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Pospobisiersest MomanbHuit MeTON IS 3a7@di PO KOJMBAHHS PIIUHU Y
pe3epByapi KBaJpaTHOIO Ilepepi3y, sKWil BUKOHYE IIE€PIONUYHI I'OPU30H-
TajbHI Ta KyTOBI pyXum MaJiol aMIuniTyau. AHasi3 mokasye, mo JOMiHaH-
THa XBUJIbOBA KOMIIOHEHTa BHKJIIOYHO BU3HAYAETHCS IIEPIIOI0 TapMOHi-
KOIO mepioguyHoro 30ypenHs. ExBiBajeHTHI rapMOHIYHI pyXU € 3BOPOTHO-
MIOCTYHAJIBLHOTO YU eJINTHYHOro TUIly. BuB4YeHO ycTaseHi pe3oHaHCHI XBU-
JILOBI PEXKUMHU JIJIsi TAKUX TUIIB 30y pPEHHS.

PaszpabarbiBaeTcss MOmabHBIA METOJM, JJIs 3aJla9d PO KOJIEOAHUS YKUI-
KOCTU B pe3epByape KBaJIpaTHOTO CEYEHUs, KOTOPBIA COBEPIIAET IEPH-
OJIMYECKVE TOPU30HTAJIbHBIE W YIJIOBbIE JIBUXKEHUS MAJIOW AMILIUTY/IbI.
AHam3 NOKa3bIBAET, 9TO JOMUHAHTHAS BOJHOBAs KOMIIOHEHTa WCKJIIO-
YUTEIBHO ONPENEsISIeTCs TIEPBOl TAPMOHUKON MEPUOINIECKOr0 BO30Y XK Ie-
HUsI. DKBUBAJIEHTHbIE TaPMOHUYECKUE JBUYKEHUs SIBJISIIOTCS BO3BPaTHO-
MMOCTYTATETbHBIMHI MJIA SJUTHITUIECKOTO TUIIOB. V3y1eHo ycTaHOBUBIIHECS
PE30HAHCHBIE BOJTHOBBIE PEXKHUMBI JIJIs TAKOT'O THUIIA BO3MYIIEHUIA.
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Introduction

The paper [1] originated theoretical studies on resonant sloshing in a
square-base tank performing either longitudinal (along parallel walls) or
diagonal harmonic excitations with the forcing frequency close to the
lowest natural sloshing frequency. A weakly-nonlinear multimodal the-
ory was developed. The results on the steady-state wave regimes were
validated by experiments. The forthcoming parts [2] and [3] focused on
amplification of the higher natural sloshing modes and the base ratio per-
turbation. The studies |[IH3] were followed up by many researchers who
adopted numerical methods [9H11] and their own versions of the mul-
timodal theory [6({8}/12]. New model tests were also done in |7,/10,[11].
The main focus was on investigating the planar, nearly-diagonal (squares-
like), swirling and irregular resonant steady-state sloshing. As in [2,|4],
the papers [6,/8,9,/12] also investigated the energy transfer from lower to
higher natural sloshing modes. A novelty was an experimental and nu-
merical analysis of the steady-state resonant sloshing for an oblique (nei-
ther longitudinal nor diagonal) horizontal harmonic forcing [6,(7,{10L/11].

The present paper suggests an arbitrary periodic (not necessarily har-
monic!) combined surge-sway-roll-pitch periodic tank motion with a small
amplitude and generalises [1] to identify stable and unstable steady-state
resonant sloshing regimes. This implicitly implies, that (i) the forcing fre-
quency o is close to the lowest natural sloshing frequency o1, (ii) the two
lowest degenerated (Stokes) natural sloshing modes give the dominant
asymptotic contribution, and (iii) the secondary resonance phenomena
can be neglected and, therefore, the Narimanov-Moiseev asymptotic the-
ory is applicable.

