LX

2.3. Mipu Ha npocropax Koudirypailiii HermepepBHUX CUCTEM. 3TijI-
HO 3 igeamu ['i60ca disuynumii cTan cucTeEMU ONUCYETHCH HMOBIPHICHOIO Mi-
poI0, siKa GyJLyEThCH CIIEPIIY B JAesTKOMY oOMexkeHoMy 06’emi pocTopy R? B
3aJIe2KHOCTI Bij aHcamM6/1i0 (MiKPOKAHOHIYHOTO, KAHOHIYHOIO ab0 BEJIMKOrO
KAHOHIYHOTO), KUl PO3IIISIZIAETHCA Jjisi KOHKPETHOT 3a/1a41 1 MoabImoMy
CPAHUYHOMY TEPMOAUHAMIYHOMY Iepexo/i. Mu OymeMo po3riigamaTu cucTe-
MU CTATUCTUYIHOI MEXaHIKM B PaMKaX BEJUKOTO KAHOHIYHOI'O aHCAMOJIIO i
HOYHEMO TIeil PO3IJIA]] 3 CHCTEMH HEB3AEMOJIIIOIMX TOYKOBUX YaCTUHOK (ide-
anvruli 2a3).

2.3.1. Mipa ITyaccona. CraH imeaibHOrO ra3y B PiIBHOBaXKHIll CTATUCTUIHI M
MeXaHiIll onmucyeThesd Mipoo [lyaccona ., HA KOHDIrypaIiiHoMy TpoCcTOpPi
I, ne z > 0 — e axkrusHicTh (disuvynuil napamerp, KWl 110B’s3aHUl 3
I'YCTUHOIO YaCTUHOK B cucremi). Mipy 7., 3 Miporo iHTEHCHBHOCTI zo Mu
BU3HAYMMO Tpoxu HuKdYe. s 1boro crmepiny BBEAEMO TakK 3BaHY Mipy
Jlebeza-Ilyaccora

Ao = )‘?a

Ha, IpocTopi ckindennx xKoudirypamiit I'a, A € B.(R?) (a6o T'y) 3a dopmy-
JIOTO:

/FA F(Y) Az (dv) ::;n!/A-u/AFn(a:l,...,xn)dxl-~~da:n, (2.10)

JIJIsT BCIX BUMIpHUX (DYHKIIIH
F= {Fn}nzo»

F, € L>=(A") (abo F,, € L'(R™)). MabyTs Brepmie 1o Mipy mobymysas
P .A. Mumnsoc [27,28| (zuB. nerasbhinte [26]) pazom 3 BU3SHAUEHHAM PO3IIO-
niny I'i66ca, a npuseeHa TyT Ha3Ba Oy/la 3alponoHoBaHa B [1], 1e axasis
Ha IpocTopax KoHdirypariit i mobynosa Mipu 6yau mojani B 6i1bIn cyda-
cHiit dhopwmi.

3a JI0IOMOTrOI0 MipHu A, MOOYIYEMO CiM’'I0 WMOBIpHICHUX Mip

A= emo(M)A A € B.(RY). (2.11)

oo = z0)
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Jlerko mepekoHaTnch, BAKOpUCTOBY 04U BusHadeHHs (2.10), mo civ’st (2.11)
€ TOIIApHO y3ro/KeHa i 3a reopemoro Kosmnvoroposa (nus., nanpukia, [34])
icHye enmHa WMOBipHICHA Mipa Tr,, Ha KOH@Iirypamiitaomy mpoctopi I'.

Hait6iibIn BarK/IMBOIO XaPAKTEPUCTUKOIO MIP M,y Ta Ay, IKY MU iHTEH-
CHBHO BUKODPHCTOBYEMO, € BJIACTUBICTH HECKIHYEHHO-IIOIIILHOCT (UB., Ha-
upukiaj, [18, Posuin 4.4]). Ha moBi inTerpasis 3a Mipoo A, 10 BIacTu-
BiCTh MOXKHA CHOPMYJTIOBATHA y BUTJISIII HACTYITHOI JIEMH.

Jlema 2.4. Hexati X1 € Bo(RY), X5 € B.(RY), X1NXy =2, X1UXs =A
,a pynryii i, Fy e B(I'x,)-eumiprumu. Todi

/rA Fi(7) Fa(7)Azo(dy) = /

I'x,

Fi()Aso (d) / By o). (2.12)

Ix,

Hosenenns. 3a oznauenusam (2.10)

/F Fy(7) Fa(7) Ao (dy) =

=~

a(dw>) Fi({a}} 0 X)) Fa({2)] 1 Xo) =

(
% </X1 o(dx) + /X2 U(dm))n F{2}tn X)) B({z}TnX,) =

n=0
_ c© n # k / n—k . o
= ;;0 kl(n —k)! </Xl U(da?)> (/XQ o(dz )> B({e)R{2} ) =
= Fl('V))\g{l(d'y)/ FQ(W))@Q(dv).

I'x Tx,

1t CKOpOYeHHsI 3aIUCy MU BUKOPUCTAJINU JIEITO HECTAHIAPTHE TO3HAYEHH S
I KPATHUX IHTEerpaJIis. ]

I[s BaacrusicTb Gy/a BrepIe BUKOPUCTaHA aBTOPOM B poborax [35, 36|
IUIsE TIOOYIOBA KJIACTEPHAX PO3KJIAJIB, OMH 3 AKUX MU JETAJIBHO OIMUIIEMO
B TPETHOMY PO3JILITI.

2.4.1. Mipa I'i66ca. YMoBuU CTIMKOCTI, HAACTIKOCTI Ta MOCHIEHOT HAICTIH-
kocti, copmyiasosani B (1.4), (1.7) i (1.10), HaKIaJAIOTH 3arajbHi yMO-
BHU Ha XapakTep eHepril B3aemoil. B paMkax HaOJMKEHHS TAKUX B3aE€MO-
i IBOXYACTUHKOBUMHU (HAPHUMH) HOTeHIiagamu Tpeba 3HaiiTh HalGiibI
ONTUMAJIbHI JIOCTATHI YMOBH iX BUKOHaHHHA. Taki yMOBU JOCJIIIZKYBaJIUCSH
baraTbma aBropaMu. Mu paguMo auTady 3BEPHYTUCH 0 HANOIIBIT Ti3HBO-
ro orsity [38], B siKOMy JleTajbHO OOrOBODEHI IOIepe/HI pe3ysibTaTh 1€l
npobJieMu Ta OTPUMAHI JIesiKi HOBI pe3y/IbTaTH.
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YMoBH, dKi 3a0€31e9yI0Th MOCUIEHY HAJICTIHKICTb, MOXKHA CHOPMYITIO-
BATH TAKUM YUHOM.

(A): ¥YmoBu Ha moreHnian B3aemonii. Hexatl ¢ ¢ nenepepsrum na
R4\ {0}, das axozo icnyroms xoncmanmu ro > 0, R > rg, ¢o >0, ¢1 > 0,
ma €9 > 0 maxi, wo:

Mel) =0 () >~ amlel>R (213)
o(lz]) = ¢+ (ja]) > gf s>d ans |z] < 7o, (2.14)

de
¢" (lz]) == max{0,¢(|z)}, ¢~ (|z]) :== —min{0, p(z[)}.  (2.15)

3 ymosu (2.13) cainye, mo s € < €

pe =pc(a):=sup >  sup ¢ (jz —y|)|z — y* < oo (2.16)
zeR3 N yeA

CHpa.Be,ZLJII/IBa HaCTyIIHa JIEMa.

JIema 2.5. Hexati nomenuyian 63aemodii 3adosorvnae (A). Todi dan do-
sinvruxr vy € 'y i a < ro nepisnicmo (1.10) suxonyemoca 3

_ _ %o _ %o 142
Afa) = Cs 4 557’ B(a) = 5 D l—i—d,
o 1 ( ot >d¢0 (2.17)
$d = 52511 | 7 (d) s’
2 \dr(g)) o

Hosenennsi. loenenns HasejgeHo B (38|, ase masi Gyjie BUKOPHCTOBYBa-
TUCD JINIIIE TaKW BUMAJIOK

b0 ©o %0
a)= —— — —, B(a) = —,
= Wy 2 (=5
VY IpOMYy BUIIAJIKY JIOBEJICHHSI 3HAYHO CIPOILYETHCS. st nosismeHOTO ¥ € [y
Ta JOBUILHOIO pO30UTTS Ag:

U= > o(lz—yl) =

p=2.

{zy}cy
= Y U+ D, > dz—ul.
A€ Aq:|yal>2 {AA}CA, ZENA

YEYAL

BpaxoByioun ymosu (A) Ha moTeHmian B3aeMozil, Busnadenns (2.16) i me-
piBHOCTI

vallvarl <3 (al? + [varl?), vallva = 1] > Yyal?,
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OTPUMAEMO:

%o ©0 2 %o
O SR . [k (A 3T
INT NS 4(Vda) 2 2 O

SayBarkenus: 2.6. 3 osnauenns (2.16) i mepisHocri (2.13) 3po3ymiso, mo

C

¢o ~ 5. Toxi, nua MoCTATHLO MAMX @ KOHCTAHTA A(a) > 0 g s > d i

JUISA JIOCTATHBO BEJIMKUX (g Y BUIAJKY S = d.

Mipa T'i66ca ckKiHYeHHUX CHCTEM I BEJIMKOTO0 KAHOHIYHOTO aHCAMOJIIO
Ha mpocTopi Koudirypariiit 'y mae Burys:

1
paldy) = = PN0 (), (2.19)
2h= [ PO, (2:20)
1N

ne = = Z(z, f)— BeJmMKa CTATUCTUYIHA CyMA.

Y Bumajky Majgoro KaHOHIYHOTO aHCaMOJIIO Ha MPOCTOPI KOHMIryparrii
)
A

1 _
paldy) = —-¢ PUOING(d),
A

BU() 2mm d/2
_ —BUM) )~ ~
Z\ = /1“5\1\’) e Az (dry), o= ( B2 ) o, (2.21)

ne Zx = Zx(N, B) — crarucTudHa cymMa MaJjoro KAHOHITHOTO aHCAMOJIIO.
CrocrepexxyBaHi BEJIMYUHU OMUCYIOTh BUMIpHUME DYHKIIAMU HA Ha30-
BOMY IIPOCTOPi, TOOTO /11 HECKIHIEHHUX crcTeM Iie (PYHKIIT Bi/T HeCKiHIeH-
HOI KinbkocTi 3minanx. Hexait F'(y) € Takoio QyHKIE0, SKa OMUCYE TEAKY
CITIOCTEpEKYBaHy BesudIuHy. 1O MaKPOCKOIIIYHA XapaKTEePUCTHKA, sKa Tit
BiZITOBi/TaEe, 1 Ky MU MOYKEMO CIIOCTEDPITATH HA EKCIIEPUMEHTI, € CepeJIHE
3HaYeHH ITi€l Bestmunuan. BoHO 00paxoByeThCst 3a BiAOMOIO (DOPMYJIO0:

F=<F()>,= /FF(’Y)M(d’Y)a

AKI1o Mipa Ha I icHye.

2.7. TepmoaumunamMmiuyHi moTtenriiajgu. MikpockomiyHy MOBeIiHKY CTaHIB
CTATUCTUYHUX CUCTEM OMHUCYIOTH KOpedariitai dyHKIl, aki mos’a3aHi 3 X
MaKPOCKOIIYHUMHU BJIACTUBOCTAMHE Yepe3 3HAUYEHHS CEPETHIX BiJl criocTepe-
JKYBaHWUX BeJUYUH (IuB. gaJi piBHsHHA (2.27)). MakpockomiuHi BiacTuBo-
CTi PiBHOBasKHUX CTAHIB BUBYAE TEPMOCTATHUKA, TOOTO PiBHOBAXKHA TEPMO-
JIMHAMIKa, dKa € 10 CyTi (PDeHOMEHOJIOTIYHOI0 HAYKOIO i fKa TIJIbKU I10YH-
HAIOYM 3 CEPEeIUHU MUHYJIOIO CTOMITTA HaOy/ia BUPIMIAJILHOIO HAYKOBOI'O
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3HAYEHHS 3aBJ/IAKM BIJIUBY CTPIMKOIO PO3BUTKY METOIB CTATUCTUYHOI (i-
3UKHN (K KJIacu9IHOl Tak i KBaHTOBOI). ToMy 3 MareMaTHIHO! TOYKHU 30Dy
BaXKJIMBO OTPHUMATH BHUPA3W OCHOBHUX MAKPOCKOMIIYHUX XapaKTEPUCTUK B
TepMiHax PyHIAMEHTAIbHUX 3aKOHIB, AKi BU3SHAYAIOTH ITOBEIIHKY MiKpPOCH-
creMu, TOOTO B TepMminax poamnoaitis ['i66ca. 1li xapakTepucTukn Ha3uBa-
0Th MEPMOOUHAMIYHUMU NAPEMEMPAMU aDO MeEPMOIUHAMIUYHUMY HYHKYI-
AMU TepMOAMHAMIYHUX napamerpis. O4eBUAHO, 110 1Ii MOHATTI HE MOXKHA
49iTKO PO3J/INTH, 6O BOHU ITOB’si3aHI PIBHAHHAMU CTaHy 1 MOXKYTh y JEAKUX
BUIIAJKAX OyTH MmapaMeTpamu, dKi € MOCTIHHUMU )i CUCTEMHU, IO 3HAXO-
JUThCA B 33JaHill piBHOBa3i, a B iHIIOMY BUIAJIKy OyTy pyHKIiAMA iHITUX
TepMOoIuHAMIYHUX ITapamMeTpis. Lo Takux mapaMeTpiB BiITHOCUTHCS TEPIIT 34
BCe TeMIleparypa cucreMu abo 11 obepHeHe 3HaUYeHHS (3, 8 TAKOXK IMUTOMMUIA
06’eM v(cepeHiit 06’eM, 1O NPUIIAIAE HA OJIHY YACTHHKY, juB. (2.48)) abo
I'yCTUHA YaCTUHOK B cucreMi p = 1/v, Tuck, Ta inmi. Iis HepiBHOBasKHUX
CHCTEM BKa3aHi MapamMeTpu MOXKYTb CTaBATH HeBU3HAUYEHUMU. TepMonHa-
MiYHa piBHOBAra BU3HAYAE€THCS TLIBKHU BiJTHOCHO JOCTATHHO BEJHUKOI I'DyIU
mapaMeTpiB, ajle MTUTaHHA 1X KIiJIbKOCTI € CKJIaJIHUM 1 3aJIeXKUTh Bix 3a1a4i
KOHKPETHOTO JIOCTii2KeHHs. JI7a OiIbIn 1eTaabHOro po3yMiHHS MU PATUMO
3BEPHYTUCH, HAIPUKJIa, 10 MoHorpadil [51]. 3 Touku 30py mobymoBH Ma-
TEMATUIHO CTPOTOl T€OPil CTATUCTUIHUX CUCTEM HAMOIJIBINOI yBAru 3acyry-
TOBYIOTH T€PMOJMHAMIYHI (DYHKIIT €Hepril, TUCKY, €eHTPOIIil, TeIJIOEMHOCTI
JJIs HEIePEePBHUX CHUCTEM | HaMarHiYeHHICTDb, MOJISAPU3allid, JJId €JIeKTPO-
MAarHiTHUX SIBHII, Ta 6araTo iHIINX.

2.7.1. Enepeia. OmHieo 3 XapaKTEPUCTUK CTATUCTUIHUX CUCTEM € 6LALHA
enepeis, Ky 1HOJI HA3UBAIOTH 6LAbHO10 enepeicto I eavmeorvya (Ha BiaMiHy
BiJI BlIbHOI eneprii ['i66ca, Ky MU BUSHAYMMO HUXKYE), | IKa B KAHOHITHOMY
ancaM0J1i BUBHAYAETHCH (DOPMYIIOIO:
1
kT’
Ila Besmuuua 3a/1€2KUTH Bij PO3MIPYy CHUCTEMHU i TOMY B TEPMOIMHAMI-
9HI{ TPAHUI[ 3PYYIHO BBECTH 11 MUTOMI 3HAYEHHS, AKi IIPUITAIAIOTH HA OTHY
JaCTUHKY:

F(T,V,N) = —kT In Zs(N,8), B= V=0c(A). (222

_ 4, F(TLV,N)
fo = Jim TEEN) (2.23)
V/N—wv

Hosenenns icuyBanns rpanui (2.23) 3anogarkonosane Baun-Xosom [44],
aJjie MicTuyIo meski nporaywau. MaOyTh Bliepiie cTpore JTOBEICHHS iCHYBa~
HHs rpanuni (2.23) gas Proens [41], a niznime ®imep [17], kopucryrouuncs
MeTonoM Proesist y3araJbHUB HOro pe3y/IbTaT Ha OlJIBIN MIUPOKUH KJIAC M0~
renrjianis. [, Hapemri, B pobori Jobpyuuaa [6] npusesieni 3aranbai yMOBH
icHyBaHHS CKiHYEHOI I'PAHULI, AKi B J€IKOMY CEHCI € TAKOXK HEOOXiTHUMMU.
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SayBaxkenns 2.7.2. B ycix Bumesrajganux poboTax BCTaHOBJIEHI TaKOXK
BaactuBocti GyHkIil f(v, 5). B ycix inrepBasax jie Bona npuitMae CKiHdeHi
snavdenHs GyHkiig f(v, f) € MOHOTOHHO HECHAHOI0 BUILYKJIOI HElepepB-
HOIO DYHKITIEIO 3MIHHOT .

2.7.3. Tuck. Pisnanna cmany. Tuck € omHIM 3 HaNBaKJIUBIMIAX TEPMO-
JUHAMIYHUX TIapaMeTpiB, AKWM pa3oM 3 IHIMUMUA TEPMOJIWHAMIYHUMU Be-
JIMYUHAMY BU3HAYAIOTH (DI3UIHUIT CTAH CHCTEMHU B3aE€MOIIIOYNX TACTHHOK.
PiBugamns, gxe mos’sa3ye MizK coOOI0 THCK, 00’€M i TeMIepaTypy Ha3UBAIOTDH
pigHArHAM cmany. HaftpocTimum TakuM piBHAHHAM € pieHAnnA Kaaned-
POHa, STKe OIHUCYE TOBEMIHKY ieaabHnx razis. CucremMu peajbHUX rasiB, gKi
mepedyBaoTh y PO3PIMKEHOMY CTaHi i MalOTh HE BUCOKUN THUCK OMUCYIOTH
denomeHoorYHUM pisHAHHAM Ban dep Baaavca. s noBlIBHAX 3HAYEHD
X TTapaMeTPiB i JJId CUCTEM, SIKi MU PO3IJIAJAEMO, TAKUM CITIBBiIHOIIIEH-
HaM € dpopmyia
eﬂPAV = EA(ﬂnu)

fAKY BBOJISATD JJIsi onucy po3nomaiiay ['i66ca BeJIMKOro KAaHOHIIHOTO aHCaM-
6J110. 3amnuineMo Horo y TaKOMY BHIVISII:

P\V = kT InEx (B, p). (2.24)
Hanpukiaz juist cucremu igeasnbHoro rasy =i (5, z) mae BUrIIsi
=PGB8, 2) = eV, V =o(N), (2.25)
a piBHsiHHS (2.24) 3aIUIIETHCS Y BUTJISLL:
Py =kTz.

Bpaxosytoun, 1o mis ineanbaoro razy z = N /V, Mu orpumyeMo piBHSIHHS
Kiamneitpona.
Pisusnusg (2.24) ra icuyBanns rpanur Jyist GyHKIGT
InZ4 (1, B)

XV(M) B) = #7

sike Oysi0 osesiene B [41,45], dakTudno BU3HAYAE TUCK B TE€PMOAUHAMIUHI

rpanui (., Takox, [12]) A+ RYV — oco):
InZx(p,8) 1

= kT lim ————— = — . 2.26

p(p, B) o — gx(f) (2.26)

B poboti Proens [43] asst mazcrifikux morenniasiis B3aemosil OyJa BeTa-

HOBJIEHA HETIEPEPBHA 3aJIEXKHICTh TUCKY BiJ] TYCTHHU p, K& B CBOIO YEPry

Yy BEJUKOMY KAHOHIYHOMY aHCAMOJIi TeXX BU3HAYAETHCI Uepe3 IOTEHITia

X (1, B) 3a monomororo dopmysm:

1 N .
B) = lim ——— [ —etNHO) )\ (d7) =
p(u, B) A LB S V (d7)
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iy 2 EAB) _ Ox(n )
ARe Op \% ou

, N= |§|7 VZU(A)

2.8. Kopensamiitai dyukiii mip I'i6bca. Disuuni cnocmepestcysari €
dyukiigmu na npocropi Koudirypariit I'. Boun gx mpaBmio MamTh cy-
mamopny dopmy: F(v) = >, o H(n) (aus., nanpuxiaz, enepriio (1.2)
abo (1.3)). Toxi cepeiHe 3HAUEHHST TAKOI CIIOCTEPEXKYBAHOI BEJUYUHU MO-
JKHA 3aIMCATU Y TKOMY BUTJISII:

F- /F S"Hmu(dy) = | Hmpm)o(dn). (2.27)

ney To

VY uiii bopmyi p(n) Ay (dn) € KopesisiniitHo Mipoto, a y BUNAIKY KOJIU KOPe-
Jigriiina mMipa € abCcoJIIOTHO HemepepBHOIO BigHocHo Mmipu Jlebera-Ilyaccona
Ao Bimmosinny noxigny Pamona-HikoanMa Ha3uBaTh Kopessyitinoro @ym-
kuiero p(n). Y Bunagky obMexkeHoro 06’eMy 11 MOXKHA 3allUCATH Y BUJIS:

[nl

z _

pa(n) == | e PUUIN  (dy). (2.28)
—A FA

2.9. Poskiaza kopeadaiiiiHux (yHKIi# 3a IIBHOCTAMUA KOH@Iry-
pamiii. Hexait X C A € 00’ennanns KyOukiB A, B IKUX 3HAXOIUTHCA OBI
abo Olibie yacTHHOK, a X, = {Aq,...,A,} 1e mHOKkUHA N KybiB. BHe-
cok mizbHOCTI Mipu I'i66ca exp{—SU(Yy)} 3 v € F(Aden), A C X rpae pob
MAaJIOTO MTapaMeTPy, OCKIJIbKA

exp{~Bo(|x — y))} = exp{-F}, ¢>0, 523,

Ak ¢,y € A C X 1 gocratabo Majux a. OCHOBHA ijes IOJIsSIra€ B TOMY,
o6 BiIOKpeMUTH iHTerpyBaHHs MO IIJIBHUX KOH(MIryparisax Bia iHTerpy-
BaHb 10 po3pimkennx Koudirypariax. [11o6 me 3pobutn, BBeIeMo GyHKITIIO-
iHIMKATOD /I PO3PIKEHNX Ta MMILHUX KOHIirypartiit. s po3pimkennx
KOHDIrypariit Taky PpyHKI0 BU3HAIUMO (POPMYJIOIO:

1, axmo |[ya| =0V 1,
o) = { 1o 2| (2.29)
0, B iHmIOMY BHIQIKY,

a i wiavHux KoHdirypariit hopmMyioo:

X2 =1-x2().
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To6 mobymyBaTu Takuit pO3KJIAI, 3AMAIIEMO HACTYIIHAN PO3KJIA OTUHUII
anst vy € T'p:

II e +xtm)] =

AEZ(LA

N
= Z Z H Xﬁ('Y) H Xé('V) = (2.30)

n=0 XngZa,A AcXn Aeza,A\Xn
_ ~X ~ZE,A\X _
= > XX () =1,
QQXQZG,A

e Np — e kiibkicts ky6iB Ay mokpurti A, (nuB. (2.4)) i

=] x2(.
AeX

[Mincrasmsroun (2.30) B (2.28), orpumaemo:
~ ~AgA\X —
=% 3 [ OB @), @)
N A

Busnaunmo norenmian ’rteepaunx’KyOuKiB:
11, 1 y

T (Ars A = {1, HK.IJ_[O A;NA; =@ s BCiX @ # j (2.32)

0, B IHIIKX BUIMIAJIKAX.

