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KineTuuni kaacTepHi po3KJjaajJgd TBIPHUX
oriepaTopiB pO3B’d3KIB lepapxiii
€BOJIIOIIITHNX PIBHIHD

[. B. I'arr’ax

Abstract. The article provides an overview of the method of kinetic
cluster expansions for generating operators of solutions to the hierarchies
of evolutionary equations. The developed method allows for a rigorous
justification of the derivation of nonlinear kinetic equations from the mi-
croscopic dynamics of a system of many particles.

Awnorariig. B crarTi mogaHo oriisig MeTOMy KiHETUIHUX KIACTEPU PO3KIA-
JiB M1 TBIpHUX OTEpaTOpPiB PO3B’A3KiB lepapXiil eBOTIOMINHUX PiBHAHD.
Po3pobisienuii MmeTos 103BOJISE CTPOro OOI'PYHTOBYBATU BUBLJ HEJHHIAHHX
KIHETUYHUX PIBHSHB 3 MIKPOCKOINYHOT JWHAMIKN CUCTEM 0araTh0oX 9acTH-
HOK.

1. IIEPEJJHE CJIOBO

Opsiero 3 dyHIAMEHTAIBHUX 337389 CydacHO! MareMaTndHOl (Bi3uKu €
OOT'PYHTYBaHHA KiHETUYHUX PIBHSIHB, TOOTO, 3AMKHEHUX PIBHIHb BiJTHOCHO
OJTHOYACTUHKOBOI (DYHKIIT po3mosiiay. Bijomi icropuyHi mpukJ/iajin KiHeTH-
YHUX DiBHSHBb — DpiBHsAHHA Bosbrnmana [4] Ta piBugaHa Enckora [7], sxi
OMMHUCYIOTH IPOIECH 3ITKHEHHsT YACTUHOK y PO3PIKEHUX ra3ax. SBATaHUN
TIX1T IO BUBEIEHHS PIBHSIHHS BoJibIIMaHa moJiarae B mo0yaI0Bi aCUMIITOTH-
9HOI TPaHUTII BOHLuMaHa—fpega JUIst po3B’sa3Ky 3astadi Ko s iepapxil
pisusine BBI'KI (Borosno6os-Bopr-I pin-Kipksya-IBon), sxuii npejcras-
JSE€THCS PO3KJIaZaMu B psifi Teopii 30ypenns [5,20].

BigmiTiMo, 110 €BOJTIONIS 9K CKIHYEHHOI, TaK 1 HECKIHYEeHHOI KiJTbKOCTI
YACTUHOK BU3HAYAETHCA (DYHKIHSIMU PO3MOJLTY (CTaHAME), SKi OMUCYIOTHCST
sagadero Ko ms iepapxii pisasas BBIKI, sika nis ckimdeHHOT KinbKo-
CTl YaCTHMHOK € eKBiBaJeHTHOI0 10 3amadi Kot piBHgaHHS JIiyBimaa aid
dbyuxmii posnoaity #imosiprocti [5,20]. V neBnux curyanisx [5] KoekTHB-
Ha TI0BeJIiHKa 6araToyacTUHKOBUX CUCTEM MOyKe OyTH OlMcaHa KiIHeTUIHUMU
piBHsIHHAMUA. 3BWYaitHa (BPiocodist ONMUCY KIHETHUIHOI €BOJIIOIT IOJISITAE B
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14 1. B. lNar’ak

HACTYITHOMY: SIKITIO TTOYATKOBUI CTaH 3a/Ia€ThCS OJTHOYACTUHKOBOIO Pey-
KOBAaHOIO (DPYHKIIEI PO3MOJILIY, TOJI €BOJIIOII0 CTAHY MOXKHA e(PEeKTHUBHO
OTIMCATH 32 JOIOMOIOI0 OTHOYACTUHKOBOI PeIYKOBAHOI (DYHKITI PO3IOIITY,
sIKa, BU3HAYAEThC HEJIHIWHUM KIHETUYHUM pIBHSIHHAM. B jmaniit poboTi Ha
OCHOBI PO3POBJIEHOTO METOJTY KIHETUUYHUX KJIACTEPHUX PO3KJIAJIIB JI/Id HElle-
perypbaTHBHOrO po3B’s3Ky iepapxiit esosrroniitnux pisusiab BBIKI mpes-
CTaBJEHO OIS PODIT, 9Ki MPUCBAYUEH] CTPOTOMY BUBOAY Y3araJbHEHOTO Ki-
HETUIHOTO piBHsSHHS EHCKOra Ta peayKoBaHUX (DYHKITIOHAJIIB.

AJibTepHATUBHU T XiT /10 OIIUCY €BOJIONIT CTAHIB IPYHTYETHCS HA TIOC/Ti-
JIOBHOCT1 (PYHKIIIH, fKi BUZHAYAIOTHCA SIK KyMYJISHTH PEIYKOBAHUX (DYHK-
miit posmominy. i dyHKINT iIHTePIPETYIOTHCI IK PeIyKOBaHI KOpeasIiiiHi
pyHKIII, 9K TATOPAIKOBYIOTHCS BIANMOBIIHIH iepapXil HeJIHITHUX eBOJIIO-
miftaux piBHsiHB [14,15]. st TO9aTKOBUX CTAHIB PEIYKOBAHUX KOPEJIATIIi-
HUX PYHKITINA, K1 33/I0BOJIBHSIIOTH YMOBY Xa0Cy BUKOPUCTAHO METO/T KIHETH-
YHUX KJACTEPHUX PO3KJIA/IB 1 OMUCAHO €BOJIIOIII0 PEYKOBAHUX KOPEJIAIii
33 JIOTTOMOTOI0 KIHETHYIHOTO PIBHAHHA, a caMe, KIHEeTUYHOTro piBHgHnd K-
ckora [9].

Takoxk i YHKIIIH, 9Ki ONMUCYIOTh KOPEJIAIil B CUCTEMi CKIHYEHHOI'O
YUC/Ia IPYKHUX KYJIb 1 BUBHAYAIOThCcA 3a/1a4dero Ko i iepapxil eBoJIto-
mifinux pipastab Jliysias [14], BUKopucTOBYIOUNM METO KIHETHUIHUX KJjla-
CTePHUX PO3KJIA/IB BCTAHOBJIEHO 3aEXKHICTh MiXK § YACTHHKOBOIO (s >= ()
KOPEJIAIINHOK (DYHKITIEIO Ta OJIHOYACTUHKOBUMU KOPEASIIHHUMU PYHKITIS-
MW B JOBLIBHUIT MOMEHT Hacy.

2. KYMVJISAHTHU I'PYII OIIEPATOPIB

Y 1poMy po3iiii Oysie npeacTaBeHo HelepTypOaTUBHUN PO3B’ 430K 33,12~
i Kormi mst iepapxii piswss BBIKI mis cucremn mpyRAUX Kyih. Takmii
PO3B’SI30K BU3HAYAETHCS Yepe3 KYMYJSTHTHA TPYI OllepaTopiB piBHAHHS JIi-
YBLILJIS.

Pozriistnemo cucremy HedikcoBaHoro, To6TO JOBLIBHOIO, ajie CKIHYEHHO-
ro YHC/Ia YACTUHOK OFMHUIHOI Macu ((hpopMasi3M HEPIBHOBAXKHOT'O BEJIUKO-
ro KaHOHIgHOTO arcaMbio [5,24]) B3aeMofifounX K MPYXKHI Ky/Ii 3 jgiaMe-
tpom o > 0. Koxkna gacTuHKa XapaKTepu3yeThbes (haz0BOI0 KOOPIMHATOIO
(¢i,pi) = ; € R x R3, i > 1. Jl;ta Koudirypamiil Takoi cHCTeMH CIrpaBe-
A/IUBI HACTYIHI HepiBHOCTL: |¢; — ¢j| = 0, @ # j = 1, To6TO MHOXKHIIA

W, = {<Q17'--7QS) ERSSH%‘ —qj| <0

xoua 6 st onmiel mapm (4,7) : i # j € (1,..., s)} € MHO>KIHOIO 3a00pOHEHNX
KOHIrypariiii.
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Hexait cranm cucreMu npyKHUX KyJIb HAJIE€XKATh IPOCTOPY 1HTETPOBAHUX
dyHKIII#

Ly = L'(R* x (R*\W,)), s > 1,

JK1 € CHMETPUYHUMUM BIJTHOCHO TEPECTAHOBKMW apTyYMEHTIB T1,...,Ts, JO-
PIBHIOIOTH HYJII0 Ha MHOXKHMHI 3abopoHenHux koudgirypariit Wy 3 HOpMOIO:

HfSHLl(RSSXRSS) = deﬂl e da:s\fs(xl, Ce. ,xs)\.

