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OuiHKy XapaKTEePUuCTUK
HeJIIHIITHOI anpoKCcrmMAaIril
KJIACIB IeploamIHnX (PYHKITIIA

K. B. Iloxxapchka

Abstract. In the paper we make an overview of results concerning order
estimates of the best m-term (sparse) trigonometric approximation and
the best orthogonal trigonometric approximation of the Stepanets classes of
multi- and univariate functions with bounded generalized derivatives in the
Lebesque space. In addition, we formulate exact-order estimates for these
approximation characteristics for the isotropic Nikol’skii-Besov classes with
bounded differences in a certain Lebesque subspace. In particular, the case
of small smoothness is considered of functions from the respective classes.

Awnorarig. Y poboti 3pobJeH0 OrJIsii Pe3yJIbTATIB MO0 TTOPSIKOBUX OTTi-
HOK BEJIMYUH HAWKPamoro m-4ieHHOrO (pPO3PiKEHOro) TPUrOHOMETDH-
9HOTO HAOJAMXKEHHS 1 HAHKPalloro OpTOrOHAJHHOTO TPUTOHOMETPUIHOTO
HabmmkenHd Kiaacip Crenanig yHKINN omHiel 1 6araTbox 3MIHHEX 3 00Me-
JKEHUMU y3araJbHEHUMHU TOXiTHUMU y MeTpurl mnpocTopi Jlebera. Kpim
[IHOTO, HABEIEHO TOYHI 3a HOPAIKOM OIHKK 3a3HAYEHUX ATPOKCUMATUB-
HUX XapaKTEePUCTUK i i30TponHux Kjacis Hikosibchbkoro-Becosa 3 o0me-
JKEHUMU PIZHUTIAMHU Yy METPUIIL AESTKOTO mAampocTopy Jlebera. Po3rasgmyTo,
30KpeMa, BUI3I0K MaJol TIaaKoCcTi YHKINH 3 BIAMOBIIHUX KJIACIB.

1. BcTvn

Y poboTi 3pobJIEHO OTJISIT HAIIUX PE3Y/IbTATIB MO0 MOPAIKOBAX OIIHOK
JeSIKUX BeJIMIWH HeJiHIWHOT armpokcuMalii. A came, y posjiii 4.2 HaBegeHo
1 TPOKOMEHTOBAHO OIIHKM HANUKPAIIOr0 M-4J€HHOIO TPUTOHOMETPUIHOTO
HaOJIMKeHHd Ta HalKpaIoro OPTOrOHaILHOT0 TPUTOHOMETPUIHOTO HAOIH-
JKEeHHSI KJ1aciB PYHKINH 3 00OMeXeHUMHU y3araJbHEHUMU TOXITHUMU, 9K1 B
JaCTKOBOMY BHUMAKy 30iratorbest 3 kjacamu Cobosesa (Beins-Hagst), y
MeTpuill rpoctopis Jlebera. Ili pe3ysbraru BCTAHOBIEHO g DAraToBUMIip-
HOTO BUUTAJKY, € V HU3I CUTYaIliil BOHU € HOBUMMU 1 1d (PYHKITIH OTHIET
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aminnol. Jauti, y po3iai 4.3 HaBeJleHO OIIHKY 3a3HaYeHUX AIPOKCUMATHB-
HUX XapaKTEePUCTUK i i30TpornHuX KaaciB Hikosbebkoro-becosa dyHkitiin
3 0OMEKEHNMU PIZHUTIAME y METPHUIIL JeAKOTO BaXKJIUBOTO IIiATTpocTopy Jle-
bera.

3ayBaknMo, 10 alPOKCUMATUBHI XapaKTePUCTUKY, ITOB SI3aHi 3 HeJTiHii-
HOIO AITPOKCHUMAIII€0, aKTUBHO TOCTIKYIOTHCA ByKe TIOHAJI IMB CTOJITTS.
Heswuepnmnii inTepec 10 TaKUX HAOJMXKENDb BUKIUKAHWN HacaMIiepes THM,
0 B OaraThOX CHUTYyaIlisiX BUSIBJIEHO TEpeBaru HEJIHIHHUX MeTOJiB HalJIu-
JKeHH TOPIBHAHO 3 JIHIWHUMU.

[Tpu po3rysi 3a/5a4 HA KJIacax MepiogudHux (PyHKIH 6araTbox 3MIHHUX
f = f(x), x € R? d > 1, Bce GLTLINOr0 PO3MOBCIOMKEHHS HabYyBae Me-
TOJT M-UJIEHHOTO (PO3PI/IZKEHOr0) TPUTOHOMETPUIHOIO HAOIMKEHHsI, TOOTO
HabIMKeHHs [ TTOJIIHOMaMU BUTJISTY

PO, x) = Z cpe’®®) o e C, (1.1)
ke®©,,

1e O,, — nabip m moBiibHEX BekTOpiB k € Z%, (k,x) = ki1 + - + kqzg.

BinmosigHa ampokcuMaTUBHA XapaKTEPUCTUKa y OLIbIN 3arajbHifl cuTy-
arii 6yna eeegena B 1955 pori C. B. Creukinnm [28] npu dopmysosanti
KpUTEPito abCOTI0THOI 3012KHOCTI OPTOTOHAJIBHUX PSAJiB y mpocTopi Lo. Y
poboti P. C. Iemarinosa 21|, npu gocrimkenni nonepednukis kiacis Cobo-
JeBa, OYJI0 OTPUMAHO TIEPIITY HETPUBIAIBHY OIHKY BEJIUUWHU HAWKPAIIOTO
M~-YJICHHOT'O TPUTOHOMETPUIHOTO HAOJIMKEHS JIJIsl 1H/IUBIIyaIbHOT (DYHKIII.
Pezymprar |21, Hacaigok go Teopemu 6] mokasas, 1o 3a3HadeHa BeJTUYIH-
Ha HesliHifiHOro HabsukenHs Jia DyHKOIl || cuagae 10 Hyasd WBUILIIE Y
CTeTeHeBi TMKaJil, HiXK BEJIWYNHA BIAMOBIIHOTO HAWKPAIIOTO HAOJIMKEHHS
JHHIMHAMEA MeTOJAaMH. 3T0A0M JOCTIKEHHS HalKpalmx m-4JIeHHIX TPHU-
FOHOMETPUYHUX HAOJIMKEHb 1H/MBIIyaJdbHUX (DYHKINH 1, B OLIbIIN Mipi,
dyHKIIOHAIBHIX KJIAciB mpoBoauiuck y poborax I'. A. Aximesa, /1. B. Ba-
zapxanoBa, K. C. Bemincokoro, P. A. /leBopa, /I. 3yura, P. C. Icmarimo-
Ba, b. C. Kammua, B. €. Maiioposa, K. I. Ockonkosa, A. C. Pomamrioxa,
B. C. Pomantoka, A. C. Cepmioka, B. Cikkesst, C. A. Cracroka, O. [. Cremnan-
s, T. A. Crenanrok, B. M. Temakosa, T. ¥Ypiixa, I. Xancena, C. O. Yaii-
wenka, A. JI. Mugmaiva, C. 4. dagenka ta immux. Ogepkani y 1IbOMY Ha-
NpsAMi pe3yabTaTh, 3 OJTHOTO OOKY, MalOTh CAMOCTIHHUI IHTEPEC, & 3 iHITOro —
BOHM 3HAXOJIATh IPAKTUYHI 3aCTOCYBaHHS, 30KPEMa, V MUTAHHAX KO/IyBaH-
Hd, IIepeadi 1 BiATBOPEHHS 300parkeHb.

