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HeminiitHi BJIaCTHBOCTI TPaeKTOPIii
B MOJEJIAX ANHAMITHUX CHUCTEeM KOH(JIKTY

O. P. Caryp

Abstract. This article focuses on the study of trajectory properties of
conflict dynamical systems. Both attractive and repulsive interactions bet-
ween system components are considered. The results reveal a wide range of
behavioral scenarios, including stable, cyclic, quasi-periodic, and chaotic
regimes. Special attention is given to the role of interaction parameters
and initial conditions in determining the long-term dynamics of the sys-
tem. The findings provide a foundation for modeling conflict systems in
various applied domains, such as economics, ecology, and social sciences.

AwnoTartis. g crarTs npucBsvyeHa JTOCIKEHHIO BJIACTUBOCTEH TPAEKTO-
piit iuHAMIYHUX cucTeM KOHQIIKTY. PO3ris/1al0ThCd 9K MPUTATAJIbHI, TaK i
BiAIMITOBXYBa/JIbHI B3a€MOIIl Mi2K KOMIIOHEHTaMu cuctemu. Pe3ynpraTu ge-
MOHCTPYIOTH HMIUPOKUI CIIEKTP ITOBEIIHKOBUX CIIEHAPIIB, BKJIIOYAIOYN CTa-
OLTbHI, UKJIIYHI, KBa3imepioanyuHi Ta xaoTnyuHi pexxumu. OcobimBa yBara
PU/IJISI€THCS POJI HapaMeTpPiB B3a€MO/Ii1 Ta MOYATKOBUX YMOB Y BUSHAYEH-
HI TOBrOCTPOKOBOI nuHaMiku cucTeMu. OTpUMaHi pe3y/IbTaTH € OCHOBOIO
AJIst MOAETIOBaHHA KOHMJIKTHUX CUCTEM y PI3HMX IPUKJIAIHUX cdepax,
TAaKUX IK €KOHOMIiKa, eKOJIOTis Ta COIlaJIbHI HAYyKM.

1. BcTyvn

Butoku Teopii nuramiuyaux cucteM caratorh X VIII cronitrs, kom Icaak
Heroron Ta [ordpin Jleitbuin po3podbusii OCHOBU MaTeMaTUYHOT'O aHAJIi3Y,
30KpeMa JudepenIiiaabil PIBHAHHA, K1 3r0J0M CTAJIM OCHOBOIO JJId OIIUCY
dizmunnx gpumr. Y XIX cromitri Anpi Ilyamkape 3akiaB OCHOBH CydacHOl
Teopil JuHAMIYHUX cucTeM. BiH po3pobuB KOHIIEHITT TPAaEKTOPiii i pa30BOTO
MIPOCTOPY, IO JO3BOJMJIO OMMUCYBATH CKJIAJIHI CUCTEMU 4Yepe3 1XHl 3araJjbHi
BJIACTUBOCTI, a He depe3 To4Hi pimenad. Y XX CTOITTI Teopid JuHaMigHUX
CHUCTEM TMPOJOBXKUJIA aKTUBHO PO3BUBATHUCA 3aBIAKU POOOTAM TaKUX ydUe-
uux, gk Credpan Cwmeitn ta Enpaps Jlopeni. Boru jgociiakyBaan cKaaHi
CUCTEMH, 30KpPEMa, XaOTUUHY ITOBEJIIHKY, SKa CIIOCTEPIra€Thcd B DaraTbox
NPUPOIHUX ITPOIECAX.
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JInHaMivHl cucTeMu — Tie OJIMH 13 HallcTapimmx 1 BOAHOYAC HACydacHI-
MUX PO3/ILIIB MaTeMAaTUKN, KNI 3aiiMa€ThCd BUBYEHHSAM €BOJIOII CUCTEM
y daci. Cborogni AuMHAMIUHI CHCTEMH € HEBII €éMHOI0 UaCTHUHOIO CYUIaCHOI
MaTeMAaTUKM 1 MAlOTh YHUCJEHHI 3aCTOCYBaHHS B PI3HUX HAYKOBUX JIUCITH-
IJIiHaX, 30KpeMa y BUBYEHHI Xa0Cy Ta HeJiHIHHUX gBuil. Po3BuToK Teopil
JUHAMIYHUX CUCTEM € KPUTUYHO BAXKJIMBUM 4€pe3 KiJIbKa MPUYUH: YHIBEep-
CATLHICTD, HeJIHIfHI IBUITa, IHTEePANCITUILIIHApHICTE. dunaMivuni cuctemn
OXOTLTIOIOTH MTUPOKWH CIIEKTP TPOIECIB — BiJl MPUPOTHUX 0 TEXHOTEHHUX.
3 iX J0MOMOro MOXKHA OMUCYBATH ¥ aHAI3yBaTH Oy/ib-gKi CUCTEMU, SKi
eBOJTIOIIOHYIOTH y Yaci. Y 0araTrhox CUCTeMaX MPUCYTHI HeTiHIH] eJleMeHTH,
III0 BUKJINKAIOTH CKJIAJHY il HemepeddadyBaHYy MHOBEIIHKY. Teopisg amHaMI-
YHUX CUCTEM JIONIOMarae aHaJji3yBaTH Il SBUINA, BKJIOYaroun Oidpypkrarii
Ta Xaoc, MO MalOTh BEJUKe 3HaUeHHs B MPUKJITHUX Haykax. JlnmHamMivuni
CUCTEMH 3aCTOCOBYIOThCH y di3urii, Oiosiorii, indopmarTuili, eKoHOMIIl Ta
COllla/IbHUX HAayKax, 3a0e31edyodn €IuHuil MaTeMaTuIHui miaxia 10 Bupi-
IMEeHHA PI3HOMAHITHUX MPOOJIEM.

JInHaMivHI CUCTEMU 3 TUCKPETHUM YacOM € BayKJIUBOI YACTHUHOIO Teopil
JMHAMIYHUX CACTEM y MaTeMaTuIll. BoHN MO/IeTI0I0Th TPOIEeCH, TK1 3MIHIO-
IOThCs B JUCKPETHI MOMEHTH 4acy, TOOTO MiXK IIOJigMU iCHYE (PIKCOBAHUIA
Kpok y 4daci. OCHOBHUM IHCTPYMEHTOM JIJIg iIXHBOTO OIUCY € BiTOOpaKeH-
H9, 10 OMMUCYIOTH K CTaH CUCTEMU 3MIHIOETHCS 3 OJTHOTO MOMEHTY Yacy J0
1HTITOTO.