1 Statement

A rigid square base tank is partially filled by a perfect incompressible
liquid with the mean depth h. Irrotational liquid flows are assumed. The
tank moves with a small amplitude (relative to the base size) by surge,
sway, roll, and pitch; the heave and yaw are zeros. The liquid sloshing is
considered in the non-inertial coordinate system Oxyz which is fixed with
the rigid tank so that Oxy-plane coincides with the mean free surface X
and Oz passes through the centre of 3. Figure [l introduces basic nota-
tions including the translatory vo(t) and instant angular w(t) velocities
of the tank. The free surface 3(¢) : z = f(x,y, t) and the absolute velocity
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Figure 1. Sketch of a square-base tank which moves periodically by
surge, sway, roll, and pitch so that the tank translatory velocity is vo(t) =
(vo1(t),vo2(t),0) = (m(t),7n2(t),0) and the instant angular velocity is w(t) =
(wi(t),w2(t),0) = (P1(t),¥2(t),0) = (M4,75,0). The Oxyz system is rigidly
fixed with the tank so that the mean free surface g belongs to Oxy and the
origin is in the centre of the rectangle .

potential ®(x,y, z,t) must be simultaneously found from the correspond-
ing free-surface problem or its variational analogy [5]. The task consists
of finding an approximate analytical steady-state solution of the problem,
flzyy,t+27/0) = f(x,y,t) and ®(x,y, z,t+27/0) = ®(x,y, 2,t), where
o is the circular frequency of the periodic tank motions.

The Narimanov-Moiseev nonlinear multimodal theory of the resonant
sloshing is used. This assumes that o is close to the natural sloshing fre-
quency o7 of the two standing Stokes cross-wave modes and these modes
are amplified with the lowest asymptotic order O(e'/3) where € < 1 (all
geometric parameters are scaled by the breadth = width = L1 so that the
tank cross-section becomes a unit square, h := h/L; and ¢ := g/Ly,
where ¢ is the gravity acceleration) is associated with the nondimen-
sional forcing amplitude. As explained in Chapters 8 and 9 of [5], the
Narimanov—Moiseev theory may fail due to the secondary resonant phe-
nomena whose occurrence in the square base tank is expected at critical
and small liquid depths as well as when the forcing amplitude increases
causing the surface-wave breaking and fragmentations [4]. The modal
theory starts with the Fourier (modal) representation

fayy= > B0 @ W), (1)

§,§2>0,i+j70
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where fi(l)(:n) f]@) (y) are the natural sloshing modes and

FP (@) = cos(mi(e +1/2)), £ (y) = cos(mily +1/2)), i20 (2)

are the Stokes modes. Instead of working with the original fully-nonlinear
problem, we adopt the weakly-nonlinear approximate (modal) system of
ordinary differential equations coupling f; ;(t) [1]:
dl + O'ioal + d1 (dlag + dléLQ) + d2(d1af + d%al) + dgdgal
+ dgiy b3 + by (drey + dsaiby) + doéiby + digbiay + dirarbiby + diobiéy
= —P1o(ih — S1,0fls — gn5) = K (t), (3a)

61 + 0'3711)1 +d; (Blbg + 6162) + dg(élb% + b%ln) + d36251 + d@éla%
+ dq (d701 + dgalbl) + dglra7 + dlod%bl + dlldlblal + d12a1¢1
= —Py,1(7j2 + So17ia + gna) = Ky(t), (3b)

as + Ug’oag +dydiag + dsa% =0; 62 + Ug’ng + d451b1 + d5b% =0, (3(3)

¢+ dAl'dlb1 + dAQBlCU + (13('11[.)1 + U%lq =0, (3d)

g + 03 ga3 + i1(quaz + q207) + gsiizar + quaiar + gsardy

= —P5o(ih — S3,075 — gn5), (4a)

E21 403 11 + i (goct +grarby) + b1 (gsaz + goad) + quodoby + quiéiar+
+ qu263b1 + qusdrbrar + quaaiéy + qisazhy =0, (4b)