BigmiTMo, 110 B iTEpaTypl PO3MIAIAIOTE PI3HI y3araadbHeHHsd BeTUIuIn
HaWKPAIOT0 TPUTOHOMETPUYHOTO HaOJIMKEHHS, Jie ONMTUMI3allist TTPOBO/IH-
ThCH BIJTHOCHO 1M-BUMIPHUX TMTPOCTOPIB, MOPOZKEHNX eJIeMEHTAMHI JIETKOT
BU3HAYEHOT OPTOHOPMOBAHOI cucreMu (PYHKIHH (Tax 3BAHOrO “CJOBHHUKA).
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Bymo mokazano, mo Ha ksacax Cobosesa i Hikosbebkoro-Becosa mepion-
9HUX QYHKIIH 6ararbox 3MiHHUX y 6araTbOx BHIIAJIKaX CaMe TPUTOHOME-
TpUIHA CUCTEMA € ONTUMAJIBLHUM CJAOBHUKOM Y CEHCl BIAMOBIAHUX MOPIIKO-
BUX OIIHOK y MeTpHIl TpocTopis JIebera. ¥ psiii curyaliiii, mpoTe, BEJIMINHA,
HaWKPAIOro m-4/JeHHOI0 HabJJIMKEHHS 33 IHIITMMU CUCTeMaMu, 30KpeMa CH-
CTEMOIO BeiBJjIeTiB, MIBUJIIE CHAJAE JI0 HYyJd npu m — 00. Ha nanwuit gac
HU3Ka TMUTAHb IMOJ0 TOYHUX TOPIIKIB BEIUYNHN HAUKPAIIOTO 1M-1JIeHHOTO
HaOJIMKEeHHsT Ha 3a3HaUYeHUX KJjacax Jjs TPaHuYHUX 3HAYEeHb MapaMeTpiB
KJIACy 1 METPUKW 3aUMaThest Biakpurumu |3, Posminm 7.5, 7.7]. V namniii
poboTi MoBa Oyje WTHU came PO OIIHKU HANKPAIIUX M-4JIEHHUX TPUTOHO-
MEeTPUIHNX HAOMKEHD.

OCKiIbKM TIPW BCTAHOBJIEHH] OIIHOK HAaNWKPAIUX M-94JeHHUX TPUTOHOME-
TPUIHUX HAOJIMKEHb THX ab0 IHINX KJIaciB pYHKINH He 3aBXK/IM BJIAETHC
SIBHO TIpeJ BUTH 1oJiHOM P*(©,,, ), gxuil peasidye BiAMOBiAHUI MOpsI-
JIOK HAOJIMKEHHS, PO3LVISAIAI0OTH TAKOXK OJIM3bKY AIlPOKCUMATUBHY XapaKTe-
PUCTUKY — HaliKpallle OpTOTOHAIbHE TPUTOHOMeTpuYHe HabmamxkenHs. Oco-
OJMBICTIO HAKpAIUX OPTONOHAJBHUX TPUTOHOMETPUYHUX HAOJIMKEHB T10-
PIBHSIHO 3 HAMKPAIIUMU M-YJICHHUMA TPUTOHOMETPUIHUMU HAOJIMKEHHAMU
e Te, mo KoedinienTu cg y noainomax P(O,,,x) (1.1) e BiamosigauMu Ko-

~

edinierramu Pyp’e f(k) dyukuiit f. Jdocmimkents miel ampoOKCUMATUBHOT
XapaKTEePUCTUKK Ha KJacaxX (pyHKIIIH ojiHiel 1 6araThoxX 3MIHHUX OTPUMAJIN
po3suTok y poborax E. C. Bemiacekoro, A. C. Pomantoka, B. C. Pomanto-
ka, O. I. Cremanng, /I. B. Bazapxanosa, C. A. Cracioka, A. C. Cepaioxka,
T. A. Crenantok, A. JI. [llugniga, C. 4. dugenka Ta iHmumx.

HeTapHUI OTJIA BIJOMHUX OIIIHOK BEJIWYUH HAUKPAIIOro 1M-9JIEHHOTO
TPUTOHOMETPUYHOIO 1 HAHKPAIIOro OPTOrOHAJBHOI'O TPUTOHOMETPUIHOTO
HabIMKeHb y MeTpuIll mpoctopy Jlebera ta Bimmosigma 6ibmiorpadia Mi-
cruthbes y Monorpadiax [3,16,26]. Besnocepenuro mos’sg3aHi 3 HAIIUME J10-
CIIZKEHHAMA PE3YJIbTATA TPOKOMEHTOBAHO TIC/ISA BIAMOBITHAX TBEPKEHD
y po3iia 4.

SazHadInMo, 1110 3raJJaHi BUIIE AIPOKCUMATHBHI XapPaKTePUCTUKH Ha Tele-
pinHi#t yac Jo0pe BUBYEHI CTOCOBHO KJIACIB MepiognyHnx (PyHKITH 6araThrox
aMinaux CoboJieBa Wgyp, Hikonbcepkoro Hp 1 Becosa B;ﬂ y METPUII] TPOC-
Topy Jlebera L,. ¥ Toii xKe Jac, JI0Ci 3a/IMITacThCd HU3Ka BLAKPUTUX ITNTAHb
MIOJI0 TOYHUX TOPSIKIB JTOCTI/IZKYyBAaHUX XapaKTePUCTUK. Tak, mpu J10CHTi-
JI2KeHHI NUTAHHA [IPO OLIHKKW HAWKPAIUX TPUTOHOMETPUYHUX HaDIMKEHb
BIJIMOBITHUX KJACIB CYTTEBY POJIb BiIITPaOTh OCOOJUBOCTI PO3TAITYBAHHS
napaMeTpiB p Ta q Ha obJracTi TXHIX JomycTUMUX 3Ha4YeHb. OcobJyimBol yBaru
3aCJIyTOBYIOThH BUITAJIKU, KOJU MPUHANMHI OJMH 3 TapaMeTpis p, q € {1, 00},
sIK1 € HalbLIbII CKJIQIHUMKA 3 TOYKH 30PY METO/IB OTPUMAHHS OIIHOK BiJ-
TTOBITHUX BEJIMYNH.
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Came Ut TPAHUYIHAX BUIIAIKIB 3aJUIIAECTHCS HU3KA BIIKPUTUX ITHTAHDb
MO0 TOYHMUX 32 IMOPSAJTKOM OIIIHOK allPOKCUMATHUBHUX XapPaKTEPUCTUK Pi-
3HUX (DYHKIIOHAJBHUX KJIAciB. 30KpeMa, JJIs KJIaciB Wg’p b6araThox 3MiH-
HUX JTOCI 3aJUMIAI0OTHCSI HEPO3B I3aHUMU Y 3araILbHOMY BUITAJIKY 3a7ad9l PO
MOPSIKOB] OIIHKY BEJIMYUH HAWKPAIOTO M-9JIeHHOT0 TPUTOHOMETPUIHOTO
HaOsmzKeHHs! e (W 1)1 Ta €, (W3 o )oo (AuB. o3nadenns (2.1)).

Ile BukJ/MKaJJ0 3HAYHWI 1HTEpeC 0 JOCTIAXKEHHS BiJIIIOBIIHHX XapaK-
TEPUCTUK y MeTpuni migupocropis Jlebera B;1, 1 < ¢ < 00, ge Brasoca
OTPUMATH TOYHI 3a TOPIJIKOM OIIHKHU, 30KpeMa, JJid TUX CIIBBIIHOIIEHD
MizK rmapaMmeTpaMH, Jie BOHU He Oysin BijloMi /IS BLATIOBLIHUX TPOCTOPiB L.

ITocTanoBka 3a/1a4i 11010 BCTAHOBJICHHST OIIIHOK HAWKPAIIAX M-IJIeHHUX 1
OPTOrOHAJILHUX TPUTI'OHOMETPUIHUX HAOJIMKEHDb KJIaciB PYHKIIIH came y Me-
Tpuri npocropis By (zus. po3zin 4.3) e € Bunaakosoo. [loxubku pisnmx
METOJIIB alpOKCUMAaIlil, 30KpeMa, 1 y MeTPUIll IUX TaK 3BaHUX ‘HYJIHOBUX
npocTopiB becoBa HEOAHOPA30BO JAOCTIKYyBaMC Yy jiTepaTypi. Tak, y po-
Gori [2] Oys0 moOKa3aHO, IO OIIHKK AMPOKCUMAIIHHUX 9UCesT MEePIoAUIHIX
GYHKINN K 130TPOMHOI, TaK 1 JOMIHYI0YOI MIMIaHOI TJIAJIKOCTI, 3 TLIhbep-
ToBUX Kjacis CobojieBa y MeTpUKax MPOCTOPiB Lo Ta By 1 OAWHAKOBI 32
nopsakoM. OIHKY eHTPONifiHrX duces Ha Kjaacax Tpibess-Jlizopkina, 30K-
pema, y HOpMi HYJIbOBUX pocTOpiB Becora O6ynu Beranosseni y [17]. omo
OTHOK BeJIWYUWH HAMKpPAaIIoro HabamKenmHd, Habamxenns cymamu Pyp’e,
JIHITHAX, TPUTOHOMETPUYHNX, KOJIMOTOPOBCHKUX TIOTIEPEYHUKIB, €HTPOIIi-
Hux 4guces KjaciB CobosieBa i HikoJsibecbkoro-BecoBa y meTpuill mpocTopy
By.1, TyT Bapro Bugimmtu poboru [9,10,12].