Junamiuna cucrema 3 IUCKPETHUM YacOM 3a7aeThes sk mapa (X, f), me
X — 1ie dazoswuit nmpocTip, f : X — X — BimoOpakeHHsI, TKe OTUCY€E €BOJIIO-
I[iI0 CUCTEMU 3 KPOKOM Yacy. BjiemenTn npocTopy X Ha3WBAIOTHCA CTAHAMU
cucremu, a BijoOpaskeHHs f 3a/1a€ MPaBUJIO TEPEXO/Iy BiJl OJHOTO CTAHY JI0
inrmoro. /s 1aHol 1o4aTkoBOl yMOBU g € X, TPAEKTOPis CUCTEMU BU3HA-
YAETHCA OCTIIOBHICTIO CTaHIB Tpy1 = f(xn), n = 1,2,3,.... OcHoBHOO
3a/1av€er0 TTPU JIOC/TII?KEHH]I TAKUX CUCTEM € BUBUEHHS JIOBTOCTPOKOBOI TTOBE-
JIIHKYW TPaEKTOPIil.

OpuH 13 HARIPOCTIINNX IPUKJIALIB — JiHIfIHA JUHAMIUHA CHCTEMA, 3 [IHUC-
KPEeTHUM JacoM, IO 33 TaHa PIBHAHHAM:

Tpi1 = Axy,

1e z, € RF — Bextop cramy cucremu Ha n-tomy Kpori, a A — (dikcoBama
MarTpuiig po3mipHocTi k X k. Po3B’a30k 11i€l cucTeMu i IOYATKOBOI'O CTaHy
To MOXKe OYyTH 3alUCAHUN V BUTJIAII:

Ty = Anxo.

Anagizyrodn BiacHI 3HadeHHsST MaTpuil A, MOXKHa mepeadadnTh TTOBeIiH-
Ky CHCTEMHU B JOBIOCTPOKOBIH MEPCIEKTUBI: IKIO BCl BJACHI 3HAUYEHHH 33
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MOJIyJIEM MeHImi 3a 1, To cucTeMa CXOAUTHCSI JI0 PIBHOBaXKHOTO cTaHy (CTiii-
KIiCTB); 9KIIO X04a 6 0/iHEe BJIACHE 3HAYEHHS 3a MOJy/IeM Oiibirne 3a 1, Tpae-
KTOpIl CHCTEeME MOXKYTh JEMOHCTPYBATH €KCIIOHEHITiiiHe 3pocTanHs (HeCTiii-
KiCTh).

BigbmiicTs peas/bHUX CUCTEM, IO MOJETIOITHCA JUHAMIYHUMY CACTEMa-
MI 3 JUCKPETHUM 9acoM, € HesiHiftanMu. OgHa 3 KJIaCUIHUX HeTHIAHIX
CHUCTEM — TIie JIOTICTUYHEe BiToOparkeHHd, dKe OMUCYE PICT MOyl

et =rat(1 - 2, (1.1)

Jie 7 — mapaMeTp, MO XapaKTepu3ye MBUIKICTH POCTY, & Ty — PO3MIp TIO-
myssitii Ha t-ToMy Kpoli, HopMoBauuii Tak, mob z; € [0;1] Jloricruune
BiJoOparkeHHsT JeMOHCTPYE PI3HOMAHITHY MOBEIHKY 3aJI€KHO BiJl 3HAUEH-
HA TIapaMeTpa 7.

Monudikyemo Bimobpazkentst (1.1) y jj1s BUDAJIKY JABOX OIS, KO-
JIM MiK HAMHU ICHY€ MeBHA B3a€MO/Iisl, HAMPUKJIAJ] KOHKYPEHTE TPOTUCTO-
JHHS UM HAaBTAKW B3aE€MOTIITPUMKA €BOJIIOMOHYBaHHA. KOXHY 3 B3aeMo-
JIift MOXKHA XapaKTepU3yBaTUA BIAMOBLIHUM TEPMIHOM MPUTATAJILHOI YU BiJI-
mTOBXYyBaabHOI B3aeMoii. IIpunycrumo, mo pt, rt € R — croxacruyni
BEKTOPU PO3MIPHOCTI 77, IO XapPaKTEPU3yIOTh MIIBHICTD PO3MOALITY KOXKHOI
3 MOMYyJ4Illl Ha {-TOMY KPOIIl Yacy €BOJIIOII MOMyadIiiii Ha COlIBHOMY HpO-
cropi icnysanng ). JIunamixka sminu nomynaniit {p?, rt} Balia {(ptt! riti}
t=0,1,2,..., 38J1a€TbCs BiJIOOPaXKEHHSIM %, 1110 BU3HAYAETHCSA CUCTEMOIO
PI3HHUIIEBUX PIBHSIHD:

pl = Spi1oar), = D aph (12)
z z

ae «, B, v — nmapamerpu, 2¢ = 1 —~(p?, r') — HopMyBaIbHUIT 3HAMEHHUK, ITIO
3abe3redye croxacruuHicTs BekTopis pitl, rith,