Toxi (2.31) moKHa 3amnCATH y BUATVISIL:
Inl 1
z cor
= — Aq, ..., Ap)X
pan) = = 2ol ; . X (AL A)

- ( LTyeeey n)C a, A\ (233)

~Xp ~Za’ Xn —

x / (R () e BN N (dy),
Ta

e (Aq,...,A,) — 1e TOCTIIOBHICTh KyOMKIB Ha BiMiHY BiJl MHOXKUHU KY-

6ukiB y dopmysni (2.31). Cymysanus no KoxkHOMY A; B (2.33) BUKOHY€ETHCS
HE3AJIE2KHO 110 KOXKHOMY KyOuKy.
HacrymauM KpOKOM € Ipe/ICTaB/IeHHs] €KCIIOHEHTH B (2.33):

e BUMYY) _ o—BU(n) HefﬂU(mi)fﬁW(n;mi) H e AW (aa;) o

i=1 1<i<j<n
n

w e BW M8\ xn) e =BU (Yaa\xn) H e~ AW (s, ?’YA,Z\XH)’

i=1

(2.34)
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ne A, Busuadene B (2.4). Toxi, BukopucroByioun poskiaz (2.34) i Biaacru-
BicTh (2.12), oTpumyemo:

Il 1
z ~
pa(n) === > — n(n), (2.35)
2 55 nl
e
ﬁﬁ (77) = Z XCOT (Alv EER) An)eiﬁU(n) X
(Al,...,An)CZ

n

— —BW YA
A

i=1 1<i<j<n

X /(d'l) Ao-(d'yAa\Xn)e_ﬁU('YAa\Xn|77) He_ﬁw(’YAi;'YAa\Xn)’
rdi

Aa\Xn i=1

e U(ya,|n) = U(ya,) + W(vya,;n). BpaxoByioun posourrs (2.7)-(2.9) po-
316’eM0O KOXKHWUIT iHTErpas y mepiomy jo0yTky dopmyaun (2.36) Ha aBa
iHTerpam

/(dm Ao (dya)(. ) = . Ao (dya,) (o) + “ Ao (dya)(...). (2.37)
Tar ry DN

3 dopmynu (2.37) BummBae, MO CyMy TI0 BCIX MOXKJIMBUX IIOJIOKEHHSIX
(A1,...,A,) C Ay MoxkHA po3buTH Ha 27 WjleH, y KOXKHOMY 3 SKHX
cyma no (Aq,...,A,) posbusaerbcs Ha cymy 1o (Aq,...,Ar) C Aga,
Jle iHTerpyBaHHA BHUKOHYETbCd 110 KOH(pirypamiax ya, € I’ (Ai)’ i cymy 10
(A1, Aly_g) C Ay, T iHTerpyBatHs BUKOHYEThCS 110 KoHMIrypartisx
YA/, € F(:,f, a k 3umintoerned Bix k = 0 1o kK = n.

Toni Bupas (2.35) MoKHA 3alMCATH y BUATVISIL:

il n
pa) = 5= 3 3 g ) (2.39)

e

Pnw(n) = > X (AL A Ay A )%
(A1,..,AK)CAG A
A 1y-- :A n— k)CAaA

XH / o(dya,)e VO e T AW (ra; hay) o

1<i<j<k
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Ve PUGar, ) ,—BU(n)
x Hl(/r(:) Ao (dyar,)e )e X (2.39)

% H e*ﬁW(WA’i"YA/j) %

1<i<j<n—k
k n—k
X H H e_ﬁW(VAihA'j)/(d il) Ao (d'YAa\Xn)eiﬂW(nhAa\X") X
2
=1 j:1 Aa\Xn
H —BW (v A/ |"/Aa\Xn > H e~ 'YAi;'YAa\Xn)e_fBU('VAa\Xn)

7j=1 =1
k n—k
ra X, = (U A)U(U A)).
i=1 j=1

3ayBaxkenHsa 2.10. B tux kybukax, siki mepeTuHaOTh Mexky obsacti A
(i.e. ANA #£ A, ane AN A # @), interpyBanns B (2.39) BUKOHYETBCsI 110

KOH(Iryparisax ngﬁ?\), sign € {dil, >, <}.

2.10.1. PisHomipra obmesrcenicmsv 3a 06’ emom Yy eunadky 008iAbHUL 3HA-
yendv z, 5. IluraHHs TEPMOAMHAMIYHOIO I'PAHUIHOIO IEPEXOIy JJjid Kope-
JANiHEEX QYHKINN B 00/1acTi peryasipHUX 3HadYeHb HapaMeTpiB z, 5, s
skux icuye enuna Mipa ['i66ca p € Gy 106pe BUCBITIIEHO B JTiTepaTypi(aus. ,
nanpukiasi, [50,52]). dus 1oBiabHUX 3HAUEHD 2, [ BUPINIAJIBHOIO € OIiHKA

pm (Tl ) < €T (2.40)

sKka Oysna orpumana B pobori [43|. Hosenenns el piBaocti y poboti [43]
€ jocuThb rpoMizakuM (xuB. gerasbuinte [50]). ¥V pobori [36] 6ys10 3ampo-
[TOHOBAHO iHIE, OLJIBIN TPO30pe, JOBEIEHHS, sIKE CIUPAETHCST HA BUKOPU-
craHHi BjacTuBocTell iHTerpaJin 3a Mipoio [lyaccona. Ile noBenenus mayxe
CIIIB3By4YHE TeMi IIi€l CTaTTi i TOMy MW B CKOPOYEHOMY BUIJISA/l HaBeJle-
MO Tie JIOBeJieHHs. BOHO crimpaeThesd Ha PO3KJIAJ KOPeJAriitHux QyHKILi
pAa(n), gKi BU3HAUAIOTHCS iHTErpasoM (2.28), B psjl, KOXKHUIA YJIEH SKOTO
TAKOXK HPEJCTABISIETbCS MOMIOHNMY IHTErpaJlaMu, aJjie IHTerpyBaHHs B HUX
BUKOHYETBHCsI OKPEMO IO IILIbHUX KoH(iryparisx (2.6) i okpemo 1o pos-
pizkenux koudirypamisx (2.5). B pobori [36] 6yB posrisguyTuii Bunaiox
QiHITHOrO IMOTEHIaJIy B3a€MO/il, & y3araJbHEHHS Ha BUIAIO0K JIOBIJILHOIO
HAJICTIHKOrO IOTEHIaly JUBUCH B pobori [33].

VY oMy 1iIpo3ii, BUKOpucToByoun po3kias (2.38)-(2.39), 6yze Bera-
HOBJICHA HEPIBHICTD, 3 siKOI Oy/1e BunmmBaTu HepiBHicTh (2.40). Chopmyito-
€MO pe3yJIbTaT y BUIVISAJ] HACTYITHOI TEOPEMHU.
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Teopema 2.11. Hezxal nomenuian 63aemodii ¢ 3adosorvrsae ymosam (A),
(2.13)-(2.15). Todi das dosiavrozo A € B.(RY) i dosinvruzr B,z > 0 icnye
konemanma § = £(B,z) (wo ne sanesrcumsb 6id A) maxa, wo xopeasayitini
Pynxuii pA(n) 300080ALHANMD HACMYNHY HEPIBHICT D!

pa(n) < e 20T (2.41)

ona doginvrozo 0 < 6 < 1.

Ilepm mizxk maBatu noBenenusa Teopemu 2.11 chopmystioeMo aBi momoMmi-
2KHI JIeMU.

JIema 2.12. Hexat ¢(|z|) sadosoavrse ymosam (A),
VA € T(?, Yar, € Ff,j_,

modi 0aa € < g9 byde BUKOHYBAMUCH HACTNYNHG HEPIBHICTID:

k n—k

—BY > Wy-(vasar,) < BZ\’M' ve + (|71 + 1go).

=1 j=1

HoBenenns. /ljig cKOpOUYeHHs 3alKUCy BBEIEMO TO3HATCHHS:

k n—k kn—k
D)=
i=1 j=1 ij=1
Tomi
k n—k kn—k
—BY Y Wy-(ragia,) =8> > ¢ (x—yl) <
i=1 j=1 t,j=1 TEYA;
yGWA%
kn—k
< B hadhayl sup ¢~ (jz —yl) <
7.7 1 yEA/
kn—k
B> hayl sup ¢ (| =yl = pI"
7] 1 l
yGA

ne p € 1. 1la nepisnicTs crigye 3 Toro, mo |ya,| < dp(Ai) < [z — p|* ana
Oyap akux € A; i p € . Jlan BukopucraeMo MOIUMIKOBAHY HEPIBHICTH
tpuxyTHuKa ¥ — p|° < |v — Y| + |y — p|f, mua e € [0;1], 2, y,p € R Toni



Crarucruyna MexXaHiKa CUCTeM 3 IIOCUJICHO HAJICTIAKOIO B3AEMOJIIEIO 355

st gosinbroro y € A’ 3 Yar; € F(>)
kyn—Fk
B Y Jval sup ¢~ (je —yl)le —pl° <
tj=1 yeA’
kyn—k
<B Y sup ¢~ (lz —yl)lz —yl*+
4,j=1 yeA’
kyn—k
+8 > Iayl sup ¢~ (je —yly —pf <
1,5=1 yeA’
kyn—k
<B Y hal sup ¢~ (lz —yDlz —yI*+
i,j=1 eA’
kyn—k
+8 > lyavl sup ¢ (2 ), | +1) <
4,j=1

yeA/;
ﬁZlVA/ |(ve + (Ivar; [ + Do)

pyruit 101aHOK B MEPEIOCTAHHI HEPIBHOCTI BUHMKAE BHAC/IIIOK TOTO,

mo y € yar; 1 p € 1, a TAKOXK JJIst JIOCTATHBO MAJIOrO @, & came a < %,

BUKOHYETHCS HACTYITHA HEPIBHICTD:
ly = pI* < d(A)) + (aV3)* < yar| + 1.

OcranHst HEPIBHICTD, KA CJIJIy€ 3 BUSHAYEHD BEJUIUH . 1 o (mus. (2.16)),
3aBEPIIYE JTOBEIEHHSI. O

JIlema 2.13. Mae micue pienicms:
_§"BdE(A
> e PRED < n| Ky(), B,e) = |n| Ka,
A'CA
de Ko ue nocmitinag, axa sanreocumos 6id a, 3, € i we 3anexcums 6id A.

Hosenenns. Hexait n = {z1,...,%n}. Posknagemo A nHa obsacti (06’e-
HaHHs KyOukiB) Aq,..., A, Tak mo6 d%(A/) = d;, (A') mpu A" C Ay. Toni

Z o~ 0B (AT) _ Z o—0"B i Z e 0Bz, (A) <

A'CA A'CAq A'CAm
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—8"BdE (A
<l 3 e PR = | Ko (A, B,e),
A'CA

ne dy, (A") — ne Bizcrans Big dikcoBanoi Touky rg € R? 0 A, O

HoBenenns teopemn 2.11. [1lo6 moBecTtu Teopemy BUKOPHUCTAEMO PO3-
kiag (2.38)-(2.39). Ile nosBouisie inrerpas (2.28) mo ycix MOMKJIMBUX KOH-
dirypariax 'y npencraBuTu y BUTJIAL PO3KJIATY, KOXKHUM TJIEH SIKOTO Mi-
CTUTH IHTErpaJIu, ¥ AKUX IHTErPyBaHHA BUKOHYETHCSI B OKPEMUX KyOUKAX B
OIHOMY 3 IIPOCTOPIB F(;), F(:) abo FXM). Bpaxosytoun Busnavenns (2.16),
OTPUMYEMO OIIHKY:

k k

—BY_ Wnla,) < Bl sup > sup ¢ (Je —yDhva,l < Blnl -
TEN =1

. <
OcranHs HepiBHICTH cIpaBeIUBa TOMY, IO YA, € F(A-)' Takum amHOM
K2

vl < dp(A) < |z —ylf,
Je Mu BUOHpaeMo € < €.

Bpaxosytouu, mo ya € F(Adil), lva,| < 1, VA € A, \ X, orpumaemo

OIIHKU:
—BW ([ vax,.) < Blnl o, (2.42)
—BW (var; | va\x,) < Blvar;lwo- (2.43)

Ymosu (A) (muB. (2.13)-(2.15)) mo3BOSISIIOTL PO3OUTH MOTEHIAT ¢ Ha
Bl YaCTHUHU:

¢ =0d6" + 5, 5 = (1-0)¢" +9¢7,
i Tak camo, K MM OoTpuMaJHn OIiHKY (2.18) 3a momomoroio (2.18), maemo
(1—0)¢0 o 2 o
s > - = - v 2.44
D D (XU YD

AEA:|yal>2

s Toro, mob mMaru JofaTHEe 3HAYEHHS BUPA3y y KBAJPATHUX JyXKKax,
Tpeba BUOpATH JOCTATHBO MaJje 3HadueHHs mnapamerpa a. Bubepemo neske
MaKCUMAaJIbHE 3HAYEHHS @ = @y (0), JJIsi IKOTrO 30epiraeTbcsi yMoBa CTIKO-
CTi:

wo(as)
5

Ugst(7) = =Bsl, Bs =

I1a mepiBHicTH 703BOJISIE 3anUCATA HACTYIIHY OITIHKY:
n—k

i=1
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n—=k
+ Y Wea(anlay) = =Bs(Inl+ ) lvar,))
=1

1<i<j<n—k

Hutst Toro, mob MPOKOHTPOJIIOBATH 30iKHICTh iIHTErpaJIiB 110 TPOCTOPAX

> . _ _
FA; ,i=1,...,n—k
i cym 1o xkybuxax (A'y,..., A, _x) C Aga, posi6’emo enepriio

U5¢+ <7A;> = 5U¢+ (’YA;)

Ha Bl wacTHHH, BUOPABIH § = § -+ § 3 JCSKHMH JOTATHIME MAJIAMIT

! 1 . (>)
KOHCTaHTaMu J , 0 . BukopucroByioun ymoBy (2.14) i Te, mo st yar € I'(
KITbKicTh TOUOK [yar| > dip(A') (aus. (2.7)), MOXKHA 3alUCATH HACTYIIHY

HEPIBHICTD:

%o %o 0 (D).

U5¢>+(7A;) 2 *5,(\/&0 varl(lvanl = 1) + 5//(\[(1)5 n

Ils orminka 3abe3mevye 30i1KHICTH iHTErpaJLy

/ Azo(dya) e ~568" s hrar, (| = D48 (Bs+do (2+hal+ee)val _
s (2.45)
= Ki(a,z,B, ¢)

JJIsl TOCTATHBO MAJIOTO @ 1 M JOTIOMOTAE OIIHUTH HACTYITHI CyMM:

l

Z H 6_6,/(‘/3“>5d"(A §(|77|K2(a,6,5))n_k. (2.46)

(Allv---’A/nfk:)CZa,A AIEZa,A

(max)

Herani nosenenns B (33, Jlema 3.3|. Ilosnauumo wepes X" 06’ennanns
ycix Ky6iB All U...uU A;L—k = ;z—lw B skux iHrerpain (2.39) no koudi-
ryparisax B A, \ X, upuiimae MmakcumasiabHe 3HaueHHsI. 1O/, BPAXOBYIOUYH

eJIEeMEHTapHY OIIHKY

X (AL A, Ay A ) S XA A)
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(muB. (2.32)) i B Taxiit camiit dpopmi gk (2.35), (2.36) misg 7 = & po3KIAL,

I = A\x(mas); OTPIMAEMO HACTYIIHY OITIHKY
l

1 —6U nK?’L kJa\Xmaz)
U ww'zz" e (8) =
n=0 k=0

1 n K 1 A \x (e
:?A Ug+(n) £|77|Z (I ‘ gpk \X; (@)= (247)

X(maz)

i

l =

o—08U .+ (n) gl |77|K A\
g5 (a0 S

_ (mazx)

ne K = K1 Ko (nus. (2.45), (2.46)), € := zeP(Boteotes) 4 ﬁi\\xl (2)
BU3HAYAETHCA (POPMYJIOIO (2.36_). 3 Toro, mo Ej, < Ep, maa Ay C Ao,
crigye mepismicTs (2.41) 3 € = ek, O

BayBarkenus: 2.14. B mepiBHocTsX (2.42)-(2.46) KoHCTAHTH g, 0, By,
K1, K 3anexarp BiJ| mapamerpa a, ToMy & 3aJIe2KUTh Bij a, skuil € (ikco-
panuM. Asie A € A, nosunHi 6yTH TakUMU, 06 B3AEMOJTis JBOX TaCTHHOK
B OJIHOMY KyOuKy Oysia mo3uTuBHOIO, T06TO a < 1 (mus. (2.14)). Ie 3a6e3-
nedye BUKOHaHHsI HepiBHOCTI (2.44).

2.15. IcayBanasa rpanudyHux wmip I'i66ca. Tepmommnamiunwmii rpanu-
gumit mepexin N — oo, A T R? € HeoGXimHOI0O ONEpali€elo Ipu BHBYCHHI
MaKPOCKOTIYHUX BJIACTUBOCTEN (piznunux cucreM. [le obymoBIieHo miepi 3a
BCE TUM, [0 IPU CKiHUYeHNX 3HaueHHsX 00’eMiB V' = o (A) noBeainka Tepmo-
nuHaMivHUX (DYHKIH € peryssproo(anagiTuanoro). Tomy Touky dhazoBoro
[IePEeXo/y Ha CTPOr0 MaTeMAaTUYHOMY DiBHI HE MOXKHA BUSIBUTHU. ¥ 3B S3KY
3 I[UM BBEJIEMO HOHATTS MEPMOJUHAMIYHO20 2PAHUYH020 NEPETONY.
Hexait A,, ne nocainosuicTs 06’eMiB, TaKuX, 110

AMCAyC---CA,C---,

iU Ay = ]Rd, a BIJIMMOBiJIHA KIJIBKICTh YaCTUHOK [V, 3POCTA€ TaKUM YH-
HOM, 1100 iCHyBaJIa TPAHUILST

lim — =, Vo =0(Vp). (2.48)

Otxke, 3 TOUKK 30py (PIBUIHUX MIpKyBaHb BaKJUBOK MaTEMATHIHO
IPOOJIEMOIO € CTPOTe JOBEJIEHHS iICHYBAHHS IPAHUIIL Y BUPA3ax IJIsd CePeIHiX
CIIOCTEPEXKYBaHUX BEJIMYINH:

F _Al%gd F(v)pa(dy). (2.49)
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3 iH11101 CTOPOHM, 3 TOYKH 30PY CTPOTOrO MiIXOY 10 MaTEMaTUIHOI ITPOOJIe-
Mu I00YT0BH TeOpil 30BCiM He Oe3miacTaBHo 3’ dcyBaTn uu icHye Mipa ['i6bca
Ha TIPOCTOPi HecKiHYeHHNX KoHiryparii I'. 3Buuaiino 3 Buznavens (2.19),
(2.28), BUAHO, IO IMIIJIBHOCTI WX Mip HE BUTPUMYIOTH IDAHUTHOTO IIE€pe-
X0y, TOOTO MW HE MOXKEMO HAIMCATH iX AHAJITUIHWH BUTIAI. Ase Mi-
pa, gka He € abCOIIOTHO HEIEePEePBHOIO BiITHOCHO d7y YW gKOICh iHIOI MipH,
oB’3aH01 3 Mipoto Jlebera o, Moxke icHyBaTH.

Buepine 10 npobsemy posrisinyau y 1967 pori zesanexxuo Minsoc [27,
28] (muB. Takox [26]) i Proens [42]. dxkmo y Proesns ne 6ys anrebpaiunmit
mijxiz, 1Mo ommpascsd Ha MoaHi Ha Toil dac imel Cirasa, Xaara, Kacriepa i
ToMmy OyB Okt abcTpakTHuM, TO Minmoc mobymyBas cimeiicTBO ribbcoBux
Mip Ha IMJIHIPUYHUX MHOKHHAX SA. 4 HECKIHYEHHOBHMiDHOTO KOH(DIrypa-
niitHoro npocropy I' i BusHaums ri66coBuii cran (ri6bcoBy Mipy) siK rpa-
HuaHy Mipy. TobTo, 1y moBiBHOI mocsigoBHOCTI 00’emiB Ay, ... Ag, ...,
AKI TPAMYIOTH J10 R? i nosismbrOro O6Mexkenoro A C R 3maiinerncst Take
k(A), mo A C Ay, npu Bcix k > k(A). Tozi, sIKIIo 1/1st KOXKHOTO Sp.4 icHye
TPAHUIIS

lim fun, (Sa;4) = p(Sh;a) (2.50)
k—o0
i BUKOHYIOThCH YMOBH Y3TOJI2KEHOCT]

NAl(SA;A) = HAs (SA;A) st Ap C Ag,

TOJi Oy/Ie cIupaBeInBa HACTYITHA TEOPEMA.

Teopema 2.16 (|27]). Hexati na anseebpi yuaindpuwnuxr mmoocun 6 B(1)
BUHAYEHA CKIHYEHO-AOUMUBHE TMOBIDHOCHA MIDPA [L, NPUHOMY MAKG, WO iT
obmestcenna na 6yov axy nidaszebpy B (L) C B(L) e yiarom addumusroro
Mmiporo. Todi uro mipy moocHa NPodosacumu EOUHUM HYUHOM 00 ULAKOM
addumusroi mipu na ecro o-anzebpy B(L).

B po6orti [27] Gysi0 BCTAHOBJIEHO iCHYBaHHS TAKOI MipU y BEJMKOMY KaHO-
HITHOMY aHCAMOJI [T Pery/IIpHIX 3HAYEHD TapaMeTpiB z, 5. Teopema 2.16
€ anasioroMm Bizomoi Teopemu Kosmoroposa [48] npo npomoBxkeHHsT CKiH-
YEeHHOBUMIPHUX HMOBIPHOCHUX PO3IOILIIB A0 3J19€HO-aIMTUBHOI Mipu Ha
dyuxionansHOMy TpocTopi (auB., Takox, [34]). B po6ori [28] Gy BCTa-
HOBJIEH] €PTOIMYIHICTh Ta BJAACTUBICTH CUJIBHOTO TIEPEMITITYBAHHS I'PAHMIHOL
MipH JIsl peryJisipHUX 3HaYeHb napaMeTpis (5, v).

B cepii pobir Hobpyumna [5,7-11] sk Jyist rpaTdacTux Tak i JJisi Here-
PEPBHUX HECKIHIEHHUX KJIACHIHUX CUCTEM OyJI0 IpuBeIeHe OiIbIn 3arajabHe
BU3HAYEHHS TiOOCOBOI Mipy 3a JOMOMOrOI0 YMOBHUX PO3moiiaiB. [IpakTu-
YHO B TOH 2Ke Jac MaiizKe aHaJOTigHui miaxin OyB TaKOXK 3aIPOTIOHOBAHMIT
Jlendopaom i Proesem [25].
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[TobymoBa rpannYHuX BUpa3iB st Kopessmiiaux dyHKii (2.28) misa
pPeryJisipHAX 3HAa4YeHb HapaMerpiB 2, € 3aBepIIeHO0 3aJa4ei0. 3 TOYKH
30py MeTOIiB 11 pO3B’d3aHHA MOXKHA BHUIJIATHA IBA: METOJM IHTErpajbHUX
PIBHSHB, SKWii, B CBOIO Yepry, MOKHA PO3OUTH Ha ONEPATOPHUIT (JIUB. MO-
cunanHs B MoHorpadisx [52], (nus. mocunanus B monorpadisx |50, 52]))
i anasitiuaanii(y Bursisal poskaanis (nus. [29]) Ta Meronn mosiMepHHX Ta
KJIACTEPHUX PO3KJIAJIB, TOCUJIAHHS Ha K1 3aHAJIO0 O JIeKiIbKa CTOPIHOK. 3
TOYKH 30PY METOJIB, AKi MU OOTOBOPIOEMO Y IIHOMY OLJISIIi, BJACTUBICTH He-
CKIHYEHHOIO/IIIBHOCTI Mipu A, (nuB. Jlemy 2.4) Bueprie Gysia 3acTocoBana
B pobori [35], a B poboti [36] Gysa KiIOUOBUM TeXHIYHMM MOMEHTOM JIJIst
JOBeJeHHsT OOMEXKEHOCTI KOpeJdIiiunx (QyHKIH Ipu AOBIILHUX 3HAYEH-
HaX mapamerpis z, 8. lle nuranus Mu geTajbHO OONOBOPUMO Y HACTYITHOMY
PO3Iii.