OpHi€ro 3 BaXK/IMBHUX 1 CKJIQJIHUX 337a9 € PO3LJIsi)] BUIAJIKY TAaK 3BAHOI
“MaJstol TIaIKOCT” JTOCTIKYBAHUX 3 TOYKHU 30PY AMPOKCUMAIT PYHKITIIA.
[eit Tepmin 6epe nmouaTok 3 poboru b. C. Kammuua 1981 poky, je, jociii-
JIKYIOUH KOJIMOTOPOBCHKI TIOTIEPETHUKY KJIACIB WE’J nepioinuyHuX PyHKII
OfHi€l 3MIHHOI y mpocTopi Ly, BIH BUABHB, IO IpH 2 < ¢ < 00 IOBeJIHKA
[UX MonepedHukiB s 1 —1/¢ < r < 1 cyTTeBO BiIPI3HIETHCS BiJl BUMTAJIKY
r > 1. 3rojgom ogibHa 0COOIUBICTH Oy/Ia BUSIBJIEHA Y HU3KK alTPOKCUMATHB-
HUX XapaKTEPUCTUK Pi3HUX KjaciB pyHKIin. [Ipu gociizKeHH] HAKpaImx
M-9JIeHHUX TPUTOHOMETPUYHUX HADJIMKEHb, HAMU OYJI0 PO3LJIAHYTO (Teo-
pevu 4.7, 4.11) Buna 1ok MaJiol riagakocTi GpyHKITH 3 BIAMOBIHUX KIACiB T
BUSBJIEHO BIIMIHHOCTI y TIOPSAAKAX CIIQIaHHS 0 HYJIS 1INX BEJIUINH.

Kpim mporo, Hamu 0ys10 BCTaHOBJIEHO MOPSAKOBI OIIHKW BUIIE 3a3Hade-
HIAX XapPaKTEPUCTHUK HeJiHIfTHOI anmpokcuMmarii Ha Kiracax tuiry Cobosesa, a
caMe, Ha KJjacax Lgp, JIKi B OTHOBUMIPHOMY BUTAJIKY Oy BBemeni y 1983
porii O. I. Crenanrem, i 9Ki € y3araJbHEHHIM 33 TVIAJKICHUM TapaMeTpOM
KJIaclB Wg,p' 3ayBarKnUMo, 1110 11l KJACH € JI0CI 3HATHO MEHTIT JTOCIi TXKEHUMI
1 B TOI e Jac aKTyaJbHUMH 3 TOYKU 30PYy CydaCHOI Teopil alrpOKCUMAITIil.
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Opnepxxani pesyabraru OynemMo (pOPMYIIOBATH y TepPMiHAX ITOPSIKOBUX
cuiBsigaomens. s nBox HeBin'emuux nocrainosuocrei {a(n)} i {b(n)} mo-
psIKoBa HepiBHiCTb a(n) « b(n) osmauae, mo icaye C7; > 0, Take 110
a(n) < C1b(n). Iopsakosa piBaicTh a(n) = b(n) piBHOCHIBHA TOMY, IO
a(n) <« b(n) i b(n) < a(n). 3aznaanmo, 1mo C; y MOPSJIKOBUX CIIBBiIHOIIE-
HHSIX, MOXKYTh 3aJIe2KaTu BiJl jgesakux (OKpiM n) mapamerpis.

2. OBHAYEHHS AIIPOKCUMATHBHUX XAPAKTEPUCTUK

Hexait R?, d > 1, — eBkuigis mpoctip i3 emementamu € = (21, ..., T4).
Yepes L, := Ly(T?), 1 < ¢ < oo, T? = [0,27)¢, mozmaummo mpocTip byH-
KIiit f, ki € 27-nepionIHNMY 3a KOXKHOI0 3MIHHOTO 1 Taki, I110

1/q

Il i= Uflz, = (o) | lf@lrae) " <o, 1<g<on

[floo 2= 1f L, = esssupgera |f(z)] <0, ¢ = o0

Haui, vexait X — HopMoBanuii d-suMipHuii mpoctip i3 Hopmoto | - | x. duist
dyuxiii f € X posrisiHemo BenmduHy i1 HaUKPAUL020 M-YAEHHO20 MPU20-
HOMEMPUYHO20 HAOAUNCEHHA

em(f)x = igcfi@rlwfl Hf _ Z et B H

~infinf |f — PO,)]x. (1)
keO,, % Om

X
To6TO HabsMKeHHsT TTosiHOMamMu (1.1) i3 rapMoHIKAMU 3 MHOXKWHU ©,, TI0-
TY2KHOCTI He OLabIIe m.

Y ToMmy BHUNAIKY, KO B o3HadeHHi (2.1) noBiabHI KoedilieHTH cg 3aMi-

~

nutn Ha Koedinientn Pyp’e f(k) dbyukiil f € Ly, TobTo mokmacTu

~

ek = f(k) = (2m)7¢ . F@®)e " ®BOat, ke O,
OTpUMa€EMO BECIINIYNHY

en(f)x = i@nerf— > Fk)eik)

ke®,,

e (2.2)

SIKY Ha3UBAIOTh HAUKPAGULUM OPMO20HANOHUM MPULOHOMEMPULHUM HAONAU-
olcenmam QyHKIIT f.
Axmo F < X — geakwuit kKiaac QyHKITIH, TO MOKIaIeMO, BiJIITOBITHO,
. 1 o 1L
em(F)X = Supem(f)XJ em(F)X - Supem(f)X'
JeF feF

Bemuunnu e, (F)x i e} (F)x HA3MBAIOTh HANKDPAIIUM 1M-4/ICHHIM TDH-

TOHOMETPUYHUM 1 HAHKPAIUM OPTOTOHAJTHLHUM TPUTOHOMETPUIHUM HAOJIH-
xeuusamu Kiacy F'y mpocropi X. Oapasy 3 o3HaueHb Da4mMo, 1110

em(F)x < ey (F)x.
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Hawmu 6ys10 BcTaHOBJICHO TIOPsiIKOBI orinku Besmand (2.1) 1 (2.2) y Buma-
Kax, KOJIM ITOXNOKA HAOJIMKEHHsI BUMIPIOETHCA Y MeTpHIll poctopy Jlebera
Ly, a Takox y Merpuni mignpoctopy By, 1 < g < o0.

Osmaunmo wopwmy | - ||, , vy migmpocropax dynkmiit f € L. Taxa mop-
Ma CXOXKa Ha JIEKOMITO3UINiTHY HOpMY (DyHKII i3 mpocTopis Becosa (nuB.
posair 3).

Orxke, nexaii Vj(x) — 6ararosumipue sapo Basne-Ilyccena surmsimy

d
= HV}(Q:;’); leN, zeR?

ne aaa t € R moxmagemo Vi(t) := 171 Zil:_ll Dy (t), a Dg(t) := Zﬁm:—k efmt
snpo [ipixse. Posrasinemo 3roprky dyukiii f € Ly 3 sapom Vi(x), To6To
Vi(f,x) := (f = V})(x), Ta BBemeMO Taki mO3HAYEHHSI:

oo(f) == oo(f, ) = Vi(f, ),
O-S(f) = Us(fv :IZ) = ‘/25<f7 :IZ) - ‘/23_1(f7$)7 seN.

J7151 OMMIHOMIB ¢ 38 KPATHOIO TPHTOHOMETPHIHOIO crcTeMoro {e K2}, g
nopwmy |t||B,,, 1 < g < 00, 331210 3rigHO 3 hopMyIOI0

[thB,0 == D5 los(®)lq,

8€Z+

ne Zy = N u {0}. Amanoriuno ozmageno mopmy |f|p,, i and Oymab-axoi
byuxmii f € L, Taxol, mo pasn Zsez+ los(f)|lq 36iraeTnes. 3azmadmmo, 1o
nns f € By, 1 < ¢ < 00, BUKOHYIOThCS CITIBBLIHOIIICHHA:

[ Flq < 1f1Byus 1flBy < 1F1Bor < 1B, -

3. KVIACU ©YHKIIIN

Y 1ift yacTuHi 03HAYMMO IIPOCTOPU 27T-IepiogndHux PYHKIIH HaraTbox
sMiEEUX Mimamoi Tmagxocti: Cobonesa (Betina-Hana) Wy, i Cremanms
L"ﬁb’ a TaKoxXK i3oTpomHol riragkocti Hikombebkoro-becoa Bgﬁ

ITin xnacamu pyHKIIIH Oy/1eMO PO3YMITH OJUHUTHI KYJIi BIITTOBITHUX TTPOC-
TOPIB. 33 IJId CIPOITIEHHS BUKJT/Ty, Oy1€MO BUKOPUCTOBYBATH JIJIST HUX CITL/Th-
He TTO3HAYEeHHS.