Y 2003 pomi B. /I. KommManenko 3anporoHyBaB HAWIPOCTIITY MOIEb
TUHAMIYHOT crucTeMU KOH(JIKTY, dka Oyaa mpecTaBaeHa PiSHUIIEBUMHU PiB-
waaasiMu tuny (1.2) mpm o, B,y = 1 (mwms. [4]). g mozgens omucysasa
nporec KOHMIIKTHOTO TMEPEPO3IOILTY aOCTPAKTHOTO PECYPCHOTO TTPOCTOPY
MIi2K JIBOMa CTOPOHAaMH, III0 BCTYIIAIOTh B aJbTEPHATUBHY B3aeMoit0. Bona
oTpUMaJia Ha3By — AWHAMIYHA CUCTEMA KOHMIIKTY 3 B3AEMOIIEIO BiATTOBR-
xXyBaHHsI. 3 gacoMm miji kepipauiirBoM B. /1. Komvanenka Oysa po3pobJieHa
3HAUYIA TEopis JUHAMIYHUX cucTeM KOH(UIikTy. BoHa oXoILIroe muporuii
CIIEKTD Cy4YacCHHUX IPO0JIeM, BKJ/IIOYA0UA MOJe/l KOHPJIIKTHUX CYCILIbCTB,
BUOOPYNX IIPOTIECIB, (POPMYBAHHA JYMOK, €KOJOTIIHUX CHUCTEM, MIrpartiii-
HUX TPOIIECIB Ta MEPEPO3NOILITY pecypciB. I'0JI0BHUM 3aBIaHHAM ITI€l TEOPil
€ pO3pobKa MaTEeMAaTUYHKUX TIEPETBOPEHD, siKi TOYHO BijI0OpakaroThb KOHMJTI-
KTHY B3a€MO/III0, Ta BUBEJIEHHS BIJIIOBIJIHUX €BOJIOMIAHUX PIBHAHDL. [l
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[IBOT'O BUKOPUCTOBYIOTHCS METO/U 3 TEOpil JUHAMIYHUX CUCTEM, (DYHKILIO-
HaJILHOI'O aHaJIi3y, Teopil Mipu, iiMoBipHOCTE# Ta (ppaKTaIbHOI reoMerpii.

Junamivnai cucteMu KOHQIIKTY BiMIrpaloTh BazKJINUBY POJL y OaraTnox
MPUKJIJTHUX 33Ja9aX, BKIOYAIOYN MOJEJIOBAHHA €KOHOMIYHHUX, COIlAJIhb-
HUX 1 eKoJiorigHmX mporeciB. Hampukiaa, B eKoJorii mi MoJes i 3acToco-
BYIOTbCS JIJISI ITPOTHO3YBAHHS CTAOLILHOCTI €KOCUCTEM, 30KpeMa B3a€MOJIil
MIiXK BUJaMHU, dKa MOYKe OYTH TEePIOIUTHOIO Yepe3 Ce30HHICTh. ¥ COMAILHNIX
HayKax — JIJIgd aHaJ3y MOBEJIHKN JIIojleil y rpylax, 0 B3a€MOIII0Th V¥ KOH-
dbaikTHEX yMoBax (HaNpPUKJ/A)], KOHKYDEHIlisi 3a pecypcu). B ekoHOMII —
JIJISE TIPOTHO3YBAHHS 3MiH HA PUHKAX 13 KOHKYPEHIIE Ta PECYPCHUME 0OMe-
xeraamu. [le miakpecioe BaXKIUBICTDL BUBUYEHHS TOBEIIHKN TAKUX CUCTEM
JJI PO3YMIHHS TX CTabIIBLHOCTI Ta JOBMOCTPOKOBUX BJIACTUBOCTEH.

Posrnsiremo disudny cucremy, sika CKIQJAETbCS 3 JABOX (MOXKHA 1 Je-
KiJIbKOX) TPOTU/HIOYUX CTOPiH, Ki mo3HadnMo depe3 A ta B 1 Ha3zBeMo
ononerwmamu. BBaxKaeMo, 1110 OIIOHEHTH ICHYIOTb HA CIILILHOMY PECypPCHO-
My mipoctopi {2 1 HezuwuienHi. CTaHW TAKOl CHCTEMW TPUPOIHO 33JIaBATH
BUTTQIKOBUMU PO3MOJILIAMA Y TEPMIHAX UMOBIPHICHUX MIP (4, V¥ BU3HAYEHUX
Ha JesKiil o-aarebpi migMHaox)uH 3 npocropy 2. PikcoBaHWil Kjac mux Mip
nozaaanmo M (). KouduikTay B3aeMonio (KOMIO3UII0 KOHMIKTY) MiK
ononentamu A Ta B, gk BigoOpaxkennsi (IepeTBOPEHHSI) B MPOCTOPI Map
Mip 3 M(2), moznagaemo cumposioMm . Lle BiobpaskeHHsI 3aa€ €BOJTIOIII0
Gi3uvHOI cUCTEeMU Y BUIJIS/I TPAEKTOPIH:

t=0 . t
/;tZO *—’t) Zt ) L= 07

ne %, t mo3Havae KOHMJIKTHE TIeEPeTBOPEHHSA Ha MOMeHT Jacy t. Jlunamiuna
crCTeMa TAaKOro TUIY Mo3HadaeThest sk {€, M(Q), %} i nHasuBaerbcs Ju-
HAMIYHOI0 Cucmemoro Kongaixmy. 3sudaiino, mpoctip €2, kmac mip M(Q)
Ta BijoOpazkeHHs % Tpeba BU3HAYATHU JO/ATKOBO Y KOXKHOMY KOHKPETHOMY
BUTAQIKY.

Y psiii BaykJIMBUX BUIIQJIKIB, siKi OJIU3bKI JI0 3aCTOCYBaHb, MPUITYCKAE-
ThCSI, IO PECypPCHUit mpocTip {2, HA AKOMY CIiBiCHYIOTH omoHernTn A Ta B,

MPUPOTHUM YMHOM PO3KJIAJEHO Ha CKIHYEHY KIIBKICTh PErioHiB:

n
Q=UQ7;, 2<n<o0.
i=1
Koxen okpemuit perion 2; HazmBaeTbCss nosuyicto kougaikmy. Posmomin
onorenTis A, B ma ) 3B0auTLCA 70 33JaHusa quckpernux mip: u4(€;) = p;
ta v(§);) = r;. Yncna p;, r; € KOOpAMHATAME CTOXACTUIHUX BEKTOPIB

P = (p17p27' .- 7pn)7 r= (7”1,7’2, .- '7rn) € RZ-) (HpH1 = HrHl = 1)
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i gucsta € iIMOBIPHOCTSIMU TPUCYTHOCTI OMMOHEHTIB A, B B PI3HUX MO3UIIIAX
KOH(MJTIKTY.

KondumikTy B3aemomito Mixk omonenTamMu A, B MoXKHa 3amucaTi B TEPMi-
HaX €BOJIIOIT BEKTOPIB P, I' MiJl JI€I0 TIEPETBOPEHHSA % B IPAMOMY JTOOYTKY
npocropis R . Bigznauumo, 1o y poborax [5,6,10] meit nigxin y3araabaeno
NIt TPIfiKW OTIOHEHTIB, a y pobori [7] mist KoBiABHOT CKIHYEHHOI KiThKOCTI
OTIOHEHTIB Ha ).