IcuyBannus craniB I'i6bca. Iloznaunmo uepes

G(¢,z,P)
MHOXKHMHY Mip ['i66ca, 1110 BiaoBiga0Th B3a€MO/Iil ¢ aKTUBHOCTI 2 1 Temire-

parypi T = 1/kp3).
Ax macmigok Teopemu 2.11 BUKOHYETBHCA HACTYITHA TEOPEMA.

Teopema 2.17. Hexatli 63aemodia ¢ 3adosisvhac ymosu A. Todi dasn do-
ginonur z > 0 4 8 > 0 maemo, wo:

G(¢,2,8) # @.

HoBenenns. Icuysanuga Bignosinnoro cramy ['i66ca BurimBae 3 apryMeH-
TiB, AKi 0a3y0ThCA HA HACTYIHOMY crocrepexkenHni. Hexaii

Y e LHRY N CRY)

— Byb-aKa jonarHa GyHKis Taka, mo ¥(x) < 1, z € R? i nexait a(t), t €
R, 11e Oy/b-sika HerlepepBHA ClaiHa (DyHKIH 3 HACTYITHUMU YMOBAMHU:
(1) ap := limy_,04+ a(t) = +o0;
(2) a4 = hmt_>+oo Oé(t) Z 1,

Busnagumo
rev = {yer| 3 v@alle—yhv() < oo},
{zy}Cy
E*Y(y) = Y @l —yhply), veT™?.
{zy}Cy

fAx nokazano B (24|, ma poBinbhux 0 < D < 00 MHOXKHHA

{yeriie~*) <p}
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€ ipekoMmmiakTHa B [', skuit € [loIbCbKUM TTPOCTOPOM.
VY wiit poboTi MU PO3IVIAIAEMO (v fK JIeSIKy HEIepEePBHO CHAIA04dy (DyH-
KITiI0, TaKy, 10
alla = yl) < 3% @),

OueBuiHO, OOpaHa TAKAM YUHOM, (DYHKILS 3a/I0BOJIbHSIE YMOBAM BHIIIE.
BukopucroByioun BiactuBocti Tak 3Banoro K-nepersopentst (aus. [23]) i
teopemu 2.11, nj1g goBIbHUX A MaeMo

/ B2 () dpa (y / b(@)al|z — y)o ()P (o, y})dzdy < C,
T

ne C € R, jesika KOHCTaHTA.
Towmy, 3a Teopemoro IIpoxopoBa, cimeircTBO Mip

{,UA | Ae Bc(Rd)}

€ KOMITAKTHHUM, IO I1epegbadae ICHyBaHHs IPUHANMHI OMHIET IPaHUYHOI Mi-
pu p komx A 2 R Mu soBesieMo, 1o BiAmoBigHa rpanmdHa Mipa € ri6o-
ciBeokoro. Hexaii pup,, n > 1, ne A, /' R?% n — oo, € nocaigosmictio, sKxa
36iraerbes (y 3nauenni Teopema IIpoxoposa) o mipu p, i Hexaii oMpe
BianoBiHuMM Kopessiniitaumu dyskuisvu. Bigomo, (aus. [19]), mo mipa p
Ha ' — ['i66coBa, TOi i TIIBKHU TOJ, KOJIH L 33JI0BOJIbHSIE piBHAHHSA (Georgii-
Nguyen-Zessin (GN Z), Tobto aasa seix gonaraux, B(R?) x B(I)-sumiprux
dyuK1iit H BUKOHYETHCS HACTYIIHA PiBHICTH

/ZHm’y (dv) = // H(x,yU{z})e PV o (da)u(dy). (2.51)

Binbre Toro, BukopucroByoun dgopmyiny Mekke (qus. [19]), MmoxHa moka-
3aTH, 1m0 piBHAHHIO (2.51) 3am0BosbHSE OYIb KA Mipa fy,, n > 1.

Hexait A € B.(R%). Toxi o-anrebpa B(I') renepyeThcs MHOKHHAMY BHi-
rasmy ANAs AeBy(l), Ae Bra\p (') a xoxkna mipa na I' omozHaHO
BU3HAYAETHCS Or0 3HAYEHHSIMU HA IUX MHOKUHAX.

Hosenemo (2.51) myist dyHkit

(z,7) = La(@)La(y)L5(v)-

Hexait n € N € goBisbanM. BukopucroByiodn BiaacTuBicTs K -1iepeTBOpeHHST
(mus. [23]), Maemo

[ @m0, (@) <

A"JIO‘I’ A .
/FZHA 1) = [ o (@otdo) < ¢l

An :EE"/
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ITpaBa wacruna (2.51) jurs mipn pip,, 0OOMexKeHa BHPa30M
[ [ ey @notds) -
R4 T,

B /R 1 (2)p™ (2)o(dz) < =€]A],

Jie MU BUKOPWCTOBYBaJIM BU3HAUEHHST KOPEJATIHHOT (DYHKIHT Ta TeopeMy
Dyoini.

Orxe, icHye medka IiaIOCTIAOBHICTD {/’LAnk}k217 AKa 3a0e31edye BUKO-
HauHs (2.51) mys rpaHnYHOrO MOKa3HUKA L. JloBejeHHs 3arajbHOL J10/1a-
tHOI dyHKIIT H BUILIHBaE 3 TOTO, MO OYIb-sKa JT0JaTHA BUMIipHA (DYHKILiS
MOzKe OyTH allpOKCUMOBaHA IMPOCTUMU (DYHKITIAMHU. O

3. KBABI-TPATKOBA AITPOKCUMAILIA HEIIEPEPBHUX CHUCTEM

KgBazi-nenepepsuy arnpokcuMariiro KJIaCHIHOI CTATUCTUIHOI MeXaHiKu 0y-
JIO 3aITPOIIOHOBAHO B [40] 17151 OC/Ii/IZKEeHHST HECKIHYEHHUX CUCTEM TOYKOBUX
YACTHHOK, sIKi B3AEMO/IIIOTH 34 JIOIIOMOIOIO JIBOYACTUHKOBOIO (MIAPHOI0) MO~
CUJIEHO HAJICTIHiKOrO moTeH iaxy. CyTh TaKOl allpOKCUMAIIi] TTOJISITAE Y TOMY,
mo B inrerpanax (imrerpasm Jlebera-Ilyaccona mo yciM MOKJIMBUM KOH-
diryparisim 4acTHHOK), sIKi BXOJASTH B O3HAYEHHSI OCHOBHUX XapaKTEPHC-
THUK CUCTEMU, TAKUX SIK BEJIMKA CTATUCTUYHA CyMa Ta KOPEeJAIiiHi QyHK-
11ii, iIHTerpyBaHHs BUKOHYETHCS TIJIbKU 110 TAKUM KOHMIryparism, ki jijis
3a7aHOr0 po3buTTa mpocTopy RY Ha memepermmui rinepkyouku (Komipru)
o6’emom a? micTaTh He GiAbITe HiZK OXHY TOUKY (YACTUHKY) y KOXKHOMY
Kyouky pozourtsi. Kopessmniitai dyHKIIT Ta TUCK cuCcTeMu, BU3HAYECH] Ta-
KUM YMHOM, 36irafoThbest ToT09YK0BO (ipu a — () 110 BiAIOBIIHUX BEJWYNH, y
AKUX IHTErPyBaHHA BUKOHYETHCS 110 YCIM MOYKJIUBUM KOHMITypaIlisM, sIKII0
IMOTEHINA] B3aEMO/IIl € JJOCTATHHO CUHTYJIAPHUM B TOYIl MOYATKY KOOP/IH-
HaT. BiIbIT TOYHO, KOJIM OTEHITIA He € JJOKAJIbHO IHTerpOBHUIM B OyIb AKiil
obMezkeHiit o6acti mpocTopy RY, sika MicTHTH TOUKY MOYATKY KOODIMHAT.
Ileit paxT xo04 i € mepeadadyBanmii 3 TOYKK 30py PIZUIHUX MipKYBaHb, aJIe
€ JIOCUTH HECIO/IIBAHUN 3 MaTEMAaTUYHOI TOYKU 30Dy, OO MHOXKMHA TaKUX
KOH(DIirypariit Ma€ Mipy Hy/ab 1o BimHomenuto 10 mipu Ilyaccona @um mipu
T'i66ca myst HeCKiHYEeHHOI CUCTEMM.

Pazom 3 TuMm, Bu3HAUMEHI TAKMM YMHOM CHUCTEMU JIETKO AITPOKCHUMYBATH
CHCTEMAaMU J'PAMKOBUL 24316, BUBUEHHS SIKUX 3HAYHO CIPOILyeThbcst. Oco-
OJIMBO BaXK/IMBUM IIE€PEXiJl BiJl HEIIEPEPBHUX CHUCTEM 0 I'PATIACTUX Ta3iB
MO2KE BUSIBUTHUCH TIPU JIOCJIII?KEHHI KPUTUYIHOI TTOBEIIHKY HECKIHUYEHHUX He-
MepepBHUX CUCTEM B 00J1aCTi (pa30BUX MEPEXOIiB.
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B po6ori [40] 6ys10 mokazaHo, M0 /15t JOBITBHUX JIOJATHIX 3HAYECHDb TEM-
neparypu cucremu 1’ (abo obepreHol Temmeparypu 5 = 1/kT) Ta akTHBHO-
CTi 2 alPOKCUMOBAHUHN TUCK CHCTEMU p(_)(z, B; a) mpsiMye 70 CIIPaBKHBOTO
tucky p(z, ) npu a — 0. B pobori [49] neii pesysabrar 6yB y3arajbHeHWUi
JUIsi cucTeM 3 6araroyacTUHKOBOIO B3aeMmoiero. [lizuime, B pobori [39] Ta-
KWl caMuii pe3yabrarT OyB OTpUMAHWHN s ciM’T Kopessdiiinnx yHKITIH,
ajie TUIBKK B 00JIACTI JOCTATHBO MAJIMX 3HAYEHBb IapaMeTpa z, SHaYeHHS
SIKOTO 0OMEsKyBaJIUuCh pajiycoM 30i2kHOCTI po3kiaaiB Kipkeyaa-3aabilOyp-
ra Jiisd KOPeJadIiiunx (PyHKI CUCTEMU.

B po6ori [32] pesysnbrar poboru [39] Oysu ysarajgbHeHi Ha BUIAIOK J0-
BIJIBHUX JIOJIATHUX 3HAYEHBb MapaMerpiB [, z. BukopucroByoodm po3Kja
KOPEJdIiianX (PyHKINH 3a TaK 3BAHUMU ULAbHUMU KOHDITYpaIiaMu, aKuit
OyB 3anpornonoBanuii B poboti [36] mist morennianis diniTaol il i B pobo-
i [33] ;11 moTeHIiaNiB 3 HECKIHUEHHUM PaJiiyCcoM B3aeMOil, OyJI0 BCTAHOB-
JIEHO, MO CiM’F aIIPOKCHMOBAHUX KOPEJANIAHNX (PYHKITIH p&_)(z, B;a) nis
cucreMu B obMexenomy 06'emi A € R? e piBHOMIpHO 0OOMerKeHa KOHCTAH-
TOIO, SIKa, He 3aJIEXKUTD BiJI MapaMerpa alpokcuMaliil a i 06’emy A 1 moToIKO-
BO 36iraeThesa 10 Kopessniinux dynxmiit p(z, ) mpu A T R i a — 0 upu
JIOBUIBHUX JOJATHUX 3HAYEHHSAX OOEPHEHOI TeMIepaTypu 3 Ta aKTUBHOCTI
z. leit pe3ysnbTaT 0y/10 BCTAHOBJICHO (K I MAPHUX MOTEHINAIB TOCUIEHO
HAJICTIKOrO TUIly Tak i 7y 6ararovIacTUHKOBUX IMOCUJIEHO CYIEPCTIAKUX
B3aemoziit. Iliznime B pobori [2] Gyna posrisiHyTa anmpokcuMariisi BiJbHOI
eHepril HelmepepBHOTO ra3y i BCTAHOBJIEHWI AHAJJOTIYHHUI Pe3yabTaT s
Oy/ab-sIKuX 3HaUYeHb obepHeHOI TeMmieparypu [ > 0 Ta mmromMoro ob’emy
v > 0.

VY oMy PO3aisi MU JIEeTAJILHO OMUIIEMO OCHOBHI PE3y/IbTaTH BUIIE3Ta 1a-
HUX PODIT i BBEIEMO MOJIE/Ib HEIIEPEPBHOI CUCTEMU B3aEMOII0OUNX TOTKOBUX
YACTUHOK, sIKy MU B poboTi [37] Ha3BaIU KOMIPKOGUM 2a30M.

3.1. Tuck. [yxxe Baxk/mBa TepMOJMHAMIYHA XapaKTEPUCTUKA CTATUCTHU-
YHOI CHCTEMH II€ THCK. ¥ PaMKaX BEJIMKOI'O KAHOHIYHOIO aHCAMOIII0 THUCK
BU3HAYAETHCs popmysioo (2.26).

IcHyBaHHS 1€l IpaHUI] [T CUCTEMH, SIKY MU PO3IVIAIAEMO, € J00pe Bito-
muit pesysnbrar(aus. [12]). s BusHaueHHs BUIIE3a3HAMEHOIO HAOINKEHHS
BBEJIEMO HACTYIHY CTATHCTUIHY CYMY:

EE\_) = ng_)(a) - /ﬂdil) e_ﬁU(W))‘U(d’Y) =
* (3.1)

= [T x2@e PP (dy),
Ta AEALNA
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e xé (7v) BusHaueno dopmysoro (2.29). Biamosinuuit Bupa3 Jjisi TUCKY BU-
3HAYAETHCS TAKUM TMHOM:

Vo Ba) = Lm0 Ba) = L L lge=)
p (27/87 CL) Vlgnoop (Za Ba CL) . /6 Vlgnoo V logH . (32)

CdopMyIrroeMO OCHOBHUI PE3YIBTAT IBOTO IiIPO3IIITY.
Teopema 3.2. Hexatl nomenyian 63aemodii ¢(|z|) 3adosorvhse ymosam

(A) (dus. (2.13)-(2.15)). Todi das dosinvrozo € > 0 ichye a = a(z,e) > 0
marke, w0

p(z,8) =\ (2, B;0)| < &
ons ycix dodamnux z, 5.
Hosenennsi. Berasumo y npasy wacruny (2.20) poskian omuaui (2.30):
—_ ~X ~X_ —
Ea= Y / X T (XZ (e PTDIN (dy). (3.3)
pcx,ca’/Ta
Hesazxko momituT, 1o neprmuii wien B (3.3) (nmpu X = &) 36iracrbes 3

=)

A (a) (nus. (3.1)). BukopucroBytoun HeCKiHYEHHO NOAINBHY BJIACTHBICTH
mipu Jlebera-Ilyaccona (nus. (2.4)) maemo:

a=zwhi+ Y [ amann)] == @@, 6.9
o7 X cA” Xy

e

—BU(vxy)
— € + ~X_ _ /
pg(_)(fyx+;a): _(_)/F X)_( (/e /BU(,YXJFH)AO—(CZ")/)’
= p'e

Ulyxy [9) = W(yx,39) + UR).
Omxe, BUKOpUCTOBYIOUN BusHadeHHs (2.26) 1 (3.2), MoxkHa 3amucarn
pa(z8) = (= Bsa) + i (2 B a).
IcuyBanusa TepMoanHaAMIiIHOL TPAHUIL )T
pa(zB), Py (2 B:a), Py (2. B5a)

JUI TIOTEHIIANY, SKWi MM pO3riamaeMo € odesumaamm. OTzke, s JI0Be-
JEHHS TEOPEMU MU MAEMO OIIHUTU BEJIUUUHY p(ﬂ(z, B;a). Iepm 3a Bee,
BukopucroBytoun SSS npunymenss (1.10), MoxKHa 3amucaTy

e BUOxy) < H e BAhalP+Blyal (3.5)

AEZGQAX:‘,
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i BpaxoByioun (2.16) maemo

ef,é’W('nyr x_) < H eBeolal (3.6)

AEZEIAIX+

Bpaxosytoun (3.5) i (3.6), jierko orpuMaTi HaCTYIIHY HEPiBHICTD

/ P (v @) Ao (dv) <
Ix,

— :X,
< 11 / e PANSIEBNA oA (), (dya) —.
AEZaﬂX+ Ta

3 Bu3HAuUEHHSI Mipu )\, 1 BpaxoBytoun HepiBHiCTH (2.18) iHTerpas

Ao (dya) e~ BANAP+B (B+eo [val) <
T'a

< 4
< Z (a®2)" —Bb B0 < (o)
n=2

n!
3
b=bla):= inf ¢*(|z—yl) = —2
{2yt (Vda)®
1
e(a) = %Zzam e~B(1/4b=200) i qd o= (3/4-200) ) (3.7)

(+)

Hauni 3 osnadens Ny, Z," (nus. (2.30) i (3.4)) i BunienpuBe/IeHUX OIHOK,
Ma€eMo:

logEE\—H < log[l + Z e(a)NX+] =
@,@XJFQA

3.8
Np Ny! ( )

1%
=touL+ 3 gy @] = ol el
B pesynbrati

1
pi(2,6;a) < Bl

Taxum uunom 3asiaxy €(a) ~ a’? (nus. (3.7))

log[1 + €(a)].

; (+) cq) —
lim p™(z, 5;a) = 0. O
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3.3. BinbHa eHeprida. VY 1poMy po3/ili MU BCTAHOBJIIOEMO TOJIIOHUI pe-
3yJIbTAT JJid BiIbHOI eHepril cucremMu. Y KaHOHIYHOMY aHcambJii BOHA 3a-
naeTbest hopmynamu (2.22)-(2.23).

Ksazi-rpaTkoBa ampokcuMallisi BUBHAYAIOTHCH 338 TUMU 2K (DOPMYJIaMH,
aJie 3a JIOIIOMOT'OI0 CTATUCTUYHOI CyMU

(=) e~ BU(M)
20 (V. B.a) /(N) [T e O .

AcA, A

Toxi Bimmosimua dyHKIisa f/(\_)(N ,) Ta i1 TepMomuMHAMIUHA T'DAHUIS
) (v, B) zamoBonbHsIOTE Teopemu 3.4 Ta 3.5:

Teopema 3.4. Hexali nomenyian e3aemodii ¢(|z|) 3adosorvhse ymosam
(A) (dus. (2.13)-(2.15)). Todi icuye deaxe 0 < vy < 00, make, Wo O0AA
V > Vg ICHYE 2PAHUUA

FOwB) = im fONB) = lim logZ0(N.8),  (39)
ATRY ATRd

08 006iAbHO020 U > vy. Dynkuis f(_)(v,ﬁ) € MOHOMOHHO HECTLAOHOI0 Y6i-
2HYMO10 PYHKUIEI 3MIHHOT V.

Teopema 3.5. Hezat nomenuyian 63aemodii ¢(|z|) 3adosorvhse ymosam
(A), dus. (2.13)-(2.15). Todi das dogiavrozo € > 0 icnye a; = ay(v,e) > 0,
maxe, U0 HEPIBHICTND

’f(’U,,B) - f(a)(v7/6)| <e
sUKOHYEMbCA 0as ycix dodamnuz v, B i a € (0,a1(v,€)).

Zlosedermsa Teopemu 3.4 € TaKMM caMUM $IK 1 BiAIIOBiTHe TOBEIEHHS TAKOL
camol reopemu st yHKIGT f(v, 8) B pobori [6]. €1uHe 3ayBarkeHHs OIS
ra€ y ToMy, 10 HOOYI0Ba JOMOMIKHOIO po36uTTs Ha KyOu B [6] moBuHHO
OYTH Y3rOJ?KEHHM 3 PO36UTTAM A,.

IIIo6 dosecmu teopemy 3.5 BcTaBumo po3duttst oxuuuni (2.30) y BuU-
pa3 (2.21). Toxi

2o = ¥ [ O @) (), (310)
XCAg A FA

Buzinsoun nepimii 4ieH po3KJaLy, sikuil Binnosinae 3HavenHio X = &
moxkHa nepernucaru (3.10) y Burvrsii:

ZA(N,B) = ZS(N, 8) 27 (N, a, 8), (3.11)
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e
1
Z\(N,a,8) =1+ — X
ZA (N7 /8)
~X (\~Aaa\X —BU(v) (3.12)
XD [ AR (e g (dy).

gngZa,A A

3 osnauens (2.22)-(2.23), (3.9) Ta piBusauns (3.11) orpumMyeMo criBBiIHO-
IIIEHHSL:

AN, B) = £ (N, B) + £ (N, B), (3.13)
(N, B) = %bg Z\(N, a, ).

1106 orianTy gpyruit uien B (3.13) 3amumemo enepriio U(7y) B KOKHOMY

Jnonanky cymu (3.12):
U(y) =Ulyx) + Wrxsyax) + U(vax)s

i ckopucraemocs uepisnictio (1.10) ra Busnadenusam (2.16). Toxi

e PUOX) g=BW (rxi1anx) < H e PA@Nhalm+8C@hal .= By (3.14)

AEA, x
ne
C(a) = B(a) + ¢o(a). (3.15)

IToznaunmo inTerpas B (3.12) (micas oninkm (3.14)) wepes Ix i 3amumemo
pupas mist [y = IxN!/odY (0¢ Busnaterno B (2.21)) B macrymmii dopni

Iy = </de1 +/A\Xda:1> (/){da:NJr//\\deN)EXX (3.16)

X XX (1x) e~ BU(a\x) i’?a,A\X(,YA\X)‘
Koxna muoxkuna X € 06’enannam k KyoOiB
A, Ag, ke {l,...,Np}.
[Tpunaiimui 1Bi 3minHi 3 KoHDIrypamil v = {z1,...,ZN} € y KoKHOMY Kybi
Aj, j € {l,...,k}. Ilosmagaemo KimbKicTs 3MiHHEHX y KyGax Aq,..., Ay

OykBaMu
M=mi+ -+ my.

Bposymino, mo M € {2k,...,N} im; > 2, j € {1,...,k}. Cepen ycix
2N unenis, aki 3’aBamIOTHCA B TIpaBiit wactuni (3.16) He 3HUKAIOTDL JHTIE
Ti YieHW, B SKUX IHTerpallis BUKOHYETbCs 3a 3MIHHUME {ZT1,...,ZTp} 1O
obJracti

k

X, = ’Ul JAVE
i=
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a 3a 3aMigHUMEU {Zp741, ..., LN} O obIacTi
N
A \ Xe= U A,
i=k+1

BaB/gKy cuMerpil iHTerpaJLy BiJIHOCHO II€PeCTAHOBOK 3MIHHUX {X1, ..., TN}
KiIbKicTh 4iieHiB y Iy, gki BigmoBimaiors dikcoBanomy M, CTAaHOBUTH

NI
(N = MMV

TakuMm ke 9MHOM KOXKEH iHTerpaJi mo objacTi X MOXKHA TPEICTABUTH K
cyMy iHTerpajis mo kybam Aq, ..., Ag. Jami, Mz BpaxoByeMo, 110 3MiHHI
{z1,...,zpm} MoxyTh GyTu posmimeni B k Kybax, Tak 1o KokeH KyO A;

. . | .
Ma€ PIBHO 1M, 3MIHHUX Lmk, criocobamu. B pesysbraTi Maemo:

’ mal-

N N
ZI(J) (N,a,8) <1+ zA: Z Z q@M BC(a)M

k=1{A1,...,AR}CA, A M=2k

ko —BA@mr\ z(h (N = M, B)

AXp
<2 (1
.| —
mi,...,mE:m; >2 \ j=1 mj: Z1(\ )(N7B)
mi+-+mp=M

(3.17)

Huist oninky BigHOIIEHHsT craTucTudHUX cyMm B (3.17) ckopucraemocs: Ha-
CTYITHOIO JIEMOIO.

JIema 3.6. Hexatli nomenuian 63aemodii ¢(|x|) sadososvnae ymosam (A)
(dus. (2.13)-(2.15) ). Todi icnye woncmarnma K > 0 maxa wo

(=)
ZA\Xk(N - Ma 6)

Z (N, B)

< KM,

oas dosinvrnozo B > 0, v > 0 i docmamnvo seaukozo xkyba A.