Iroxi mns 3pyunocti mu Oymemo posriasgaru Jmwmine Ti dyakiii f € Ly,
JJI IKMX BUKOHAHA yMOBA

2
f(x)dr; = 0 wmaiike ckpise, j = 1,...,d.
0

T 0
Muoxuiy Taknx dynxmif moznaaumo L.
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[Ist ymMmoBa He 3MeHINTye 3arajibHOCTI MOCTAHOBKHW 3a/ladl 3aB/SKN €KBi-
BaJIGHTHOCT] BimmoBimHux kJacis dyskmiit (aus. [3, Saysaxkenns 3.2.4]).
BayBaxknMoO MpOTe, MO TaKi BIIMIHHOCTI B O3HAYEHHI KJIACIB CYTTEBO BILIHU-
BaTUMYTh HA MPEACUMIITOTUYHI OIIHKA aITPOKCUMATUBHUX XapPaKTEPUCTUK,
Jle BaXKJIMBOIO € 3aJIE?KHICTH CTAJMX Yy TOPSIKOBUX CIIBBIIHOIEHHIX BIJT
posmipHocTi d (Ig TeMa He PO3NJIAJAETHCA Y JaHiil crarTi).

3.1. Ilpocropu CobosieBa (Beiins—Hansa) dyukuiii 3 odMe>keHO0
noxigHor. Haeeremo o3HaueHHsa KjaciB YHKINH 3 00MEKEHOIO Millla-
HOIO TIOX1/IHOIO Yepe3 iHTerpaJjbHe MMpeJCcTaB/IeH s MuX (DYHKINH Y TepMiHax
3ropToK 13 gapoM bepmymai. Takwmit miaxia 703BOIAE TPUPOIHIM IUHOM II0-
mupuTu Kjaacu Befing-Hajs dyukiiiit 3 obMe:keHuME TpoOOBUMEU TTOX1THH-
MM Ha OaraToBUMIpHUII BUITQJIOK.

Hexait F%(x), ne m,a € RY, r; >0, j = 1,...,d, — 6araropumipsi ana-
qgoru gaep bepnymmi, To6To

d
FT(x) := 2¢ Z n kj_rj oS (kj:cj — %) :

keNd j=1

r e 0
Hepes W, mosmatmmo kiac dbynkmiit f € Ly, Burmsamy

f(@) = p(x) « Fr(x) = (2m) f () FL (@ — y)dy,

Td
e p € Lg, lelp < 1, a * — onepanist sroprku, 3 Hopmoto | fwr = [l¢[p-
IIpu 1 < o5 < 0, j = 1,...,d, Bianosigni ki1acu dyHKIIN € eKBiBa-

JIHTHIME MizK c06010. BygeMo BBasKaTH, 110 KOOPAHHATH BeKTOpa T € RY
BIOPAIKOBAMI V MOPAIKY 3POCTAHH.

BacrocoBytoun teopemy JlitrByna-Ileni, mpu 1 < p < 00 MOXKHa 3a-
IMCATH eKBIBaJIeHTHI NpeJcTaBjieHns Hopmu npocropis Wy, y Tepminax
nBiikoBux 6Ji0KiB pany DPyp’e Bignosiguux ¢yukiiii. Taki ekBiBajaeHTHI
IpeJICTaBIeHHS € 3pYIHUMU, 30KpeMa, IIPU aHa i3l BeIuInH Ha0IUKeHHd
dyHKIIIH ToTiIHOMaMK 3 TAPMOHIKAMHF, TIT0 HAJIEXKATh TaK 3BAHUM CX1T9aCTO-
rinepbo/iYHUM XpecTaM, siKi, 9K 0yJio moka3aHo y 60-X pokax MUHYJIOTO
CTOJITTH, Y 6ararboxX CUTYyalligx PeaJii30ByIOTh TOUYHI MOPAIKHA KOJIMOIOPOB-
CLKUX ITOMEePeTHNKIB KJIACIB (DYHKITN 3 JOMIHYIOYOIO0 MIITAHOI0 TJIAIKICTIO.
Heramprinmy indopmariio moxua 3uaiitn y [3, Po3zgin 3.1].

3.2. IIpoctopu Crenaniis pyHKIIiT 3 00Me>keHOI0 y3araJbHEHOIO
noxiguor. Osaaunmo Kiacu ByHKIH 3 06MeKeHOI0 y3araabueHoro (1, 3)-
noxijiHoo. B omHOBMMipHOMY BHITQJIKYy, BOHU Oysim BBejeHi y 1983 pori
O. I. Crenanrnem (aus. [27]) Ta 3rogom Oy/iu mommpeHi Ha BUA 0K BOYHKIH
bararnox 3minaux A. C. PomanmokoM.
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Orxe, s f € LY posroianemo i1 pag @yp'e Y.y 7a f(k)ei(k"”), e f(k:) —
KoedirieHTn CDyp’e dbyukii f.

Hexait ¢ = (¢¥1,...,%aq), me ¢¥; # 0, 7 = 1,...,d, — meaxi nosiibui
nocaigosrocti, B € RY, 74 = (Z\{O}) [Ipunycrumo, 1o psij

e psimom Pyp’e gesikoi cymornol dyukiii. [T dyukiio nazusaoTs (1, 3)-
MoXiTHOI0 PYHKINT f 1 MO3HAYAIOTH fg’ :

Yepes vap, 1 < p < o0, mozHAUMMO KJac PYHKINHN f, IIs IKUX iICHYIOTD
(v, B)-nioxizHi i BUKOHYETHCST yMOBa Hfg”p <1

Oxpim KJ1aciB, HaMu OYyJIO JOCTIIZKEHO TaKOXK (DYHKIIIT D”b, psiiin Pyp’e
SIKUX MalOTh BUTJIS/T

2 H¢J ‘k| sgnk: km)

kezd j=1

3 oxHOTO 60Ky, (DYyHKIIT Dg’ € MIKABUMHU 3 TOYKM 30pPYy IX alpoKCHMa-

MITHUX BJACTUBOCTEM, a 3 IHIOTO — BOHW BIIITPAIOTH BAXKJIWBY POJIb TPH

JIOCJTIJIZKEHH] aITPOKCUMATUBHUX XapPaKTEPUCTUK KJIACIB Lg}p, 30Kpema, JIjs

rpaHudHoro Bunagky p = 1. Tak, koxHy QyHKIIO f 3 KIacy Lg p MOZKHA

300pa3suTH Yy BUTJISII 3rOPTKU
f(x) = (@) DY (@) = (2m)~" | (y)DY(x — y)dy,
Td

ae |¢lp < 11 dbyukuis ¢ maiike ckpisb crniBmagae 3 fB

pu ¥;(|7]) = 7|77, 7€ Z\{0}, r; > 0, Bj e R, j = 1,...,d, Bianosigsi
KJIaCH Lg p € KIacamm Cobosesa (Beitns—Has) ng, a QyHKIIT Dg €
anpamu bepryami, nus. po3mia 3.1

Ha mocminosnocti ¥, j = 1,...,d, gKi Bu3Ha49aIOTh KJIach Lg’ p Ta dyHK-

Il Dw, Oy/IeMo HaKJIadaTH JesKi J0JaTKOBI YMOBH.

Oznauennda 3.1. [locaidosnicms ¢ nasesrcums do muoocunu D, sxwo

e ¢ — dodamnsa ma He3POCMAINYa,

e IM > 0 maxe, wo YVl € N suxonyemovca ymosa %l)) < M.
Enementamu muoxkuau D e, 30kpema, nocaigosrocti ¢(|7]) = |7|7", r > 0,
re Z\{0); o(|r]) = In*(|r+1), 7 € Z\{0}, < 0; @(I7]) = |r| " In° (|| +1),

r >0, 7 € Z\{0}, aeR.
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Pesynbratu Oyiaemo opMy/iroBaTH y TEpMiHAX JIedKUX (DYHKI HATY-
pasbHOTO aprymenty ®(n) ra ¥(n) creniagbHOrO BUTJISILY.