[Tozmaummo dgepes L;,o c L} migmpoctip memepepsro mmdepentifioBanmx
pyHKIIH 3 KOMITAKTHUM HOCIEM.

EBoJtortist BCiX MOXKJIWBUX CTAHIB OMUCYETHCHA MOCILOBHICTIO MAaPTiHAJb-
HUX (S-gacTuHKOBUX) DyHKIIH posnominy Fs(t, x1,...,%s), s = 1, mo 3a10-
BOJIBHAIOTE 3amady Kormi ms iepapxil pisnasms BBTKI (JTAHITIOYK KA, PIBHSIHE
Borositobosa) [5]

SR = LEO+Y | dveaLilis+ DEa(), @21)

Fs(t)yo = Fy, s>1. (2.2)

Ao t > 0, B iepapxii eportoriiinux pisHsab (2.1) oneparop Jliysimnsa L
BA3HAYAETLCA Yepe3 ayzKKy Ilyaccona HeB3a€MOIII0UNX YaCTUHOK 3 TPaHH-
qHOI0 yMoBOtO Ha OWy [5]:

> 0
Est(t) = _Z<pi’a_q.>|8Wst(t’xl""’xs)’ (23)
i=1 !

ne depes (-, -) MO3HAUEHO CKaJasapHuii mobytok. ['pannuna ymosa ma 0Wg
BU3HAYACTLCA 33 TAKUM TIPABH/IOM: gKio ¢ > 0, To upu |¢; — ¢j| = o mo-
Tpibuo y Bunagxy {(¢ — ¢;), (pi — pj)) < 0 B myxui Ilyaccona nepeittu Bis
3HAYEHb IMITYJIbCIB 9aCTUHOK (pi,pj) JI0 3HAYEHb IMIYJIBCIB /10 31TKHEHHH
(i, p}) 3rifEO 3 CHIBBiAHOMEHHAMN

p; i==pi —n{n, (i —Dpj)),

pj ==p; +n M, (pi —pj))- (24

IIpu ¢t < 0 raka 3amina sixnosinae sunaaxy {(¢ — ¢;), (pi — p;)) > 0 [5].
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Omneparop Ling (i, s + 1) BUSHAYAETHCS CITiBBIIHOIIECHHSIM:

Z J dx8+1£int(i, S + 1)F3+1(t) =
i=1 YR

3 ¥ R3

s (2.5)
02 Z JR dps-{-ldn <777 (pl - p8+1)>(Fs+1(t7 Llye-oy Qiap;ka o
=1

3x82
ey gy gy — Onap;k+1) - Fs+1(t75517 ey Tgy gs + anaps—i—l))a

ne S% = {n e R¥||n| = 1,{n, (pi — ps4+1)y > 0} i immysben pf, p¥, | BusHA-
JaroThCst 3 dopmyr (2.4).

dkimo t < 0, rexeparop iepapxil pisuans BBI KI Busnauaerbes criBsi-
HOTIIEHHSIM:

s
Z JR3 13 dws—i—lﬁint(i; s+ 1)Fs+1(t) =
=1 X

S
(2.6)
UQZJ dps+1d77<777 (p’L _p8+1)>(F8+1(t73317"'7x37
i—1 JR3xSL

qi — Jn7p8+1) - FS-I—l(taxl? cee 7Qi7p;<7 ceoy T, 4s + 0-777p:+1))7

Hagani 6ymeMo po3riisijary o4aTKOBUi CTaH YacTUHOK (2.2), sikuii 3a,10-
BOJIbHSE YMOBY Xaocy [5], a came, BUMAI0K CTaHy CTATUCTUIHO HE3ATEIKHUX
JACTUHOK

S
Fy(t)jpo = F{N(z1, ... m5) = | [ FY (w) Xposw,, s> 1, (2.7)
i=1
ne Xpss\yy, = Xs(q1,...,qs) — dyukmis Xesicaiima m03BoIeHUX KOHMIryY-

pariii § TpyXKHUX KyJb. 3ayBaskUMO, M0 TOYATKOBUi cran (2.7) € xapa-
KTEPHUM JIJIsT KIHETUYHOTO OMHCY 0araTo4acTUHKOBOI CUCTEMM, OCKLTBKHU B
IBOMY BUTIAQJIKY BCl MOYKJIMBI CTAHN XaPAKTEPUIYIOTHCS 33 JJOTTOMOTOIO OTHO-
YaCTUHKOBOI PeIyKOBAHOI (DYHKIIT PO3IIOJILITY.

Y mpoctopi L'(R3" x R3") susnauena Taxa TpyTa CHILHO HeMePepBHIX
oTmepaTopiB

(Ss(—=t) fs)(x1,. .., xs) = Ss(—t,1,...,8) fs(x1,...,25) := (2.8)
fs(Xq(—t,z1, . 2s), ., Xs(—t, 21, ..., Xs)),
(z1,...,25) € (R3 x (R3*\W,)),
0, (q1,---,9s) € W,
ne X;(—t) — da3oBa TpaeKTOPis {—0i YACTUHKH, sKa MOOYIOBAHA HUNKYIE.

BayBaknMo, 1m0 (Ha30Bi TPAEKTOPIT CHCTEMU TPYKHUX KY/Ib BU3HATAIOTHCST
MafizKe CKpish Ha dazosomy mpoctopi R3% x (R3$\W,) kpim muoxkman M
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HymboBoi Mipn Jlebera [5]. Muoxkuna MO cknamaerbes i3 Toqox dazoso-
0 MPOCTOPY, SKi BU3HAYAIOTH TaKl IMOYATKOBI JIaHl, IO IiJ] 9aC e€BOJIIOII]
MIOPO/IXKYIOTH OaraToKpaTHI 3iTKHEHHs, TOOTO 3iTKHEHHS OLIBIIE HiXK JTBOX
JaCTUHOK, OLIBINE HiXK OJIHE JBOXYACTUHKOBE 3ITKHEHHS B JeSIKUIl MOMEHT
Jacy 1 Ha CKIHYEHHOMY IHTepBaJi 4dacy BiJIOYBAa€TbCAd HECKIHYEHHE HYHUCJIO
3ITKHEHD.

dxmo nogarkosuit cran (2.7) FY € L}(R? x R?) pusHavaeThea omHoua-
CTUHKOBOIO (DYHKITIE€IO POBIIOJILTY, TOl HElepTypOaTUBHUN PO3B I30K MOYa-
TKOBOI 33184 iepapxii pisusaus BBIKI (2.1), (2.7) 306payeTses 10cinos-
HICTIO

F(t) =1, Fi(t),..., Fs(t),...)

peyKOBaHUX (S-4aCTUHKOBHUX) cbyHKLuI?I posmoainy [16, 18|
S|
Fy(t,a1,...,05) = ) — | dasir - dusinrin(—t, (2.9)
":O(R?;xm)n
sS+n

{1,...,8},s+1,...,8s+n) H F{)(a:i)XRg(sM)\WHn, s=>1,

ne TBipHuit oreparop Aj4n(—t) € (n + 1)-ro mopsAKy KyMyJISHT TPYT OIe-
paropis (2.8), siKuil BU3HAYAETHCS TAKUM PO3KJIAJIOM:

QlHn(—t,{l,...,s},erl LS5+ mn) = (2.10)
Pl-1(

P: ({1,...,s},5+1,....,s+n)=J,; X; X;cP
i BUKOpHCTaHO HACTYMHI mo3HavYenHs: {1,...,s} € MHOXKUHA, siKa CKJaja-
erbcs 13 onHoro esrementa (1,...,s), Tobro |{1,...,s+ 1}| =1, > — cyma
0 BCIX MOXKJIUBHUX po36utTTsx P muoxwuuum ({1,...,s},s+1,...,s+n) Ha
|P| memopoxuix migmuoxun X; € ({1,...,s},s +1,...,8 + n), gxi B3aem-
HO He TePeTHUHAIOTHCS, BigoOparkeHHs § € BitoOparKeHHsI JeKTacTUPU3aIiil,
siKe BU3HaYaeThCs 3rigao dopmymm: 0({1,...,s}) = 1,...,s. Haiinpocrimi

npukaa I KymyasaTis (2.10) BUSHAYAIOTHCA HACTYIIHUM YHHOM:

A1(—t,1,...,8) = Ss(—t,1,...,5),
Ao(—t,1,...,8,8+1)=8Ss11(—t,1,...,8,5s+1) —
Ss(—t,1,...,5)S1(—t,s + 1),
As(—t,{1,...,8},s+ 1,8 +2) = Ssio(—t,1,...,8+2) —
—Ssr1(—t,1,.. ., s+ 1)S1(—t, s +2) — Ssyp1(—t,1,...,5,8 +2) x
Si(—t,s+ 1) — Ss(—t,1,...,8)S2(—t, s+ 1,8 +2) +
2154(—t,1,...,5)51(—t,s + 1)S1(—t,s + 2).
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Host kymynsiatis (2.10) rpyn omeparopis (2.8) crpasesyiBa OriHKa

fd:z:l o dTgin | (6, {1, .8} s+ 1,000 s+ 1) fagn)
(R3XR3)s+n
($1,...,335+n>} < n!en—i_QHfS—l—nHLiJrn' (211)

JiiicHo, maHa OIMHKa BUILJINBAE 13 HEPIBHOCTEHN

Jdml : ..d:z:s+n|(2l1+n(—t,{1,...,3},3 +1,...,5+n)

(]RB X]R3)s+n
Foin) (@1, s Tain)| < > (Pl = D! fosnllzr, =
P:({1,...;s},5+1,....,s+n)=J, X;
n+1
> sln+ 1)k~ Dl sl
k=1

ne s(n+ 1, k) — aucra CripJiHra Ipyroro pojly JJisl SKUX MAKOTh MICIe Taki
HEpPIBHOCTI:

n+1 n+1 1 (n + 1)' n+1 )

_ | — _ N T n |+
Zs(n+1,k)(k 1).—Zk Z Tl!...rk!<2k < nle"°.
k=1 k=1 1oy =1 k1

r1+..+rp=n+1

Bpaxosytoun ominky (2.11), psax (2.9) ana gosinsuux t € R 36iraerhes
o mopwmi mrpoctopy Ll 3a ymosu mio: HFPHLl(R3xR3) < e !, gKa € yMOBOIO
HA CEPEJHE YMCJIO0 YACTUHOK.

BayBaxkumo, 1110 HenepTybarusHuit po3s’s30k (2.9) iepapxii pisusas BBI'-
KI (2.1) nepersopioerbest 10 (opMu meprybaTuBHOrO (iTepaliifHoro) ps-
ay [5] sk pesysbrar 3acTocyBaHHs aHaJOriB piBHAHB Joamesns [2] 1o Ky-
MYJISHTIB Tpyn omeparopis (2.10).

dkmo nowarkosi mani FY € L(l)(]R?’ x R3), To mocrimosmicTs GyHKITi
(2.9) € cuabHEM PO3B’SI3KOM IMOYATKOBOI 3ajadi iepapxii pisusub BBI'KI
(2.1) i (2.7), i ana posinbHEx mowaTkosux gammx FY € LY(R3 x R3) me e
carabkuii po3s’s30k [5].

3. METO/J KIHETUYHUX KJIACTEPHUX PO3KJIAIB

B gamomy po3miai copMysTioeMo TepeTBOpeHHs st KyMyasHTiB (2.10)
rpyn onepartopis (2.8), siki m03BosIsin 6 PO3KIAAN PEAYKOBAHUX (DYHKITi
posnoiay (2.9) npu s > 2 BupasuTu B TEPMIHAX PO3KJIAIIB IO OHOYA-
CTUHKOBIi# PyHKIIT po3noaiay. BinMmiTuMo, 110 BIiepIre moHaTTd KJIaCTepHIX
PO3KJIaiB OyJI0 3aIIPOIOHOBAHO B POOOTI [6].

st Toro, mo6 nepedopmysroparu 3amaay Komi (2.1),(2.7) sk HOBY 3a-
nauy Ko jurg ojiHO9aCcTUHKOBOT (DYHKIIT PO3IIO/IIIY Ta SIBHO BU3HAYEHUX
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dyHKIIOHAJIIB BiJIHOCHO Takol (pyHKIIT, BBEJEMO HACTYIHI KJIACTEPHI PO3-
kiaagu kKymyasiaTis (2.10) rpyn omeparopis (2.8) (9]
Wpn(—t,{1,...,;s},s+1,...,8+n)Tsipn(l,....,54+n) = (3.1)

n

n!
Emﬁun (L, .., sh,s+1,...,s+n—kp) X
k1=0

k1 kn—kl-‘rs—l

]i?l! kn—kl—i—s—l!
2 kol (k1 — ko)l 2 ! - e

ky—0 kn—k: +s=0 kn—kzl—l—s-(kn—kl—l—s—l kn—kl—l—s)-
—R1

s+n—k1

H Qll-Fkn—kl+s+1—¢—kn—k1+s+2—i(_t7 ih,s+n—ki+1+
=1

+ks—|—n—k:1—l—2—ia PR A (e ki + ks—l—n—kl—l—l—i) X
ihstn—ki+1+ksin k1245

, S+ n— ]{31 + ks+n—k31+1—i)7 n = 0.

Jl_"kn k1+s+1— z_k'n ki+s+2— 1(

B dopmysi (3.1) Beemeno nosuadenust: kg1 = 0, a oneparop Jsi, BU3HA-
JaeThCs vepe3 popMysry

js+n(1, .o, S+ n)f3+n = XR3(3+n)\WS+nfs+n, (32)

e XRs(s+n)\Ws+n — dyukiig Xesicaiiga T03BOJEHNX KOHQITYpaIliii s + n
OPYKHUX Ky/db. Y BUIAJIKY TMOYATKOBUX CTaHiB (2.7), M0 BKIIOYAIOTH B
cobi KOpeJIsIIil TaKOTO THUILY, KJIacTepHi pos3kiaan (3.1) J103BOJSIIOTH Bpaxy-
BaTHU [OYATKOBI KOpeJIsIil B KiHeruaHomy piBasinHi. Poskiaau (3.1) 6ymsemo
HA3WBATU KIHETUIHUMHU KJIACTEPHUME PO3KJIJIaMU /s KyMyaaaTis (2.10)
rpyn orneparopis (2.9).

[ITo6 kparie 3po3yMiT CTPYKTYPY PEKYPCUBHUX CiBBiIHOIIEHD (3.1) Ha-
BeJeMO KiJIbKa MPHUKJIAJIIB [INX CIIBBIIHOIIEHB. AJie JJIsi BOTO CIIOYATKY
BU3HAYMMO HOBI €BOJIIOMIIIHI OIepaToOpH, & caMe KYMYJISHTH PO3CIEHHI, SKi

BU3HAYAIOTHCA 3T1THO (POPMYJIH

Wi n(t,{l,... s}, s+1,...,54+n) = (3.3)
s+n

2[1+n(—t,{1,...,8},8+1,. S+nJ8+n Hmltl

Terep HaBeIEMO TIPUKJIAIN PEKYPCUBHUX CHiBBiHOMIECHD (3.1) HalHIKIIX
HOPSAJIKIB B TepMiHax KyMyJisiHTiB po3scients (3.3). [lopissim siBoro i mpa-
BOTO wacTHHAMHE piBHOCTI (3.1)Ha eposonittamit omeparop [ 521 A1 (¢, i), orpu-
Ma€EMO

Ar(t,{1,...,s}) =V, {1,...,s}),
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Ap(t,{1,...,s},5+1) = Vo(t, {1,...,s},s+1) +

Vit {1,...,s)) > As(t,ir, s+ 1),
11=1

As(t,{1,...,s},s+1,5+2) = Vs(t,{1,...,s},s+ 1,5+ 2) +
s+1
+2105(t, {1, ... shos + 1) > An(tin, s+ 2) + Dyt {L,...,s}) x

11=1

S S
() As(tyin,s+1,s+2)+20 > An(t, iy, s + DAs(t, iz, s + 2)),
11=1

1=i1<19o

ae 214, (t) — (1 + n)-ro mopsaky (n = 0,1,2) xkymymastat po3cisuus (3.3).
Jlerko mnepeBipuTH, M0 pO3B’A3KY IIUX CIIIBBITHOIIEHD 33JaI0ThCs HACTYITHH-
MU PO3KJIATaAMMU:

Vit {1,...,s}) = A1 (t,{1,...,s}) = SS(—t,l,...,s)JS(Y)ﬁSl(t,i),
=1
Vo(t, {1,...,8}, s+ 1) =Ao(t,{1,...,8},s+1) —

é\ll(ta {17 . -78}) 2 é\lQ(tailas + 1)7

11=1

Byt {1,...,shs+1,s+2) =As(t,{1,...,s},s+1,s+2)—

s+1
=20 (,{1,..., s}, s+ 1) > An(t,ir, s +2) — A (t,{L,...,s}) x
11=1
5 s s+1 N
(> As(tiir,s+1,s+2) =20 X 3 An(t,ig, s+ 1) x
11=1 11=1142=1

S
Ap(tyin, s +2) + 21 > An(t,in, s + DAs(t,da, s + 2)).

