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IIpoBesieno anasiz 3ajadi MOIIyKy CUrHaLy B OararoKaHAJbHINA cucTeMi
3B’9I3KY 3 OJHUM IIONIYKOBUM nIpuctpoeM. IlobynoBana onrumanabHa crpa-
Terist mepeMileHHsl MMOITyKOBOI'O MPUCTPOIO B OGaraToKaHaJbHIN cucreMi i
OTPUMAHO BiJIOBI/IHY OIHKY €(DEeKTUBHOCTI IIOIIyKY.

IIpoBeén anann3 3a/1a4n ONCKA CUTHAJIA B MHOTOKAHAJILHON CHCTEME CBSI-
31 C OJ[HUM IIOUCKOBBIM ycTpoiicTBoM. [locTpoena onruMaabHast CTpaTerust
[epeMeIeHust MOUCKOBOI'O YCTPONCTBA B MHOTOKAHAJBHOM CHCTEME U II0-
JIY9EHO COOTBETCTBYIOIIAsI OIEHKA 3(P(PEKTUBHOCTHU MOUCKA.

Introduction

Mathematical apparatus used in the search theory is diverse [1, 2, 3,
10] although even for search tasks with simple parameters, finding the
optimal strategy in an analytical view is usually not possible. Thus find-
ing the solution that leads to the “simplest” problems of mathematical
programming, effectively solvable using quantitative methods is relevant.

Consider the following search problem. A given system consisting of N
channels with one dynamic signal and one search device (SD), where SD
is moving only through the first M channels while the signal is moving on
all N channels, N, M < N, in discrete time period ¢t = 0,1, 2, ... the sig-
nal and the SD are transitioning from channel to channel independently
from each other according the the Markov model. Assume that probabil-
ities a;5,7,7 = 1, N of signal transition from i-channel to j-channel and
the corresponding probabilities B;;,i,j = 1, M for the SD are time inde-
pendent. At the start moment ¢ = 0 the signal is located in the channel
Jo (Jo < N) wile the SD is located in channel j; (j1 < M).
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The following rule is used to indicate the discovery of the impulse by
the SD: the signal located in the i-channel at the ¢; time period and leav-
ing it at the ¢o time period is considered disovered in the ¢ (t1 <t < t3) time
period, if the SD is also located in the i channel, the discovery is consid-
ered valid only if it occurred for the first time since the ¢; time period.

Probability of signal discovery in the ¢ time period is denoted as
K, ;. (t). The probability of the signal emergence in any of the con-
nection channels (transition in another channel) in the ¢ time frame is
denoted as Lj, (t), Cj, j, (t) = Kj, ., (t)/Lj, (t) denotes the relationship
between. C, ;, (t) value where ¢y is the given discrete time period is
referred to as search effectiveness coefficient, while C' = lim;_, Cj, j, (t)
value, if such limit exists it is referred to as a stationary effectiveness
coefficient.

Worth noting that these effectiveness coefficients have practical appli-

cations.
to to

K (t), Y K, 5 (t)

t=0 t=0

The following values need to be determined: effectiveness coefficient
Cj, . (t), stationary effectiveness coefficient C, probabilities B;j,i,j =
1, M of SD transition between channels where stationary effectiveness
coefficient is maximum.

1 Main relationships for a non-inflated system

The signal movement thorough the channel is described by a uniform
Markov chain £(t) with discrete time and multitude of states {1,2,..., N}
and a probability matrix of transitioning by 1 step A = {aij 11,5 =1, N}.
The initial state £(0) = jo. £(t) = ¢ if at time period ¢ the signal is
located in the ¢ channel.

The SD movement thorough the channel is described by a uniform
Markov chain 7(t) with multitude of states {1,2,..., M} and a probabil-
ity matrix of transitioning by 1 step B = {bij 11, ] = W} The initial
state 1 (0) = j1. n(t) =i if at time period ¢ the SD is located in the i
channel.

Then

Kjoju (t) = P{ ) =in)=1i  n(1)#i t—ug(t) <7<t }

ZZQT)—jo, n(0) = j
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Where wu (t) is the underjump of the Markov chain

ug (t) =t —sup{r <t:&(r) #E (1)}

Let us introduce the notation:

Pe(t,7,1) = P{&(t) =i/€(0) = j} - probability of signal being located
in the i-th channel at time period ¢ under condition that initially the
signal was located in the j-th channel.