HoBenennsa. 3adikcyemo gesike v > 0 i gmocuTh Besmkwit Kyd A Takmm
quHoM, 106 o(A)/N > . Brigao Jobpymuny ta Mirmocy [12], BBegemo
JOIOMIiKHUIT IOTEHITIaJI:
0, s |z < a,
dallz|) = (3.18)

o(lzl), mna |z >a

3 noBlIbHEM a < @ < 1o (muB. (2.14)). JoBenenns semu 3.6 BUIIIMBaE 3
OIIHKY BiJTHOIIIEHHsT KOHMIryparril

QU(N, A, B,a) = N1Z\)(N, 8, a)
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(B, Takox [12, mema 3'):
Q) (N +1,A,8,a)
QUI(N, A, B,a)
3 k = k(@,7). 106 mosectu (3.19) sammmemo Q) (N + 1,A, B, a) Taxum

YUHOM:

QU (N +1,A,B,a) =

—BU() —BW (a) A
/r<AN>6 Wd'v/Ad:ﬂe VI xe(ruda),

AEZ(L,A

> ko (A) (3.19)

ne vy =A{x1,...,xn}, dy =dx; - - dxy. Busnaanmo obsactsb
Aa(y)={z €A | lr—uj| >a 25 €7, yeT}}

i BuGepeMo A TOCTATHBO BEJTMKUM i G JOCTATHBO MAJIOO MO0 33, I0BOTHHSIIN
HEPIBHICTD:

a(A). (3.20)

N | =

o(Aa(7)) =
Toni, BpaxoByIouu, o I T € 1~\5(’y)

IT x2quh= T x2m,

AeZa,A AEZa,A

W (x;7) = Walz;9) = Y dalle — yl),
yey
OTPUMYEMO:

Iz(y) = / dre PV @) > /~ dzePWa(zi), (3.21)
A Ag(v))
Hepisuicts Temuepa B (3.21) 3 mipoio dz/o(Az(y)) nae mepismicTs:

_ =B I
Ir(y) > o(Bal)) e Gatn et

3 ymosu (2.13) i Busnauenus (3.18) maemo:

Waain)do < N [ |allaDlde i= Vel

Wﬁ(wa)dz' (322)

7\5(7)
BukopucroByoun 1o HepiBHicTh 1 BpaxoByoun, mo Nv < o(A) i (3.20)
orpumyemo (3.19) 3

k— %ef?ll%llh'
dxmo BpaxyBaTH, 110

Z/&(;(k(N_ Ma57a) < Z/(\_)(N_ M,B,(I)
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OTPHUMAEMO:
(=) _
Zax, (N —M.B.a) Z(N-1,8,0)
ZA (Naﬁaa) Z}\_)(Nuﬂ7a)
. Z./(X_)(N_Maﬁaa) SKM
Z\(N = M +1,8,q)
3 K =1/ku. O

doBenenust reopemu 3.5. BoHo BumInBae 3 TpuBiaJbHUX OITIHOK KOMOi-
HaTopHUX cyM y (3.17). Hexait mug npocroru p = 2 y upunymensi (1.10).
3 ymoBu my +- - - +my = M, MOXKHA OTPUMATH, O M3 + - - -—|—mz > M?/k.
Orxe, MaeMo:

Na
Z/(X-F) (N,B,a) <1+ Z Z (ean)ke—zlﬁ(A(a)—%C(a))kX

E=1{A1,....,Ak}CAGA

x 3 atM e ABA@=CEOM < (1 4 ¢(a))Va,

e(a) = 9pq2de—4B(A(a)~5C(a)).
3posymiso, 3 piBasub (2.17), (2.16), (3.15), mo
1

lim — log(1 =

lim — og(l+¢(a)) =0,
a Ie 3aBEpIIy€ JTOBEICHHSA TEOPEMHU. O
3.7. AmpokcuMmariisg Kopeadaiitnnx dyHKIii. 3riaHo BusHadeHHs po3-
pidorcerux KOchirypauiﬁ (2.4)-(2.5) cim’st amPOKCHUMOBAHUX KOPEJAIIIHIX
dyuxmiit p A ( ,B;a) mns cucremu B obMexxenomy 06'emi A € B.(RY) Bu-
3HAYAETHCH TAKHM YAHOM:

PE\i)(m z, B, a) =
1

= [ ) [ Emuaedn), B
= Z, 67 a L Aeza,A

( ) /
Eg\_)(z,ﬁ,a) = / e AUt H X2 (V) Ao (d), (3.24)
Ta A€R, A
e
1, AHHV3|7A|:O\/17
X2(7) = {0

B IHIMUX BUTAIKAX,
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a A, A BU3HAUEHO TIepe]| dhopmyiton (2.4).

B posaimi 2.10.1 (reopema 2.11) Gysa BcraHoBiaeHa piBHOMIpHA 3a A
obMexKeHicTh Kopessiitanx GyHKIit pa(z, ) (HepisuicTs (2.41)). AHaso-
rivHa HEPIBHICTH ClpaBeIMBa 1 Jjist PYHKILIH pg\_)(n; z, 8,a). Chopmyito-
€MO 1eil pe3yJIbTar.

Jlema 3.8. Hexati nomenuiasu ¢ 3adosoavrse ymosu (A). Todi dasn do-
ginvHo20 1) € '\ ichye deara dodamma xoncmanma £_, AKG He 3GAEHCUMD
610 A 1 a, maxi, wo

o5 (52,8, 0) < €AV ), (3.25)

HoBenenns. Tak camo, K i npu goesenni Teopemu 2.11, morpibHO BUKO-
pUCTATH PO3KJAJ KOPEJSIiHHuX (DYHKIH 32 MIJIbHIMA KOHDIrypalisMu,
Timpku posbuTTa (2.30) Tpeba mobymysati 3 A € A,,, Ie a, Take, IO
ax/a € N, To6T0 B KOXKHOMY KyOUKY po3buTTs A,, BKIJIAN0CH I/ 9HCII0
Ky6uKiB posburTss A,. He obMexkyloun 3araabHicTh, BHGEpeMO a, = 2a.
Tomi y koxxkHOMY rinepKy6i A e A,,, MO HATEXKATHL MHOKHHAM X, B PO3-
kiaami Moxe Oyrm Bim 2-x o 27 rimepky6is A € A,. Kpim Toro tpeba
BpaxyBaTU HEPIBHICTH

XF ) I x2m < I x2m,

AeA! AeA!

saKa 3abecredye mosBi y poskia tumy (2.47) s pf\f)(n; z, B, a) BimHOIIE-
=(=) =(-) 0
HHSI CTATUCTUIHUX CyM =\ x(mee) J2)

Hepisrocri (2.41) i (3.25) 3abe3medyoTh iCHyBaHHS TEPMOJUHAMITHUX

rpauipb 1A GyHKIii pa(n; 2, 6, a) i p(f)(n; z, B, a).
Posrisiremo nocstiosicTs (A;) obMerxkeHnx BUMIpHIX 00J1aCTell TPOCTO-
py R%:
AMCAyC...CAyC..., LZJAZ:IRd,

ne mociinosuicTs (A;) mpamye g0 R? B cenci ®@imepa (mus. [52, It 2,
m. 2.1]).

Hobpe Bimomo, mo gy 1oBiabHOI KoHGIryparii 1 € I'g i moBiabHOI MO-
ciigosrocti (2.30) Takoi, mo n C Aj icHye miamoc/igoBHICTD (A;g) IOCJTi-
noBHocTi (A;) Taka, mo

lim p,s (112, 8) = p(n; 2, B) < o0 (3.26)

k—o00

JUTsl JIOBITIBHUX JI0JaTHUX 2, 3 piBHOMipHO Ha B(I')). Lleit pesysibrar € Ha-
cJIiIKOM piBHOMIpHOI oOMerkeHocTi cim’T Kopenariiiunx dyukii. Tomi, Tak
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caMo sIK 1 y HOIEPeHbOMY BUIIQJIKY, icHye tianocainosaicts (Al)) nmocui-
noBHOCTI (A;) Taka, 1Mo iCHY€e rpaHuIls:

P52, 8,0) = Tim_ pl,)(n: 2, B,a) < oc. (3.27)

BayBaykennsi 3.9. Ipanmuni byuxuii p(n; z, 8) i p)(n; 2, 8,a) B (3.26)
ta (3.27) MoxkyTh OyTH pisHi maa pisHux migmocmimnosrocreit Ay i A7, To-
My, IJIS TOro, 100 (OyHKIIidA p(_)(n;z,ﬁ,a) OyJia alIpOKCHMAIEID (DyHK-
uii p(n; z, 8) Tpeba BuGpaTH mignOCHiNOBHICTE A) B IDaHUYHOMY HEPEXO-
Ii (3.27) gk minmocsigoBHicTh HocsigoBHOCTI A

Temep Mu MoxkeMO cHOPMYJIIOBATA OCHOBHUI PE3yJIBTAT HACTYITHOIO Te-
OpPEMOIO.

Teopema 3.10. Hexatli nomenyiaau ¢ 3adosorvhsroms ymosu (A). Todi
oas dosinvHozo € > 0, dosinvHur dodammuux z © B i A08inbHOT KoHPI2Ypayii
n € Iy icnye a = a(z, B,¢) > 0 maxe, wo:

(2, 8) = p (52, 8,0)] <e, (3.28)

de p(n; z,B) i p(*)(n; z,8,a) € eparunnumMu 3HAUEHHAMY HYHKUIT

pag (2 B) il (2, 8,0)

610n06idHo 3 micto camoro nidnocaidosnicms nocaidosnocmi (A;) (dus. 3a-
yeaorcernns 3.9)

HoBenennsi. JloBenenHs IPyHTYeTbCA Ha icHyBaHHI rpanunp (3.26), (3.27)
i HacTymHIN JTeMi.

JIema 3.11. Hezal nomenyiaru ¢ 3adososvharomo ymosu (A). Todi das
dosinvroi nocaidosnocmi A; euzaady (2.30)

lim pi) (7; 2, 8, 0) = pa, (m: 2, B).

a—0
3810KU catdye, wo dan 008inbHo20 € > 0 icnye a < a, MaKe, Wo MGE MICUE
HACTYNHG HEPIBHICTD!

\p(Aj)(n; z,B,a) = pa, (152, B) < (3.29)

W | ™

Buacninox icmyBanns rpamuus (3.26) i (3.27) mus gosimbaoro € > 0
dK € N Take, mo gas k > K cupaBeajinBa HEPIBHICTH:

\pay, (132, 8) — p(n; 2, B)| < % (3.30)

i icaye Ko € N, Ttake, mo mgia k > Ko cupaBeyimBa HEPiBHICTD:

— _ £
Phy) (2. 8.0) = p (2,8, a)| < 3. (3.31)
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Toni TBepKkenHs Teopemu 3.2 cuinye 3 (3.29) npu A; = A i nepisro-
creit (3.30), (3.31):
lp(n; 2,8) = p' ) (m; 2, B,0)| =
= |p(n; 2, 8) — pag, (3 2, B)+
+ pag, (032, 8) = o) (03 2, B,0)+

+ iy, (152, 8,0) — p ) (02, B,a)| < —¢ O

Wl ™
W ™
w| ™

Hacainok 3.12. Hepisnicmo (3.28) sabesnewye ichy6anna panui:
lim p(7) (n; 2, B,a) = p(n; 2, B).
a—0
oas dosinoruxr dodamuux z,3 >0 in € [y.
Y BUIaAKy IBOYACTHHKOBUX ITOTEHIHAJIIB B 00JIACTI [OCTATHHO MAJIUX

3HAYEHb AKTUBHOCTI Z iCHYBaHHS €IMHOI ITIOTOYKOBOI IPAHUIIl OYJI0 TOBEIEHO
B pobori [39].

3.12.1. Josenenns nemu 3.11. Ilincrasumo posburrs (2.30) (ase 3 Ky-
OuKaMu, 110 MAOTh JOBXKUHY pebep a 3aMicTb ay 1 3 aprymeHToMm n Uy y
koxmiit pynkuil X2 ) B (2.28). OTpuMyeMO PO3KJIAL;

zln\

pa(n; 2, 8) = Z/F V)

XCA (3.32)
X X1 (nu9) U y) Aw(dy).

Bupginumo nepmmit yinen posksany npu X = & i, BpaXOBYIOUHM O3HAYEH-
a1 (3.23)-(3.24), HepeHHmeMo (3.32) y macrynHOMY BHIUISI:

. 'z 8,0) ( _
PA(777275) - —:A(Z,B) ,0 (77»2 57 ) (7772,5’(1)>
e
7]
RA(T/52767G) = '_‘27 e_ﬁU(nU’Y) SCVX(U U 7) X
Ea(z,B) Q;AXQA/FA - (3.33)
X XN (MUA) Ao (dy).

Hosenenns jgemu 3.11 rpyHTYETHCA Ha JBOX TEXHIUHUX JIEMAaX.

JIema 3.13. Hexaii nomenyiaru ¢ 3adososvnsaroms ymosu (A). Todi das
dosinvrozo dixcosarozo A € B.(RY) i dosiavroi xongdieypauii n € To mae
MICUE 2PAHUUA:

lim R (n; z, 8,a) = 0.

a—0
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Hosenenns. lusuch neranbHe fgoBenenss B (32, gema 5.1]. O

Jlema 3.14. Hexatl nomenyiaru ¢ 3adosorvharomo ymosu (A). Todi das
dosinvrozo dircosaroeo A € B.(R?) suxonyemvcs epanuus:

lim A8y (3.34)
a—0=(~ )(Z B,q)
HoBenenns. 3 pisusnus (3.4) i mepisuocri (3.8) cigye, mo
< AED (1 @) = (14 el
‘:‘A (Za 67 CL)
BpaxoByioun (3.7) orpumaemo (3.34). O

4. MOJEJIb KOMIPKOBOI'O I'A3Y

Teopemu 3.2, 3.5, 3.10 mpuBOAATEL A0 BUCHOBKY, IO JJid cuctemu 3 SSS
B3aeMoieo (nuB. BusHauenHs (1.10)) BrumB miyibHEX KOHDIrypalliii € He-
3HAYHOIO, HE3BAXKAIOYUN HA TOH (haxT, IO 1€ € MHOXKWHA ITOBHOI MipH IPHU-
Hafimui 11 mipu Ilyaccona 7., (nuB. TBepmxenus 4.3). Buacuigok doro
3’apuiiacd inesd onucy (pi3MIHUX BJIACTUBOCTEH CUCTEMU, AKY MU PO3TJIs-
JAE€MO, BUKOPUCTOBYIOUN MOJIENIb, KOHMITypaIiiiHuii TpoCcTip KOl € (dib),
Taky MOIeJIb MU HA3UBAEMO MOOJCAMO KOMIPKOBO20 2a3Y.

4.1. BusHauyeHHd MOeJIi.

Osuauenns 4.2. Jlia darozo posnodiay A, npocmopy R eusnavwumo cuc-
memy Komipkosoezo 2a3y (KI') ax cucmemy mowkosuxr “acmunok, npocmsip
Konpi2ypauit AXUT €

f(“):fza ::{fyel“ | [val =0V 1 dnﬂecierza}.

Teepmxkenns 4.3. [Ipocmip [@ ue niomuoorcuna 6 I' mipu nyav 6i0-
nocko mipu Iyaccona

T (T@) = 0.
JoBenmeHHs. 3anuieMo iH;LI/IKaTop MuoskuHE ['(@):

T (v H X2 (4.1)

A€,

Tomi, BpaxoByOUYM BJIACTUBICTL HECKiHYEHHO momiabHOCTI Mipu Ilyaccoma
Tao (muB. (2.12)) orpumaemo

oo (D) = / II 2mee(dy) = ] / dy).

A€A, AEA,
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Tenep, Gepyun no ysaru (2.11), BusHauenust Mipu Ay, (2.10) i BusHAUEH-
g (4.1) dynkuit Xé MH MOYKEMO IIPOIOBKUATH 1€ OOUNCIEHHS:

o (D) H e B (14 20(A)) =0
A€A,

Heckinvennuit 100yTOK JOPIBHIOE HYJIIO, OCKIJILKU
e ™) (14 z0(A)) < 1
i npuiiMae oIHAKOBe 3HAYEHHS I BCix A € Za. O

4.4. BumipHa cTpyKTypa IPOCTOPY [ . g onmcy BUMipHUX MHO-
2KUH KOHQIrypaIriiftHoro mpocTopy (@) MIEPEBU3HAYNMO TIPOCTIP @ gx
[IPOCTIP MAPKOBAHUX KOHPI2YPaLit:

D@ = {5 = {(An,z1), o, (Any @), ) |2 € Ay A € A}

Orxe, '@ yosxna PEJICTABUTH 9K JUCKPETHUI HAbIp oOMeKeHuX Here-
PEPBHUX «CIHiHIB» (muB., Hampukiaz, [21], [20].)
T(a)

fIk i B HemepepBHOMY BHIIQJIKY, IO3Had9aeMO depes 'y MHOXKHUHY CKiH-
gennx koudirypariit mpocropy '@ skuii e

= | | T,

neNp

@)

e [(@n) e mpoctip ckimuenux mociigosrocreir ¥ € I
{Ay,..., Ay} C A, B

Tak camo sk i B (2.30) i (2.34) nosnaunmo 4epe3 X, MHOXKHHY KybiB
Aj € A, iaepes X, C R? 06’emnanms Takux ky6is. Hexaii, Takox, Xa,;
bopestiBCcbKa MHOYKUHA,

B(A;) :=BRY) [ A;, Aj €A,

3 n Kybammu

. . ~la: . ~(a
Toni MuINHIAPUIHY MHOXKHUHY B rlan) j g I‘é ) MO>KHA, BUBHAYNUTHU 32 JIOIIO-
MOI'OI0 JIesIKOl (pikcoBaHOT MHOXKUHK A 1 TOCIIIOBHOCTI MHOXKUH

%Aj S B(Aj), j=1N

HacrynHuM guHoM (n < N):

X B X = @1 m). o (B} €T | aje X, f (42)

N
Y= U U LXPENEy) e BTy,

NeN XNCZO, §N n=0
e Xy = {wa'-'vaN}'
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4.5. Mipu Ha npocTtopi koudirypaiiii komipkoBoro razy. [11o6 mo-
T(a)

Oynysaru anajor mipu Jlebeza-Ilyaccona na I'y”’, BU3SHAIUMO Mipy 5 ua
MHOKUHAX (4.2):

1, g n = 0,
dMXP AN EN) = 2 o(Xa,)---0(Xa,), aml<n<N,

AnCAx

0, st > N.

Toni nerko mopaxysaru, mo st 1 <n < N
n 1 .
(X Ry, X)) = / day / drn [ (s 2a)), (43)
n Jx X

N
ne Xy = ‘Ul X, 1dx; = o(dz;). Toni,
1=

S
n=0

€ miporo Jlebera-Ilyaccona Ha f(()a) i f%i

Osnavyennsd 4.6. Mipa Af,“) HABUBAEMBCA A-HECKIHYEHHO T00IABHOINO,
AKwo pisnicms (2.12) 6 aemi 2.4 UKOHYEMBCA NPU YMOGT, UL MHOHCUHU
X1 i Xo € 06’cdnannamu xybie A € A,.

T(a)

Jlema 4.7. Mipa )\((,a) e A-neckinuernno nodiavroro na Iy

. ~(a) .
i Ha FKN 1

AD(TD) = (1 +ah)N

Josenennsi. 3 (4.3) criinye, mo g gosinmsroro F € LY (T, Ay)

Lo Foxe@n = [ Fo) L onldn. @
r
0 A€,
Ax wacminok, HecKiHYeHHA TOALIBHICTD Mipu )\,(,a) CJIiye 3 HECKIHYEHHO
HOJIIBHOCTI Mipu Ay. ¥ Bunajxy, kosm yci Xa, = A;, T06TO

XN = An, N = o(Ay)/a?,
MAa€eMO:

(o) (B /F (M hldy) =

AN AeA,
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= X2MNA(dy) = (1+a®)N. O
AE\IN /FA

@),

Temep MoxkeMO PO3IAHYTH CiM’I0 MMOBipHicHHX Mip Ha >
A
N

7o) = (14 ah) MA@ N eN. (4.5)

BayBa)Ki/IMO, IO 1151 CIM’A € Y3TOJZKEHOT0, TO0TO 1yist Oyab-sikux N i N +k,
keN (AN C AN+I<:)

60 Jutst TOBLTBHOT MUTiHAPUIHOT yHKIiT F'(4 N KN)

Lo FEORMREN @) = [ PG @),
XN

ANtk
Tomi 3HOBY 3a Teopemoro KommMoroposa icHye eanna iMOBipHicHA Mipa, sKa,
B AKOMYCH CeHCci, € ampokcumairieio Mipu Ilyaccona na I'. iiicHo, maBaiiTe
obumcImMOo TiepeTBopeHHs Jlamtaca

L (f) = / TN leN)(d7).
To f@)
AN
Bpaxosytoun (4.5) i silemy (2.12) orpumaemMo piBHICTb:

N,I (1 + fAj ef(“’)cm)

I
lﬂ'c(ra;N)(f) = (1 +ad)N =

H( 1+a/(f(x)_1)dx>_

1
1 af
= exp aleog <1+1+ad/ (f(“’)—l)dsc>

7j=1

k1o Tenep moupaAMyBaTH a 10 HyJid, a N — 10 6€3MeKHOCTI TAKUM INHOM,
o6 Na? = o(A) = const, To oTpuMaemo, 110

_ flx) _
]\}l_l}loolm(ra ~ (f) = exp [/A (e 1) dm] ,

a—0
T06TO € eperBopenusim Jlamraca mipu Ilyaccona.
Busnauenust mipu I'i66ca u(“) ra L@ e rakmm caM¥M, K BU3HATEHHS
p Ha I') TobTO MmiinbHicTs yMOBHOT Mipu ['ibca ,u%a )
caMo, aJjie BiJTHOCHO Mipu /\i‘i). Tammvu croBamu, nmoxigai Pagona-Hikomuma

B . (a) _. A . )\(a) . . 6 I
L MIpHU (WA Ta /LK BIZTHOCHO Azs 1 Azgy BLAIIOBIIHO OYAYTH OJHAKOBUMMH.

(- | ) Bu3HAUAETHCH TaK
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HapeITi, BHACTITOK dhopmyn (4.4) BesiiKa CTATUCTUIHA CyMa 1 KOpeJIsiiiiii-
Hi QyHKIT OyayTh Bu3HAYATHCH TUMEU camuMu dopmyrtamu (3.24) i (3.23).

4.8. I'paTkoBa ampoKCcHUMAIlisi CUCTEMU KOMipKOBOro rasy. Teope-
Mu 3.2 Ta 3.10 cTBepIKYyIOTh, IO MOJIEJIb KOMIPDKOBOTI'O Ta3dy Iie KBa3iHe-
[IEPEPBHA CUCTEMA, KA 3 OY/Ib-SIKOI0 3a3IaJIeriIb 3a/IaHOI0 TOYHICTIO € Ha-
OJIMKEHHSM 3BUYAIHOI HEIIEPEPBHOI CUCTEMU 3 ITOCUJIEHO HAJICTIHKOIO B3ae-
MOJIi€I0. ¥ IIBOMY PO3IiJIi MU ITOKAXKEMO, 1[0 MOXKHA BUSHAYUTH BiJITOBITHY
CHCTEeMy T'PATKOBOTO Ta3y Ha aZ% TakumM amrOM, 110 X Kopessmiitai dbyHKmii
npu ¢ — 0 30iraloTbCd B TPAHUIL.
BBenemo kyckoBo-mocTiiiny (byHKINIO ITOTEHIaIy B3a€MOIil:

A(|lzh — ya]) == danr, mmax e Ay e A,

¢ox (Jz —yl) = -
& ) +oo, i v,y € A € Ay, ANA' = &,

(4.6)

Jie £ — MO3HaYae KOOPJWHATY IIEHTPa rimepkybmuka A.

Jlema 4.9. Jlas 6yodv-axo2o cmitiko2o nomenyiaiy 63a4emodit ¢ 3 nocmit-

noto B (due (1.4)) nomenyian 63aemodii’ ¢x marosic cmabinvrud 3 micro
a

atc Koncmanmoro B.

HoBenenus. lus. [37]. O

Teepmxenns 4.10. Jaa dosinvrozo x,y € R i Ay makuzx, wo x € A,
ye AN iANA =2

li —y|) = —qy)).
lim 65, (12— y1) = o(1z — y])
Zosederns € TpuBianbauM. OYEBUIHUM € TAKOXK HACTYITHE

Teepmxkenns 4.11. Cucmema wacmunox KI', axi eésacmoditoms 3a no-
menuyiarom (4.6) nepemsoproemvcs Ha Modeas J'PpamKoso2o 2a3y.