1=i1<i9o

Y 3arajJbHOMY BUIIAJKY PO3B’SI3KM PEKYPCUBHUX CIiBBigHOmEHb (3.1),
10610 (1+mn)-ro mopsaxy (n = 0) oneparopu U 4, (t), BUSHAUAIOTHCSA Yepe3
poskyagn (s = 2,n = 0)

Vign(tAL ... shs+ 1, ,s+n)=nl Y (-1)F Y ... (3.4)
k=0 mi1=1

n—mijp—...—mg_1

1 ~
2 T s g AL s,

mre=1
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k,J
k m; n—mij—.. —mj+s—1
s+1,...,8+n—m1—...—mkn Z Z
7=1 _0 kfzfmlf *mj+8_0
s+n—mi—...—m;
1
H J J %
_ |
;=1 (kn mi—...—mj;+s+1—i; kn—ml—...—mj+s+2—ij)'
2 t, 05
1+k‘ZL mi—.. —mj+s+1—z kiL mi—.. —m-+s+2—ij( atk
ts+mn—myg— —mj + 1+ ks+n mi—...—m;+2—1i;’
ySEN =M — ... =My +ks+n mi—.. —mj—l—l—z'j)'
Jle MaeThCcd Ha yBa3i, 1110
J _
kl = my, kn my—...—mj+s+1 —

[leit dakr 1mepeBipseTbcs K pe3ysbTar IiacTaHoBKE Bupaldy (3.4) y pe-
KypcusHi cruissignomenns (3.1). Ciig BiA3HAUATH, 0 KOPEJISINT, SKi T0-
POJIZKYIOThCA MM1JT 9ac JUHAMIKM TPYKHUX KYJIb Ta MOYATKOBI KOPEJIi,
siKi 1MOB’si3aH1 i3 3aO60pOHEHUMU KOHMITypallisiMy MTOBHICTIO BU3HAYAKOTHC
yepes eBoJIoLiitHI orneparopu (3.4).

BiamiTumo nesiki xapakTepHi BJIACTUBOCTI €BOTIONIHHIX 011epaTopis (3.4).
V cenci cabxoi 36ixmocTi B mpocropi L (R3S x R3$\ W) indimiTesnmansamii
reHepaTop MEPIIOTO MOPSJIKY eBOJIONIIHOTO oeparopa (3.4) BU3HAYAETHCS
Jepe3 orepaTop

S
lim Lot g1, s = I — D Linei, §) fs,
1<j=1
ne omeparop L (4, j) Busnadaersesa dhopmytoo (2.5).
Y 3arajJpbHOMY BUIAJIKY, TOOTO TIpu n > 1, y TaKOMY K CEHCl, K 1 JijIs
eBOJTIOTIHHOTO OTIepaTopa mepiroro mopsiaky (3.4) mae miciie piBHICTS:

1
}ir%z%prn(t,{l,...,s},s—l—1,...,s+n)f3+n = 0.

Y BUMAJIKY CHCTEMU HEB3AEMOMIIOUNX JACTUHOK JIJIsI KyMYJISTHTIB PO3Cisi-
HH (3.3) MaTh Miciie Taki PIBHOCTI:

§[1+n(t,{1,...,S},S—I—l,...,S—i—TL HS1 —t,1)Js(1 HSltj n,0>
aen =0, 0,0 — cumBosa Kponekepa, Toai M OTpUMaEMO

Biin(t,{1,...,8},5+1,...,84+n) = nSl —t,1)Js(1 HSlt] n,0-
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[Toyi6HUM YnHOM 9K y iodaTKoBHit yac ¢t = 0 cripaBe/i/inBa TaKa PiBHICTD:
Vi4n(0,{1,...,s},s+1,...,s+n) =Ts(1,...,5)dp0, n=0.

4. PEAYKOBAHI ®YHKIIIOHAJIM CTAHY YACTHUHOK

Ak Oys0 3a3HAYEHO BUIIE €BOJIIOIIA CUCTeMU He(MIKCOBAHOIO YUCJa Ya-
CTUHOK, 9K1 B3a€MOIIOTH 9K MPYKHI KYJIl OTTUCYEThCH MOCTIIOBHICTIO PeTy-
KOBaHUX (PYHKIH PO3MOJILITY

F(it)=(1,F(t,x1),...,Fs(t,,x1,...,x5),...),
ne Fi(t) Busnauaiorscs 3aaucto Komii st iepapxii pisusas BBIKI (2.1),
(2.2). dnsg mouarkoBux ganux (2.7) 3aCTOCOBYIOUM KJIACTEDHI PO3KJIAIH
(3.1) mo xymynsguTis (2.10) rpym omepatopis (2.8) y peaykoBanHux (yH-
KITIAX PO3MOILIY, MU OTPUMAEMO, ITI0 €BOJIIOINIA CTAHIB MOBHICTIO BU3HATAE-

ThCsI TTOCJIJIOBHICTIO PeJIyKOBaHUX (DYHKITIOHAJIIB CTaHY BiJl OJTHOYACTUHKO-
BOI (DYHKIIIT PO3IOJILIY, & caMe:

F(t ‘ Fl(t)) = (1,F1(t,x1),...,Fs(t,xl,...,xs ‘ Fl(t)>,)

Hiiticro, mpeacrasumo kymyasatu (2.10) rpyn omeparopis (2.8) i3 pos-
Kty juist po3B’si3ky (2.9) y kinerwani Kiactepri poskiaamu (3.1) y Buma/i-
Ky § = 2. Toxi, npeacraBuBIg psif, 33 1HIEKCOM CYMYBaHHS T Ta CyMY 3a
IHJIEKCOM CyMyBaHHS k1 V BUTJIAAL JOOYTKY JIBOX PSJIB, OTPUMAEMO:

o0
1
Fs(t,aﬂ'l, e ,.C(,‘s) = Z E Jvdf[fs_Fl .. .d$5+n§2[1+n(—t,{1,. . .,S},
=0 (r3 xR3)"

s+1,...,3+n)33+n(1,...,3+n)nFlo(aci):

o ki kn+ts—1 1

2_ Z_: Z e (knrs—1 — ko)l (k1 — ko)l

n+s
den—l—ﬁ—l o dmn—ks—i—kl H Q[14—kn+5+1_i—kn+5+2_i (_ta (3
i=1

(R3XR3)k1
n+s+kqp
n+s+1+knysra-ir-..,n+5+knysri—i) n Flo(xj) X

X1+kn+s+17i_kjn+s+27i (in On+s+14knysy2—ir - qn+5+kn+s+17i)7
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Jle BUKOPUCTaHI IT03HaYeHH BBejIeH] BuItie. BHac/Ii 10K ciupapeainBocTi dpop-
myau g06yTKy (4.5) y BUIAAKY JOBLIBHOIO 1HJIEKCY § = 2, B OTPUMAHOMY
PO3KJIadl P IO IHAEKCY CyMyBaHHs ki MOxKe OyTH BHpaxKeHuil B TepMiHaX
OHOUYACTUHKOBOI (byHKIIT po3nojginy (4.2). Tomy maroTh Miciie HacTyIHI
PIBHOCTI