B po6Gorax [1,9] mocaimxysasnucs pi3ni 3ajadi, TOBsS3aH] 3 AMHAMITHU-
MU CUCTeMaMU KOH(JIKTY y JUCKPETHOMY Yaci B T€PMiHAX CTOXaCTUIHUX
BEKTOPIB 33 IaHUX TPAECKTOPIAMMU:

{pf,r'} 25 (pt+ ety 1 =0,1,2,...,

t+1 Lt+1

Jle KOOpJIMHATHU BEKTOPIB p*"+, r'" " BU3HAYAINCI CHCTEMOIO PI3HUIIEBUX PIB-
HaHb. Haftrpocrimmit BaplaHT TaKWX PIBHIHL Ma€ BUTJISAT

1

1
P = gril—ar)), T = Sri(l-ag),  —l<as<l,

ne z = 1 —a(p,r) — HOpMyBaJIbHUI 3HAMEHHUK, (-, ) — CKAJIAPHUI 100YTOK
B R™.

Y nonpanemux mpangx B.Jl. Kommvanenka i #ioro yaniB 6y10 o/iepxKaHO
Cepilo pe3yJIbTaTiB, 9K TCOPETUYHOIO 3HAYEHHS TaK 1 B 1M0OY/I0BI Ta JIOC/Ii-
JI2KeHI KOHKPETHHUX MOJIesIeil 3 PI3HUM cI10coDOM 3aJaHHsI BioOparkeHHsT .
OcHoBHA 3aJ1a49a — 1€ BUBYEHHS IMOBEIIHKYN TPAEKTOPi#l cucTemMu pu t — 00,
BCTAQHOBJIEHHS ICHYBaHHS 1 3HAXOJ2KEHHS TPAHUYHUX ACUMITOTHIHUX CTa-
HiB, IOINTYK aTPaKTOPIB Ta IXHIX OaceiiHiB, JIOBEJICHHS iICHYBaHHSA HEPYXOMUX
TOYOK (PIBHOBAaXKHUX CTAaHIB) Ta ICHYBaHHSI [UK/IYHUX OPOIT.

2. IIOBYJOBA AMHAMIYHOT CUCTEMU KOH®JIIKY

Hexait Q@ = {wi,wo,...,wp}, n > 1, € JegKO0 CKIHYCHHA MHOXKHHOIO
3 JIUCKpeTHOW Tomnoorier. [loznaunmo M (Q) sk MHOKHUHY JAUCKPETHUX
fimoipricanx Mmip ma Q. Hexait p; € M7 (Q), i = 1,...,m, m > 2 - mo-
BibHA (ikcoBaHa miaMHOXKUHA Mip. KoXHY Mipy p; MOXKHA 3icTaBUTH 3i
CTOXaCTUYHUM BEKTOPOM Pj = (Pij)7_1, AKIIO BU3HAYNTH

pij = pi(wj), i=1,....m, j=1,...,n

st moOyoBM JJMHAMIYHOI CUCTEMU 3a/1aMO BijIoOpaKeHHsT % y MPOCTO-
pi croxacTUYHUX BEKTOPIB (meperBopentst KOHMIIKTY). KoxHoMy BEKTODY
C— (. : O 1 _ (o1 \n
pPi = (pw)j:1 IIOCTaBUMO Yy BIJIOBIIHICTL BEKTOD P; = (pij)j:1 3a TIPABU-
JIOM, BUBHAYEHUM Y TepMiHaX KOOPJIUHAT

1
pzlj = ;(pm(e + 1) + CYTj),
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ae 0 = 0([)1,1:)2, e ,pm) — noBibHA OoOMexkeHa gogarHa dyHKIis, T =
n . . . .
(Tj>j:1 — (bikcoBaHUIT BEKTOP 3 HEBLA €MHUMU KOOPIMHATAMU, SIKi 38/I1€2KATh

BiJ P1,---,Pm, & 2 — HODMYBaJIbHUI 3HAMEHHUK, 110 3abe31edye CTOXaCTH-
YHICTH BEKTOPA pll.

Ireparis 1nporo BigobparkeHHsi reHepye 0araTOKOMIIOHEHTHY JUHAMITHY
CUCTEMY 3 TPAECKTOPIIMU

st
{p-i?pé?"'?pf’n}—) pt1+17pg+17"'7pf’;l,}—1 ) t:0717"'7 (2']‘)

e p’ézo = P;, & KOOPJAWHATH KOXKHOT'O BEKTOPA p’é = (p’z5 j)?:l 3MIHIOIOTHCS
BIITIOBIAHO 10 PIBHAHD

1
t+1 _ t (pt t _
Pij —;(Pz‘j(e +1) +atj), t=01,..., (2.2)
n
d=1+0+W, Wi=> >0 (2.3)
j=1
ne 0" =0 (Ptpptz, e ,pfn) — Jlesika, oOMekeHa, J10JaTHa (PYHKIIisl, siKa, BH-

3HaYa€ BUTLHY €BOJIONi0 cucTeMn. HopMyBaabHIiT 3HaMeHHNK 2! 3a6e3me-
9y€ CTOXACTUYHICTH BEKTOPIB pf"'l. Habip momaraux yHKIMl ’7'; (meBHIM
9IUHOM 3aJIe’KHUX BlJ KOOPAMHAT BEKTOPIB pf) BI/ITIOBIJJa€ 3aKOHY B3aEMO-
nii. 3HaueHHd X (PYHKITN TPU KOKHOMY (PIKCOBAHOMY ¢ YTBOPIOIOTH Jle-
KU HECTOXACTUYIHHUN BEKTOP 3 HEBI €MHUMU KOODAMHATAMU, IKUil T03Ha-

4eHo cuMBOJIOM T ' = (T;)jzl i Ha3MBaEMO BEKTOPOM B3aeMo;iii. BekTop
t

t _ (ot \n t._ 75 .

w' = (wj) "_1, 1€ W; 1= 7, € CIOXACTUYHHUM alaJoroM BEKTopa Tt Hani

Oysie JIOC/IZKEHO PsiJi Mojiesieil TUHAMIYHUX CUCTEeM KOHQJIIKTY, TPaEKTO-
pii IKUX 3aJj1exKaTh BiJ BUIVIsALy BekTOpa T °, a TAKOXK BUBUYEHO 3aJICZKHICTD
HOBEIIHKY CUCTeMH Bija moBemiuku T npu t — 0.