HoBenenns. Ileperumemo Beuky cratuctudany cymy mozmesi KI' ajist erep-
ril B3aeMoJIil

Us, M) = > ox,(Jzi— )

1<i<j<k
koHirypamii ¥ = {x1,...,T;} B TAKOMY BUIJIsII:
=LG —BUx (7 ~
=B, 0) = [ EOAD (@), (47)
x

(a)

Axmo Np 1e KiabKicThb rinepKyoukis B A, Toni 3 BU3HAYEHHS A3y , MAEMO:
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Na

E%G(ﬂvz,a) = sz Z /A1 dy - "/A drye V5. =
k

k=0 {A1,..,A;}CAN

k
=B 3 nidaa.n;
= zn1+ +nNA/ dxl/ deAe i,j=1 ,
A A, (

N1y Ny 1(711) na)
n;€{0,1}

7e ¢a,A,; Bu3HaUeHO B (4.6),

(%} g n; =0
Aj, anan; =1,

/ dr; = a™i?, j=1,Ny. (4.8)
A

3 (n5)
OckiJIbKU TOTEHIaI B3a€MO/II1 € KYCKOBO TOCTIHHOIO (DYHKIIIEI0, TO BCi 1H-
Terpaum MOXKyTh 6yTH po3paxoBaHi 3a dopmyroro (4.8). A came, Mmu orpu-
MYEMO:
=B > nigaan;
_ ni+-+ny L i A
:%G(ﬁ, 2, a) _ § : Za Ao 1Zi<i<k ,
n1,..nN, 1 €{0,1}
e 24 := za® abo B Tepminax By3xiB j € aZ¢ gaa A € aZ®
':%G(/Baz7a) = z : Hza]e BZ{“J}CAanA’AJnJ =
n;e{0,1},jeA jer
_ 2 : e—ﬁz{m}cg nipa;A ;T Ha Zjegnj’
n;€{0,1},jeA
ze fig = log zq — xiMiuHUI MOTEHIiAJ.
CimeiicTBO KOpEJAiRHUX (PYHKINH MOXKHA 3AIMMCATH, IIiJICTABIAIOYHA Y
pisaanns (3.23) i (3.24) norennian Bzaemoslil ¢x  3aMicTh NOTEHIINHOTO ¢
LG (. —
pK (77,,8,2,&) - =LG
A

ELC (B, 2,a) /m) e MR IND (d),
b ) K

fdKe TAKOXK MOKe OyTH BUparkeHe depe3 3MiHHI IPATKOBOIO Ta3y:

il

LG/~
pRE (71 B, z,a) =
_ Z‘nl Z 6_6Z{i,j}cl~\ ni(ﬁAiAjnJ‘-Hﬁa Z]’EX\ﬁnJ’ (49)

=LG
== zZ,a ~
x Bz )nJ'E{O,l}JeA\ﬁ
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ae = {i1,..., iz} CAiny =---=mn;; =18 cymi ekcrionenTn npasoi

n

yacTuHy piBHsAHHS (4.9). O

Temep mMu mokazkemo, mo st A € B.(A,) cucrema rpaTkoBoro rasy i
KOMipKOBaro ra3y 36iraiorbca B rpanuit a — 0.

Jlema 4.12. Jlas dosiavnozo A € B.(A,), dosiavruz dodamnuz snarens

B, z i dosinvroi Kondieypauii 1 € fi\f )

lim |EEC (8, 2,a) — 2(8,2)| = 0, (4.10)
a—0
lim |p5€(7; 8, 2, a) — p§(7: B, 2)| = 0, (4.11)

Hoseneunnsi. oenemo, nanpukia, pisusaus (4.10). BukopucroByouu
upezcrasienss (3.24), (4.7) ta (4.4), 3anumemo:

=0(B.20) =0, = [ (5 - e*f*m))&?(d%) -
A

_ ~BUx, () _ —BU()
[ (7m0 ) T i

A€A,

Tenep noBesleHHsI BUILIMBA€E i3 BJACTHBOCTI cTifikocTi B3aemouiit Ux Ta
a

U, uepiBuocTi Xé < 1, tBepmxkenna4.10 Ta TeopeMu TPO MarKOPAHTHOI
36izkuocTi. JoBenenns (4.11) Take came. O

OdeBngHO, MO CIMEACTBO KOpeadAmiitHux yHKITii p (77 B, z,a) 3am0-
BOJIbHsIE€ HepiBHOCTI (3.25) 1 icHytorh rpannyuni dyHKuil B cenci (3.27). Ha-
JIi, BUKOPHUCTOBYIOUYH Ti K caMmi apryMeHTH, [0 1 B MONEPEIHbOMY PO3iJi
MozkHa, copMymoBaTu aasor Teopemu 3.10 ma byukuil pLC(7; 8, 2, a).

4.13. BucuoBok. TakuMm YMHOM, BHKOPHUCTOBYyIOUHM Teopemu 3.2 Ta 3.10
JUIsl CHCTeM, B SIKUX B3a€MOJlisl, IO 3aJ(0BOJbHsE npuiyiieHasM (A), ce-
peni 3HavMeHHA (DIZUIHUX CIIOCTEPEKYBAHUX BEJIMIUH TA TEPMOIUHAMITHI
dyHKIT HETEPEPBHUX KJIACHIHUX CUCTEM 3 OyIIb-sIKOIO IMTOIEPEIHBO 3312~
HOIO TOYHICTIO MOXKHA HAOJIM3UTH BiIIOBITHUMN 3HAUEHHSIMU MOJIET KO-
mipkoBoro razy. Hacrymaum Kpokom Oysia arpoKcuMaliisd B3a€MOIil TOTeH-
njasom (4.6), fika TepeTBOPIOE HeNepepBHY CHCTeMy B TpaTKoBy Ha aZd.
OcHOBHa MeTa MOJAJIBIINX JOC/IIKEHD TOJISITA€ Y BCTAHOBJIEHH] pe3y/IbTa-
TiB, AKi Gy/m orpumani B poborax [13,47] mia cucrem na rparmi aZd.
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36ipuuk npaips u-ry maremarnkun HAH Vkpaiau (2020) T. 17, Ne 2, 384-406

XapaKTepPUCTUKHU JIHINHOI Ta HeJIiHiNHOI
arpokKcmMallil KJjaciB nmepioamdaHmux
dbyHKIin OararboX 3MIHHUX

A. C. Pomaniok

AHoTatis. Y poboTi HaBEJICHO OIVIAJ BaKJIMBUX PE3YyJIbTATIB, OIEPIKAHIX
3a 6araTOpivHMT TIepiof MOCTIIKEHHS XapaKTePUCTUK JIHINHOT Ta HeriHii-
HOl ampokcumanil kjiacie Cobosnesa ta Hikonbcbkoro-BecoBa nepiogumanux
byHKIiit 6araTbox 3MiHHUX.

1. BcTyvnn

B crarTi BUCBiT/IEH] BaXK/IUBI PE3yJILTATH, OTPUMAHI aBTOPOM YIIPOJIOBK
06araTopivHOrO NEPIOLY JTOCTIIZKEHD AIPOKCUMATUBHUAX XaPAKTEPUCTUK KJla-
ciB mepioguuHux GYHKINI 6araTboxX 3MIHHUX, [0 BUZHAYAIOTHCS 38 MEBHUX
oOMerKeHb Ha, JIOMiHyIO1y Mimany riaajxicts (kiaacu Hikonbebkoro-Becosa

;79). OkpiM TOTO, TyT TAKOXK 3POOJIEHO OIJIsiJl JESIKUX PE3y/IbTaTIiB, siKi
CTOCYIOTBCSI JIOCJIIJIZKEHDb KJIACIB MepioauIHuX (DYHKINN 6ararbox 3MiHHUX,
10 MAIOTh 0OMezKeHy Mimmany noxiaHy (kiaacu CoboseBa Wzr,’a), abo Mirmany
pisaumo (kracu Hikorbebkoro Hy).

Kinacu dyukmiit, mpo siki iijierbes, € anagoramu GyHKIIOHAJIBHUX KJIaCiB
3 Bimomux mpocropis C. JI. Cobosesa (nmpocropu W), C. M. Hikosbcbkoro
(mpocropu H) i O. B. Becosa (mpocropu B).

IIpocropu mudepentiitosuux byukiiii bararsox 3minanx W craum o0’ ek-
TOM TPYHTOBHHUX MAaTeMaTUYHUX MOCIIMKeHb Ha MovYaTKy 30-X pOKiB MU-
mysioro cromitts, Koiu C. JI. CobosieBuM — Ipu pO3B’si3aHHI ITEBHUX 33184
MaTeMaTUuIHOI (Pi3UKY — Oy/IM 3aK/IaJeHI OCHOBHU TEOPIl X MPOCTOPIB, 30K-
i Teopil pyHKIIIi.

Hacrynnunit ocHOBOIIOIOXKHMI BHECOK Y TeOPiio (DYHKITIOHATBHUAX IIPOC-
TopiB OyB 3pobstennii y 50-1i poku C. M. HikosbCbKUM, sIKHIT 32ITPOIIOHYBaB
HOBYy Kuiacudikaiio GpyHKI# 6ararbox 3MIHHUX, KJIIOYOBUM Yy AKiil € yMO-
Ba HastexkHOCTI dyHKIIT (uu 11 noxigHux) 10 Bimomux mpocropis Lesbaepa-

VIIK 517.5

384
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Surmynya. Pesysbrarom Takoi kiracudikalii ctajin mpocTopH, IO 3r0/I0M
oTpuUMaJIu Ha3By H-TpOCTOPiB.

B kinni 50-x pokis O. B. Becos yBiB 710 po3risay npocropu B, B 03HaUEH-
HsT IKUX 3aJIy9eHUil TOIATKOBUiT (70 mapaMeTpiB B 03Ha4eHH] mpocTopis H)
yucsosuil mapamerp 0, 1 < 6 < 00, 3a JAOIOMOIOIO KOO BIAAETHCA OLIbIIT
TOHKO BPaxXOBYBaTH AU(PEPEHINATHHO-PI3HUIEB] BJIACTUBOCTI (PYHKITIH.

3 TouKHM 30py Teopil ampokcuMallil iHTepec J10 3raJaHuX (yHKIIOHAIb-
HUX [IPOCTOPIB (&, TouHilIe, KJIACIB B HUX) 1109aB 3pocTaT e 3 60-X pokiB
MUHYJIOr0 cToiTTda. OyHIaMEHT CUCTEMHUX JTOC/TIIKEHD 3aKIaIeHuil pobo-
toto K. I. Babenka (1960), B sikiit 6yB 3a1rpornoHOBaHMIA i 1Xi/] 1O ONTHUMAIb-
woro HabjmKenus kiaciB dyukiiit 3 npocropis W. K. 1. Babenkom 6yito
[OKA3aHO, 110 CKIHYeHHO-BUMIDHUMHE arperataMu Haikpamoro (y meBHOMY
ceHCl) HabJIMKEHHSI KJIACiB W5, v npocropi Ly € TpUrOHOMETpUHHI 1O/
HOMH 3 «HOMepaMH» TapMOHIK 3 TaK 3BAHOTO «TillepOOJIIYHOrO XpecTas.
Takwuit bakT HAMAB MOTYKHOTO IMITYJIBCY JIOCJIPKEHHAM allPOKCUMAaTHB-
HUX BJIACTHBOCTEH KiaciB nepiogumannx yHKOifl 6ararbox sminamx Wp
1 H, y poborax GaraTbox BioMux cremjauicTis B obsacti Teopil dyHKmiii:
B. C. Mitsarina, C. O. Teaskoscbkoro, 4. C. Byrposa, H. C. Hikosnbcbkof,
B. €. Maiioposa, E. M. TI'aneena, iup 3ynra, E. C. Benincekoro. Busna-
JaJIbHUN BHECOK B JOC/Ii?KEHHS AITPOKCUMATUBHUX XaPAKTEPUCTUK 3rajla-
HUX (QYHKITIOHAJBHUX KJaciB OyB 3pobsenuit B. M. TemisakoBuM.

Orxe, miICyMOBYIOUHN CKa3aHe, 3BEPHEMO yBary Ha JIBi 00CTaBUHU, sIKi HA
MOYATKOBOMY €Talli MOTUBYBAJIU JIOCTI/I2KEHHS AIPOKCUMATUBHUX XapaK-
TEPUCTUK KJIACIB IB%;’@. ITo-mieprrte, y pe3ysibTaTi JOCTIIZKEHD, OB’ A3aHUX 3
3a/IauaMy allpOKCUMAIlil KJIaciB W;;’a i H]r) OyJ10 3’COBAHO, IO Y BUIIA/I-
Ky dyHKIIi#t 6araThox 3MIiHHUX TPUTOHOMETPUYHI IMOJTIHOME 3 «HOMEPAMUY»
TapMOHIK 3 TinepOOoIiTHUX XPECTiB HAJIIEHI TAKUMU K AIPOKCAMATUBHU-
MU MOXKJTUBOCTSIMHU, fK 1 3BUYANHI TPUTOHOMETPHUYHI MOJIIHOMU Y BUIAIKY
HabJIKeHHs PYHKITH ofiHiel 3MiHHOT.

[To-mpyre, i 11e, MabyTb, € TOJOBHUM, OYJIO BUSBJIEHO, IO B OAraTOBU-
MIPDHOMY BUIIQJIKY KJIACU W;,a 1 ]HI}”7 BIJIPIBHAIOTHCA 3 TOYKH 30pY MOPSJIKO-
BHUX OIIIHOK IX AIIPOKCHMAII] 38 JIOIIOMOI'OI0 IIEBHUX arperaTiB HabJIMKeH-
Hsi. Bisibimie Toro, 3’scoBaHo, M0 y JEeIKUX BUIIAIKAX, KOJIU HARKPAIIUMA B
CEHCl NOPAJKOBUX 3HaYeHb HaO/MrKeHHs Kyacis W) , € TPHrOHOMeTpHHHI
ITOJIIHOMHU 3 «HOMEpaMu» TapMOHIK 3 TinepOOJIYHHX XPecTiB, HAAKpaIu-
MU B IBOMY 2K ceHci Jyig Kiacis HY) € Bxke Tpuronomerpuyni mosinomu 3
«HOMEepaMHu» TapMOHIK 3 MOJU(IKOBAHUX, ITIEBHUM YHHOM, TiepOOJiaHIX
XPECTiB.

Hapeneni aukdge pesyabrar, OLIBIIICTD 3 SKAX BUKJIAICHA ¥ ABTOPCHKIi
monorpadii [23|, marorh Bianosigl Ha pax 3anuTaHL 0OYMOBJIEHUX 3a3HA-
YEeHUMH OOCTABUHAMMU, SKi MPUPOIHUM YMHOM BUHUKAJIU Y JTOCIIZKEHHIX
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AMMPOKCUMATUBHUX XapaKTEPUCTHUK 3TaJlaHnX KJaaciB yHkIiii. Baykausum
€ TaKOXK Te, IO TPU PO3B’3aHHI OKPEMHUX 3aJ1a4 alPOKCUMAIl] Ha KIacax
Hikombcbkoro-Becosa IB%;,G BJIAJIOCS BUSBATHU HU3KY €(DEKTIB, 9Kl Ha KJIacax
Wi, o 1 Hj) HE npossasaioTsbes.

2. O3BHAYEHHS TA [TIO3HAYEHHSI

O3HauMMO OCHOBHI O0’€KTH JOCJIiIKEHHsT — (PYHKIIOHAJIBHI IPOCTOPH 1
KJIACH.

Hexait R?, d > 1, — esxiigis mpoctip 3 emementamu X = (1,...,24).
Yepes Ly(mq), 1 < p < 00, m03HAIMMO IPOCTIp BUMIPHHUX 27-TI€pioquIHIX
3a KOXKHOI0 3MiHHOW0 dyHKI f(X) = f(21,...,%4) 31 CKIHUEHHOIO HOPMOIO

1l = (<2w>—d / If(X)\de> " i<pens

[flloc = esssup |f(x)],  p=oo.
x€R4
d
Tyt g == [[[0,27) = {x e R? | z; € [0,27), j = 1,d}.
j=1

Oznaunmo Mimany /-1y pisaumo dysKIil f 3 KpokoM hj 3a 3MiHHOIO Z5,
j=1,d. Inah = (hy,...,hg) € R% ta | € N noknasemo

ALF(x) == AL LA fa, .. 3g),
ze
Al Fx) = A AL, AL F(x) = f(x),
Ahjf(x) = Ailz]f(x) = f(a:l’-"an +hj7...,33d) - f(X)
Busnaunmo moBHUI MITAHAN p-MOMYIH TIAAKOCTI TOPAAKY | dyHKIT f:

wi(f,t)p 2:|Slllp AL f s t=(t1,...,tq) € RL.
hi|<t;

Kaxyrs, mo dbyukuia f € Ly(mg), 1 < p < 0o, Harescumv npocmopy

Blg 1 <0 <oor= (ri,...,ra), r; > 0, j = 1,d, akmo ckinuenna i
ITBHOpMAa
d 0 d 0
- dt;
f( ; w,<f,t>p> M), 1<0<wx,
rooi= d Jj=1 7=1
o, ;
o
sup Htj jwl(fvt)lﬁ 92007
t;i>0 j=1

ne | > max{r;, i =1,d}.
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Hopwmy ma miniftHux mpocTopax B; ¢ 3371aMo (popMyJI0I0
113, = 1l + 11,

: 0
Ipocropu By 4, a Touniie, Muoxunu B N Ly(mq), me

L) = {f € Ly(ma) : ?ﬂxmxj —0, j=T.d},

MOXKHA OXapaKTEpU3yBaTH 1 y TEepMiHAX TaK 3BAHOTO JIEKOMIIO3UIIITHOTO
HOPMYBAHHS HAJEXKHUX 1M PYHKITN, Ha 0a3i Ix poskiany B pan Pyp’e 3a
TpuroHoMerpuHHon cucremoio {e! k¥, .

Takox 3asnaunmo, depes B) ; no3Haua€THCH OQUHUIHA KyJIs Y IIPOCTOPI

. .
Bpﬁ, a TOYHIIIIE,

po =1 € Ly(ma) : |1 fllpr, < 1}
V rakiit, HaMOLIBII 3arajbHiil GpopMi, IpocTopu B;’B BBezleHl y 1989 pori B
po6ori [9]. IIpore, 3 ogHOrO GOKY, BOHU € y3araJbHEHHSIMU BiJIOMUX 130TPO-
nHux npocropis Becosa [8] (y Bumaaky # = oo — npocropis Hikosbcbko-
ro [10]), a 3 gpyroro, — HaJeKaTH MIKAJI IPOCTOPIB S B MilaHoT rIaKoCTi,
Beegenux y 1965 poni T. I. Amanosum [7].
g mpocTopis B;ﬁ CIpaBeJInBl Taki BKJIAJIEHHS IO ITapaMeTpy 0:

By, C Bpy, CBpy, C B, = Hyp,
e 1 <6 <0y <oo.

B maremaTnuniit siTepaTypi K IIpocTOpU B;ﬁ (mpu BCiX mOmMyCTUMEX
sHaueHHsX mapamerpa f, 1 < 6 < 0o0), Tak i neBHi MoaUdIKAIIT TAKUX TIPOC-
TOpiB, Ha3WBaOTL mMpocTopamu Hikombcbkoro-becosa, a BigmosimgHi Kitacu

o — Knacamu Hikosbebkoro-becosa.

Ockisibku y pe3dyiibrarax pirypyoTs TaKoXK BijoMi pyHKITIOHAJIBHI TPO-

cropu W, , Ta knacn W, ., To Haragaemo Takox i ixni BusHavenns. Hexait

p, o
Fi(x,a), r=(ry,...,rq) — bararoBumMipHi anasjoru sijep Bepmysii, To6To
d ;T
Fo(x, ) = 24 Z H kj_r’ cos(kanj — %), r; >0, aj € R.
keNd j=1

losnaunmo uwepes W , inifinuii npoctip dbyHKIi f, aKi MoxHa n0KaTH
b

Yy BUIVIAIL

(67

(%) = o) % Fe(- ) = (2m) / o) Fe(x — v, 0)dy,

Td
ae ¢ € Ly(mq). Hoa f € Wy , noknagemo || fllwr , = [¢|lp. Sxmo dynkiia
¢ € Lp(mq) Taxa, mo [|¢|, < 1, To Bimmosigmmit xmac y mpocropi W ,
nosHauMo Wy .
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Heranpay iHdopMaliio Moo caMux IPOCTOPIB B;,ev 1 <6 < oo, Hy
i W;,a, a TaKOXK OO icTOPil IX JIOCIiIXKEHDb 3 TOYKHU 30DPy AITPOKCUMAITil
MOXKHA 1o49eprHy Ty 3 MoHorpadiit [1,5,6,23,27]. Haragaemo Juie, mo s

BBEJIEHUX BHUIIE ITPOCTOPIB CIIPaBEIJIMBI TaKi BKJIQICHHSI:

By, CWya CBpo, 1<p<2;
Bpo CWyo CBy oy, 2 <p< oo
WIZQCB;,oozﬂga 1 <p<oc.

3 r s (A
3o0KkpeMa, MPOCTip Bj 5 Toroxuuit nupocropy Wy .
Hagani BBazkaemo, 110 KoopauHaTu BekTopa r = (71, ...,74), BIOPSJIKO-
BaHi Tak, IO
O<ri=ro=...=1, <rpy1 < ... <1y,
T . T 7 .
a TakoXK Y = (71,...,7d) — BEKTOP 3 KOODJMHATAMH Y; = 2J=1di
I (A / ro_ S R / I T
Y =0 Y ) ney =y mpuj =1Lvil <oy <yjmpuj=v+1,d
V momasbInoMy, <X MO3HAYAE BiIHOIIEHHsT CJIA0KOI eKBIBAJIEHTHOCTI, TOO-
TO JIJIsT BUPA3iB @ Ta b, 110 BU3HAYEH] JIEAKOIO CYKYIHICTIO IIapaMeTpiB, 3a-
muc a =< b o3Hadgae, M0 ICHYIOTh Taki JOJATHI BEJIMIUHH €] Ta C2, AKi HE 3a-
JIEXKaTh BiJ OHOTO iCTOTHOTO 38 KOHTEKCTOM Iapamerpa, 1o c1b < a < cob.
TakoK BUKOPHUCTOBYEMO CUMBOJIA <K YU > JIJId HOPAIKOBUX HEPIBHOCTEI,
10610 0 K b, (a > b), gkuo icuye taka momarna crana C, mo a < Cb,
(b < Ca). Yepes | A | no3HaAYa€THCsI KIIBKICTD €JIEMEHTIB CKIHYEHHOI MHO-
. . 0 . . .
wuan A, azamicts Ly(mq) 1 Ly(74) masi 9acTo BAKOPHCTOBYIOTHCA MPOCTITi
. O . .
nosHadeHusa L, i Lp BiIIIOBIJTHO.

3. HAVIKPAIII HABJIM2KEHHS I [IONEPEYHUKA

CrouaTky BU3HAYMMO BifgoOpaskeHl y Ha3Bi I[bONO IMYHKTY aIpOKCHMAa-
MifiHI BEJIMYWHUA.
dAxmo BekTop 8 = (51,...,54), 8§ € Zy, j = 1,d, T0 MIOKIIAIEMO,

pls) = {k= (k1. ka) € 25 (297 < [yl < 29, j = T,df

immsneNTay=(y,...,7%), v € Ry, j =1, d, BUSHAUMMO MHOXKHUHY
QZ = U p(S), (877) =817+ -+ SdYds
(s,7)<n

SKa HABUBAETHCH CTiduacmum 2inepbonivrum tpecmom 6 Z2.
Hexait nasi T(Q7) — MHOKUHA TPUTOHOMETPUYHUX TIOJITHOMIB BUTIISLY

T(Q)) = {t: t(x) = Z ae’®®) . eC, x € Rd}.
keQn
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Hnsa dynkiionansnoro kiaacy F C Lg(mg), 1 < ¢ < 00, nmo3HaI#IMO

BY(F)o = Bgy(F)y = sup_int |~

— BEAUMUNA HATUKPAUL020 HabAUMHCENHA KAcy F' mimmpocTopoM mostiHOMIB

T(Qn).