0
Z % Jdﬂisﬂ el A (=t {1, ..., s},s+1,...,8+n)x
n=0 .(RSXRS)n
s+n . 0 1
Jotn(l,oooys+1) n Fy () = Z n! desﬂ e dT s V14n(t,
=1 n=0 (R3 xR3)n
s+n

{1,...,sh,s+1,...,s+n) HFl(t,in),
i=1
ne (n+ 1)-ro nopsaky esostomiiinuit oneparop U1, (t) Bu3HAUAETHCS HOP-
mysoto (3.4). Tobro, MU BCTAHOBIIH, IO MapriHAIbHI (DYHKIOHATM CTAHY
BU3HAYAIOTHCSA TAKUM PO3KJIAJIOM:

e e}
Futyan,. s | Fi() = % fdxsﬂ... (4.1)
n=0 " g3 g3y
s+n
e ldTsyn V1 (6, {1,. .., sh,s+1,...,8+n) n Fi(t, x;),
i=1
ne (1+4n)-ro nopsaky esosoriitai omeparopu V14, (1), n = 0 BU3HAYAIOTHC
dbopmynoro (3.4). TammMu cjaoBaMu, s BKa3aHUX TOYATKOBUX CTAHIB BCl
MOXKJIMBI CTAHU CUCTEMU MPYKHUX KYJIb B JOBLIBHUN MOMEHT Yacy MOXKYTh
OyTu omucaHi B paMKax OJHOYACTUHKOBOI (DYHKITIT pO3Moaiay 6e3 6yab-aKol
AIIPOKCUMAITII.

TunoBuMu BJIACTUBOCTAMU /I KIHETUYHOTO OTIUCY €BOJIIOIT TTOOY/I0Ba-
HUX pejyKoBaHux (pyHKIioHAMB crany (4.1) € iHayKOBaHI BIACTHBOCTSIMU
eBOTIOTHUX omepaTopis (3.4).

Busenemo eBosroriiiine piBHAHHS, PO3B’I3KOM SKOTO € OJHOYACTUHKOBA
pyHKIA pO3MOALTY UYepe3 Ky BU3HAYAIOTHCA PEIyKOBaHI (DYHKITIOHATN
crany (4.1)

|
Fl(t,.rl) = Z vada?Q...dxn_H Q[1+n(—t,1,...,n+ 1) X (4.2)

n=0(R3 xR3)n

n+1

l_[ F{)(xi)XRS(Hn)\WHn,
i=1
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ne eBoJToiitHui omeparop 2Aq4,(—t) BusHaUaeThCst popmysioro (2.10).
BpaxoByroun crnpaBeiiuBiCTh HACTYIHUX PIBHOCTeN JIsi KYMYJISIHTIB
(2.10) rpyn omepatopis (2.8) aaa f € L} B cenci 36ixmnocTi mo HopMi [5]

%Er(l) %Q[l(—t, 1)f1(£131) = »Cl(l)fl(xl)a

o1
lim — dzoa(—t,1,2) fo(xy, 22) = J dxoLing(1,2) fo(x1, 22),
t—0 © Jp3 <R3 R3xR3
1
lim — dry...drp1 Man(—t, 1, ..;n+ 1) frr1 =0, n > 2,

t—0 ¢ R37 x (R37\W,,)
ne oneparopu L£1(1) i Ling(1,2) Buznauatorbea dbopmyaamu (2.3) ta (2.5)
BIJUTOBIIHO. Y pe3ysbrari udepeHIiioBaHHd 110 4YacoBiii 3MiHHIN BuUpa3y
(4.2) B cenci moTouxosoi 36ixmocTi ma mpoctopi L'(R3 x R3) orpumaemo
Take piBHsiHHS: [5,17]

2Fl(t x1) = —(p1, i>Fl(7f,901) +

ot
|
Jd@ﬁmt (1,2) > n—J (4.3)
n=0 (R3 xR3)

R3 xR3
n+2

oo Uy (—,{1,2},3, . n + 2) [ | FY(@0) Xgsronw, -

1=1
Il Toro, mob BupaszuTu APYyruil wieH B mpasiii yacTuHi Ii€l piBHOCTI B
TepMiHAX OJHOYACTHHKOI (PYHKIIT Po3moaiay (4.2), po3KIaIeMo KyMy/IaHTH
(2.10) rpyn omepatropis (2.8) B KineTwuHuUit Kiaacreprnit poskaan (3.1) y
BUMA/IKY, Ko § = 2. lIpeacraBuMo psj 1o 1HAEKCY CYMYBaHHS 1L 1 CyMY
10 1HJEKCY CyMyBaHHA ki y BUIVIS/l JOOYyTKY JBOX paiiB. fIK pe3yibrar
OTPUMAEMO:

00
1

> ~ deg, o dTpo Ay (—t,{1,2},3, ..., n+ 2) X (4.4)

n=0 (R.SXRS)n
n+2

3n-i—2 H Flo(wz) =

1=1

00] 1 Q0

Z — 2 Jdmg Aok, Drn(t, {1,2},3, .

n=0 (]ﬁgs—xoﬂ:gs)mrkl

kq kn+1 1
1+ ) Z 2 k !(kn+1 — kn+2) (kl kz)! :
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n—+2
H Uitk i—knsas (50 + 3+ knya—iy...,n+ 2+ kyp3-4)
=1
n+2+k1
0
X1+k?n+3,i—kn+47i (QZ7 Qn—|—3~|—k:n+4,ia AR Qn+2+kn+3,i) H Fl (xj)

OcranHiit psaji MOXKe OyTH BUParKEHU B TepMiHAX 0JTHOYACTUHKOBOI (PYHKIIIT
posnoziiay (4.2) 3rigHo 10 HacTynHOT hopMysn J06yTKY jist psijis (4.2)

n—+2 n+1 1

[] 70 T3 3 Y

k1=0 ko=0 kn2=0 TH-Q n+1_k7n+2) (k1 k?g)'

(4.5)

n+2
den+3 . dZL‘n+2+k1 1_[ Q[1+kn+3—i_kn+4—i (—t, 1,
(R3 xR3)k1 =1
n+3+knraiy. o+ 2+ kni3—i) Xk, i—knia s (G5
n+2+k1

An+-34-knig_is- - - 7Qn~|—2+kn+3ﬂ') H Flo('rj)

3riano pisrocteii (4.4) ta (4.5), i 6epyun g0 yBaru o3HadeHHs (2.5) ome-
paropa Lint(1,2) mist t > 0, 3 pisrocTi (4.3) oTpuMaEMO:
0

SRt) =~ 2Rt + (4.6)

o2 Z Jdpzdn deg dxn+2<777 (pl p2)>

n= 0 ]R3><82 (R3 R3)"

(Q]l—l—n(ta {1*7 2*—}7 37 e, + 2)F1<t7 Q17p>f) X

n+2
Fl(t7Q1 - 077719;) H Fl(t7$’t) -
=3
ml_i_n(t, {1,2+},3, o, + 2)F1(t,$1) X
n+2
Fl(tv Q1+ 0777292) H Fl(ta xz));
=3

Jle BUKOPUCTAHO Taki Mo3HavYeHHs K 1 B piBHsgHHI (2.1). TpakTyBaTumemo
1100Y/IOBaHY TOTOXKHICTb JIjIsl OJHOYACTUHKOBOI (DYHKITIT PO3IOJILIY K KiHe-
TUYHEe DIBHIHHYA CUCTEMU MPYKHUX KYJIb 1 HA3UBATUMEMO TaKe eBOJIIOIIiHe
PIBHSHHS 9K y3arajbHeHe KiHeTndHe piBHAHHA FHCKora. Ps, akum mpe-
CTAaBJISIEThCS  iHTerpas  3iTKHeHb,  30iracThcss  3a  ymom (9]

I3 (8)] 1o ms) < €°.
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[Migkpecanmvo, o KoedillieHTH BUBEJEHOTO KiHeTHIHOTO piBHsHHS (4.6)
BU3HAYAIOTHCA Yepe3 MOYaATKOBI KOpeJdllil, dKi 1oB’sa3aHi i3 3a00pOHEHUM U
KOHMITyparisgMu IacTHHOK.

BayBaxnmo, 1mo B poboti [9] OGyso moBeseHO TEopemy TIpo iCHYBaHHS
po3B’sa3ky 3aja4ui Ko s y3arajgbHEeHOTO piBHSHHSA EHCKOTA.