P, (t,j,i) = P{n(t) = i/n(0) = j} - probability of SD being located
in the ¢-th channel at time period ¢ under condition that initially it was
located in the j-th channel.

@y (t,j,i) =P{n@t) =1, n(r)#4, 0<7<tn(0)=j} - probabil-
ity of SD being first located in the i-th channel at time ¢ under condition
that initially it was located in the j-th channel, i # j, t > 1.

he (t,j,i) = P{&(t) =4, £(t—1) #4]£(0) = j} — probability of sig-
nal transitioning in the i-th channel at time period ¢ from any other
channel other than ¢, under condition that it was initially located in the
j-th channel, t > 0.

Fe(nyi) = PLE(t+1) = i, (t+2) =i, € (t4+n) = i/€ (1) = i} -
probability that the signal stays in the i-th channel during the time period
[t;t + n], under condition that it was located in the i-th channel at time
period t.

The following relations are fair

t]a Zajkpﬁ 17k1i)7 tz]—v P{(Ovjai)zéjia

) (t,5,7) Zﬁjkp —1,k,i), t>1, P,(0,j,i) = 6,

t ]7 ZB]/?QW 17k7i)7 t22a QT] (15.]71):5_]17]#7’7

k#i
he (t,j,8) = Y ariPe(t—1,4,k), t > 1,
k#i
N
Lj,) = th (t, Jo, 4),
1=1

where

S — 1, when j = i;
7871 0, when j # .
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Theorem 1.2. For probability of signal discovery in time frame t the
following relation is applicable

M
Kjojl (t) = Z {hf (tvjovi) Pﬁ (t7j17i) + 5]01E(t72) QT] (tyjhi) +
=1

t—1
D he(t—mn, jo,i) Fe (n,i) Y Py (t—n,5,k)Q, (n,k,i) p , t>0 (1)
n=1 k#i

Proof. The proof is based on the total probability formula, according to
which, the probability of event A out of total pool of events E1, ..., E,,
(E; #£0,i= 1, n)is

P(A)= > _P(A|E)-P(E)

While constructing the relationships, it must be taken into account
that the signal and SD transitions are independent.

Consider the initial fixes conditions £ (0) = jo,n (0) = Ji.

Discovery of the signal in the I channel in the ¢ time frame can occur:

1. In case if the signal transitioned into the i-th channel in the ¢ time
period from any other channel other than ¢ while the SD was located
in the i-th channel at the ¢ time period (probability of the event

he(t, 3oy 1) Py (t, 41,9));

2. In case the signal transitioned into the i-th channel in time period
t—n (1 <n <t)and stayed there until time period ¢, inclusive,
while the SD, for the first time starting from the ¢ — n time period
transitioned into the I channel in the t time period.

If n = ¢ the probability of the second event is
5j0j1 Ff (ta Z)QTI (tv 7;17 Z)

If 1 <n <t—1, then the second event can occur with the probability
Qn(n, k,)he(t —n, jo,i)Fe(n,i) under the condition that at the moment
t — n the SD was located in the k£ channel. The distribution of the
channel number, in which the SD was located at the ¢ — n time period,
P, (t —n, ji,k) using the full probability formula for a fixed n, 1 <n <
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t — 1 and then adding upp the probabilities for all n, 1 < n <t will yield
the probability of discovering the signal in the ¢ channel in the second
scenario.

Summing the probabilities of non interfering events, corresponding
to the two cases for all numbers of ¢ channels which are used by the
transitioning SD, 1 < i < m, will yield the the relationship 0O

Theorem 1.3. If £(t), n(t) are irreducible Markov chains with stan-
dard distribution {Pg (1),i=1, M} , {Pn (1),i=1, N} respectively, then
a limit exists

K = lm K, (t) =

M fe'e)
= Z he(i) | Py (i) + Y Fe(nyi) Y Py(k) - Qu(n, k, i) (2)

ki

independent of initial states of jo,j1, where
Pf (7’) = tll>ngo P§ (tvj(hZ) )
P’f] (7’) = tll{go P"7 (tvjhi) )
hg (7’) = t1i>I£o h (t7j0a 7’) .