Hagesiemo oiHe 3 TBep/KeHb, ojiepxkaHux aBTopoM [11].

Teopema 3.1. Hexaii1§9<oo,1§p<q<ooi7“1>%—%. Todi

E1(BLy), = 2705+ pv DG

de a4 = max{a;0}.

Y (TRT 3
BaxkmBo 3a3HaYNTH, MO NOPAAOK BeTMIUHA Fy, (Bp,e)q peaJlizyeThbcd 3a
HAOJIM>KEHHS KJIACy IB%; ¢ TAK 3BaHUMHU CXiT9aCTO-TiepOOiYHUME CyMaMu
b

Dyp’e
Sor(f) = > Y flke®d, xeRr?
(s;v)<nkep(s)
e f ( f f(t)e k) dt — xoedinientn Oyp’e byukmii f.

IIpore, BuHMKAaE HpHpO;LHe MUTAHHA TIPO JIOIIJIbHICTh TOCTAHOBKY 33141
HabJMzKeH s Ki1aciB B ;) 3a /101I0MOroio II0JIIHOMIB CaMe TaKoro BUIVIsLY.
Binmosine wa 1e SaHI/ITaHHH JTa€ PO3B’A30K 3aJa4i TIPO OIIHKU KOJIMOTOPOB-
CbKUX TIONIEPEYHUKIB KJIaciB IB%;’Q y upocropi L, (nuB. Huzkde Teopemy 3.2).

Hexait Y — nopmosanwmii npocrip 3 Hopmoio || - ||y, La(Y) — cykymmicTs
miAIpocTopiB B Y, po3MipHicTh gkux He mepesurye M, i W — nenrpaibHo-
CUMETPUIHA MHOXKWHA B Y .

Koamozoposcorum M -nonepeunurom vuoxmau Wy npocropi Y Hasn-
BA€THCS BEIUIMHA

dy(W)Y) = inf sup inf ||Jw —u|ly
Lyelm(Y) wew uwelnm

[Monepeunux dp;(W,Y') BBepenuii y 1936 poui A. M. Kosmoroposum.

3 momixK pesysbraTis, oiep:KaHuX 30KpeMa y poborax [3,12,13], Buminu-
MO TaKi.

Teopema 3.2. Hexati 1 < g<2,r >1— % i0€l,q]. Todi

dM(B’{ﬂ’LQ) = (M_l logl’—l M)T1—1+%‘

BayBaxkumo, 1o TYyT, 1 Bcroau y pobori log M o3Hauae jiorapudm 3 0CHO-
BOIO 2.
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Teopema 3.3. Hexati2 < g<oo,r;1 >1,1<6<o00. Todi

1_
2

dar (BT g, L) = (M~ log"~! M) =5 (log?~ M) (3 73)s
de ay = max{a,0}.

IloTpibHo 3a3HaunTH, IO HA BiAMiHY Bim Teopemu 3.2, e MOPSIAKOBI 3HA~
9eHHSI KOJMOIOPOBCHKHUX IOMEPEIHUKIB JOCATAIOTHCA 38 HAOJIMXKEHHS IIiI-
POCTOPOM TpUTOHOMeTpudHuX nojinomis T'(Qy), y BUIAIKy TeopeMu 3.3
nignpocropu T(Q7) He € y TAKOMY CEHCI eKCTpeMabHUMH.

3ayBakKUMO TAKOXK, IO TOYHI 3a MOPSIKOM OIIHKH KOJIMOTOPOBCHKUX

. . T . .
nonepeunukis knacis Wi , i HY y mpocropi Ly npu 2 < ¢ < 00 BCTaHOBJ/IEHI
y 1985 pomi B. M. Temnakosum. Hum mosemeno, mo

At (WY o, Lg) = dys (HY, Ly) =< M™% 2 (log" ™ M)™.

CuiBcTaBUBINM TIe CIIBBIIHOIIEHHS 3 PE3YJIbTATOM Teopemu 3.3, MOXKHA
KOHCTATyBaTH BHECOK TTapaMeTpa ¢ B OIIHKKM KOJIMOTOPOBCHKUX MTOTIEPETHH-
KiB KJaciB IBB{"Q y Bunajiky byHkiii 6ararbox 3miaaux (To6TO 1P ¥ > 1),
LOPIBHAHO 3 TAKUMHU 2K oljinkamu Ha kiuacax Wi , i HY. ¥V sunanky dys-
KIiii oaHiel 3MiHHOT napaMeTp f B OIiHKaX KOJIMOIOPOBCHKUX IIOIIEPEYHUKIB
kiacis BY j ne € snauymmm.

OCKUIBKY TIPU [TEBHUX CIIiBBIHOMIEHHIX MiXK ITapaMeTpamu p, ¢ i 0 miz-
POCTOPU TPUTOHOMETPUYHUX HosiHnoMmiB T(Q;)) He € eKCTpeMabHUMU JJTst
KOJIMOT'OPOBCBKUX IIOIIEPEYHUKIB KJIACIB IB%;H, TO IIJIKOM JIOTTYHUM € 3aJIy-
YeHHS 10 JOCJIIXKEeHb iHIIOI alrpOKCHMATUBHOI XapaKTEPUCTUKU, B O3HA-
9eHHI AKOI OMOCEPETKOBAHO MOXKE MPOSABUTUCS POJIb MiJIITPOCTOPIB MOJIIHO-
miB T(Qr) v 3a1a4i HabIMKEHHS K/IaciB By 4. Taxoio xapakTepucTuKoIo €
JIHIAHAN TOIIEPEeTHUK.

Hexaii Y, Z — nopmosasni npocropu ta L(Y,Z) — cykynsicts JiHifiHUX
HemepepBHUX BigobOpakenb Y B Z. Benmmuwnna

Av(WY) = inf sup |lw—Awl|ly,
Lyuely(Y) wew
AeL(Y,L)

Jle HUPKHIO IPaHb B34TO 110 Beix mignpocropax Ly B Ly(Y'), posmipHicTs
AKuX He nepesuiye M, i Bcix JIHITHUX HEEPEPBHUX OIEPATOPAX, IO Ii-
10T 3 Y B L)/, HasuBaeTbea aitnitinum M -nonepeurnurom muoxkuuau Wy
npocropi Y. Baznaunmo, mo nonepeunuk Ay (W,Y') sBenenwuii y 1960 pori
B. M. TuxoMupoBumM.

3posymisio, mo Ge3nocepeHbo i3 o3HaveHb nonepednukis dy (W, Y) i
Ay (W,Y) BunmmBae criBBigHOIICHHS

dy(W,Y) < Ap(W,Y).
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SazBuuaii, CKJIAIHOIII IPU BCTAHOBJIEHHI OIIHOK JIHINHIX ITOIEPEIHUKIB
TUX UM iHMuX QYHKIIOHAJIBHUX KJaciB y mpocropax Jlebera L, BuHmKa-
I0OTh y BUIaJKax, Koau ¢ = 1 abo g = oco. ChopmyaioemMo 1Ba BaxKIuBi
TBepkents (nus. [14,15,18]) y onHOMY 3 1UX BUNAIKIB.

Teopema 3.4. Hexatli 2 < p <o00,2<60 <00 ir;>0. Todi cnpasedrusa
OUIHKG

Mr(B g, L) = M7 (log ™t My+i-h,

IIpunarigno sayBaKumo, mo y sunajaky ¢ = oo, tobro aa kmacis Hy,
MTOPSIAKOBE 3HAYEHHsI JHHIAHOTO MOIepeTHuKa A M(H;, L1) 3uaiineno B 1989
B. M. TemaskoBum.

Teopema 3.5. Hexati 1 <p < oo, r1 > 0. Todi
(WP Ly) =< (M~ tlog”=t M)™.

pa’
3 npupojy Teopem 3.4 i 3.5 HAroJIOCKMO Ha TOMY, IO MOPSIIKOBI 3HAUE-
o . . o o .
HHS JIHIWHUX TONEPeYHUKIB K KJacCiB Bp’g, rak 1 W7 ., peanisytorbes 3a
HabmzKenHs Tianpocropamu 1T(Q7) TPUTOHOMETPUYHUX TIOJIHOMIB 3 YHC-
JIOM 7, 110 BU3HAYAETHCS i3 criBBimuomenns |Qq| < M.
Hageznemo mie jsBa pesyiabraTu i3 [24], siki cTOCyOTHCs JIHIRHUX ITOIIE-
PEYHUKIB KJIaciB IB%;H y mpoctopi Ly mig JedKux iHIIMX CIIBBIJHOIICHb
’
MiK mapaMeTpaMu p i q.

Teopema 3.6. Hezati 1 < p < 2, 1% <g<ooir; >1-— é. Todi npu
q < 0 < 00 cnpasedausa ouiHKa

Aai(BE g, Lg) = (M~ log? ™ M) ™2+ 4 (log~ M)a 7.

Bigznaunmo Taki baxkTu crocoBHo Teopemu 3.6. ITo-tiepre, st momeped-
HUKIB A/ ( .6 L,) npu BKazaHUX 3HAYEHHSX Hapamerpis p, ¢, r1 16, M-
BUMIPHI TiITPOCTOPY TPUTOHOMETPUYHUX TOJIHOMIB 3 «KHOMEPAMU» TapMO-
HIK 31 cxiggacTux rinepboJIivHUX XPEeCTiB He € ekcTpeMmasibHuMu. [lo-mpy-
re, OIiHKa JiHIfTHOrO momepedHUKa y TeopeMi 3.6 1, panilie BCcTaHOBJIEHA
ABTOPOM, BIJIIIOBi/IHA OIiIHKA KOJIMOIOPOBCBHKOIO TonepedHuka (aus. [23])

BiJIPI3HAIOTHCS 3a TTOPSTKOM.

Teopema 3.7. Hexati 2 <p<g< o0 it7r] >
CNPasediusa OUIHKa

%. Todi npu q < 0 < o0

RS

1 1 11
A (Bl g, Lg) < (M~ log” ™t M)™ " » %4 (log” ' M)a~7.

3 npuBody Teopemu 3.7 3ayBaXKUMO, 110 TYT HOPAIKOBI 3HAYEHHS JIiHIH-
HUX TONEPETHUKIB KJIACiB IB%; ¢ PeaTi3yIOThCs BXKe 3a IXHBOTO HaOJIMMKEHHST
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3a, JIONIOMOTro0 M —BUMIPHUAX MiIITPOCTOPIB TPUTOHOMETPUIHUX TOJTIHOMIB 3
«HOMepaMu» TapMOHIK 31 CXiqIacThuX TinepOoiIHIX XPECTiB.

Jaji BuKIageMo IeKijJibKa BaXKJIUBUX PE3YJILTATIB, OTPUMAHUX IPU J10-
CJIJIPKEHHI IIIe IBOX THUIIB MHOIEPEYHUKIB — TPUTOHOMETPUIHOI'O 1 OPTOIIO-
IIEPETHUKA.

Otxe, mexait F' C Ly(mg) — nesxuit dynKiionanbuuit knac. 1puzorome-
mpurrudi M -nonepewnux diy(F, Ly) knacy Fy npocropi Lgy(mg) BusHada-
€TbCsd (POPMYJIOIO

diys(F, Ly) = infsup inf [|F() — (2 )g,
Qm feF t(Qars)

ae

M
Q3 x) = chei(k]’x), x € RY,
j=1

Qunr = {k', ..., kM} — na6ip Bexropis k/ = (K{,.... k), j=1,M, ninoun-
CJIOBOI I'paTKu Zd, ¢j — JOBLIbHI KOMILIEKCHI 9HCJIA.
T o . .
IMonepeunuk dy,(F, L,) BBegennit y 1974 poui P. C. Iemarimosum.
3riaHo 3 O3HAYEHHAME KOJIMOTOPOBCHKHI i TPUTOHOMETPUYIHUH HOmepe-
YHUKU OB’ I3aH1 CIIBBIIHOIIIEHHAM

dM(F7 LQ) < dj]\}(F7 LQ)‘
Y pobori [20] noBeieHO Take TBEPIKEHHSI.

Teopema 3.8. Hexaﬁ1§p<2<q<]%,r1>li1§9<oo. Todi
cnpasedause nNopadkose CnieeIOHOWEHH.A

—5)4

Ly) = (M~ log"~! M) 572 (logr— M) (3 75)

M\»—‘

dT( p,0>

de ay = max{a,0}.

3ayBazkKuMO, L0 MOPAIKOBI 3HAYEHHHA TPUTOHOMETPUYHOI'O IOIEPEYHH-
Ka B TeopeMi 3.8 He peasisyroTbcs 3a HabmzkeHHs migmpocropom T(Q3)
TPUTOHOMETPUYHMX ToJIiHOMIB Tipu |Qy)| < M. 3azHauuMo TakoXK, MO st
knacis B ., = HY oninku senmaunn df; (HY, Ly) Beranosneni y 1985 poni
E. C. Beniacpkum.

Cdopmyitioemo 1ie JIeKiIbKa pe3ysibTariB y 1boMy Hanpsami (qus. [24]).

Teopema 3.9. Hexati 2 < g < 00,1 <60 <00,r, >0. Toodi

d5y(BL, g, Lg) = M~ (log" = M)+ —6)+,

00,0

de ay = max{a,0}.
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Teopema 3.10. Hexai 1 < q < 2,11 > 0. Todi npu 2 <60 < oo,
d1 (B, g, L) = M~ (log” * M) +273

Mg kmacis W7

00,0

00, Ma€ MlCIle TaKe TBEPA2KCHHA.

Teopema 3.11. Hexati 1 < g < oo, r; > 0. Tooi
A3 (W, o, Ly) =< M~ (log” ™' M)™.

o0,

O6’ekTOM HAIMX MOCJIPKEHDb OyJia Ie O/Ha alpOKCHUMAIliiiHa XapaKTe-
puctuka. Crioyarky J1amo i1 BUBHAYEHHS.
Hexait {u;}}, — opromopmosana B mpoctopi La(my) cucrema dbymkmiit
u;j € Loo(mq). Koxkniit dyuxuii f € Lq(mg), 1 < ¢ < 0o, mocraBumMo y Bi-
M

noBigHicTh anpokcumarniituuit arperar urasy Y (f, wi)ui(+), To6ro op-
i=1
TOrOHAJIBHY IPOEKIiio (MYHKINI f Ha MANPOCTIp, MOPOIXKEHUH CUCTEMOIO

dbymkmiit {Uz}f\i1 Tyr (f,u;) = (27)~¢ [ F(x)ui(x)dx

Hns F C Lg(my) Benmanna

dy(F, Ly) = inf Supr Z frui)u

{ui}M | CLoo(ma) feF

HA3UBAETHCA opmononepewnurom (wu Pyp’e-nonepeunurom) knacy F y
npocTopi L.

Honepeunuk dy; (F, L,) sepenuit y 1992 pori B. M. Temuskosuwm, i Bim
OB’ si3aHMI 3 KOJIMOTOPOBCHKUM 1 JIHITHUM TOTIEpEIHUKAMU CITiBBiHOIITE-
HHSIMHU

du(F, Lg) < Au(F, Lg) < dyy(F, Ly).

3 pesysbraTiB, OlepKaHuX B [2,22], HaBegeMO Taki JBa TBEDJZKEHHS.

Teopema 3.12. Hexati 1 < p < q < 0o. Todi npu rq >%—% 11<6< o0
cnpasedause cnieeidHOWeHMA

1_1
dL( L ) = (M_l lOgV_1 M)Tl_%_'_é(logl’_l M)(q 9>+7

de a4 = max{a,0}.

p,0>

Teopema 3.13. Hexaii 1 < p < oo. Todi npu r; > % 11 <60 < o

CNPasedAUBH OUIHKA
das (

" s Do) =< M5 (log? ™ M) 570,

3a3HauMMO, 110 y HABEJIEHUX TBEPJZKEHHAX MOPAJIKA OPTOIIOIEPEIHUKIB
peastizyoThCs 3a I0moMOTo0 HabmKeHHs QyHKIN [ 3 KaaciB IB%; o IXHIME
b
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cxigaacro-rinep6osiaanmu cymamu @Pyp’e So, (f,-), ne 4uciao n BusHaIAE-
Thed i3 criBgigHomenus |Qn| < M.

4. HAVIKPAIII M-4JIEHHI TPUTOHOMETPUYHI I BIJITHIITHI
HABJINYKEHHSA

VIpomoBK OCTaHHIX ABOX JECATHU/IITH iIHTEHCUBHOIO PO3BUTKY B TEOpil
Hab/IMKeHb HAOY/ U JOC/IIIXKEHHS OJTHOTO 3 BUJIB HEJIHINHOI anpokcuMa-
il — M-<IeHHUX TPUTOHOMETPUYIHUX HAOIUKEHD. TaKoro TUIy HaOIUKEeH-
HS B MaTEMaTUYHIH JiTEPATYPl 9aCTO HA3UBAIOTH «PO3PII2KEHUMHU TPUTOHO-
MeTpuIHUMHU HabIMzKeHHsMu» (sparce trigonometric approximation). Pe-
3yJIBTaTU, IKi OJEpXKaHl ITPU JIOCJIJIXKEHH] BiJINOBIIHUX aITPOKCUMATUBHUX
xapakTepucTtuk kjacis Hikosbcbkoro-bBecosa, okpiMm camocTiitHOro inTepe-
Cy 3 TOYKHU 30Py Teopil HAOJIMKEHb, MOXKYTh OYTH BUKOPHUCTAHI y MPaKTHU-
YHUX IJIIX, 30KpeMa Y BUPINIEHHI TATaHb ONTHUMIi3allil mpolecy mnepemadi
CUTHAJIB Ta y BUOOPi crrocoby po3mi3HaBaHHS i BiTHOBJIEHHsST 00pa3iB.

Cain 3a3HaunTH, M0 BCTAHOBJIEHI TOYHI 3a MOPSIKOM OIIHKH HAWKpa-
mux M-9IeHHUX TPUTOHOMETPUIHUX HAOJIMKEHb KJIACIB IB%;Q JEMOHCTPY-
0T [I€PEBArdl TAKOTO BUJLy HAOJMKEHb HaJl HAHKPAIIUMYU HAOJIMKEHHSIMU
3a JIONIOMOTOI0 TPUTOHOMETPUYHUX HOJIHOMIB 3 MEOuHK T'(Q7). 3 inmo-
ro OOKy, Oflep:KaHi Pe3y/IbTaTu BUKOPHUCTOBYIOTHCH IPHU JOCIIKEHH] IIe
ofHi€el BaXKIMBOI AIIPOKCUMATUBHOI XapaKTEPUCTUKN — BEJIUIUHU HAUKpa-
moro OiTiHIHOTrO HAOJIMKEHHS, sIKa, Y CBOIO Y€pry, 3HAXOINUTDb 3aCTOCY BaH-
Hsl Y TUTAHHSX, OB I3aHUX 3 OI[IHKAMY CUHTYJISIPHUX YUCEJT IHTEIDAJIHLHUX
OIIepaTopiB, a TAKOXK KOJMOTOPOBCHKUX IOIEPEYHUKIB BiMIOBIIHUX (DyH-
KIIioHATbHUX KJaciB. Ilepes TuM 9K HaBECTH JIedAKi i3 TOJIOBHUX pPE3y/IbTa-
TiB, OJlepKAHNX aBTOPOM B OKPECJIEHUX HAIIPAMKAX JOCIIIKEHb, O3HATIMO
BIIIIOBIIHI IIMM TOCJIII>KEHHAM allPOKCUMATUBHI XapaKTEePUCTUKH.

Hna f € Ly(mg), 1 < g < 0o noksazemo

M
eM(f)q = inf || f(x) — ch et x) 7
e = q
e jj\/il - cucrema sexropis k7 = (k:{, e ,k‘é) 3 IJI0YUCIOBUMU KOOP-

JMHATaMH, ¢j — JOBLIbHI KoMIUIeKCH] uncita. Bemmanny ey (f), HasuBaoTh
Hatxpauwum M -4aeHHum mpuzoHoMempuyHuMm HabAuNCeHHAM DyHKIHT f
B 1IpocTOpi L.

Axmo F C Ly(mg) — mesiknii GyHKIIOHATBHIIN KJIAC, TO TIOKJIAIEMO

em(F)q = Sup em(f)g-
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Bemmauna ey (f )2 ais dyskiiit f 3 oxHieo 3MiHHOIO Briepiie 3’ aBuiacs B
pobori C. B. Creukina (1955) y dopmysioBansi Kpurepito abcomoTHol 36i-
JKHOCTI opToronanabuux psis. Jemo misuime sesmannn epr(f), Ta epr(F)g
MTOYaJIM JIOCTIIPKYBATH yKE€ 3 TOYKHA 30PY AITPOKCUMAII] IHIWBIIyaIbHIX
dyHKIl i KTaciB QYyHKITH BimoBiTHO.

[Teprmi oninkn Besmauau ey ( f)oo A7 JEAKUX THAUBIIyATbHIX DYHKITIH
Oymu onepxkamni y 1974 poni P. C. Iemarimosum. 3romom semmaunu ey (f)q
JJIs PI3HOMAHITHUX (DYHKITIOHAJILHUX KJIACIB JIOC/TIRKYBaIuCd y podoTax
bararrox MarteMaTukiB. [louaTox mocmimxkenHro Hafkpammx M-qIeHHIX
TPUTOHOMETPUIHUX HAOJMKEeHb Ha Kjacax mmepiogmunmx (yHKIin Oara-
ThoX 3MiHHEX W), 1 H} Gymo saknaneno y 80-x pokax MUHYJIOTO CTOJIITTS
B. M. TemsskoBum i 3rojoMm mpomoBxkeHo y poborax E. C. Besincbko-
ro. OynmameHTaabHI JOC/TIIKEHH y I[bOMY HAIIPAMi IPOBEJIEH] 1 aBTOPOM
cTaTTi, aJie BxKe Ha KJacax Hikosbcekoro-Becosa Bgﬂ.

Habnuxennsa QyHKIif neKiITbKOX 3MIHHUX JiHIHHAMEA KOMOIHAIIAME 10~
OYTKiB IBOX (PYHKITIY 3 MEHIITUM YUCJIOM 3MIHHUX HA3UBAIOTDH OIATHITHUMU.
OpruME 3 HAROLIBIN BaXK/IMBUX XapPaKTEPUCTUK TAKUX HAOJIMXKEHD € BeJIu-
autdd T (f)g g AT iHpuBigyansuol dyskuil f 1a 7a(F)g, g 412 byH-
KIioHaJabHOTO Kyacy F. HaBeneMo o3HAUYEHHsT 1IMX BEJIMYINH.

Hexait Ly, 4,(724), d € N, — muoxuna dyukuiit f(x,y), x, y € R%, 27-
MEPIOINIHNX 38 KOXKHOMW 13 2d 3MIHHUX 31 CKIHYEHHOIO HOPMOIO

1 (%3 Mlgr,q2 = 11 3) g gz

e B mpasiit gactuni HOpMa GyHKIIT f(X,y) 0OYHCIIOETHCS CHOYATKY Y
npocropi Ly, (74), 1 < ¢1 < oo, ax dynkmii 3i smimmoo x € RY (npn
dikcoBaHoMy y € ]Rd), a TMoTiM BiJl pe3yaprary, gK (QyHKIIl 31 3MiHHOIO
y € R? y npocropi Ly, (74), 1 < g2 < o0.

Hnsa f € Lg, ¢, (T2q) 03HAUUMO BenmduHy HalKpauwyozo 6ininitinozo Ha-
oauorcerna nopadky M (M € N) dopmysoro

TM(f)QLQQ = uinf

)
VRN q1,92

M
Foy) = D))
j=1

ne u; € Lg (mq), vj € Lgy(mq), j = 1,M. Ilpu M = 0 BBaxkaemo, 110

70/ Y))are = 17X ¥)llgr0-
Hnsa F C Lg, 4, (72q) mOKITAIEMO

TM(F)q1,q2 ‘= sup TM(f)ql,qz-
feF

Y Bumazky, Ko qi = g2 = ¢ 3aMicTb Tas(f)g1,qo 1 T (F)gr,qo THITEMO
BinnosinHo Ta(f)g 1 Tar(F)g-
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Hocumimxentio Bestmaus Tyy (F')g, g, AJ15 IEAKUX KJIACIB nepioguaaux GyH-
KIIiii 6araThox 3MiHHUX HpucBsyuena Hu3ka pobit B. M. Temtskosa (1986-
1992), a Takox poboru A. C. Pomanioka [19] ta A. C. Pomanioka i B. C. Po-
MaHIOKa [4,25,26].