Takum 9uHOM, FKIIO MOYATKOBI JlaHl BU3HAYAIOTHCI Yepe3 O HOYACTHH-
KOBY (DPYHKITIIO PO3MOJLTY Ha M03BOJEHUX KOH@ITYparidax, TOII eBOJIOIId
cTamiB Bu3HAdYeHa [epe3 iepapxio pismsan BBIKI (2.1) moxke 6yTH MOB-
HICTIO OTMCaHa y3araJbHEeHUM KiHeTHIHUM piBHsHHIM FEHckora (4.6) i mo-
CALTOBHICTIO MapriHaJbHUX (DYyHKIIOHAMIB cramy Fj (t, x1,...,%5 | F1 (t)),
s = 2, Kl BU3HAYaOThCs po3kaagamu (4.1).

Bigmitumo, mo poskaaau (4.1) maprinajabHuxX (DYHKIIOHAJIB CTAHY € He-
PIBHOBAXKHUM aHaJI0TOM PO3KJIAIIB ¥ pcesnta—Maitepa 1Mo cTenendax TyCTUHN
piBHOBaXKHOI PYHKITT PO3MOJiIy. 30KpeMa, SKIIMO OJHOYACTUHKOBA (DYHK-
nig pos3nojiy € MakcBegiBChbKOW0 (DYHKITEH PO3MOJIIIY, TO MapriHaJbHI
dyuruionaau crany (4.1) meperBoprOlOThHC Y po3kaaau Y pcesia—Maiiepa
[3,19].

5. PEAYKOBAHI KOPEJSUINHI ®YHKIIOHAJIN

AJIbTepHATUBHUM OIIMCOM €BOJIIOII] HE(MDIKCOBAHOTO YHC/Ia YACTHHOK, SIKi
B3aEMOJIIIOTH K MPYXKHI KYJIi, € ONKUC Yepe3 PeIyKOBaHI KOpeadriiiHi (pyHK-
i1, 9Ki BU3HAYAIOTHCS Yepe3 PeJIYKOBaHI KOpeasiiiiai pyHKINT TaKuM 9u-
HoM |14, 15]:

Fy(t,x1,...,x5) = > [] Gixyt, Xi), s =1, (5.1)

P:(21,...,2s) = U, X; XicP

Jie CUMBOJI ZP:(xl,..., +)=UJ, X; © CYMOIO 110 BCIX MOK/IMBIX po36uTTsax P muo-

x®unan  (r1,...,%5) Ha |P|  B3aeMHO  HemepeTMHHMX  THAMHOKWH
X; © (z1,...,2s). 9K HACHIIOK, PO3B’A30K PEKYPEHTHUX CIIBBITHOIIECHE
(5.1) mpescTaBIsIETHCsT Yepe3 peyKoBaHi PyHKIIT pO3MOJIIY:
Gs(t,x1,...,x5) = (5.2)
> ()PP =D [ Fxt Xa), s> 1.
P:(z1,...,2s) = UJ; X X;cPb

Oyukiii (5.2) oMUCYIOTH KOPEAIIl CTAHIB CUCTeMHU MPYKHUX KyJib. CTpyK-
Typa po3kaaaiB (5.2) € Takoro, Mo peyKoBaHl Kopesriitai dyHKIl € Ky-
MyJISTHTaAMU pejyKoBauux GyHKIIH posnogity (2.9). Biamitumo, mo pemy-
KOBaHi Kopessriiini ¢pyakil (5.2) 3a10BOIbHIIOTE HEMIHIAHY i€papxito eBo-
Jroriftanx pisHgaHb [14,15].

Posrigremo mogaTkoBi jaHl JJid 9KUX B TTOYATKOBUM MOMEHT Yacy BiJI-
CYyTHI KOpeJIAIil MiK IPYKHUMU KYJIAMU Ha JI0O3BOJIEHUX KOHIrypalisx,
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a came, G¢ = (0,G%,0,...,0,...). Y 1pOMY BHIaJIKy PO3B’A30K HeJiHIHHOI
iepapxii eBOJIIOIIMHUX PIBHAHDL JIJI PEJIYKOBAHUX KOPEJAIINHUX (DYyHKITNH
BU3HATAETHCA TAKUM po3BHHEHHAM [14,15]:

o0
1
Gi(t,x1) = Z | Jde...dx1+n9[1+n(t,1,...,n+ 1) x (5.3)

[
n=0 g3 R3)n

n+1

| [ G X,

1=1

ne Wy yn(t,1,...,n + 1) — xymyaaar (2.10) (1 + n)-ro mOpsiAKy TPyT eBO-
JroTiitHMX omeparopis (2.8).

Anajioriyao gk i Jutd peaykoBaHUX (DYHKINH PO3MOALIY /I MOYIATKO-
BUX JIAHUX, 9KI 33/I0BOJBHSIIOTH YMOBY Xa0Cy, BUKOPUCTOBYIOUM KiHETHUYHI
KJACTepHI po3kaan chopmymoemo HOBY 3agady Komrl 11a ogHovacTiH-
KOBOI PEJIYKOBAHOI KOpesIifinol (pyHKIT po3MoIiay Ta MOCIiIOBHICTh KO-
pesstiitanx dyuaximionanis Gg(t|G1(t)) Bia ogHOTACTHHKOBOI PeIyKOBAHOI
kopeJsiiiinol dyskmii (5.3) [14,15]:

Gs(t,21,...,35 | Gi(t)) = (5.4)

1
Z ] f Ts+1 - dxs+nms+n(t 1,,,,,s+n) qu(t’xi)’
=0 (R3 <R3)n -

s = 2.

Omneparop Vsin(t), n = 0, (8 + n)-r0 MOPSIAKY BH3HAYAETHLCA TAKUM IPE]I-
CTaBJIEHHSIM:

n n
Q?Hn(t,l,...,s,s—i—1,...,s—|—n):n!Z(—l)k Z (5.5)
k=0 ni=1
+n—mi—...— ’
nE=1 (7’1, —nm - - nk)' e "
i 1
1, s+n—mnp— —nk)H Z D "x
j=1 D; 2 = Uy, X1, J
Dj|<s+n—ni —---—n;
s+n—mip—...—n;

1 ) .
Z H m%1+|xlj|(t, i, X1,),

il;ﬁ...yﬁ’i‘Dj‘:l leCDj
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Je ZDJ-: Z;=U,. X, € CyMa TI0 BCIX MOXKJIMBUX PO3OUTTIX MHOXKWHU
J

ZjE(3+n—n1—...—nj+1,...,s+n—n1—...—nj_1)

Ha He OLIbIIe HiXK §+n—n1 —...— N, JiHIAHO BIOPAIKOBAaHUX IiIMHOKHIH,
(s + m)-TO MOPSJIKY KyMYJISTHT PO3CIEHHSI BU3HAYAETHCSA (DOPMYIIOI0

s+n

1 .
Uit 1.5 +n) = Aspn(t, Loy s + 1) Xpsernngy,,, | [ Q)7 (84),
i=1
i BUKOPUCTAHO IIO3HAYCHHS BUIIIE.
Hageiemo Kijibka MpoCTUX MPUKJIAiB onepaTopis (5.5):

V(t,1,...,8) = As(t,1,...,8) Xpas\wy, n(ml)—l(t,i),
i=1
Yey1(t,1,...,8,s+1) =
s+1

2[34.1(15, 1, ey S + 1)XR3(5+1)\WS+1 H(Q’ll)_l(t7 l) —
=1

As(t, 1, 8) Xgasy, | [(Q) 71 (84) D An(t, j,s + 1) x
j=1

1=1
Koy, (A1) 7 (¢, 7) (A1) TH(E s + 1),

Axmo [G1(t)] 1 rsxrsy < e~ 35%2) e mosimbanx ¢ € R s (5.4) 36ira-
eThes 110 HopMi poctopy Ll [9].

Y 1bOMY BUIIAJIKY METO/ MOOY/IOBU PEJIyKOBAHUX KOPEIAINHUX (PYyHK-
mionasis (5.4) 6a3yeTbcs Ha 3aCTOCYBaHHI Bapialliii KJIACTEPHUX PO3KJIAJIIB,
a came, KIHeTUIHWUX KJIACTEPHUX PO3KJIAIIB [9], 710 TOPOKYI0OUNX OIIepaTo-
pie (2.10) psiis, M0 TPEACTABISIOTH PEAYKOBaHI KOPEIATiiHl dyHKIII.