Osnavenns 3.2. Jasa;, j=1,...,d, s,1€ N? i n e N nokaademo

d
d(n) := (Hll%n ij(2sj), U(n) := max ij (2%7).
s, =nj:1

(s,1)=

Benmuunau ®(n) ta W(n), 3amexkHo Bi BUTIAMY BiAMOBIIHUX MOCITOB-
HOCTel, MOXKYTh OYyTH OJMHAKOBI YW Pi3HI 3a MOpsakoM. Tak, HATpUK./IAI,
axio nokyaacta Y;(|7|) = |7|7", 1€ Z\{0}, j = 1,...,d, r > 0, To orpuma-
€MO

O(n) =¥(n)=2""".

Akmo x (ana d = 2) P;([7]) = |7|7"In(|7]), 7 € Z\{0, £1}, j = 1,2, r > 0,
TO
U(n) =277 2p2, ®(n)=2"(n—-1),
ay sunazxy ¥;(|7]) = |7[7"(In(|7])) "', 7€ Z\{0,£1}, j = 1,2, r > 0,
U(n)=2""(n—-1)"",  ®(n)=4-2"""n"2

Kpim nboro cnig 3azuauntu, mo upu d = 1 Gyl ¢(n) i W(n) 3b6irato-
ThCs 1 HAOyBaroTh BUIsY 11 (27).

3.3. Izorporai npocropu HikonbcbKoro-becoBa ¢dyHKITiT 3 obme-
dkKeHuMu pizHungmu. Ossaunmo npocropu dyrkmiit Hikoascpkoro-be-
coBa Hepe3 1XHl MOYJI TJIAJKOCTI.
o d .
Hexait h € R [Ina f € L, nosuauanmo Apf(x) = f(x + h) — f(x) Ta
O3HAYUMO PI3HUT TOPAAKY k € Z4 3 KPpOKOM h TaKuM YUHOM:

Ay f(x) = f(z), Ahf(z)=ApAL f(z), keN.

Monyns riankocti nopaaxky k dynkuii f € L, 3agaeTbea 3riHO0 3 dpopmy-

1010 Wi (f,t)p 1= sup | AL Fllp, me [h| = \/h2 .+ h3, teR, t>0.
|h|<t

Bynemo rosoputm, mo dbynknia f € L, Hamexurs Kiaacy BY

p97 1 <p,

0 < o0, r > 0, IKIIIO BiAMOBiIHA HOPMAa,

o, pdt\1/6
Iy, =17+ (] untf0p) ) <1, 1< <o,
I1By.0 = 171ty := 11y + supt™"wn(f,0)p < 1, 0 = o0,
>

IIJIsT AesAKoro k > 7.



158 K. B. Iloxxapceka

lpocropn H = Bj, , Ta B;’e, 1 <60 < o, 6yau Beemeni C. M. Hikosb-
cekuM Ta O. B. Becopuwm, Bigmosigno. /Ijst Hux cripapeyimBi Taki BKJIa1e-
HHS:

B;J - B;,el c B;ﬂz c B;’OO = H;, 1<6; <05 <.

[Tpm BcTaHOBIEHHI TOPSIKOBUX OINIHOK alPOKCUMATHBHUX XapaKTepPHuC-

tuk KJjacie Hikonbcbkoro-bBecosa, Hamu 6y/10 BUKOPHUCTAHO €KBiBaJEHTHI
. . - .

peCTaBIeHHST HOpMHU PYHKINNE [ 3 mpocTopin Bpﬁ y TepMiHaX BEJIMYUH
os(f), s € Z, nobynosarux na ocHosi sytep Bajne-ITyccena. 1Ii 610xku 6y-
JIM O3HAYEeH] paHirie y po3/iil 2.

Orxe, mia f € B;’;ﬁ, 1 < p,# < 0, r > 0, BUKOHYETHCST TTOPSTKOBI
piBHOCTI [5]

S€Z+

, 1/6
sy, = (3 27lounlg) ", 1<0<o,
0 = co.

|18y, = sup 2o (f)p,

S€Z+

BayBaxXumo, 10 y BUNAJAKY 1 < p < 00 MOYXKHA 3allMCATH aHAJIOTIYHI
eKBiBaJICHTHI TIpeJICTaBJECHHS HOPpMHU y TepMiHax O/0KiB psagy Pyp’e, ane,
Ha BIJIMiHY BiJl IpPOCTOPIB (PYHKIN 13 JOMIHYIOUOIO MIIIAHOIO TJIAJIKICTIO,
NI 130TPOITHOTO BUMAJKY BIJITIOBIIHI TAPMOHIKN HAJEXKATUMYTL TaK 3Ba-
HUM “JIBIiIKOBUM KOpwujgopam’, a He CXiJ9acTo-Timepbo/iYHrM XpecTaM.

4. HAIZKPAHH OPTOT'OHAJIBHI TA m-4YJIEHHI TPUT'TOHOMETPNYHI
HABJIN2XKEHHA

4.1. OmiEKY BeJWYUH anpoKcUMarlili iHAWBIyaabHUX (QYHKIIN Yy
MmeTpuili nmpoctopy Jlebera. Creprry HaBememMo pe3ybTaTH MO0 IIO-
PSAIKOBUX OINIHOK HAMKPAIINUX OPTOTOHAJLHUX TPUTOHOMETPHUIHUX HAOJIH-
JKeHb Ta HafKpaIux m-9JIeHHUX TPUTOHOMETPUIHUX HAOJIMKEeHb aHAJI0TiB
anep Bepnymmi Dg y mpocropi Ly, 1 < g < o0.

Bci orinkm y miit wacTtuni poboTn 0yemMo (popMyTIOBATHA Y TEPMiHAX O3HA-
qenb 3.1, 3.2.

Teopema 4.1 ([30]). Hezat 1 < g < 0, ¥; € D, B; e R, 7 =1,...,d,

) ) . . ) 1—1 .

i, Kpim mozo, icnye € > 0 mare, wo nocaidosnocmi P (|T|)|T| fate =
1,...,d, ne apocmaromo. Todi Ors 6Y0b-AKUL HAMYPAALHUT ™M T N, WO 30~
dosoavnAOmMb YyMmosy m = m(n) = 2"nd=1 maromo micue cniseidnowenna

Q=

Cb(n)ml_é(logm)z(d_l)(%_%) < efn(Dg’)q < \Il(n)ml_%(logm)%d_l)( —3),
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3ayBaxkeHHd 4.1. V Bunajky d = 1 3 Teopemu 4.1 BUILIMBaE TOYHA 33
MMOPSITKOM OITIHKA,

_1
et (DY) g = 1 (m)ym' 7,

siKa TIPY JIOJIATKOBUX YMOBaX Ha IMOCJII0BHICTE 91 BcTanosieHa B. B. IlIka-
noro [31].

Baysaxkenus 4.2. Ilpu ¢;(|7]) = |7|7"7, 7€ Z\{0}, r; > 1 —1/q, B; € R,
j=1,...,d, nna Qyuxiit DE =F Z.; TOYHI 32 MOPSIKOM OINIHKU BEJTUYUHU

eh(Fg)q, 1 < g < o0, 3uaitnerno A. C. Pomamiokom:
n(E)g =m0 (log m) (D),

Y Bunajxy, ko r = (rq,...,r1) € RY r; > 1 —1/q, B € R?, mo oninky
MOYKHA OTpUMAaTH i3 pe3y/brary Teopemu 4.1.

Ha BijgMiny Biji HaiKpaluX OPTOrOHAJBHUX TPUTOHOMETPUYHUX HabJ/ -
JKeHb, TPU JOCJIKeHH] HaWKpaIluX M-4JIEHHUX TPUTOHOMETPUYHUX Ha-
OmKeHb PYHKITH D¢ y npocropi Ly, 1 < g < 00, BUHUKJ/Ia HEOOXIJHICTH
OKPEMO POBTJITHYTU ,ZLBa CyTTEBO pi3Hi Bumaakym 1 < ¢ <2 T1a 2 < q < 0.

Teopema 4.2 ([13]). Hexati 1 < q < 2,9, € D, B e R, j =1,...,d,
i, Kpim mozo, ichye € > 0 make, wo nocaidosHOCM ¢](|T\)|T\l 1/Q+€, j =
1,...,d, ne apocmaroms. Todi das 6YOo-AKUL HAMYPAALHUT M T N, WO 30-
dosoavraoms ymosy m = m(n) = 2"nd=1 | maromo micue cnissionowents

1—

B(n)m' "3 (logm)* VG2 « e, (DY), « \11<n)m1—%(1ogm)2<d—1><%—%>.