12+ 07 5c12 + bi(gsc1 + qraiby) + 1 (gsba + qob?) + qrobaar + qriéibr+
+ qiobar + qizarbiby + quabiéy + qusarbs = 0, (4c)

bs + 0373173 + b1 (quba + q2b2) + gsbaby + qab3by + gsbiby
= —Py 3(7l2 + So,37ia + gna), (4d)
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where 10 = a1, 82,0 = a2, Bo,1 = b1, Bo2 = b2, B1,1 = 1,830 = a3, 82,1 =
621»51,2 = 012,50,3 = bs,

2 ; 2
P@O = POJ' = E tanh(ﬂ'ih)[(—l)l — 1], Si70 = Soﬂ' = E tanh(m'h/Q) (5)

and 01 = 091 = 01,0, ai%j = gm\/i? + j2\; j tanh(mw/i? + j2h). The ex-
plicit expressions for the hydrodynamic coefficient and the corresponding
tables are given in 1] and [5]. Following [5], we re-denote, the nondimen-
sional generalised coordinates 7;(t) = O(e) < 1 determining the periodic
surge, sway, roll and pitch tank motions.

The modal system f is equivalent to the original free-surface
problem within the framework of the Narimanov-Moiseev asymptotic ap-
proximation. It makes it possible to analyse steady-state regimes, their
stability as well as transient waves. Chapter 9 by [5] outlines other mod-
ified weakly-nonlinear modal theories which account for the secondary
resonance.

2 Asymptotic steady-state solutions of —

Following [1], we introduce the lowest-order approximation of the steady-
state solution

= Acosot+ Asinot+o(e'/?); by = Bceosot+ Bsinot+o(e'/?) (6)

responsible for the first two Stokes cross-waves, by ffl)(x) and f (2)( ).
We substitute @ into , and , and to get the second-
and third-order terms of the steady-state solution, respectively. Gather-
ing the first Fourier harmonic components in (3 yields a solvability con-
dition appearing as the following system of nonlinear algebraic equations

@: A[A 4+ my (A2 + A?) + maB? + m3B?|+(ma— m3)ABB = ¢,
®@: B[A +my(B? + B?) + myA? + mgA?]+(ma— m3) AAB = ¢, o
®: A[A +my (A% + A%) + maB? + m3B?|+(mo— m3)ABB = &,
@: B[A +my(B? 4+ B?) + myA? + m3A?]+(ma— m3) AAB = g,

with respect to the lowest-order wave amplitudes A, A, B, B = O(¢'/?),
where A = 52 —1 = 07 /0% —1. The O(e)-order nondimensional amplitude
parameters €, €;, €, and €, are the first Fourier harmonic components
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in the right-hand sides of and

2 (T 2 7
€r = ﬁ/o COSO’tKw(t) dt; €, = m/(; SithKa:(t) de,

2 T 2 [T
€y = W/O COSO’tKy(t) dt; €y = To? ; Slno’tKy(t) dt.

At least one from €, €;, €, and €, should not be zero. Henceforth,

(8)

1. The Oz-axis direction is chosen to get /€2 + & < /€2 + €2 # 0.

2. An appropriate time-phase shift ¢ := ¢ + 1) is used to achieve

€; =0 and 0§,/e§+€?2/:€y§ew7é0.

3. The derivation line

0=(A0D—-A®)-(B@®-B®)=—eA+ (¢,B—¢,DB)

deduces the solvability condition
A =5B—6B,where § = €y/€x, 0 = €y/€2;0 < V02 +62<1.

4. The Moiseev asymptotic condition

A=52—1=0%/0? —1=0(?)

9)

(10)

(11)

(12)

is adopted providing all quantities in are of the equal asymptotic

order O(e).

5. The nondimensional coefficients m; = m;(h) are independent of o,
their values were computed in [1] to show that my > mg, mg > mq
as well as mg > mq, mg > 0,m; < 0,me <0 for A > 0.3368.... This
and other critical depths leading to zeros for the appearing linear

combinations of my are avoided in the analysis.