JlilicHO, BpaxoBYyIOYH CIIBBITHOIIEHHSA KIHETUYHUX KJIACTEPHUX PO3KJIA-
TB AJ KYMYJISHTIB PO3CIEHHI:

n

~ n!
Asin(t,1,...,8+n) = Z —'Q]Hn_nl(t,l,...,s—i—n—nl) X

ot (n —ny)!
1 s+n—nq 1 N
2 Dl Z H X! Ry 4 1x, (¢, i, X1),
D:Z:Ul X, ilsﬁ...¢i|D|=1 X;cD

ID|<s+n—ng

ae ZD:Z:U; X, [D|<s+n—n; € CYMOIO 3a BCIMa MOXKIUBAMH posburTamu D

JHIFHO BHOOPSIKOBAHOT MHOXUHU Z = (S +n —mnp + 1,...,8 + n) Ha He
OibIIIe HiXK S 4+ N — Ny JIHITHO BIIOPSAKOBAHUX IIIJIMHOXKWH, MU OTPUMYEMO
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PO3KJIAJIH JIJTsi PEAYKOBAHUX Kopessiitanx dyrkiionais (5.4), [14]:
Gs(t,x1,...,xs | G1(t)), s = 2.

3a3HaYnMO, M0 CTPYKTYPA KIHETUIHUX KJIACTEPHUX PO3KJIAIB [JId Ky-
MYJISIHTIB PO3CI€HHST TPYII omleparopis (2.8) mofibHa 10 CTPYKTYpH Bipiajib-
HUX PO3KJIJIIB PIBHOBAXKHUX PYHKITIH PO3TOJIiTy, TOOTO Ma€ BUIJISI)T CTEIe-
HEBOT'O DAY 1O T'YCTHHI.

fkimo mogaTkosi gaHi G(l) € L%, ToAl AJist JoBlabHOrO t € R ogHowacTuH-
KOBa Kopessiiiina gyukiist (5.3) € caabkum poss’sizkom 3aaaui Korrm mis
HEMapKIiBCHKOTO KiHeTHIHOTO piBHsiHHSA ErCcKora [14]:

0
gGl(t,xl) = (5.6)
E(l)Gl(t,xl) + J dzo ,Cint(l,Q)Gl(t,xl)Gl(t,SL‘z) +
R3 xR3
| o tin1.2)Gaftar 20| G100,
R3 xR3
Gl(t7x1)|t:0 = G(l)(xl)7 (57)

Jle mepIa YacTUHA IHTerpajy 3iTKHeHb y pisHsaHHi (5.6) Mae CTpyKTypy
Bossnivara—Enckora, a 1pyra 4yacTrHa iHTerpaly 3iTKHEHb BU3HAYAETHCS
Jepe3 JBOYACTUHKOBUM KOpesdaiiiHuii pyHKITIOHA, IPEJACTaBICHUN y BUT-
sl paay (5.4). Heit psig onucye BCI MOXKJIMBI KOPEJISIT, 10 BUHUKAIOTH
BHACJIIOK AUHAMIKN TBEPANX KY/Jb, & TAKOXK TOMMWPEHHI MOIaTKOBUX KO-
peJIsIiif, ki 1moB’s13aHi i3 3a00pOHEHUMYU KOHMITYpaIliaMu.

6. KOPEJAIINHI ®YHKIIIOHAJIN CTAHY

AstbTepHaTUBHUI MiAXIg A0 OIMKCY CTAHY CKiHYEHHOI KiJTbKOCTI TBEPINUX
KYJIb TOJISATAE€ Y BUKOPUCTAHHI (PYHKITH, BUZHAYEHUX 3a JIOMTOMOTOI0 KJIa-
CTepHUX PO3KJIIIB (DYHKIH posmoainy fimosiprocteii [13, 14]. Ieropuuno
Oys10 3aMIPOITOHOBAHO KLJIbKA T1IXO/IIB /IO ONUCY KOPEJIsIiil y bararogacTuH-
koBuX cucremax. Cepen HEX BapTo 3raJaTH BiIOMUI IiAXia 10 AUHAMIKK
Kopessariii, 3anpornonosannuii 1. Tlpiroxuanm [21] i P. Banecky [1], Ta ioro
3aCTOCYBaHHS B TEOPIl TLJIa3MU.

Bsejiemo 1moc/tiIoBHICTh KOPEJIAIIHHNX DYHKITIi

g(t) =1, q1(t,x1),...,gs(t,x1, ..., xs), .. .),
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SIK1 OMMUCYIOTH €BOJIIOTIIO KOPEJIAMiil CUCTeMU CKIHYeHHOTO YMCJIa, MPYKHIX
Kysb. B poboti [14] BcraHOBIEHO, 10 peIyKOBaHI KOPEJIsiiiti (DYHKIT po3-
oty (5.2) BU3HAYAIOTHCS Uepe3 KOPesiini (DyHKINT TaKUM [IpeiCcTaB/Ie-
HHSIM

Gs(t,x1,...,x5) 1= (6.1)
!
Z - J dTsi1 .. dTsin Jsin(t, 01,0 Tsin), 5= 1.
n=0"" (3 xR3)n

Epouttortist moctigopHOCTI KOpessiiiinux GyHkiiit g(t) 6ararbox TBepaux
KYJIb BU3HAYAEThCA 3aj1adero Kot st iepapxil eBOTIOMNHTX piBHIHD J1iy-
BL/LJISA, sIKa BU3HAYAETHCA B CJabkoMy bopmysroBanti Takum dunaom |14, 15]:

0
ags(t,xl, cooms) = Lg(1,...,8)gs(t, w1, ..., 1) + (6.2)
> D D0 Linelin,iz)gx, (t, X1)g x) (t, X2),

p: (xl,...,:cs)le UX2 ile)Afl iQGXQ

gs(t,xl,...,xs)‘tzo = ¢2(x1,...,25), s=1, (6.3)

ae Y p. (@1y0ss) =X | Xz € CYMOIO 32 BCiMa MOXKJIMBUMU po3butTsimu P mHO-
KUHU (X1, ..., Ts) HA JBl HETOPOXKHI TTOTAPHO HETEPETUHHI M IMHOKIHE X |
1 X9, cuMBOJ )A(Z MMO3HAYAE MHOXKUHY 1HJEKCIB TAMHOKUHN X; KOOPAUHAT
dazoBoro mpocropy, a omneparop L BU3HAYEHWI HA MiAIPOCTOPI L(l) c L'
dbopmymnoio (2.3). Crin zazmauntu, mo iepapxis JIiysiwis (6.2) e cykymmi-
CTIO PEKYPEHTHUX €BOJIONMINHNX PIBHIHD.

g t > 0 saBeeMo KiJTbKa TIEPIAX TPUKJIAIIB PEKYPEHTHUX PIBHSIHB
(6.2) nys cucTeMu TBEPAMX KYJIb:

0 0
(%gl(t r1) = —(p1, —>g1(t,$1),

0
5 92(t 21, 22) Z@g, >92 (t, 21, 22) +
2 f dn{n, (;1 — p2))(92(t, a1, P}, 42, 03)0(q1 — g2 + om) —
&

g2(t,z1,22)0(q1 — g2 — om)) +

2 f dnln, (p1 — p2))(91(t, 1, 0791 (t, 42, p3)6(q1 — g2 + o) —
s%

g1 (tv CL)l)gl (t7 $2)5(QI —q2 — 077)>7
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Jie BUKOPUCTOBYBAJIUCA MO3HAYEHH, TPUINHATI BUIIIE.
JList MOYaTKOBUX JIAHUX, K HAJIEXKATH IPOCTOPY IHTErPOBAHUX PYHKIIIH,

po3e’s30K 3amadi Ko (6.2), (6.3) BU3BHAYAETHCS TAKUM ITPEICTABIEHHIM
[14]:

gs(t,ZUl,...,ZCS) = (64)