Teopema 4.3 (|14]). Hexai 2 < g < 0, ¢Yj € D, fj e R, j = ,d, 1,

. . 1 .
kpim mozo, icnye € > 0 maxe, wo nocaidosnocmi ;i (|7|)|T| te i = 1, oo d,
He apocmaroms. Todi das 6YOb-AKUL HAMYPANOHULT M 1§ N, WO 3A0080AbHA-
romo ymosy m = m(n) = 2"nd=1 cnpasedausi cnissionowerta

(I)(n)m% < em(Dg) « W(n)m 2

PesynbraTu Teopem 4.2, 4.3 € HoBuME 1 B ogHOBUMIpHOMY BHIAIKY. Cdop-
MYJTIOEMO BIIITOBIJIHI TBEP/IZKEHHS.

Hacainok 4.1 ([13]). Hezatid = 1,1 < q¢ < 2, ¢ € D, B € R, i, xpim

moeo, icnye € > 0 maxe, wo NocaidosHicmd ¢1(\T\)\T\1 1/‘”6

Toodi cnpasedausa ouinka

HE 3pocmmac.

en(DY)g = v (m)m' 5.
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Hacnainok 4.2 ([14]). Hexati d = 1, 2 < ¢ < 0, 91 € D, B € R, i, xpim
moeo, ichye € > 0 make, U0 NOCAIO0EHICTD wl(\7|)\7|1+€
CNPasedIusa OUIHKa

He apocmae. Todi

1
(DY )y =t (m)m?.
Baysakenusi 4.3. 110 cToCyeThCst OIHKY BEJTUYIUHE €, (F 5 )g, TO:

empul<qg<2,r;>1-1/q, f;eR, j=1,...,d, ii mopsamok

1 2
em(Fj)g =m "7 (log m) D1
oyno sBecranosaeno E. C. Benincsrum [18];
empu2<g<oo,r; >1,5eR, j=1,...,d, oninka
em(F)g =m ™12 (logm)" (=)

Oyna anoncoBana E. C. Bemincekum [19].

Y Bunaixy r = (ry,...,71) € R, B € R? i pinnosiguux obMeskeHHaX Ha,
mapaMeTp 71 T OIMHKW BUTLIWBAIOTH 13 pe3yabTariB Teopem 4.2, 4.3.

3ayBarkeHHd 4.4. llopiBHABIIM pe3yabTaTH JIjisd HAWKPAIIUX OPTOrOHAJIb-
HUX TPUTOHOMETPUIHNX HAOIMKeHL, OTpuMali y Teopemi 4.1, 3 pe3yabraTa-
MU JIJII HaWKpaIiX m-4JIeHHUX TPUTOHOMETPUYHUX HAOJMKEHb, OTPUMa-
HUX y Teopemax 4.2, 4.3, baunmo, mo 1npu 1 < ¢ < 2 OIiHKY 3BEPXY BEJIUIUH
em(Dg’)q Ta €5, (Djéb)q OJTHAKOBI 3a TIOPSIIKOM. Y BUMAJKY 2 < ¢ < 00 OIiHKH
BIJITOBIIHUX AITPOKCUMATUBHUX XaPAKTEPUCTUK BiJAPIZHAIOTHCS.

4.2. Ouinkyu BeawyvuH ampokcuMmarii kJiacis (¢, §)-audepeHIiiiion-
HuX (yHKIi y merpuri npoctopy Jlebera. Hasemeni y poszmiai 4.1
pe3yabTATH Al 3MOTY OI€PKATH IMOPSIKOBI OIIHKK HaHKpammx OpTO-
FOHATBHUX Ta 1M-YJeHHUX TPUTOHOMETPUYHUX HabJMKeHb Kjacie (1, 3)-
nudepeHIiitoBHnX QYHKINN y "paHUnIHOMY BHIIAIKY, KOJIU IapaMeTrp p = 1,
TOOTO KJaciB Lg,l y mpoctopi Ly, 1 < g < o0.

Teopema 4.4 ([30]). Hezati 1 < ¢ < w0, ¢ € D, fjeR, j=1,...,d
1-1/q+e

J
i, Kpim moeo, ichye € > 0 maxe, wo nocaidosrocmi V;(|7|)|T| L] =
1,...,d, ne apocmaroms. Todi das 6Ydo-AKUL HAMYPANLHUT M T N, WO 3a-
dosoavratoms ymosy m = m(n) = 2"nd=1 maromo micue cnissionowentsa

B(n)m' "7 (logm) 2@ DG—2) « e (LY 1)q < W(n)m" " (log m)2@ DG —2),

3ayBarkeHHs 4.5. B ojgHoBuUMipHOMY BHIAJKy 3 Teopemu 4.4 BUILIMBaE
TOYHA 3a MOPAJIKOM OIIHKA

1—1
G#L(Lgh)q =1(m)m"
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siKa, IPU JIOJIATKOBUX yMOBaX Ha IIOC/I0BHICTE 1 OyJia BCTAHOBJICHA
B. B. IIxkamoro [31].

BayBakenus 4.6. Y BI/IHa,ZLKy'gZJJ(‘TD = |7|7", 7 € Z\{0}, r; > 1 —
1/q, BjeR, j = 1,...,d, nna xiacis Lﬁ1 = Wﬁl TTOPAIOK BETUIUHN
e#ﬂb(ng)q, 1 < g < o0, orpumano A. C. PomaniokoM:

LW g = m™ "D (logm) I D),

HOna r = (rq,...,71) € RY, r1 > 1 —1/q, B € R?, mo oniuky moxHa
OTPUMATH i3 pe3yabTaTy Teopemu 4.4.

3ayBarkeHHd 4.7. BiaMiTuMO, 1110 HOPAIKA HAUKPAIIUX M-4JIEHHUX OpP-
TOrOHAJILHUX TPUTOHOMETPUYHUX HAOJIMKeHb y TeopeMi 4.4 peasiizoBani Ha-

oamxenHaM (GyHKINN f € Lgl IXHIMHU CXITIaCTO-TITepOoIIHIMA CYMaMu
)

Dyp’e Sg,, (f) (mpu m = |Qy| = and_l) BUTJISALY

San(f)i=Sq.(f.z)= > > flk

(s,1)<n kep(s)

ne Qn = U(s1)<nP(8) — cxXimgacTo-rimepbomivamit Xpecr,

o(s) = {k:eZd: 251 < || < 2%, j = 1,...,d}.

Teopema 4.5 ([13]|). Hexati 1 < ¢ < 2,9, € D, B e R, j =1,...,d,

: : . 1-1 :

i, Kpim mozo, icnye € > 0 mare, wo nocaidosnocmi P;(|T|)|T| /Q+€, Jj =
1,...,d, ne apocmaromo. Todi drs 6Y0b-AKUL HAMYPAALHUT ™M T N, WO 3G~
dosoavnAomb ymosy m = m(n) = 2"nd=1 maromo micue cniseidnowenna

@(n)ml_%(log m)z(d_l)(%_%) < em(Lgl)q < \I!(n)ml_é(log m)Q(d_l)(%_%).

Teopema 4.6 (|14]). Hexa1t 2 < g < o0, ¢j e D, B eR, j=1,...,d, i,
Kpim mozo, icnye € > 0 make, w0 nocaidosHocms @ij(\T\)\T\HE, j=1,...,d,
He apocmaroms. Todi das 6YOo-AKUL HAMYPANOHULT ™M 1§ N, WO 3A0080AbHA-
romov ymosy m = m(n) = 2"nd=1  cnpasedauei cnissionowenma

1

D(n)m2 <« em(LY,)q < U(n)ms.

8,1
Ouinku Teopemu 4.5 € HOBUMU 1 B OJJHOBUMIPHOMY BUIAJIKY.

Hacainok 4.3 ([13]). Hexatid =1, 1 < q¢ < 2, Y1 € D, € R, i, xpim

mozo, ichye € > 0 maxe, uo nocaidosricms wl(\ﬂ)\ﬂl 1/q+5

Todi cnpasedause cnicslOHOWEHHA

em(Lyy)g = 1 (m)m "

HE 3pocmac.
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Omnirku Teopemu 4.6 y Bunagky d = 1 mpu JesiKuX JT0JaTKOBAX yMOBaxX Ha,
nocaimoBHicTh 1 Beranosseno B. B. Ilkamoro [32]. A came, cipaBejise
HACTYIITHE TBEP/I2KEHHSI.