Even though a uniform periodic tank motion is assumed, the dom-
inant wave contribution @ is uniquely determined by the first Fourier
harmonics of 7;(¢), the higher Fourier harmonics only influence the O(e)



272 Timokha A.N.

(a) y (b) y (c) y

Syl & U
N : y

Figure 2. Three schematic trajectories of the equivalent horizontal harmonic
tank motions that classify the periodic tank excitations by their first Fourier
harmonics with (9). The case (a) implies the reciprocating excitation type
(longitudinal, diagonal and oblique excitations are particular cases) occurring
for ¢, = 0. The elliptic excitation type in the case (b) (¢, = 0) suggests the
major-axis of the ellipse belongs to Ox. The oblique elliptic excitation type in
the panel (c) corresponds to e,€, # 0.

asymptotic terms so that they do not affect the stability of the con-
structed stead-state solutions. For any periodic tank motion, one can
introduce an equivalent harmonic horizontal tank excitation

—Pyiji (t) = ey cosat; —Piij;(t) = €, cosot+eysinat; ny =n; =0, (13)

(Py = P1o = Pp1) leading to the same equations and, therefore, the
periodic solution within to the O(e) terms. According to , the tank
moves along the quadratic curve

(5§+E§) el y?—2e,8, 7y = 5%55 (ex =€x/Pr,ey = €y/P1,6y = Ey/(Pl))

14
in the horizontal plane. The curve is either an straight line (¢, = 0) or
an ellipse (e, # 0).

We classify the periodic resonant tank excitations by the trajectories
(13). The reciprocating excitation type with ¢, = 0 implies the tank
oscillates along an interval in figure [2| (a). The particular cases are lon-
gitudinal (¢, = ¢, = 0), diagonal (¢, = 0, |¢,| = €, # 0), and oblique
(e, =0, 0 < |g,| < €,) excitations. The elliptic tank excitation type with
€y # 0 is shown in figure [2| (b,c). When €, = 0, the elliptic trajectory
possesses the azisymmetric shape in figure 2| (b).

The asymptotic steady-state solutions and their stability |1] are dete-
rmined by A, B, B (A = 6B — §B) which should be analytically found
from as functions of A (o/01). The result is the response curves in
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the four-dimensional space (o/o1, A, B, B). The main twofold task con-
sists of describing the response curves and, based on @, classifying the
corresponding steady-state wave regimes, which are best characterised by
the lowest-order asymptotic wave component

z=8(x,y; A, B)cosot + S(z,y; 6B — 6B, B)sinot + o(¢'/3),  (15)

where
S(a,ysa,b) = (aff" (@) + b7 (v)) (16)
is the combined Stokes mode.

According to , there are two types of the wave patterns. When
(A, B) and (6B — 0B, B) are parallel vectors (one of them can be zero),
(15) implies a standing resonant wave by a combined Stokes mode. Par-
ticular cases are the so-called planar, diagonal and nearly-diagonal (squares-
like) steady-state wave regimes specified in [1] for longitudinal and diag-
onal excitations. Whereas (A, B) and (6B — § B, B) are not parallel, (15
defines a swirling wave, where an almost flat crest travels around each of
the four sides with an almost flat trough on the opposite side.

3 The reciprocating excitation type

This excitation type is illustrated by trajectories in figure 2| (a) and,
according to (11]), it needs

=0, A=-6B, —-1<6<1 (17)

in , 0 = tan a, where « is the angle between the excitation direction
and Ox. The lowest-order approximation takes then the form

z = S(x,y; A, B) cosot + BS(x,y; —9,1)sinot + 0(61/3) (18)
where the first combined Stokes mode depends on A and B.