Proof. The proof is derived from theorem 1 and ergodic quality of stan-
dard distribution. While at the same time relationships [4, p, 8.30] are
fair

N
Pe (i) = Z%‘z‘Pg (7))

M
Py = 8Py (j), (3)
j=1
he (i) =Y ajiPe () -
j#1
O
Corollary 1.1. If theorem 2 condition is fulfilled, the static coefficient

of effectiveness equals

: (4)
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where

N
L= lim L, (t) = Zhg ().

t—o0

1.1 Construction of enlarged systems

For the purpose of simplification of relationship for large M a phase
enlargement method is used [5, 6]. As en example, a random channel is
fixed, for example ¢ with number 4, where the SD can be located. Markov
chain n(t) multiple states {1,..., M} are broken into two classes {i} and
i={1,2,...,i—1,i+ 1, M}.In this case the first class consists only from
I states, and the second one consists from other than I states.

Lemma 1.1. If the following relationships are fulfilled

max fj; /min (1 = ;) <1, fuk # 0,k =1, M, ()
j#i j#i

then the time of Markov chain n(t) in multidute of states i is closely
describes by a geometric law of distribution with parameter 1 —y,;, where

vi=>_ Py()Bii/ Y Py (i) (6)

J#i J#i

Proof. If conditions (b)) are fulfilled, then transition into the ¢ state is
a rare condition, the process of transitioning amongst a multitude of ¢
states until departure from it can be considered established, which in
turn, on empirical level, justifies the use the phase enlargement method
[6].

Class i is enlarged in a single state, which is also called 7. The func-
tioning of the enlarged system according to the enlargement theorem is
closely described by the stationary Markov chain n(* with two possible
states 7, i and probability matrix of one step transitioning

A — (51‘1‘ 1- Bii)
vil—yi )’

Yi = an (j)ﬂji/zpn(j)-
J#i JFi
Hence, the lemma statement is proved. O

Where
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At the same time, the definition of “more less” and “closely described”
are discussed in [7]. The general limit theorems, on which the method
of phase enlargement in relation to Markov and half-Markov processes is
based upon, is being proved in [5].

1.2 Defining the task mathematical programming

Theorem 1.4. Under condition if geometric distribution of time spent
by SD in state i, i = 1, M, the problem of optimizing the stationary
coefficient of search effectiveness boils down to a mon-linear programming
problem in relation to variables x;,y;, i = 1, M,

M
1
C:Z;hf (i) R (i) = max (7)
M ”
L =1, 8
; Ti+Yi (®)
Tl < M7 (10)
T+ Yi oy Tj+Y;
where _ o ) .
) Jwﬁyz + lzf’;z di+ax;’ if aii # 0;
R(i) = sty W ai =0, y; #0;
0, ifay#0, y;=0;
1
die— — 1,
Qg

for probabilities B;; transitions of SD from channel to channel for
optimal search strategy is calculated:

617.:1:72:17 M

when i # j, Bi; can always be found as a solution to the system of
linear equations

* 0k *
Y; T; Z Yj
== ——=V B
Yo T E GE Y T (11)
x; = E Bij

J#i
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where xf,y>,1 =1, M in turn are the solution to the problem of math-
ermatical programming @"

Proof. Similar to proof of theorem 2, using Markov chain 1) (t) instead
of Markov chain n(t)for every fixed ¢,i = 1, M yields

K = Zhg [P, (i) + Py (i Zanl Qo (n,1,1)], (12)

for reaching the probability of first encounter by Markov chain 1(*) (t) of
i state the following relation

Qo (n,7,4) = yi(1 — )" (13)
Implemented denomination
z;=1- [y
System of equations for stationary distribution P, for Markov chain
7@ (t) is the following
C.Pn(i) (i) = (1)
P, (i) = Py

) (1 —2) + Py (D)ys
i) @i + Py (1) (1 — i) (14)
Py (1) + Py ()_1

7

- =

Solving system yields
Py (1) = yi/ (@i + i) (15)

From relations . . taking into account denotations @ it

is possible to obtaln the expression for effectiveness coefficient C shown
previously in the left part of @
As SD is located in one of the M first channels

ZP()

From this follows and the limit
Limit @ — is the consequence of standard demands towards the prob-
ability of transition.
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System of linear equations is the consequence of relations @ with
, taken into account and is denoted . It serves to determine
the probabilities §;;,% # j, of SD transitions from channel to channel
using the given parameters z7,y;, ¢ = 1, M. But sustem not always
yields a non negative solution.