B piBusgnnsax (2.2) crama a Moxe HabyBaTH JOBIJIBHOTNO 3HAUEHHS, aJie
0Py JIOCUTh BEJIUKUX (v MIBUAKICTH 361KHOCTI (um po3bizKHOCTI) cucTemu
OyJie IOCUTh BEJIMKOIO TIPU MaJIuX 3HadeHHs Jacy t. Taka juHaMika He Biji-
MOBiJIaTHMe JIMHAMII peajibHUX ITPOIIECIB, TOMY IIPU MMOOYI0BI Mojiesi 0yJ10
BUOPAHO 3HAYEHHS CTAI0l v 3 MpoMikKy [—1;1]. Brimmo 3 HaBemxeHUMHU piB-
Hauusmu, v Bunagaky « € (0;1] Bigcrans Mik BeKTOpaMun pf B [1-mopwMmi
30iraeThes 10 HYJS,

n
t t t t . '
Ipi — Prli = pii —Ppil =0, 1#k, i,k=1,...,m,
J J
j=1
TOMY BiJIOOpaKeHHsI ¥, 3a/jaHe [IUMU PIBHAHHSIMU, OIUCYE B3AEMO/IIIO TIPH-
tarauus. [Ipu a € [—1;0) GymeMmo roBOpUTH PO AUHAMIYHY CUCTEMY 3 B3a-
€MOJII€I0 BIAMTOBXYBaHHA. 3ayBaskKUMO, 1o npu « = ( movyaTKoBUil cTaH
— m
{pf‘o}izl € HEPYXOMUM.
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3. JLOCJIJIX KEHHSA BJIACTUBOCTEN TPAECKTOPIN IMHAMIYHUX
CHUCTEM KOH®JIIKTY

JuaamivHi cucTeMu KOHMJIKTY MOXKYTh MaTHU Pi3HI MOBEJIIHKOBI CIleHA-
pil 3aJie’kKHO BIJ BEKTOpa B3a€MO/Il, 110 BU3HAYAE 1XHIO JUHAMIKY Ta JOB-
roTpuBaJji cTanu. KoM toTepHe MOJIETIOBAHHS MATBEP/KYE, IO 3MIHA TTa-
paMeTpiB BILIMBAE HA TUIT TPAHUYHOIO CTaHy — CTaOLIbHUN, IUKJIIIHAN a0o
XaOTUYHUMN, 1110 PO3KPUBAE MOXKJIMBOCTI JIJIs PO3yMiHHS PO3BUTKY KOHMDJII-
KTHUX CHCTEM.

ITpm meBHMX yMoOBax TPAaeKTOPIl CHCTEMU KOHMIIIKTY 30iraloThes g0 He-
PYXOMUX TOYOK — I'PAHUYHUX CTAHIB, y AKUX JIMHAMIKA cTabimi3yeTbes. Jis
NPUTATYBaJbHOI B3a€EMOJIil TPAEKTOPil crucTeMu 30JIMKAIOTHCS JI0 CIIJIBHUX
MO3UIII, TOJI SK BIAIMITOBXYBAJbHA B3aEMOIA MOXKE MPUBOIUTH 10 PO3-
MIOITY PecypciB MixK omoHenTaMmu. Taka MOBemiHKa MPOIeMOHCTPOBAaNa Ha
puc. 3.1 st BigmrosxyBanus (puc. 3.1.2) Ta npursranus (puc. 3.1.3)

Teopema 3.1 ([7,8|). Sxwo sci Koopdunamu cmozacmuu1020 6exMOpPa W

€ MOHOMOHHUMU (3POCTaMd 460 CNAAIOMH HE3AAEHCHO 00HA 610 00HOT)
npu « = (0;1] abo cnadaromsv npu o = [—1;0), mo icnye epanusnui ge-
xmop W 1 xoorcna mpackmopia dunamiunoi cucmemu (2.1) 3 nowamrosum
CMAHOM {p}fzo}zl 36120€MbCA 00 HEPYTOMO20 2PAHUYHO20 CMAHY {p?o}zl

P;’)OZ limpﬁ, Vi=1,...,m.

t—00
IIpu yvomy, y eunadksy o = (0;1] 6ci epanuuni sexmopu p° maromo
00HaK061 KoopAuHAMU p%? = w;?o ors ecix i =1,...,m, j =1,...,n, axi
cnienadaroms 3 Koopdunamamu eexmopa w* . YV eunadxy o = [—1;0), axwo
wP < 0 dan sciz j = 1,...,n, mo pi5 = wi® dan ecix i = 1,...,m,
17=1...,n.

Jledgki cucreMu IOCATAIOTH MUKIIYHAX OPOIT, KOJIM KOOPAUMHATH BEKTOPA,
B3aE€MO/Ii1 € TIePIOIMIHUMA 3HAUEHHSIMU. Y TAKOMY BUITQJIKY TPAE€KTOPIl T0-
BTOPIOIOTHCA 3 IMOCTIHHOIO MEPIOANIHICTIO, 10 POPMYE HMUKJYHY JUHAMIKY.
[eit bakT JeMOHCTPY€E HACTYIIHA TeOpeMa.