Standing resonant wave by S(z,y; A, B). Substituting into (2
and 3 of transforms these equations to the form B][...] = 0. This
implies that B = 0 is a particular solution, which determines the standing
wave by the combined Stokes mode S(z,y; A, B) where A and B should
be found from (D and @) of (7). Because (D) takes the form A[...] =€, # 0,
A # 0 and the latter two equations () and (@) can be rewritten in the
form

{B [(m1 —m2) B2 + (e, /A — (my — my) A2)] — Se, = 0,

_ 19
A =€, /A—miA%2 —myB?%, my # mao. (19)
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The system defines the response curves in the (o/0y, A, B) space. The
curves can be parametrised by A. The procedure suggests taking A # 0,
solving the depressed cubic with respect to B (which has from one to three
real roots) and, after getting these roots, computing A = 07/0% — 1 =
A(A, B(A)).

Longitudinal excitation type. When 6 = 0, the depressed cubic in
has the zero root B = 0 and may have the two real roots +|B)|
coming from B? = €,/A/(ma — my) + A2 > 0. The first root implies,
according to , the so-called planar standing wave by the first Stokes
mode, z = Afll)(x) cosot, but the other two roots imply the so-called
nearly-diagonal (squares-like) steady-state wave regimes, which are, in
fact, the two standing resonant waves in terms of the combined Stokes
modes S(z,y; A, |B|) and S(z,y; A, —|B|)).

Diagonal excitation type. When § = 1, the depressed cubic in has
the real root B = A which corresponds to the so-called diagonal steady-
state wave (the standing wave by the combined Stokes mode S(x,y;1,1)).
It may also have two real roots coming from the quadratic equation (m; —
ma)(B%+AB)+e, /A = 0. These two roots determine the aforementioned
nearly-diagonal (squares-like) steady-state wave regimes.

There are no obvious analytical solutions of the depressed cubic for
the oblique excitation type with 0 < § < 1 and, therefore, it should be
solved numerically. The number of real roots depends on the discriminant

Ay(A)=—(m; — mg)[4 (6Z

x

3
e mg)A2> F27(my — m)d2e2 . (20)

When A; > 0, the depressed cubic has three different real roots, the case
A; = 0 implies two real roots one of which has the double multiplicity,
and, finally, the negative discriminant causes only one real root.

Swirling. When B # 0, one can divide by B and, provided by
(17), express (@ through (O, ® and @). These three equations can, after
tedious derivations, be rewritten in the form

§?B® + 6A(2— 6%)B* + A*(1 - 26*)B+ 6 [e1(1 — 6°) — A%] =0,

€x(ma —myq)

€1 = , (21&)

(mz - m3)(m1 - m3)

A [(my —mg3)A% + (mg — m1)B% 4 8(ma — m3)AB| — ¢,
(5(m2 — mg)B + (m1 —ms3 + (52(m2 — ml))A

B? =

7

(21b)
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A = e,/A+6(ma—m3)BB*/A—my A* —myB* — (m3+6°m) B2, (21c)

The expressions assume that A # 0 along a response curve (the fact can
be proved) and the denominator &(mg—m3) B+ (my—m3z+62(ma—m1))A
is not zero as well.

The formulas (a), (b) and (c) in consequently determine an an-
alytical solution and the response curves in the four-dimensional space
(0/01, A, B, |B|) parametrically defined by A: by taking a real A # 0, we
solve the cubic equation with respect to B (analytically, by using
Cardano’s formulas, or numerically), compute +|B| (if exist) by
and A (the forcing frequency ratio o/o71) by . The cubic equation
equation may have from three to one real number that depends on
the discriminant

Ag(A) = —e104(6% — 1)[27€16%(6% — 1) + 44%(5% +1)3), (22)

which is identical to zero for longitudinal (§ = 0) and diagonal (|6] = 1)
excitations. The analytical solution transforms to a standing wave
when the vectors (A, B) and (-6, 1) are parallel (A = —§B). Substituting
A = —6B into leads to de1(1—62) = 0 which, again, is only possible
for the two limit cases 6 =0 and |§] = 1.