MoBipHO meprrmit pe3y/bTar, JOTHYHUN 10 HAMKpamux OlTiHiHIX Ha-
onukenb, 6yB orpumanuii E. IlImigrom me y 1907 pori B mocimkeH-
HAX, [OB'T3aHUX 3 IHTErpaJbHUMU piBHAHHAMHU. Byso 3’gcoBano, 110 Ha-
6ikennst GyHKii f(z,y) 3 ABOMa 3MIHHUMU, BU3HAYEHNX HA KBAJPAaTi
[0,1] x [0,1] C R?, 6ininiitmumu bopmamu B mpoctopi La o([0, 1]?) Ticro
OB sI3aHE 3 BJIACTUBOCTSIMHU IHTEIPAJBHUX OIEPATOPIB

1
- / f (@, )g()dy
0

3 gupoM f(x,y). Tounime, 6yB orpumanuii po3ksa (Temnep BigoMuii B Ma-
TemaTu4HIli JiTeparypi gk posksan E. ITmigra)

ZSJ Jr)ei(@)v;(y),
7j=1

e {s;(Jf)}52, — mespocTaioua HOCTIOBHICTD (HE3POCTAIONA IePECTAHOBKA)
CHHTYJIADHUX YHce]l onepaTopa J¢, To0TO

si(Jr) =X (Tpdp), (T4

— TOCJIiIOBHICTH BJTACHUX YHCeNT oniepaTopa 1, J ¥ — omepaTop, II0 € CIpsi-

JKeHNM [10 oneparopa Jy, i, mapermrri, {goj(:z:) 1 Ta {¥;(y ) — OPTOHOP-

MOBaHI CHCTEeMHU BJACHUX (DYHKILIi onepaToplB JyJ} 7 T2 JF 7 J i Bu:LHOBuLHO.
Oxkpim Toro, E. IImiaT BcTaHOBUB pPiBHICTD

M

Hﬂx, 0 =3 s @) ()

j=1

= inf

)
2,2 Uj,V5 €L2[0,1]

2,2

)

M
- Z uj(2)v;(y)
j=1

gKa 1oB’a3ye Besmaunu Ty (f)22 i3 cunrynapauvum umciaamu s;(Jy) ome-
patopa Jy. Iliznime, Taxuii 38’430K OyB BUKOPUCTaHHil y PO3B’sA3aHHI 3a-
Jadi M00 OIiHOK CHUHTYJIAPHUX UMUCEJT IHTerPAJbHUX OlepaTopiB B pobOTI
M. III. Bipmana ta M. 3. Comomska (1977).

Y Bunajky, Konu B o3HadeHHi BenumduH Tar(f)g,.q. DyHKIA f(X;y) 3
2d sminamvm x € R? y € R? nop’sazama i3 nesikoro dyHKIE0 3 d 3MiH-
mmvm g(t), t € RY mak, mo f(x;y) = g(x — y), Kaxkemo, mo byHKIisa f
HOpO/KyeThCst yHKIL€0 ¢ 1 3aMicTs Tar(f)gy,q. THIEMO Taf(fg)g1,q25 800
TM(9(X = ¥))q1,q2-
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Axmo F C Lyi(my) — nedxuii Kiaac dbyHKIiN 3 d 3MIHHUME, TO TOKJIAIEMO

TJT/[(F)Qqu = SuPTM(fg)qhqz-
geF

Basnaunmo, mo P. C. Iemarinos (1974) BcraHOBUB 3B’5130K MiK BeJMYNHA-
Ma Tz (fg)2,00 1 KOJIMOTOPOBCEKIMU TIOIIEPpEIHUKAME Kiacy F', SIKOMy Ha-
JIEKUTH PYHKITA g.

Orxke, 3 OmIsily Ha BUKJIAJEHE MOXKHA CTBEDIXKYBATHU, IO JIOCTIYKEH-
He OiTiHIHUX HAOJIMKEHDb 1 Pe3ybTaTH IUX TOCTI/I?KEeHb BUKJIMKAIOTDH SIK
CcaMOCTIHH iHTepec, TakK 1 € BasKJIMBUMHU 3 TOYKU 30pYy 1X 3aCT00yBaHb

Hocnimkennto seqmann 7y, (F)g, g, y BUMazKax, kom F = Wj
F = Hj, npucssayieni poboru B. M. Temssakosa (1989), a y poborax [19 25]
BCTAHOBJIEHA, CJIa0Ka aCUMITOTHKA BeIUIuH Ty (F)q, go AU NEAKAX CIIB-
BiTHOIIIEHb MiXK mapamMerpamu p, 0, q1, g2 y BUIaJKY, Koau F' = ]B%;e

Orxke, HABEIEMO JIBA TBEP/KEHHsI CTOCOBHO BeJIMIMHU HaKpamoro M-
YWIEHHOTO TPUTOHOMETPHUIHOrO Hab/mKeHHs KjaciB Bl ,, aki BcTaHOBJIEH]
aBTOpoM y poboti [17].

p,0°

Teopema 4.1. Hexati 1 <p <2< qg<oo,1 <0< 00, Todi enpasdorcyro-
MbCA CNIBEIOHOWEHHA,

M- (log M)i/ ™ = %a
eM<B;79)q - M7T1+; (logu 1 M) 9/ , ry > %7
M_f( + ) (logl/ 1 M)(q 1)(7"1_7—"_@)’ }% — % <r < %a

de ay = max{a;0}, 5+ 7 = 1.

Teopema 4.2. Hexati 2 < p < q < 00, 1 < 0 < o0. Todi npu r1 > %
CNPABOHCYEMBCA CNIBBIOHOULEHHA
1 1
ent(B) g)g =< M~ (log” " M) +275,
CuiscraBupmm pedysibraru TeopeM 3.1, 4.1 1 4.2, 6bagumo, 110 HaKpari
M-amenni TPUTOHOMETPUIHI HAOIMKEHHA KJIaciB IBB; ¢ TIEPEBaZKAIOTh y CEHCI

HOPSAIKIB HafiKpamti HabimxkenHsa F,) (IB%; 9)q ipu M < 2"p*~1 Kpim Toro,

B MPOIIEC] JIOCJII?KEHHS BEJIMUUHU €)1 (IBS;;’(;)Q BUSBJIEHO e(PeKT TaK 3BaHOL

«MaJIol TJIQJIKOCTI», IKWUil MOJIATa€ B TOMY, IO IPU T = % BiIOyBa€eTbCA

«CTpUOOK» B OITIHIN IIi€l BeIWINHMU. [HITUMU CJIOBAMM, OI[iHKA MIPH 1] = %

HE BUILJINBAE i3 OIIHOK mph 17 < }D qu ry > % 3a JOIIOMOTOI0 TPAHUYHOT'O

repexoy pu 1] — % — 0 uwm, Bignosizno, r| — %0 + 0.
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3ayBaxKMMO TaKOXK, IO pe3yJibratu TeopeMm 4.1, 4.2 craju KIIOYOBUMU
[IpU BCTAHOBJIEHHI TOYHUX 32 MOPSJIKOM OI[IHOK BEJIMYNH

T]T/[(F;:)m,% ‘= sup TM(fg)Qth
gEF;;

ae Fy =B} 4, abo Fy = W, (aus. [19]).

Teopema 4.3. Hexati 1 <p<2,1<0<o00, 7 > %. Todi npu
1 <q1 <oo, 1< g < o0,
cnpasedause cnigeioHOWEHHA
T]T/[(IB;),@)QLQQ = M_TH_%_%(IOgV_l M)Tl_%—i_%,
de % + é =1.

Teopema 4.4. Hexati 2 < g1 < p < o0, 1 < g < 00, 11 > 0. Tooi
CNPABEOAUBA OUIHKA

T (Wh a)age = (M~ log" ™t M)™.

CTOCOBHO HaBeJIEHUX TBED/XKEHb 3BEPHEMO YBAr'y Ha TaKUil BaXKIUBUN
dakr. YV pesyabrari J0C/IIKEHb KOJIMOIOPOBCHKUX TOIEPEeYHUKIB, [12], i
OlmiHITHIX HADIMYKEeHb KJIACiB IB%;’ 9> [19],3’sicoBano, 1o sikio v > 1, To npu
6 > 2 Mae Mmicie CIIBBIAHOICHHSI

T Bro)aco < du(Bpglg, 1<p<2<qr<oo,

TOMI 9K JIJisi KJIaciB IB%;@ npu 1 < 0 < 2, Tak i g Kjacis W; o SHAUCHHS
OiminiitHnX HAOIMKEHDb 1 KOJMOTOPOBCHKUX IONEPEYHUKIB BiIPI3HIIOTHCI
3a mopgaakoM. Takuit eekT Mae IPosB JUIe Vv BUMAJAKY PYHKITIH Oararhox
3MiHHUX, 60 Y OTHOBUMIPHOMY BUITQJKY BEJIUMIUHUA HA3BAHUX AIPOKCUMA-
TUBHUX XaPAKTEPUCTUK 30iraroThbCs 3a MOPSIKOM.

ITTomo anpoKCHMATUBHUX XapPAKTEPUCTHUK, Ki PIirypyoTs y Teopemax 3.1,
3.12, 4.1, zaznaunmo Taxke. Pe3yiabraTu 3 X OIIHKU HAJAJIHU IOIITOBXY IO-
ciimkennio g KiaaciB CobosieBa 1 Hikonbebkoro-bBecosa mie ommiel ampo-
KCHMATUBHOI XapaKTEPUCTUKU, KA y IEBHOMY CEHCi € OJIM3bKOIO 110 Hail-
Kpamux M-4JeHHUX TPUTOHOMETPUIHUX HAOJIMKEHb.

Omrxke, Hexait {2 — AoBibHMIT HAGIp i3 M d-BUMIpHUX BEKTODIB

K = (k,....k), j=1

) M?
3 niounciaoBumu koopaunaTamu. s f € Ly(mg), 1 < ¢ < 0o, nokiamzemo

M
SQM (f7 X) = Zf(kj)ei(k]’x), X € R,

Jj=1
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Posrasmmenmo semranny e, (f), = gg I f() = San (f )|l 1 s dysxmio-

HaabHOTO Kyacy F' C Ly(mg) o3uaummo

enr(F)q = sup exs(f)g.
fer

1 o
Bemnunny ey, (F), HASHBAIOTE HAUKPALUUM OPMOOHANLHUM MPUZOHOME-
mpuvHuM Habaudcernnam Kiacy F'y nmpocropi L.
1

Jlerko 6aunrn, mo st Besumaud eg; (F)g Ta ep(F)y cpaBiKyeThes He-

piBHICTH
1
em(F)q < epr(Fg-
3po3yMmiso, 1m0 3a neBHOro Bubopy muoxkunu {1y, cyma Sq,, (f, -) 36iraerbes
3i eximuacro-rinep6omitmoro cymoto @yp'e bynxmil f. Bemwaunn ey, (F), v
punaskax, kom I = Wi , susuamca E. C. Benincpkmv (1988), a sromom
:

Ha Kjacax Hikonabcbkoro-bBecoBa, a Takoxk IXHIX y3araJbHEHHIX, — aBTO-
poM i #oro yuHsiMu. 3 HOMIiK pe3ysbTaTiB, ojiep:kaHux y poborax [16,21],
BUOKPEMHUMO TAKWIA.

Teopema 4.5. Hexali 1 <p<g<oo, 71> % — %. Todi npu 1 <0 < o0
CNPasediusa OUIHKA
1 1 1,2 1
exr(Blg)g =< M5 a(log” L M) e et
CuiscraBusmm pegyiabratu Teopem 3.1, 4.1, 4.2 i 4.5 3a ymoBu

M = 2" pd1

3’{ICOBy€MO, IO TPU EBHUX CIIIBBIIHOIIEHHIX MiXK MapaMeTpamu 71, P,
q, 0 OIiHKY Bi/IIIOBITHUX AlIPOKCUMATHBHUX XapaKTEPUCTUK BiIPI3HIIOTHCS
3a TOpAAKOM. lHIHit daxT mojdarae y TOMy, IO B OKPEMHUX BHUIIAIKAX B
OIIiIHKAX HAWKPAIAX OPTOTOHAJBHUX TPUTOHOMETPUIHUX HAOJIUKEHb KJla-
ciB IB%;}H BiJICyTHS 3aseKHiCTh Bij posmiprocti d mpocropy RY.

Y pobori [16] moBeaeno anasoriune Teopemi 4.5 TBepKEHHS 1 JIJIst KJIaciB

T
W .

Teopema 4.6. Hexati 2 < p < q < o0, 11 >
CNI6BI0HOWEHHA

et (WEa)g = M54 (log? ™! M) =50+

%. Todi cnpasedause

=

IloTpibHO 3a3HAYNTH, IO TIPU AOCTIIXKEHHI HAMKPAIINX OPTOTOHAJIBHIX
TPUTOHOMETPUIHNX HAOIMKEHD KJIACIB W]f,a TaKOXK 3’sICOBAHO, 110 3aBISTKN
3aKJ/IaJIEHOMY B O3HAYEHHI MUX BEJUYWH Criocody opMmyBaHHs HaOJIKA-
I0UUX arperaris, y JesKUX BUNAIKax (CIIBBIIHOIIEHb MiXK IapamMeTpaMu)
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MOXKHA JOCATTUA KPAIIUX MOPAJIKIB HAOJIMKEHHS MOPIBHAHO 3 HAOJIMKEH-
HAME 3a JIOIMOMOTOI0 cXimdacTo-rinepbosigaux cym Pyp’e 3a BiamoBimHOrO
CITIBBiTHOIIEHHS MiXK YMCJIOM TapMOHIK y HAOJIMKAIOUNX arperarax.

Ha 3aBepineHHsI HBOrO IyHKTY 3a3HAYMMO, 10 y PoboTi [26] 3Haiineno
TOYHI 38 TOPSIAKOM OIIIHKN BEJINIWH HAMKpaIuX OLTIHIMHIX HAOJIMKEHb Ha,
y3arajgbHeHux Kiaacax Hikombcbkoro-Becosa ]B%;,e, p = (p1,-.-,p24),y bys-
KIjOHAJIBHUX IpocTopax Lq(meq), 4 = (q1, - - ., g2q). Ha uiit 6a3i po3s’asano
3aJ1a1y MPO OIIHKU CUHTYJISPHUX YUCE]T IHTErpaJbHUX ONEPATOPIB 3 siJipa-
MH, IO HAJIEXKATh 10 Kiuacis By 5.

Tyt gepes Lq(mm), a4 = (q1, - - -, ¢m), HO3HAUeHO MEHOKUHY byHKIiH f(2),
z € R™, 27-nepiognaHNX 3a KOXKHOIO i3 3MIHHUX, 31 CKIHUeHHUMN CTaHIap-
THIMHI Mimasumu HopMaMi || - ||q mpu 1 < ¢j < 00, j =1,m i || - ||« 1pu
qgj =00, 5=1m.

Y BuUnIaKy

g1 =4 =...=qdm =(¢

upoctip Lq(my,) 36iraerbea 3 mpocropom Jlebera Lgy(my,) 3i cranmaprHOO
ropMoio | - flg i [[fllq = 1 fll4-

Hami posrusnatorsea mmme bysknil f € Lq(maq), mo migmopsakoBaHi
YMOBI

2w
[ f(z)dz; =0, j=12d.
0

Muoxunay Takux (yHKIIA TO3HAYAMO Yepes Lg(md). Y mpocropi Ly (1),
_ . . o . r

p = (p1,...,Pm) y BiAUOBiqHUIT C1IOCIO BU3HAYAIOTHCS TAKOXK KJIACH Bpﬁ.
Orxke, nociipkenHst y poboTi [26] cTocyloTbesi BeIMYUH, BU3HAYEHUX

HACTYIIHUM 9HHOM.
Hexait d € N,

a=(q,-.-,qa4), 1<¢g <oo, j=1,2d

q(1) = (q1,---,9a4)s q(2) = (gd+1,-- - 924)-

Toni, mis dysxnii f € Lg(ﬂgd) 3 2d smimmnvu (x,y),x € RY y € R? i
quciia M € N Besmauna
M

i (fa = inf [If(6y) =D uix)vi(y)las

Ui, Vs -
=1

ne u; € Lq1)(ma), vi € Lgea)(ma), i = 1, M, masusaerbes natiwpausum 6i-
MHITHUM Rabaruscennam nopadky M gynruii f y npocmopi Lq(maq). pu
M = 0 nokmamaemo 7y (f)g = || fllq-



XapakTepuCTUKU allPOKCUMAIIIT KJIACIB MepioauaHnX (pyHKITH 401

. 0
st muoxkunu dyukiiin F C Lq(ﬂ'gd) BU3HAYUMO BEJIMYUHY

v (F)q := sup 7ar(f)q-
fEF

Y Bunasiky qj = ¢, j = 1,2d, numenmo 7a/(+)q 3amicTb Taz(+)q-

B macrtymnwiit Teopemi 4.7 BCTAHOBJIEHO MOPSIKOBI 3HAYEHHS BEJIUINH
v (F)q mas knacy Fo= B}, p npu nepHEX 3HaveHHAX napamerpa ¢ i re-
SIKUX CIIIBBIIHOMIEHHAX Mi?K BEKTOPaAMU

p:(pl,...,pgd), q:(ql,...,QQd), I‘:(Tl,...,rgd).
[Ipu 11boMy BUXiJIHOIO IIOJI0 BEKTOPA I' € YMOBA, 1110 HOT0 KOMIIOHEHTH IPH-
fIMaloOTh 3HAYEHHS T'j = p1, Tq4; = P2, j = 1,d, i B TakoMy BHIAJKy Kjac
By, y mosHataemo Bgfép 2.

Hwxkdae mepiBrocTi Trmy a < b st BeKTOpPIB
a=(a,...,an), b= (b,...,bn)

CJIiJT PO3YMITH fK BiJIOBITHI HEPIBHOCTI MiXK IXHIMM KOMIIOHEHTAMU, TOOTO
a; S bi, 1= l,m.

Teopema 4.7. Hexali 2 < p < 00, 2<q< 0 12 <60 < oco. Todi npu
pi > 5, i=12 (p; >0 npup > q), daa Kaacy Bglé” Pyrwuiti 3 2d
BMIHHUMU MAE MICUE CTIBBIOHOWEHH.A

TM(EPIép2>q - NP2 (logd_1 M)(m—&-pz—&-l—%).
p7

Bukopucrasmm Teopemy 4.7, 3HAiIEHO TOYHI 38 TMOPSAIKOM OITIHKH CHH-

CYJISIDHAX 9YHCEJI IHTerPAJbHUX OIMEPATOPIB 3 SAPaMH, IO HAJEXKATb 0
< TRPLP2
KJIACiB IB%pﬁ .

Teopema 4.8. Hexali 2 <p<o00,2<0<o0ip >0,1=1,2. Todi dan
KAQCY IBSE(;’) 2 pynruit 3 2d 3minHUMU MaE Micue NopadKoGe cnieeidHOwLe-
HHA X ,

sup  sy(Jp) < M~ TP (logd_1 M)(p1+p2+1_5).

P11, P2
S

5. TIPO HOPMU JITHIMHUX OIIEPATOPIB, 1[0 PEAJII3YIOTH IMMOPSIIKOBI
BHAYEHHA HAMKPAIIIOTO HABJIMXKEHHST KJIACIB BY_ , ¥ TIPOCTOPI
Lo MHOXKUHAMHY TPUT'OHOMETPUYHUX ITOJIIHOMIB

Y pobori [18] ob’exkramu mocsimzkenHs Gyau JiHIAHI oneparopu, sKi €
ONTUMAJIBLHUMU B 3324l 3HAXOMKEHHS TOYHUX 33 MOPATKOM 3HAYEHDb Hafl-
Kpamux Hab/mzKeHb Kiacis BY_ , y mpoctopi Le 3a I0IOMOTOI0 TPUTOHO-

b
METPUYHUX IOJIHOMIB, TOPOIKEHNX CHUCTEMOIO {6Z(k’x)}keQn, J1e MHOXKHWHU
Qn, n € N, — Tak 3Bani cxiguacro-rinmep6osiuni xpecru B Z%. Onmum i3
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KJIIOYOBUAX TYT OYJI0O MUTAHHsS CTOCOBHO ITOC/IIOBHOCTI HOPM TaKHUX OIepa-
TOPIB, SIK ONEPATOPIB, MO JMIOTh 13 Lo B Lo, a caMe, — MUTAHHS OO0
0OMEZKEHOCT] 41 HeOOMEXKEHOCTI II€l ITOCiJOBHOCTI.

Orxe mpu d > 2 ta n € N posrastaemo MHOKHHY Q, C Z4

Q= | nls),  (s.1)=s1+...+ 54,
(s)<n

nes = (s1,...,57) € ZL, i uepes T(Q,,) MO3HAUUMO MHOXKHHY TPUTOHOME-
TPUYHUX MTOJIHOMIB 3 «HOMEPAMEY» TapPMOHIK 3 (), TOOTO

T(Qn)f{tlt che (k@) ¢ € C, xeRd}
keQn
Busnauumo enumuuny Fg, (BY ,)oo Halikpamoro zmabimxenHs OyHKIi 3
kiacy BY_ , y mpocropi Lo, 3a gonomoroio erementis Muoxunu 1'(Qy,):

Eqg, (B = sup inf || f—1oo-
T o -

Y pobori 2] noBeseHo, 30Kpema, Take TBEpJIZKEHHSI.

Teopema 5.1. Hexati d = 2, 1 < § < oo, v = (r1,r1), 11 > 0. Todi
CNPasedausa ouinKa

Eq, (B,

3a3HAaYMMO, 110 HABE/IEHA OIIHKA JOCATACTHCS 38 HAOJMIKEHHS arperara-
mu, chopMoBaHUMEU Ha 6a3i JIHITHOrNO MeTOy HAOJIMXKEHHS, KU Y JaHO-
My BHIIQJIKy BU3HAYA€THCS HMOCIII0BHICTIO jiHiitEnx oneparopis {Vg, }22,
KOxKHUI 3 akux byHKUil f € L1(m2) cTaBuTh y BiANOBIAHICTH TPUTOHOME-

TpuuHMii nostinoM Vo, (f, ) Burmsmy

Vo f(x) =V, (f.x) = Y Alf,x)=(f*Vy,)(x), xcR?

(s,1)<n

se VQn (X) = Z AS(X)7
(s,1)<n
2
As(x) =4 [ (Voss (27) = Voy1(25))

j=1

amal eN
2
V()—1+22(:osku+2z 2l_kcosku u € R,

k=1 k=l+1

— anpo Bame-Tlyccena (npu s; = 0 BBazkaemo, mo V,s;-1(z;) = 0).
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ITocigosricTs onepaTopis { Vg, }°2 | Mae oHy 0COOIUBICTD: IPU KOKHO-
My n € N Hopma oneparopa Vg, , gk oneparopa, mo Ji€ 3 Lo B Log OPiB-
mioe ||V, |11 1, ik Bimomo (nus. [27, macaigok 3 Teopemu 1.2.1]), ||Vg, [[1 > n.
Inmmmu croBamu, npu d = 2 mocuigosaicts HOPM ||V, [|co—so0, 7 € N, -
uiitnux oneparopis {Vg, }7° |, 3a ZOMOMOrOI0 SIKHX peasi3yloThCs IOPS/i-
KoBi 3HaveHHs Bemiud Eq, (BT, j)oc — HeOOMerkeHa. 3BazKaroun Ha TaKy
obcTaBuHY, JIOTIYHOIO € 3aJa9a PO BiIIyKAHHS ITOC/IIIOBHOCTI JIHIMHIX
omeparopis Lg, : Loo — T(Q), siki, 3 ogHOro 60Ky, Oyiu 6 y IeBHOMY
PO3yMiHHI ONTHMAJILHUMHU CTOCOBHO 33Ja4i PO HAOJMKEHHS KJIACIB Bgoﬁ
y mpoctopi Lo, a 3 ixmoro, 3ax0BosbHsIH 6 yMOBY ||LQ,, ||co—oo < 00 Auist
6yab-axoro n € N. Biamosiap Ha muTaHHs IOJ0 ICHYBAHHS TaKOl IOCJI 0B~
HOCTI 3HAIEMO y JIBOX HACTYIIHUX TBEPIKeHHsX. [lepine 3 HUX cTocyeThest
6araroBumiproro Bunajixy (d > 2), a apyre — punaiky d = 1.