Hacnainok 4.4 ([14]). Hexati d = 1, 2 < ¢ < o0, 1 € D, B € R, i, xpim
mozo, icnye € > 0 maxe, wo nocaidoewicms Yy (|7|)|7|'T ne spocmae. Todi
MAE MICUE CNIBBIOHOUEHHA

m(L5Y)g = 1 (m)m

3 A .
3aysarkenns 4.8. Illo crocyerbes oninku Beuantu €y, (Wg ), To:

l\’)\»—l

empul<qg<2,r;>1-1/q, f;eR, j=1,...,d, ii mopsamok

em(Wg1)g = m_rlﬂ a(log m)(d—l)(r1—1+§)

oyno Becranosiaeno A. C. Pomantokom [25];
empu2<g<oo,r; >1,5eR, j=1,...,d, oninka
em(Wh1)g = m ™" (log"™ " m)"™
Oyna anoncoana E. C. Benirncekum [19].
V Bunagxy r = (ry,...,71) € R, 8 € R? i pinnosiguux o6MeKeHHAX Ha,

rnapaMeTp 71 I OIiHKYM BUILIMBAIOTH i3 pe3yabrariB Teopem 4.5, 4.6.

3ayBarkenHs 4.9. IlopiBasBiu pe3yibraTru Teopem 4.4, 4.5 ta 4.6 dadn-
MO, IO Tpn 2 < ¢ < OO0 OIIHKHU 3BEPXY BEJIMYNH em(Lgl) Ta € (Lgl)
BIIPIZHAETHCA 3a ITOPAIKOM.

Kpim 11poro, Hamu 6yJ10 po3rjstHyTO BHIIAJI0K TaK 3BaHOI “MaJiol IJia/l-
KOCTi”, Jie BJIaJIOCH 3HANTHU IOPAIKOBI OIIHKKA HANKPAIIUX M-9IeHHIX TPHU-
FOHOMETPUYHUX HaOJIMKEeHb KJIACiB Ld’ nepiouuHux QYyHKINH HaraTbox
3MiHHMX y mpocTopi Lg, 1 <p <2 <gq < 0.

Teopema 4.7 (|24]). Hexati 1 < p <2 <qg< o, ¢je D, j eR, j=
1,...,d, i, kpim mozo, icnyec € > 0 maxe, wo nocaidoerocmi w3(|7'\)|7\1/p ‘

j=1,...,d, ne cnadaromo, a wj(\7'|)\7'|q,(1/p_1/q), j=1,...,d,1/q+1/¢ =
1, ne sapocmaromsv. Toodi daa 6ydo-AKUT HAMYPAALHUT M 1 N, WO 3600804b-
naromo ymosy m = m(n) = 2"n%"1 ma wucaa ny = qn/2 — (¢/2 — 1)(d —
1)logn, cnpasedausi ouyinku

([ni])mi G~ (logm) V08 « e (LY ) <
< U([])m?% ™2 (logm) @05,

de |a] — uina wacmuna wucaa a.
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3ayBarkeHHd 4.10. B ojiHOBuMipHOMY BHUITQJIKy TOYHI 3a MOPSAIKOM OITiH-
KU, 9K1 BIIIIOBIJAIOTH OjlepKaHuM y TeopeMi 4.7 pe3y/ibraTraM, BCTaHOBJIEHI
A. C. ®enopenrom [29].

3aysarkenns 4.11. [lopsagox semnannu e, (Wg )g, 1 <p <2 < g < o,
¢(1/p—1/q) <r; <1/p, B; € R, j =1,...,d, scranosnerno E. C. Benin-
cekuM [20)]:

—%(Tl—%vﬁ)(

) (@=Dla-D0r1 ¢ (51

em(Wgp)qg =m logm

Y Bumagky r = (r1,...,71) € R?, 1110 OIIHKY MOYKHA OTPUMATH i3 PE3YiIb-
tary Teopemu 4.7.

3ayBarkeHHd 4.12. [lopiBHOt0un pe3yabraT Teopemu 4.7 3 OliHKaMU Haii-
KpaIlUX OPTOrOHAJbHUX TPUTOHOMETPUYHUX HaOJIUKEHB efn(Lg p)q, 1 <

p<2<q< o, B eR?[23], 6auumo, o npU BiANOBIIHEX yMOBAX Ha

HOCHiIOBHOCTL ¥, 7 = 1,...,d, i BeJIMuMHM IpU M — 00 BeJyThb cebe 110
pi3HOMY.
Saysaxkenns 4.13. 3a immmx ymos mHa mocmigosrocti ¥, j = 1,...,d

(BesMKa TUIAKICTE) OIHKN BEJINIMHA em(Lgp)q, 1l <p<2<q<m,
B € RY, peranosieno H. M. Koncesuy [22].

4.3. O1iHKU BeJIMYWH anpokKcuMariili kJjaciB (pyHKIIl y MeTpwuiri
nigmnpocropy Jlebera. Ilepeiizemo 10 pe3yabraris, IO CTOCYIOTHCS OITi-
HOK HaWKpaIuX OPTOTOHAJIHLHUX TPUTOHOMETPUUHUX HAOJMKEHbL Ta Haii-
KPAaIUX M-4JeHHUX TPUTOHOMETPUYHUX HAOJIMKEHb Y METPHILL MiIITPOCTO-
piB Jlebera.

Y Husmi pobiT BUBYAIMCH NUTAHHA HabAMKeHHsd KJjaciB Tuny HikoJib-
cbkoro-Becora i CoboseBa mepiognunmx (pyHKINH H6ararhox 3MIHHUX 3 Mi-
MIaHOIO IVIAJKICTIO y MeTpuIll npocTopis By 1. 1Ipu npomy Oy/io BugBJIEHO,
0 B DaraTbOX CHUTYyaIlisiX OIIHKMA PO3LJISHYTHX TaM alPOKCUMAIiiHUX Xa-
PAKTEPUCTHUK BIlIPI3HAIOTHCS 3a MOPSKOM Bl OMIHOK BIAMOBIIHUX XapaK-
TepuCTUK y mpoctopax L,. Crif 3a3nadnTy, M0 ONTHMAILHUMA (3 TOUKH
30pY MOPSIKOBUX 3HAYEHD) anaparaMu HabINKEeHHs 3ralaHuX KJ1aciB pyH-
KIiit y npocropax By 1, K 1y npocropax L,, BUSBUJINACA TPUTOHOMETPHUYHI
noJiiHoMu 3 “HoMepamu’ TAPMOHIK 13 CXIT4aCTUX TilepOoJIiYHUX XPECTIB.

[IpuaIUIIOBO IHINIA CUTYAIlis CIOCTEPITAETHCA IIPU JOCTIIIKEHH] allpOKCH-
MaITHNX XapaKTEePUCTUK 130TPOMHUX KJACiB. YCi BiJIOMI OIIHKW XapaKTe-
PUCTUK K JIHIINHOI TaK 1 HeJIHIAHOI ampoKcuMalii i3orpomanx kJiaacis Hi-
KOJIbChbKOro-becosa B;’e y MeTpHuKax IpocTopiB By 1, criBnajaioTb 3a Io-
PAJIKOM 3 BIINOBLIHUMHU OliiHKaMu y npocropax Lg. Kpim nporo, Binnosijui
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OI[IHKKM PEaJi3yIOThCS 33 JIONMOMOIo0 HabMKeHHsT PYHKINN 3 KjaciB B;ﬁ
TPUTOHOMETPUYHUMHE TIOJIIHOMAMU 31 CIIEKTPOM y KyOidHUX 00JIaCTSX.

Cdopmyaroemo BigmoBiaai TBepKennad. [Ipu mpoMy BiaMiTAMO, IO, SIK 1
y pO3MIAHyTHX y po3ainax 4.1, 4.2 Bunaakax, Mopa K HaKpaIuX OpTOro-
HaJIbHUX TPUTOHOMETPUIHUX HADJIMKEHb € OJIMHAKOBUMMU JIJIsi BCIX PO3TJIS-
HYTWX CIIBBIIHOINEHb MIXK TTapaMeTpaMy JIOCTIKYBAHOTO KJIacy 1 MeTpH-
KU, B sIKifi BUMIpPIOEThCsI BiamnoBigne HabmKkerHd. 111010 omiHOK BeJIMdnHA
HaWKPAITIOTO M-UIEHHOr0 TPUTOHOMETPUYHOT0 HabIMKEHHd, TO TYT BUHH-
Ka€ HeoOXiIHICTh BUJILINTU HU3KY PI3HUX BUIAIKIB.