Longitudinal excitation type. When § = 0, = A =0 and
= B = 0. Remaining A, B and A are governed by and which
are equivalent to the relationships in [1]. This solution is the swirling

steady-state wave regime by the Stokes modes fl(l)(x) and fo) (y) which
may occur in the two opposite directions due to B = +|B| in ([18]).
Diagonal excitation type. When 6 = 1, the cubic equation has,
according to As = 0, two real roots. The root of the single multiplic-
ity is B = A but the root B = —A has the double multiplicity. The
first root determines swirling by the two perpendicular combined Stokes
modes S(z,y;1,1) and S(x,y; —1,1) which can also occur into two differ-
ent directions since B is defined within to the sign. The root B = —A is
mathematically impossible as leading to B?-0=A-0—¢, # 0 in .

4 The axisymmetric elliptic excitation type

This excitation type is associated with the elliptic trajectory of the equiv-
alent horizontal tank motions in figure[2| (a). Mathematically, this implies
€y =0e, =01in so that leads to

A=46B, 0<d<1. (23)
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Without less of generality, the counterclockwise direction along the el-
liptic orbit is chosen. The limit case 6 = 1 corresponds to the rotary
(circular) excitation type. The lowest-order asymptotic approximation

() gives
z=S(z,y; A, B) cosat + S(z,y; 6B, B) sin ot + o(e/?) (24)
in terms of the two combined Stokes modes.

Swirling by the two Stokes modes. Substituting into (7) trans-

forms @ and @ to the form BJ[...] = 0 that means that A = B = 0 is

a particular solution of the secular system. The two non-zero amplitude

parameters A and B can be found from (1) and (2) rewritten in the form

B [(ml —m3)B? + (ex /A — (my — mg)AQ)] — e, =0, A#0, (25)
A= Gm/A - m1A2 — mgBQ,

which gives an analytical solution and the corresponding response curves
in the space (0/01, A, B) parametrically defined as functions of A. The
procedure suggests solving the depressed cubic which may have from one
to three real roots depending on the discriminant

Ag(A)=—(m; — m3)[4 (% — (mq — mg)A2>3+ 27(my — m3)526i}. (26)

Because A = B =0, defines the steady-state swirling by the Stokes

modes fl(l)(z) and f1(2) (y). The signs of A and B are determined by
and, therefore, the swirling direction is defined as well.

Passage to the longitudinal excitation type. When § — 0, the elliptic
orbit in figure [2] (a) flattens and this excitation type transforms to the
longitudinal excitations along the Ox axis. In this limit, the depressed
cubic has the real root B = 0 which implies the planar steady-state
wave regime. The two other real roots 4|B| are computed by B? =
€x/A/(mz—my)+A% > 0; these define two swirling waves whose direction
depends on the transients stage.

The rotary excitation with § = 1. The depressed cubic in (25) has then
the real root B = A which corresponds to the co-called rotary (swirling)
wave. The two other real roots come from the quadratic equation (m; —
m3)(B% + AB) + €, /A = 0 with respect to B.

Swirling by the two combined Stokes modes. When B # 0, divid-
ing by B makes it possible to express 2) via (D), 3) and @). These
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three equations can be rewritten in the form

6’B® + 6A(2—6%)B* + A*(1—26*)B+ 0 [e2(1 — 0°) — A%] =0

Ez(ms - ml)

= , (27a
27 (ma — ma)(ms —my) (272)
B2 _ A [(mg — ml)AZ —+ (m1 — m3)32 + S(mz — m;;)AB] + € >0
N g(mg - mg)B -+ (mg —m1 + 52(m1 — mg))A ’
(27b)

A =e,/A—6(my—m3)B?*B/A—my A% —m3B* — (my+6°my)B?, (27c)

which defines the analytical solution and the response curves in the space
(0/o1, A, B,|B|) (parametrised by A # 0). The equation (27) has from
one to three real roots depending on the discriminant

Ag(A) = —€20%(6% — 1)[27€26%(6% — 1) +4A3(5% +1)3].  (28)