VY nogpasbiiomy, skino oneparop A : Loy — Loo, T0 1yist HOpMHA || Al co—00
BXKMBAEMO CKOPOUYEHe TIo3HadYeHHs ||A .

Teopema 5.2. Hexat d > 2 i {Lg,}22, — nocaidosnicms obmesrcernux
MHITHULT 0Nepamopie

Lq, : Looc = Leo,

wootenuti 3 axuxr dynxuii f € LI (mq) emasumo y 6idnosionicms marudi
mpuzoromempuiruls noainom Lo, f € T(Qr), wo daa dynxuii f € BT,

00,67
der = (ry,...,r) € Ri, r1 >0, 1 <0 <00, Mae micue HepisHicmb

1f = Lonfllze < Eq,(BL p)oc-
Todi das 6ydv-axozo € > 0 cnpasdocyemuves ouinka

g, || > nld=D0).

B ommcosiit popmi Teopema 5.2 momyckae Take TpaKTyBaHHS: mpu d > 2
nocuinosricts HOpM ||Lg,, ||, n € N, niniitaux oneparopis {Lg,, }°2, 3a mo0-
IIOMOT'0I0 AKUX Peasli3yl0ThCs MOPSAIKOBI 3HaUeHHA Besmdann g, (]Bgoﬁ>00 -
HaWKpaImx HaOJIMKeHb KJIaCiB IB%ZO’G 3a JIOIIOMOI'0I0 MHOXKWHU TPUTOHOME-
rpuanux nosinomis T(Q,) y npocropi Le, — HeoOOMeKeHa.

Yu mae Micre momibHUI BUCHOBOK y BHUITAJKY (DYHKIHN OJHiel 3MIHHOT,
TobTO TIp d = 17 BiamoBigp Ha Ile IUTaHHA IPYHTYETbCHA Ha HABEIEHIi
HI2KYe TeopeMi 5.3.

Orxe, mexait n € N i T(2") — MHOKHHA TPUTOHOMETPHYIHHX IOJIHOMIB
BUTJISILY

2m—1

T(2") = {t D t(x) = Z ke eC, z e R}.
k=—2n41
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Ioxkamemo

E, (B! = su inf —t
”( 00,9)00 feIBEe teT(2m) Hf HOO

— BeJIMYMHA HafiKparmoro Habmkenns knacy B! ) maoxunoro T'(2") y mpo-
b
cTopi Loo.

Teopema 5.3. Hexatid=1,1<60 < ooiry > 0. Todi cnpasedausa ouirka
En(IB%’;ﬂ)OO = 27",

CrocoBHO TeopeMu 5.3 3a3HAYMMO TaKe: IMOPSIKOBI 3HAYEHHS BEJIMYUH
E,(B.! )oc MocsTAIOTECA 32 Hab/MzKeHHs: Gynkiiit f € B! , momxinomamu
b k)

n
(fx) = > As(f,z), € R. Taki nosiHOME NOPORKYIOTBCS OEPaTO-
s=1

pamu A, gki gilors 3a dopmynowo A, f(x) = 7,(f,x), x € R, npuaomy
nociigosaicTs HOpM {||A,||}5°, omeparopis A, — obmexena. Cupaszi, 1ist
Oynb-aroro n € N

Anll = 11 Asllt < 20V () = Vao ()l < 2(1[Ven |l + [[Vaoll1) < €,

s=1

ae C - AdedKa JO0JaTHa CTaJla, IO He 3aJIC2KUThb Bi,H n.

6. 3AKJIIOUHE 3AYBAXKEHHSI

Hampamu mocimkennb, gKi OKpec/ieHi JaHO0 CTaTTEIO TOTY2KHO PO3BUBA~
IOThCA HE TIABKU B YKpaiHi, a i y MaTeMaTuIHuX MeHTPpax 0araTbox HITNIX
Kpain cBitTy, 30kpema, v B’ernami, Kazaxcrani, Kurai, Himeuunni, Pocii,
CHIA, dnownii. CBigueHHAM IILOIO € IIUPOKUIl 1 JocUTh MOBHUM 6ibJiorpa-
diunmii ciimcok y dynmamenTanbHiit Monorpadil [1], y sxiit Bijobparkena
OaraTopivuHa icTOpid MOCIiKEHHS AITPOKCUMATABHUX XaPAKTEPUCTUK 3Ta-
JaHuX BUIE PYHKITIOHAJLHUX KJIACIB. Y IILOMY CIIMCKY TAKOXK HHU3Ka PODOIT
aBropa i itoro monorpadis [23].

Bucnosmoo mupy BagdHICTh JOKTOPY (hiduko-MaTeMaTUuIHUX HAayK Po-
manioky B. C. 3a minHi mopaju Ta gomoMory y Bimbopi marepiasy i opopm-
JICHHI CTaTTI.

JIITEPATYPA

[1] Dinh Ding, Vladimir Temlyakov, Tino Ullrich. Hyperbolic cross approzimation.
Advanced Courses in Mathematics. CRM Barcelona. Birkhduser/Springer, Cham,
2018, doi: 10.1007,/978-3-319-92240-9. Edited and with a foreword by Sergey Tikhonov.

[2] A. S. Romanyuk. Widths and best approximation of the classes By o of periodic
functions of several variables. Anal. Math., 37(3):181-213, 2011, doi: 10.1007/s10476-
011-0303-9.


http://dx.doi.org/10.1007/978-3-319-92240-9
http://dx.doi.org/10.1007/s10476-011-0303-9
http://dx.doi.org/10.1007/s10476-011-0303-9

XapakTepuCTUKU allPOKCUMAIIIT KJIACIB MepioauaHnX (pyHKITH 405

3l

4]

[5]

(6]
7]

18]
19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

[19]

A. S. Romanyuk. Entropy numbers and widths for the Nikol’skii-Besov classes of
functions of many variables in the space Loo. Anal. Math., 45(1):133-151, 2019,
doi: 10.1007/s10476-018-0611-4.

A. S. Romanyuk, V. S. Romanyuk. Bilinear approximations of the classes B g
of periodic multivariate functions. In Math. Analysis, Differential equations and
applications., pages 139-148. Sofia: Academic Publishing House ‘‘Prof. Harin Drinov”,
2011.

V. N. Temlyakov. Approzimation of periodic functions. Computational Mathematics
and Analysis Series. Nova Science Publishers, Inc., Commack, NY, 1993.

V. N. Temlyakov. Multivariate approximation of periodic functions. Cambridge
University Press, 2018.

T. 1. Amanos. TeopeMmbl mpeiacTaBieHus W BJIOXKEHUS JJid (DYHKIIMOHAJIBHBIX TPO-
CTPAHCTB S;TgB(R”) n SZ(:gB(O <z <2mj=1,...,n). Tp. Mam. un-ma AH
CCCP, 77:5-34, 1965.

O. B Becos. O nexkoTopom cemeiicTBe (DYHKIIMOHATHHBIX TPOCTPAHCTB. 1€0peMbl BJIO-
skenus u npogoskenns. JAH CCCP, 126(6):1163-1165, 1959.

II. . JInzopkun, C. M. Hukosbckwuii. [Ipocrpancrsa dyHKINi CMEIIaHHON [VIaIKOCTH
¢ JeKOMIO3UIMOHHON Touku 3peuud. Tp. Mam. un-ma AH CCCP, 187:143-161, 1989.
C. M. Hukonbckuit. HepaBencrsa mjist 11es1bix OyHKIMHA KOHEYHOM CTEIIEHN U UX IIPU-
MeHeHre B Teopun IudepeHImpyeMbiX (DYHKIN MHOTUX HepeMeHHbIX. 1p. Mam.
un-ma AH CCCP, 38:244-278, 1951.

A. C. Pomantok. Ilpubnmzkenune kjaccoB becosa mepmommdyeckux (OYHKIMNA MHO-
IUX TIEPEMEHHBIX B MPOCTpaHcTBe Lg. Yrp. wmam. ocypn., 43(10):1398-1408, 1991,
doi: 10.1007/BF01061817.

A. C. Pomanrok. O HamIydmmx TPUTOHOMETPUYECKHUX NPUOIMKEHHUIX U KOJIMOIO-
POBCKUX TIOMEpeYHUKAX KJjiaccoB bBecoa (byHKIMIT MHOTHX MEPEMEHHBIX. YKD. Mam.
orcyph., 45(5):663-675, 1993, doi: 10.1007/BF01058208.

A. C. Pomaniok. O Hamrydmux HpubJIMKEHUAX U KOJIMOTOPDOBCKHX IONEPETHUKAX
KJ1accoB BecoBa mepmopmdeckux (OYHKIMA MHOTUX IEPEMEHHBIX. YKp. MAmM. HCYPH.,
47(1):79-92, 1995, doi: 10.1007/BF01058799.

A. C. Powmanrok. Jluneilnble mnomepedyHUKN KjaccoB becoBa NepuojudecKux
dbynxmmit  mmormx mepemenubix. 1. Yxp. wmam. owcypn., 53(5):744-761, 2001,
doi: 10.1023/A:1012530317130.

A. C. Powmaniok. Jluneiluble mnomepevyHuKH KJjaccoB becoBa NepuoudecKux
dbynxmmit  muormx mepemenubix. 11 Ykp. wmam. owcypn., 53(6):820-829, 2001,
doi: 10.1023/A:1013356019431.

A. C. Pomaniok. Ilpubimzkenue KJIacCoB IepUOAMIECKUX (DYHKIMHA MHOIMX IIE€pEeMEeH-
HbIX. Mamem. samemxu, 71(1):109-121, 2002, doi: 10.1023 / A: 1013982425195.

A. C. Pomaniok. Hannyqmue M- ujieHHble TPUTOHOMETPUYECKUE TPUOJIMKEHUS KIIAC-
coB BecoBa nepuomnyeckux pyHKIMiT MHOTUX nepemeHHbiX. HMasecmus PAH. Cepus
mamem., 67(2):61-100, 2003, doi: 10.1070 / IM2003v067n02ABEH000427.

A. C. Pomamiok. Ilpubmmxenue kiaccos B, nepuommueckux QyHKIME MHOTHX
[EPEMEHHBIX JIMHEHHBIMU METOJAMHU ¥ Hawilydinue npubsmkenus. Mam. cboprux,
195(2):91-116, 2004, doi: 10.1070/SM2004v195n02ABEH000801.

A. C. Pomaniok. Businneiinbie 1 TpuroHoMeTpudecKue npubInKeHns KJIaccoB becosa
B, ¢ nepuomuaecknx QyHKImi MHOTUX HepeMenublx. Mssecmusa PAH. Cepua mamenm.,
70(2):69-98, 2006, doi: 10.1070/IM2006v070n02ABEH002313.


http://dx.doi.org/10.1007/s10476-018-0611-4
http://dx.doi.org/10.1007/BF01061817
http://dx.doi.org/10.1007/BF01058208
http://dx.doi.org/10.1007/BF01058799
http://dx.doi.org/10.1023/A:1012530317130
http://dx.doi.org/10.1023/A:1013356019431
http://dx.doi.org/10.1023 / A: 1013982425195
http://dx.doi.org/10.1070 / IM2003v067n02ABEH000427
http://dx.doi.org/10.1070/SM2004v195n02ABEH000801
http://dx.doi.org/10.1070/IM2006v070n02ABEH002313

406 A. C. Pomanok

[20] A. C. Pomamniok. Koamoroposckue u TpUroHOMETPHYECKHUE [IOIIEPETHUKY KIaccoB Beco-
Ba By o mepuogmieckux GyHKImE MHEOIUX HepeMerHbIX. Mam. cboprurk, 197(1):71-96,
2006, doi: 10.1070/SM2006v197n01 ABEH003747.

[21] A. C. Pomaniok. Hauny4ime TpuroHoMeTpuyecKue IpUOIUKEHNsT KIACCOB IIEPUOIU-
qecKuX (DYHKIWH MHOI'MX [T€DEMEHHBIX B PaBHOMEDPHOI Merpuke. Mamem. s3amemxu,
82(2):247-261, 2007, doi: 10.1134/S0001434607070279.

[22] A. C. Pomaniok. Hawryuiie npub/inKeHus: U IIONEPETHUKA KJIACCOB II€PUOMYECKUX
dyskumit MHOrUX NEpemeHHbIX. Mam. cbopruk, 199(2):93-114, 2008, doi: 10.1070 /
SM2008v199n02ABEH003918.

[23] A. C. Pomaniok. AnnpokcumamueHsie Tapakmepucmuky kAaccos nepuoduseckur dym-
Kyuti mrozux nepemennoix. Ilpamni Iu-ty maremarukun HAH VYkpainu, 1.93, 2012.

[24] A. C. Pomamiok. TpuroHoMeTpuHecKne W JIMHEHHBIE MOMEPETHUKYN KJIACCOB IIE€PUO-
JudaeckuxX (GyHKIMA MHOTUX II€PEeMEHHBIX. Ykp. mam. orcypu., 69(5):670-681, 2017,
doi: 10.1007/s11253-017-1395-6.

[25] A. C. Pomaniok, B. C. PomaHIOK. ACHMITOTHYIECKHE OLEHKH HANIYYIINX TPUIOHOME-
TPUYECKUX U OUITMHERHBIX IPUOINKEHNH KIacCOB (DYHKIMIA HECKOJIbKIX [IePEMEHHBIX.
Vrp. mam. orcyph., 62(4):536-551, 2010, doi: 10.1007/s11253-010-0375-x.

[26] A. C. Pomaniok, B. C. Pomaniok. OueHKE HamIydmmx OMIMHEHHBIX HPUOJIMKEHUIT
KJIACCOB B}, g U CHHIYJISPHBIX YHCENI MHTEIPAIBHBIX ONEPATOPOB. YKD. Mam. dtcyph.,
68(9):1240-1250, 2016, doi: 10.1007/s11253-017-1304-z.

[27] B. H. Temuskos. Ilpubmmzkenne dbyHKnuii ¢ OrpaHUIEHHON CMENTAHHONW MTPOU3BOHOM.

Tp. Mam. un-ma AH CCCP, 178:1-112, 1986.

A. C. Pomaniok

THCTUTYT MATEMATUKU HAH YKPATHU, M. KuiB
Email: romanyuk@imath.kiev.ua

ORCID: orcid.org/0000-0002-6268-0799


http://dx.doi.org/10.1070/SM2006v197n01ABEH003747
http://dx.doi.org/10.1134/S0001434607070279
http://dx.doi.org/10.1070 / SM2008v199n02ABEH003918
http://dx.doi.org/10.1070 / SM2008v199n02ABEH003918
http://dx.doi.org/10.1007/s11253-017-1395-6
http://dx.doi.org/10.1007/s11253-010-0375-x
http://dx.doi.org/10.1007/s11253-017-1304-z
mailto:romanyuk@imath.kiev.ua
http://orcid.org/0000-0002-6268-0799

3MICT

100 pokiB Maremaruynoro incrutyty YAH
B. I. I'epacumenko, FO. A. dpozxa, C. I. MakcumeHnko

3amadi mpo eKcTpeMajibHe PO30UTTH KOMIJIEKCHOI MJIONINHUI
O. K. bBaxrin, 1. B. /lenera, JI. B. Burisceka, 1. 4. IBopak

Matrix problems and representations of algebras

Yu. A. Drozd

Heainilini kineTnyHi piBHSIHHSI KBAHTOBUX CHUCTEM
B. I. T'epacumenko

Dopmysia KOHQIIKTHOT JUHAMIKHT
B. /1. KommaneHnko

Deformations of functions on surfaces
S. I. Maksymenko

Symmetries and supersymmetries of generalized Schrédinger
equations
A. G. Nikitin

IlceBaponudepentiiajabHi piBHAHHA Ta -CTifKi BUIIAJIKOBI
npoiecu
M. M. Ocumuyx, M. 1. IToprenko

CrarucTruyHa MexaHiKa CHCTEM 3 IOCHJICHO HaJCTiKOIO
B3aEMO/IIEIO

O. JI. Pebenko

XapaKTepucTuKu JIiHiiiHOT Ta HeJiHiiHOT anpokcuMarliii KJjaciB
nepioguyHuX PYHKIN 6araTboX 3MiHHUX
A. C. Pomaniok

10

57

82

113

150

200

283

338

384



HaykoBe BujaHHs

Cyuacui mpobJjieMun MaTeMaTUKH Ta 11 3acTOCyBaHb. |

36ipauk npaib [HeTuryTy Maremaruku HAH Ykpaiau

2020, .17, Ne2

Modern problems of mathematics and its applications. I
Proceedings of the Institute of Mathematics of the NAS of Ukraine

2020, v.17, No 2

Kowmm'torepHa BepcTka Ta MmiIrOTOBKA OPUTiHAJI-MAaKETy
B. I. I'epacumenko, C. I. Makcumenxko.
Huzaitn ooroprkm: B. I'. @erenko

Hpyx: mignpuemerts Lostineit O. M.

M. IBano-®PpaukiBcebk, Bya. lanunpka, 128
rest. +38(066) 481-66-01, +38(050) 540-30-64
email: gsm1502Qukr.net

namip odceruuit, 1pyK nudpoBuit

dopmar 70x100/16, ym. apyk. 23.71 apk.
Sam. Ne 21 Bix 11.04.2021, maksazx 300 mpum.






301pHUK MICTUTbH CTATTI MPUCBSIUYECHI OCHOBHUM 37100y TKaM
HayKOBHUX CcriBpoOiTHUKIB [HCTUTYTY Matemarnku HAH VYkpainu
3 aKTyaJIbHUX HaIPsSMIB Cy4YaCHOI MaTeMaTHKHU Ta il 3aCTOCYBaHb.

J71s1 HayKOBUX CHIBPOOITHUKIB, BUKJIa a4iB
3aKJIaJliB BUILIOi OCBITH, JOKTOPAHTIB 1 aCIIPAHTIB.

ISSN 1815-2910



	Література
	1. Вступ.
	2. Дослідження задач першого типу
	3. Задача другого типу про максимум добутку внутрішніх радіусів областей
	4. Задача першого типу з додатковою умовою симетрії
	5. Задачі третього типу
	Література
	1. Introduction
	2. Representations of quivers and posets
	3. Reflections and Coxeter functors
	4. Boxes, bimodules and reduction
	5. Tame and wild algebras
	6. Involution
	References
	1. Переднє слово: хронологія теорії кінетичних рівнянь
	2. Ієрархії еволюційних рівнянь квантових систем
	2.1. Еволюційні рівняння систем багатьох частинок
	2.2. Динаміка кореляцій станів
	2.3. Ієрархії еволюційних рівнянь ББҐКІ

	3. Узагальнене кінетичне рівняння
	3.1. Про походження кінетичної еволюції станів
	3.2. Узагальнене квантове кінетичне рівняння
	3.3. Скейлінгові властивості еволюції станів

	4. Скейлінгова еволюція спостережуваних
	4.1. Ієрархія кінетичних рівнянь для спостережуваних
	4.2. Властивість поширення хаосу
	4.3. Кінетичні рівняння з початковими кореляціями

	5. Види на майбутнє
	Література
	1. Вступ
	2. Теорема про конфлікт. Існування рівноважних атракторів
	2.1. Регіоналізація ресурсного простору
	2.3. -апроксімація та фрактальне подрібнення простору
	2.6. Рівноважний стан в термінах розкладу Гана-Жордана

	3. Нерухомі точки динамічних систем із взаємодією притягання
	4. Конфліктна динаміки в термінах щільностей
	5. Модель конфліктного суспільства
	5.1. Елементарна модель соціуму
	5.2. Найсильніший забирає все
	5.4. Формула  динаміки  для  моделі  з  ефектами  зовнішнього впливу
	5.6. Існування нерухомого стану

	6. Теорема про конфлікт для довільної кількості опонентів
	Література
	1. Introduction
	2. Algebraic preliminaries
	2.1. Commutative diagrams
	2.2. Sections of homomorphisms
	2.3. Direct products
	2.4. Semidirect products
	2.5. Semidirect products with Z
	2.6. Wreath products
	2.7. Special short exact sequences
	2.8. Garside elements
	2.9. Characterization of qm-3muqzmzm
	2.10. Characterization of qmn-3muqzm,nzm,n

	3. Homogeneous polynomials without multiple factors
	3.1. Symmetries
	3.2. Symmetry index of a degenerate local extreme
	3.3. Framings at a degenerate local extreme

	4. Space of maps F(M,P)
	4.1. Smooth functions on the plane with isolated critical points
	4.2. f-adapted subsurfaces
	4.3. Graph of fF(M,P)
	4.4. Enhanced graph of fF(M,P)
	4.5. Action of S(f) on "0362f
	4.6. Simplification results
	4.7. Structure of 0(f,V)

	5. Homotopy types of stabilizers and orbits
	5.2. Structure of Sid(f,V)
	5.3. Structure of 1Of(f,V)

	6. Maps on surfaces with (M)<0
	6.1. Reduction to the case (M)0
	6.2. Relation between sequences b'(f,V) and b(f)

	7. Maps on 2-disk and cylinder
	7.1. Maps with minimal number of critical points
	7.2. General case
	7.3. Classes of groups and short exact sequences
	7.4. Realization theorems for b'(f,V)

	8. Maps on 2-torus
	8.2. Maps fF(T2,P) whose graph f contains a cycle
	8.3. Maps fF(T2,P) whose graph f is a tree

	9. First homology groups of orbits
	References
	1. Introduction
	2. Generalized Schrödinger equations
	3. Lie symmetries
	3.1. Lie symmetries of free Schrödinger equation and Schrödinger equationwith scalar potential
	3.2. Lie symmetries of Schrödinger equations with scalar and vector potentials
	3.3. Lie symmetries of the Schrödinger-Pauli equations for charged particles
	3.5. Symmetries of Schrödinger-Pauli equations for neutral particles
	3.6. Symmetries of PDM Schrödinger equations

	4. Supersymmetries
	4.1. N=2 SUSY and Landau levels
	4.2. Extended SUSY
	4.3. SUSY and shape invariance
	4.4. Matrix superpotentials

	5. Superintegrable systems with position dependent mass
	5.1. First order integrals of motion
	5.2. Rotationally invariant systems
	5.3. Two strategies in construction of exact solutions
	5.4. Example: system with two arbitrary parameters

	6. Runge-Lentz vectors
	6.1. The Hydrogen atom
	6.2. Systems with spin

	7. Discussion
	References
	1. Вступ
	2. Допоміжні результати
	2.1. Щільність ймовірності переходу ротаційно інваріантного -стійкого процесу
	2.2. Поверхні класу H1+ та деякі леми
	2.3. Задача Коші

	3. Потенціали простого шару
	3.1. Означення, умови існування та основні властивості
	3.2. Теорема про стрибок
	3.3. Одновимірний випадок.

	4. Початково-крайові задачі
	4.1. Друга початково-крайова задача
	4.2. Третя початково-крайова задача
	4.3. Ймовірнісна інтерпретація

	Література
	1. Вступ
	2. Опис мікро та макро станів
	2.1. Простори конфігурацій систем статистичної механіки
	2.3. Міри на просторах конфігурацій неперервних систем
	2.7. Термодинамічні потенціали
	2.8. Кореляційні функції мір Гіббса
	2.9. Розклад кореляційних функцій за щільностями конфігурацій
	2.15. Існування граничних мір Гіббса
	Існування станів Гіббса

	3. Квазі-граткова апроксимація неперервних систем
	3.1. Тиск
	3.3. Вільна енергія
	3.7. Апроксимація кореляційних функцій

	4. Модель коміркового газу
	4.1. Визначення моделі
	4.4. Вимірна структура простору "0365(a)
	4.5. Міри на просторі конфігурацій коміркового газу
	4.8. Граткова апроксимація системи коміркового газу
	4.13. Висновок

	Література
	1. Вступ
	2. Означення та позначення
	3. Найкращі наближення і поперечники
	4. Найкращі M-членні тригонометричні і білінійні наближення
	5. Про норми лінійних операторів, що реалізують порядкові значення найкращого наближення класів Br,  у просторі L множинами тригонометричних поліномів
	6. Заключне зауваження
	Література