Teopema 4.8 ([11]|). Hexati 1 < p,q,0 < o0, (p,q) ¢ {(1,1),(c0,0)}. Todi
das r>d(1/p—1/q)+ cnpasedausa oyinka

L(mRr _ o5ty
em(Bp,G)Bq,l =m ¢ r a

de ay = max{a;0}.

3ayBarkenns 4.14. Ilpu d = 1 omiaky Teopemu 4.8 Oy10 ojep:KaHO paHi-
e y poborax [10] i [12] mpu 1 < p < 00 i p = 1 BiamosiHo.

3ayBarxkennst 4.15. IlopisHiooun pesyabrar Teopemu 4.8 3 BiMOBITHOIO
OLiHKOIO y Merpuii mpocropy Ly [8], 6aumnmo, mo ais 1 < p,q,0 < o0,
(p,q) ¢ {(1,1),(00,00)}, r > d(1/p — 1/q)+ BUKOHYETHCsI CIIIBBITHOIIIEHHST

il 1L
em(B;,G)Bq,l = 6m( ;,9)(1'

3ayBarkeHHd 4.16. Ilopsjku HaliKpalmx OPpTOroHaJIbHUX TPUTOHOMETPU-

YHUX HAOJMXKeHb y Teopemi 4.8 peasizoBani HaOIMKEHHAM (DYHKINN f €
e : )

B) o ixnivu kyGiunnvn cymamn Qyp’e S, (f) surasy

Su(f) = Su(frx) = FO) + >, D F(k)e'®™),

ne p(s) = {keZd: 2571 < max;—i1 4 |kj| <2}, 3a ymoBu m = 2dn

Haramaemo, 1o s po3ryignyTux y posgiii 4.2 kjaciB pyHKIii y3a-
raJIbHEHOl MIITaHOol IVIaIKOCTI, MOPAAKOBI OIIIHKH BIAMOBIIHIX HAMKPAIIIX
OPTOTOHAJIBHAX TPUTOHOMETPUUYHNX HAOIMMKEHbL Yy MeTpHIll mpocTtopy .Jle-
bera Oy/in peaJsiizoBaHi HaOIMKEeHHAM QYHKIIH f € ngl IXHIMI CX1T9aCTO-
rimep6osriurmyu cymamu @ype Sg, (f) mpu m = |Qn| = 2"n?! (qus.
3ayBaykeHHs 4.7).

Taxki Bi/iIMiHHOCTI BUKJIMKaHI 0COOJIMBOCTAMU KJaciB (DYyHKIIH 130TPOITHOT
Ta MIIIAHOI IVIaKOCTI.
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[lepeitieMo 10 OMiHOK HAMKPAINUX M-UIEHHUX TPUTOHOMETPUYHUX Ha-
O6mKenb. Sk yxke Oys10 3a3Ha4Y€HO, MOPAAKH BiJIITOBIIHOI BEJIMYUHU HAO M-
) - : o i
JKeHHsd KJIACIB Bpﬁ y MeTpHIli IpocTopy B, 1 BIAPI3HAIOTLCA 3aJ€2KHO BiJ
pO3TAITyBaHHA IapaMeTpiB p i ¢ Ha 00J1acTi IXHBOI'O BU3HAYUEHHI.

Teopema 4.9 ([11]). Hexati d > 111 <p<qg<2abol<qg<p< .
Todi dasar > d(1/p—1/q)+, 1 < 0 < 0 cnpasedausa oyinka

B’ e L
em( p,Q)Bq,l =~ m :

Teopema 4.10 (|6]). Hexatid > 1, 2 < p < q < 0. Todi daa r > d/2,
1 < 0 < o0, cnpasedausa ouirka

s

€m (B;,Q)Bq,l =m

Teopema 4.11 ([6]). Hexati d > 1, 1 <p<2<qg< 0, 1<60 < o0. Todi
CNPaBedAUss CniceIoHOULEHMA

—2(5—2+1) 11 d
m 2 pld ) d(z—2)<r<?
em(B;,G)Bq,l = —§+l_l ) 4 q p’

m P 2, r> =,
p

3ayBakeHHsd 4.17. V Teopewmi 4.11 Buamkae edpekT “MaI0i TIQTKOCTI: TpH
epexo/ii TJIAJIKICHUM [TapaMeTPOM 7 TPAHUIHOTO 3HAYeHHs ' = d/p crocre-
piraeTbca “cTpuOOK’ y OIIHII BEJIMIUHU em(B;ﬂ) Bg.- lHIIMMEU CiioBamu,
nokasaHo, mo st 1 < p < 2 < ¢ < 00, y punagrax d(1/p—1/q) <r < d/p

, .
Ta 1 > d/p Beuaunn e,,(B] ), , MalOTh pizHi HOpPAKM.

BayBarkennst 4.18. 3aypBaxkumo, o y umajky 1 < p < 2 < ¢ < p/(p—1),
r > d, Tounuii nopanok sesnuunu en(BJ p)p, , Oyso orpuvano y [11].

3aysarkenns 4.19. Ilopisuiotoun pesyabratu Teopem 4.10 1 4.11 i3 orin-
KO0 TeopeMu 4.8 st BiAIOBIIHUX 3HAYEHb HapaMeTpiB 7, p,q 6aduuMo, 1110
HOps/IKK Be MUt €y, (B] o) B, | 1 e ( .6) By,1 PI3HL
Moo Bunayikis 1 <K p<g<2il<g<p<mo, (pq) ¢{(1,1),(0,00)},
K1 Oy/In po3TyIgHyTi y TeopeMmi 4.9, BUKOHYETHCS MOPSIIKOBA PIBHICTH
€m (B} o) B,y = em(Bj o) B,

3ayparkenns 4.20. Iuranns nopsajaxis sesmannn e; - ( 1.6)Bq1 Y BUIAJIKY

KPUTHYHOTO 3HAYEHHsI 1 = d/p mapaMeTpa rIajgKocTi, akuii He OyB pO3Tisi-
ayTuit y Teopemi 4.11, 3aaumaeThCs BIIKPUTUM.

3ayBarkenust 4.21. O1uinky HafKpalux m-4JeHHUX TPUTOHOMETPUIHUX
HabJ/IM2KeHb 130TporHux KJjaciB Hikoabckkoro-becopa y MeTpuili mpocropy
L, Bcranosseno y poborax [1,4,15].
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Y OHOBUMIDHOMY BUIIQJIKy HAM BJAJOCSI BCTAHOBUTHU TAKOXK TOYHI 33
LOPSIAKOM OLIHKY BeJIUYUH em(Bg 0) B 1-
: ,

Teopema 4.12 ([6]). Hexatid = 1,1 < p,0 < 00. Todi dasr > max{1l/p,1/2}
CNPasedsuss cnieeioHOULEHHA
1 1
em<B;aG)BOO,1 = m_T+(5_§)+'
3ayBarkennsi 4.22. IlopisHiooun pe3yabrar TeopeMu 4.12 3 OIiHKO0 BiJI-
MOBIJIHOI'O HaNKPAIIOTO 1M-4JeHHOI0 HaOJIMXKEHHS KJacy B;H, y MeTpHIll
npoctopy Lo, [7], orpumyemo, 1110

— 1_1
em(Bpp) By = em(Bpg)oo =m T2

3 iHMI0T0 OOKY, OIIHKY BEJTUIUHU em(B;ﬁ) Boo,1» 3HAMEHI y Teopemi 4.12,

1

1 BEJIMIUHU €,

MOPATKOM.

(B} ¢) By, (Bumazok d = 1 reopemu 4.8) BiapisusaioTbes 3a

IMoasiku. ABTOp BUCIOBJIIOE TIIUPY MOASKY JOKTOPY di3.-MaT. HAYK, IMPO-
decopy Pomanroky Anarosmito CeprifioBndy 3a MATPUMKY Ta IiHHI 3ayBa-
JKeHHd 1 mopagu. Pobory BukoHano 3a dinancyBanusg doumy ['ymbomabara
(Philipp Schwartz Fellowship of the Alexander von Humboldt Foundation).
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