The solution implies the swirling steady-state wave regime by the
two combined Stokes modes which becomes a standing resonant
wave by a combined Stokes wave when 6B = AB (the two vectors (A, B)
and (6B, B) are parallel). Requiring this condition in (27b)) deduces the
algebraic algebraic equation
LA ABPB4 (1642 — %% 0 AB>0,0<5<1, (29)
m2 —1my
which constitutes, together with , an algebraic system to find (A, B)
for which implies the standing wave.
Passage to the longitudinal reciprocating excitation. When 6 — 0,
A = 0 from and B = 0 from (27a). The two equations,
and -, describe the two standing squares-like resonant waves, z =
[Af(l)( )+ \B|f(2)( )] cos ot 4 o(e'/3), which were described in [1].
The rotary excitation type implies 6 = 1 in . The two real roots of
(272) are B = A and B = —A (of the double multiplicity, Ay =0 as § =
1). The second root contradlcts to l-i as causing B2-0 = A-0+e¢, #0,
but B=A#0 in and leads to the steady-state swirling by
4.)

the combined Stokes modes where
A = —2(my +my —m3z)A% + e, (1 —mg — 2mg +m3)/A, A#0 (30)

provided by B = A,B? = A% +¢,/A > 0, (m; + my —m3) # 0 and
(1—m1—2m2+m3)7é0.
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5 The oblique elliptic excitation type

When all forcing amplitudes in @ are not zeros, €, €, €, # 0, the first
Fourier harmonic component of the periodic tank excitations determines
an oblique elliptic orbit in figure[2|(c) in terms of the equivalent horizontal
tank motions. The equation contains both non-zero coefficients,

A=6B—6B, §0+#0. (31)
The amplitude parameter A # 0 since assuming the zero transforms @
to the contradiction ABB = 0,A[...] =€, # 0,B[...] = ¢, # 0,B[...] =

€ # 0. This means that dividing (10)) by A # 0 makes () derivable from
other three secular equations as (31 is satisfied.

Moreover, whereas 6 # 0, ABB # 0 along a response curve. A
tedious derivation reduces finding the semi-analytical solution to getting
real roots of

9 6 3
(0) pi B9—i (1) pi p6—i_ 2 @pips—i_q .. C=
;ci B'B +63;ci B'B +63;ci BB =05 g =
(32)
where coefficients CEO), cl(»l) and cz(-z) are the polynomials by 6,8 and the
quadratic functions by mq,me and ms. The equality can be con-
sidered as, for instance, an algebraic equation with respect of B when
B # 0 is a real parameter. At least one real root must exist. After
getting all real roots of , computes A but the following formulas
consequently compute A and o /07,

A=-A [63(5Bm3 — 6Bmsy +m A)
+BB((m1 — mo)B% + (m1 — m3)B* + (ma + mg)flz)]
/ [AQ((mg —my)B? — (m3 —mq1)B? 4+ B2B?*(my — ms)|, (33a)
A = —my (A% + A?) —myB? — m3B? — (mg — m3)ABB/A.  (33D)
As a consequence, changing B # 0, , andi determine from

one to nine response curves in the space (0/01, A, B, B).

This semi-analytical solution defines the steady-state resonance wave
patterns . They imply a swirling wave in the most general case but it
can also imply a standing wave when the vector (A, B) and (6B — 6B, B)
are parallel, namely, when the condition

AB = B(5B - 6B) (34)

is satisfied.
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6 Conclusions

Using the Narimanov-Moiseev approximate modal theory for the resonant
sloshing in a square-base tank, we study the steady-state wave regimes
occurring due to a periodic small-magnitude sway-surge-roll-pitch motion
of the tank. The only first Fourier harmonics of the periodic forcing mat-
ters for classifying the resonant steady-state surface waves. This makes
it possible to introduce an equivalent horizontal harmonic tank forcing,
which causes the same steady-state resonant waves in terms of the first
and second asymptotic components. This equivalent forcing can be iden-
tified as of either reciprocating or elliptic type.

The analytical solutions for the reciprocating and elliptic excitation
types are constructed. Existence of standing and swirling wave regimes
in certain frequency ranges is confirmed. For the elliptic excitation type,
only swirling-type waves are theoretically possible.
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