Teopema 3.2 (|7,8]). Hexali xoopdunamu 75 = 7i(t), j = 1,...,n, de
7;(t) — dosinvri dodammni nepioduwni Gynryii 3 cymiprumu nepiodamu. Ilpu-
nYCMuMo, wo 20406Hul nepiod Pynkyit w;(t) e dodammim Yiaum “wucLOM
T > 1, a xoopounamu sexmopa W' ne e xoncmanmamu. Todi Kosicna mpa-
exmopia Junamiunoi cucmemu (2.1), 3adanoi cucmemor PISHUYUEBUT Di6-

Hanv (2.2), sbizacmoves do w-epanuunoi muoocurnu TP, akxa € yukaiurorw
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3) {pY, Py, Py, PT ), a=1

Puc. 3.1. m = 4,n = 100, 1) nouarkoBuii cran
{P1, P2, P3, P4} 3amanuii moxynem dyukuii Beccens nepro-
ro poxy, To6ro fi(x) = [Js(z)], ne

& (=)™ T\ 2m+p
Tol@) = mZ::O mIT(m + B + 1) )
t=0

ana B =0,1,2,3, v € [0;6], a KoopAuHATH BEKTOPIB P

3aJ/1aHO 3a JIONOMOIOK 3HauYeHb (PYHKIN f;(z) Ha BiApIZKY
n

[0, 6] 3rigno dopmynu pi = %, ne D = > fi(xg), a xg
k=1

HaJIeKUTH Po306uTTIo Bispiska [0, 6]; 2)-3) rparuyni cranu

{PY, Py, P35, Py} 3 7'; BU3HAYEHNM sIK MiHIMaJIbHE 3HAYECHHS

J-THX KOODJUHAT BEKTODiB Pj, T06T0 T = min{pj;}.
(3

—1
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opbimoro. Tobmo, mnoocuna T' ¢ insapianmmnoro 6i0HocHo nepemeoper-
HA % ma ckaadaemves 3 T enopadkosanux sexmopie 'y, [ =1,...,T

Fl FQ F3 FT Fl.

Tpanuuna mroocuna TP sanescums 6id nowamkosozo sexmopa wi=0.
Teopema 3.3. Hexati xoopdunamu

T;ZTj(t), j=1,...,n,

de T;(t) — dosiavni dodamui nepioduuni PynKuil 3 Hecymiprumu nepioda-
mu. Hpunycmumo, wo xoopdunamu eexmopa W' ne € xoncmarnmamu. Todi
KootCHa Mpaekmopia dunamiunoi cucmemu (2.1), sadanoi cucmemoro pisnu-
uyesux pishans (2.2) € keasinepioduunoro npu t — o0. Tunosi (abo, ax npa-
6UN0) MPAEKMOPTT HA 2PAHUYT 3GNOBHINMb 0EAKY KOMNAKIMHY MHOHCUHY.

Posriasmemo cucremy (2.1), 3agany piBHapmavu: ptl

= f(p',7"), ne
= (7}, 7%, .. Tk

') — Habip mapamMeTpis, siKi 3a/ie’KaTh Bix dacy t, i KOXKHA
7;(t) € mepiopmunoro dyHKIfieo 3 Hecymipiumu nepiogamu. Pymkiiis f e me-
IepPepBHOIO 1 0OMEKEHOI0, TOMY TPaeKTOPii p! 3aMuIIaoThCS B 0OMesKeHiit
obJtacti (pazoBOro MPOCTOPY, TOOTO TPAEKTOPIl HaJEKaATh AESIKIN KOMTIa-
KTHIff MHOYKWHI.

Hecywmipuicts nepioznis ¢ynkiiit 7;(t) o3nadae, mo ujst 6yab-SKOro Ha-
bopy uiaux aucesa ki, ko, ..., k, piBHICTH

kiThy + koTs + -+ -+ k,T,, =0

BUKOHYETHCS JIUIIE JIJIs TPUBIaJIbHOTO BUNAJKY k1 = ko = --- = k, = O.
Takum umnom, dysxuii 7;(f) HiKOJIM He CHHXPOHI3YIOTHCH, 1 3HAYEHHSI Tt
He IIOBTOPIOIOThCA Iepioguyno. [le BUK/II04a€ MOXK/IUBICTD IIEPIOJIMYHOL 110-
Beqinku Tpaekropiit. Hecymipmicrs mepioais 7;(t) mpu3Boguts 10 TOrO, IO
TPAEKTOPil PIBHOMIPHO 3aIlOBHIOIOTH JIeAKY KOMIIAKTHY MHOXKWHY B (hazo-
Bomy tmipoctopi. Ile BifOyBaeThCs 3aB/KN BJIACTHUBOCTI KBa3iMepPiOJIMIHUX
dyHKIIH, siKi PIBHOMIDHO HOKPHUBAIOTh TOPOHOMIOHY IIOBEPXHIO. Takum 4u-
HOM, TPA€KTOPIil CHCTEMU AEMOHCTPYIOThH KBa31MEePIOANYHY MOBEIIHKY.

TpaekTopii crCTEMN 3a/1e7KaTh BiJl TOYATKOBOTO cTany W' =", skuii BU3HA-
qae basy byukuiit 7;(¢) Ta nouarkosi koopsunaru p’. Tomy st pizHuUX 110-
JAaTKOBUX YMOB TPAEKTOPIl MOXKYTH HOKPUBATHA PI3HI YaCTHUHU KOMITAKTHOL
MHOYKUHHU, TPOTe BCl BOHU 3AJUTIAIOTHCA KBa3ITEPIOIUTHUMU.

TakuM amHOM, TUTIOBI TPAEKTOPIT CUCTEMHU € KBA3IMEPIOTUIHUMHA 1 3aITOB-
HIOIOTH JIESIKY KOMIIAKTHY MHOXKWUHY B (DA30BOMY ITPOCTOPI.

Posrisinemo KoHKperHuil mpukaaj jjs Bunajiky n = 3, m = 3. Hexaix
TTOYATKOBUM CTaH 33/ITaHO HACTYITHUMHU BEKTOPAMU:

pi=" = (0.08;0.02;0.9), p5 " = (0.1;0.55;0.35), ph " = (0.8;0.15;0.05).
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Puc. 3.2. Bmina koopgumHaT BeKTOpiB P! mpm T1(t) =
sin(%) + 1, 72(t) = sin(%5%) + 2, 73(t) = cos(2%) + 1, zme

T = 60 — roI0BHUII 1epio; KOOpAWHAT BEKTOpa W'.

Ha Puc. 3.2, 3.3 3a ymoBu cymipnocti mepioxis dyukmniit 7;(t), cucrema

JTeMOHCTPYE UK 13 dikcoBanuM mepiogom 1. Ileit mepioy 3ameKuTh Bij
OCHOBHOT'O TIEPioy (DyHKIII Tjt. 1 omucyeThcss HAOOPOM BIOPAIKOBAHUX BEK-

topiB I'1,I'9,...,I'p. Tpaekropii cucremu migTBEepAKYyIOTh HMUKJIIYHICTD 1

cTabiIbHICTD Y pa30BOMY MPOCTOPI BiAmoBigHO 10 Teopemu 3.3. Ha Puc.