Limitation — is a needed and valuable condition of existence of
non-negative solution to the 8;;,7 # j system of linear equations .
Such solution is not singular [8, p.4] and must be chosen with conditions
from taken into account for i = 1, M. O

Note, if the solution to the problems of mathematical programming
@- some of the parameters y; do not exist, then the probability of
the SD to be located in these channels is zero and as follow, for opti-
mal search strategy, the SD foes not transition into channels with these
numbers.

1.3 Case of multiple channels with same probability charac-
teristics in the same system of channels.

Consider a real important case, of a multi channels system with channel
groups of the same type, meaning that the Markov chain £(¢)has the same
probability component types related to same type channels. In this case
if channels I and j are same type channels then a;;, = aj,

ag; = agj, k=1, M.

Theorem 1.5. If the first k channels of 1 < k < M are of the same type,
then

1. for a11 # 0 the solution to the problem of mathematical program-

ming — is showm t=by the relation
yi =y5, i =1Lk o =1, ify; #0, i =1,k (16)

or for optimal search strategy the stationary probabilities of SD be-
ing located is identical channels are equal, P, (i) = Py (§) , 4, j =

177]‘5 (Z'fP,] (l) #O)§

2. for a11 = 0 the optimal search strategy may be chosen in such a
manner, as to satisfy the relation .
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Proof. Let x%,y;,i =1, M be the solution to the problem of mathemat-
ical programing —.

Consider the case a1 # 0

Study the auxiliary problem of mathematical programming related to
variables z;, P; where P; = y;/(z; +yi) , @ = 1,k, while fixing the
remaining M-k variables in — in the following way: z; = «}, P; =
yi/ (@ +y0), i = k+ 1,0,

- P)
Z d ED — max (17)
k
i=1
— P
0<z; <1, P, 20, 2; < — (19)
i#£]
Where
M ziyl
D=1— Z _ Z *z 7 .
i=k+1 v +y1 s Ui T Y

Expression f (z;, P;) = % under the sum sign in with
fixed P; > 0 is an increasing fraction-linear function for x;, and f (z;, 0) =
0. Hence, taking into account the limitation 0 < x; < 1, with fixed Py,
1 =1, k, C' reahces maximum with z; =1, : = 1, k.

On the other hand, its not hard to verify that % <0, P>
0. Therefore f(1,P) is strictly a convex upwardly function from P and

therefore the following relation from [9] holds true

k k
f(lazpi/k> %Z , >0, 1=
i=1 i=1

the equality is achieved only in case P; = P;,i,j = 1, 1,k i.e. tanking into
consideration the limitation , for P,=D/k,i= 1, k.

Note that as k>1, then the discovered P; < 1/2, i = 1,k and in-
equahtles 1< = P = and 1.} are solved automatically. Hence, solution to

(L7)-(20) and therefore in this case satisfy

e
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Consider the case a;; =0, D > 0. Given:

k

M
K=he(1)Y 2+ 3 he()R().

T )
i=1 i T Yi i=k+1

Then the values z*, y;*, ¢ =1, Mare related in the following way
e =1, 0= Lk o™ =2 i=Fk+1My*=-2F_ ;=

_ I i 1-D/k’
1,k; y* =y, it =k+1,M and also are the solution to the problems of
mathematical programming —. O

Model example. Consider a case M = N = 2, a1 # 0, age = 0.
Then he (1) = he (2), @1 = 42, 1 = 72. Denote y = yr, P = L,
after transformation a simple problem os mathematical prograining is

obtaines, equivalent to problems —.

Py
d1+y—>ma33
0<y<1,0<P<

which has the solution

v/ ] < 1
y*:{ dlalf0<d1_17 7P*

1a Zf dl > 17 1 + y*
Therefore for optimal search strategy:
1 1.
By = 1—,/(1—11—17 when a11 > 3;
0, when a1 < %

There exists no analytical solution for the problem for N > 2. For quan-
titative solution in case the quantity of channels is no less ten two an
algorithm was developed and a corresponding program.
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