3.4, 3.5 30b6pakeHa JUHAMIKA 3 BUKOPUCTAHHAM (PYHKITIH Tjt. 13 HECYMIpHU-

Mu nepiogamu. HecymiphicTs nepiofiB pyHKIii T; MIPU3BOIUTH JI0 KBa3ime-
piogmunol moBedinku. Cucrema He 30ira€ThCsd 0 MUKJIIYHOI opbiTH, aje i1
TPAEKTOPil 3aMOBHIOIOTH KOMIIAKTHY MHOXKWHY B ¢pazoBomy mpocropi. Ksa-
3LIEPIOJIMYHICTD TPAEKTOPINA TIITBEPAKYETHCI TUM, IO CUCTEMA, 3aIIOBHIOE
TOPOTOMIOHY KOMITAKTHY MHOXKUHY, 30€pirafoun KBa3iepioaudHy TUHAMIKY.

[likaBoro ji1d PO3TJIALY € JUHAMIYHA cUcTeMa KOHQJIIKTY, Jie JIUIIEe OJHA,

“en t _ . . .
3 KOODJMHAT BeKTOpa B3aemoaii 7; = 7;(t) € nepiojuanoio dyHKILi€Io 3 ne-

piogom T' > 1. Taxkwmit Bubip mapamerpa T; MOYK€ CYTTEBO BILJIUBATU HA
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Puc. 3.3. ®@azoBuit nmoprper cucremMu y MIPOCTOPI Bigo0-

paskens (p!,pi™!), mobymosammit mpu T (t) = sin(%) + 1,

7o(t) = sin(%5) + 2, 73(t) = cos(2%) + 1, T = 60.

Puc. 3.4. Buina koopgummHaT BekTOpiB P! mpm T1(t) =
sin(Zt) + 1, 7(t) = sin(Z5) + 2, 73(t) = cos(32) + 1, ze
T = 607 — roJI0BHUIT epios KOOpAWHAT BeKTOpa W'.
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3) t = 10000 4) t = 10000, npubauKeHo

Puc. 3.5. ®@azoBuit mopTper cucreMu y MTPOCTOPI Big00-
paxens (p,pi™), nobynopannit npu 71 (t) = sin(%) + 1,
() = sin(%) + 2, 73(t) = cos(E) + 1, T = 60r. SIk BuHO
Ha PUCYHKAX, JIJIsi HECYMIPHUX TPAEKTOPIi 3aI0BHIOIOTH TO-

POIIOZIOHY CTPYKTYPY.

MOBEJIIHKY cucTeMu. Buxosdm 3 1Mboro, MOXKJIMBI HACTYIIHI CIleHapil JIMHa-
MIKH:

1. Ilepioduuna cmabisvricmsy. ZIKITO 1HIT TapaMeTpu CUCTEMHU He 3Mi-
HIOIOTHCS XaO0TWYHO 1 € CTablIbHUMH ab0 MOCTYIOBO aJIalTyIOThCH JI0 ITH-
KJIIYHOT'O BILIUBY T;, cucTeMa MoxKe 36iraTucs /10 mepionIHOT OPOITH 3 TUM
camuM TiepiogoMm 1'. /Img Takoi cTablTbHOCTI HeoOXiTHO, 00 aMILTITY N KO-
JINBaHb ’7'; Ta IHII TapaMeTpH He TPUBOJIUIIN JI0 CYTTEBUX 30ypeHb. [le vacto
MOXKJIMBO y BUIAJIKaX, KOJU CHCTEMa MA€ CUJIbHI CTaOLII3yI0Ul MexXaHi3Mu
(HAIIpUKJIAL, TPUTATYBAIbHY B3AEMOJII0 ab0 3 KYBAHHSA KOJTMBAHL). Y
pe3yabTaTi cucTeMa JEeMOHCTPYE TepeadadyBaHy AWHAMIKY, IO TMTOBTOPIOE-
ThCd Yepe3 KOxKHI 1 KPOKIB.

2. Keasipezyarapra dunamixa. Y pasi, SIKIIO IHIT KOMIIOHEHTH BEKTOPA,
B3a€eMO/1il abo mapaMeTpu CUCTEMHU MAalOTh CBOI BHYTPIIIHI IIepiogu, aje He
CUHXPOHI3YIOTLCH 3 7';?, MOXKe BUHUKHYTHU KBasiperyadgpHa moBeminka. Lle
SABUITE CIIOCTEPITAETHCA 33 HASABHOCTI JEKIJIbKOX B3aEMOIIOUNX TEPIOIH-
YHUX TPOIECIB i3 O/IM3bKUMU, ajie HecyMipHUMHA Tiepiogamu. Cucrema MoXKe
JIeMOHCTPYBATH CKJIQIHI PUTMU, 3 TTOABOIO IMOBTOPIOBAHUX Bi3€PYHKIB ab0
TepexoIiB MIXK pi3HUMH da3zamMu, ajge 6e3 IITKOI IMUKIITHOCTI.
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3. Xaomuuna dunamira. Ao T; BCTYTIA€ Y B3AEMO/IIIO 3 IHIUMHU KOM-

[IOHEHTAMK CUCTEMHU, 110 JeMOHCTPYIOTh HECTAOLIbHICTH 00 BUCOKY Yy T/IM-
BiCTH JI0 30ypeHb, cUcTeMa MOYKe TepeiTn 10 XaOTHUYIHOI TTOBEIIHKU. Xao-
TUYHA JUHAMIKa MOXKJINBA 33 HAaIBHOCTI HEJIHINHOI B3a€MO/Iil, KOJIU HaBITH
HEBEJIVKI 3MIHU Y TJ’? 3/IaTHI CIPUYUHATH 3HAYHI 3MIHU B TPAEKTOPIAX CACTe-
Mmu. Cucrema MoxKe BUSIBJISITH XaOTUIHY ITOBEIIHKY, KOJTH O/THA 3 KOOPIAWHAT
BEKTOpa B3aEMOJII1 IMTTOPSIKOBaHA XaOTHIHOCT1, HAITPUKJIA, JIOTICTHIHO-
MYy 3akoHy. lle Tpu3BOANTE /10 9y TIMBOCTI TPAEKTOPIH 10 TTOYATKOBUX YMOB
1 MO2Ke 3yMOBJIIOBATH Hellepe0adyBaHi KOJMBaHHsA. BaK/IMBOIO yMOBOIO €
TaKOK BIJICYTHICTb MeXaHi3MiB, gKi cTabLIi3yI0Th moBeainKy. CucreMa cTae
YYTJIMBOIO /10 TTOYATKOBUX YMOB, 1 HABITh MaJll 3MIHUA Ha BXO/1 MOXKYTb IIPH-
3BOJIUTHU JIO0 CYTTEBO PI3HUX TpaekTopiit. Taka moBegiHKa yCKJIQTHIOE TPO-
THO3YBAaHHS 1 MOYKe MaTH 3HAYHI HACTIJKN Y peaJbHUX MPUKJIATHAX CIIeHa-
pisx.

4. Kombinosarna dunamixa Y JeAKNX BUMAJIKAX CHUCTEMa, MOKE JTEMOH-
CTPyBaTU TEpexij BiJi MepiojinuHOl cTablIbHOCTI JI0 Xa0TUIHOI JIMHAMIKU
abo IMO€HAHHS TI€PIOJIMYHOI Ta XAOTUYHOI MOBEJIIHKN Y pi3Hux dazax. Lle
MOYKJIIBO TIPW HAABHOCTI PI3HUX BILIUBIB ab0 3MiHaX MapaMeTpiB T; y IIpo-
mecl epostronil cucremu. Taka AuHaMiKa € HECTaOLILHOI ab0 CKJIAIHOIO i
MO/IETIOBAHHS Ta KOHTPOJIIO.

4. BUCHOBKU

BupuenHst jumHaMigHUX CHCTEM KOHQJIKTY [MOKa3aJso0, IO IX TPaEKTO-
pil MOXKYTh JEMOHCTPYBATH IMMUPOKUIT CIIEKTP MOBEIIHKOBUX CIIEHAPIIB, Bl
cTabiIbHOCTI 10 XAOTUIHOCTI, 3aJIE2KHO BiJ| IIapaMeTpiB B3a€MOJIil Ta M0Ya-
TKOBUX YMOB. 30KpeMa, pe3yabTaTH JTOCTIIKEeHb M ATBEPININ MOXKINBICTH
iCHYBaHHSI HEPYXOMUX TOYOK, IMKJIYHUX OPOIT Ta KBa3iMepiondHOl MoBe-
JIHKH, 10 € BAXKJIUBUMHU JJTI aHAJI3Y peaJbHUX COIMaIbHO-eKOHOMIYHUX Ta,
€KOJIOTIYHUX TIPOTIECIB.

JLnsg cucreM i3 MPUTATATBHOIO B3a€EMOJIIEI0 XapaKTepHa KOHBEPTEHITIS TPa-
E€KTOPIHt 10 CMIBHUX TPAHUYIHUX CTAHIB, TOJIl 9K BI/IIMITOBXYBAaJbHA B3aEMO-
JIid TPU3BOANTD /10 PO3TOJILITY PeCYPCiB MiK ormoHeHTaMu. /lnaamika cucreM
3 [MEePIOUYHUME [TapaMeTPaMU MOXKe JIOCATATU CTAOLIbHUX IMUKJIYHUX Op-
6iT. Ile TMATBEPIKEHO MOIAETAMHA, IO BPAXOBYIOTH MEPIOINIHICTL BEKTOPA
B3a€MO/Iil. Y pa3i HeCyMipHUX MEPIOJIiB MapaMeTpiB CUCTEMA MOXKE JTeMOH-
CTPYBaTHU KBa31MEPIOJUIHY TOBE/IHKY ab0 MEPexXo/IUTH JI0 XaOTUIHOI JIMHA-
MIKH, 1110 OCOOJIMBO aKTyaJIbHO JJIs aHAJII3Y CKJIQHUX COIIAJILHUX 1 €KOJIOTi-
YHUX CUCTeM. TaKuM YUHOM, 3aITPOIIOHOBAHI MOJETI I03BOIIIOTH OMMUCYBATH
CKJIQJTHY TIOBEIHKY KOHMIIKTHUX CUCTEM Ta € OCHOBOIO JIJIs TTOIAIBINNAX J10-
CJIJI?KEHB, CIPSIMOBAHUX Ha, PO3POOKY eEKTUBHUX CTPATEriil yrpaB/liHHS
KOHQJIIKTaAMH.
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[MopiBHgAHHS 3 OCTIZKEHHEAME |2, 3] TTOKA3a7I0 CXOXKICTh y BUKOPUCTAHHI
HeJIIHIMHUX Mogiesell, My IbTu(aKTOPHOTO aHAJI3Y Ta IPUHIIUIIB CTabiIbHO-
cri it HectabinbuoCTI cuctem. B pobori [2] migkpecieHo BaKIUBICTE MyJTb-
TUTLJIEKCHUX B3a€MOJIII, TaKWX K TOJITUYHI # KyJAbTYPHI, 110 BIJIOBIIa€
KOHIIEMIT pO3MO/iTy pecypciB y maniit pobori. B [3] mocaimxkero posb 3a-
TPUMOK 1 ITPOCTOPOBOI HEJIOKAJIBHOCTI, K1 TAKOXK MOXKYTh OyTH ajianToBaHi
70 POBTIAHYTHUX BUINE MOjeIeil MUHaAMIUHNX cucTeM KOH@IIKTY. Po3rig-
HYT1 BJIACTUBOCTI MOJieiell TUHAMIYHUX CUCTEM TATBEP/IKYIOTH 1X YHIBED-
CAJIBHICTD JIJI aHAJI3Y CKJIQTHUX COIIAJBHUX, €KOJOTIIHNX 1 €KOHOMITHUX
nporeciB. Ile j103BoJiste 3poOUTH BUCHOBOK, IO PO3IJVISHYTI B IIiii poOOTI
MOIesTl € e(peKTUBHUM IHCTPYMEHTOM A7 JTOCTIIKEHHI PeaJbHnX KOHQ.Ti-
KTHUX CUCTEM 1 MOXKYTh OYTH PO3IIUPEH] 3 ypaxyBaHHAM OiJIBINT CKIATHUX

daKTOPIB i CTPYKTYP.
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