> Ap (4 AKX p D) [T o, (X9), s> 1,
P:(:El,...,.TS):Uij X;cP

7€ CHMBOJT ) p. (1,0 25)=J; X; O3HATAE CYMY 32 BCIMa MOXKJIMBUMHA PO3OUTTSI-
vu P muo)RWHEN (21, ..., 24) Ha |P| HA HEMOPOXKHI TOMAPHO HETIEPETUHHI TTi1-
MHOXKMHU X j, CUMBOJI X 03HAUAE MHOKWHY iHIEKCIB MHOKHHE X KOOD/IH-
nHar paszoBoro npocropy, a Muoxkuna ({X1},...,{X P|}) CKITA/IA€ThCs 3 ete-
MEHTIB, sIKi € T IMHOKAHAMN )/(\'j < (1,...,s), ro6ro, |({X1},..., {X‘p|})|
= |P|. ITopoxyrounii oneparop 2Ajp|(t) npeacrasienna (6.4) e |P|-ro mo-
PSAJIKY KyMYJISIHT IPYII oriepaTopis (2.8), siKuil BUSHAYAETHCSA TAKOIO CyMOIO:

Wp) (£, {X1}, ., {Xppp}) = (6.5)
3 ()PP =) TT Szt 0(2Z4)),

P': ({X1},eo X p D =Uy Zi ZpcP’

sie cumBon 0 € Bigobparkennsiv nexiaacrepusanii: 0({X;}) = (X;). Haiinpo-
CTiIm NPUKIQJN KOpeadaniinux QyHkiii (6.4) BU3HAYAIOTHCA TAKUMU PiB-
nocramir: g1 (t, 1) = As(t, 1)) (1), ga(t, w1, w2) = Ax(t, {1,2})g8 (w1, x2) +
ng(t, L, 2)9(1)(1'1)9(1)(1’2).

Posrnganemo manbitie BUTTAIOK, KON KOPEJATIl MiXK TBEPANMU KYJIAMA
y TOYATKOBUII MOMEHT Yacy BiJICYyTHI (MOYATKOBUII CTaH, IO 3a0BOJIbHSIE
yMOBi xaocy [5, 22]), mOCAIMOBHICTS MOYATKOBUX KOPEIATIHHUX (DYHKITI
Ha J0TmycTEMEX KoHirypamisx mae axmit surmsg ¢(9(0) = (0, ¢%(x1),0,

,0,...). Y mpomy BuTagKy ast (21,. .., Ts) € R x (R3¥\W,) poskraam
(6.4) mpesCTaBISIOTHECA HACTYITHUM YHHOM

gs(tw1, .. ) = As(t, 1, 8) | ol (@) Xpasywr,, s>1,  (6.6)
=1

ne mopoKytounii oneparop Ag(t) mMbOro PO3KJIALY € S-T0 MOPSJKY KyMy-
JISHT TPyH omeparopis (2.8), BusHaueHUil yepe3 po3KIal

As(t,1,...,8) = D (“DFEH P =) TT Sixt: X0), (6.7)

P: (17""8):Ui Xi XiCP
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3 mo3HavYeHHsiMU, npuitagTuvu B dopmyi (6.4). 13 npencrasiennst (6.6)
BUJTHO, 110 Y Pa3l BIICYTHOCT] KOPeJIAIiil Ha TMTOYaTKOBUN MOMEHT Yacy, KO-
pesdriii, 3reHepoBami AUHAMIKOIO CUCTEMHU TBEPAUX Kb, MOBHICTIO BU3HA-
JaroThCs KyMmyasaTamu (6.7) rpym oneparopis (2.8).

Ba3HauMMO, 0 y BHUIAJKY MOYATKOBUX JAHUX g(c)(O) poskaau (6.6)
MOKHa IIeperucaTu B IHIIOMY IIOJIaHHI, SKe IMOACHIOE 1X (PI3WIHHUIT 3MICT.
Hittcro, s n = 1 v maemo g1 (t, 1) = A1(t, 1)gY(x1) = ¢{(p1, 1 — p1t).

3rigno 3 hopmysoio (6.6) Ta BUSHAUYECHHAM KyMYJ/ISTHTA, TEPIITIOTO MOPSJIKY
A1 (t) = Si(—t), i fioro obepuenoro rpymoto Sy ' (—t) = S1(t), Mu Bupazu-
MO Kopesaniitai dyHKIil gs(t), s = 2, 4epe3 0JHOYACTUHKOBY KODEIATIHY
dyuxuiro g1(t). Poskiaagaoun kymyasaT rpyn oneparopis (6.7) y dopmyii
(6.6) y ximermunwmii Kjacrepuuii po3kaan (3.1) Mu oTpuMaemMo s S = 2
TaKi KOpeasIiiiai (pyHKITIOHAIN CTaHY:

S
gs(taxla ooy Xg ’ gl(t)) = Q’[S(ta 17 . '78) H gl(ta xi)7 s = 27
=1

ne As(t,1,...,8) € s-ro mopsiziKy KymysaaaT (6.7) omepaTopiB po3cieHHst
~ n
Su(t,1,...,n) = Sp(—t,1,... ,n) Xgsuw, | [ S1(t,1), n>1.
i=1
Ha migmpoctop L}%O reHepaTop OIepaTopa PO3CiIOBAaHHA gn(t, 1,...,n) Bu-
3HAYAIOTHCA UepPe3 OIePaTop: %Sn(t, L,...,n) |=o= Z?Kjé:l Lint(J1, J2),
ne s t = 0 omeparop Lint(j1,j2) Bu3HauaeThesa gopMmyion (2.5).

7. BUCHOBOK

Mertoro poTo Orisity 0y/10 TPEJICTABUTH 3aCTOCYBAHHS PO3POOIEHOTO Me-
TOMY KIHETUIHUX KJIACTEPHUX PO3KJIA B /I BUBEJIEHHSA KIHETUYHOTO PIiB-
HAHHSI CUCTeMHU 0araThbOX YaCTHHOK 13 3ITKHEHHSIMH Ta I100y10BH PYHKIIIO-
HaJIiB BiJl pO3B’A3KYy TAKOTO PIBHAHHSI.

YV po6oTi po3B’s30K iepapxiit eposmomnifirnx pisasas BBIKI mis gacru-
HOK 13 3ITKHEHHSIMU BU3HAYEHO HEMEPTYPOATUBHUM IIPEJICTABIEHHIM, & Ca-
Me, KyMYJAdHTaMJ BIITOBIIHOIO MOPSAKY JJIs I'PYI OIepaTopiB PIBHAHB
JliyBimng. Ha ocroBi Takoro HemepTypOaTUBHOTO MPECTABIEHHT PO3B’ A3KY,
JUTS TTOYATKOBUX JAHUX, TKI BU3HAYAIOTHCS OJHOYACTUHKOBUMU PeTyKOBa-
HUMU DYHKIIAMA PO3MOLTY OyI0 MpejcTaBJIeHO MeTOJ KIHEeTUIHUX KJia-
CTepHUX PO3KJIAJIB JijId KYMYJISHTIB I'PYIl OllepaTopiB piBHAHHSA JI1yBLLIs.
BaBagKd MHOMY METOJy OyI0 OTpuMaHO 6e3 OyIb-aKUX AIPOKCUMAIIil He
MapKiBChKe KiHeTndHe piBHAHHA EHCKOTa Ta pejiyKoBaHi MYHKITIOHAIN CTa-
HY BiJl PO3B’SI3KY IIbOTO KIHETUYHOT'O PiBHAHHSI. 3ayBaXKUMO, 1110 B poboTax
[11,12] npeacrasieno mifxia BuBeIeHHS KIHETUIHOTO piBHsIHHA KHCKOTra i3
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JIMHAMIKY CIIOCTEPEXKYBaHUX JIJII CUCTEMU 0ararboX YaCTUHOK i3 3iTKHEH-
HAMU.

TakoxK 771 MOYATKOBUX MAHUX PEIYKOBAHUX KOPETATINHNX PYHKITIH Ta
KOpeJAIiiHux (pYyHKIIH, IKi 3aJ0BOJBHAIOTH YMOBY XaoCy, 33 JOMOMOIOI0
MeTO/ly KIHETHYHUX KJIACTEPHUX PO3KJaJiB OyI0 ModyI0BaHO peyKOBaHI
KOPeJIAIiiiHl PYHKIIOHAJN Bl OJTHOYACTUHKOBOI PeyKOBAHOT KOPEJIAIIHHOT
PYHKII Ta KOpeadriitii (pyHKITIOHaIn BiJT OJHOYACTUHKOBOI KOPETATIHIol
dyuKIIT BianoBiiHO. By1o mokasaHo, 1Mo 0THOYACTUHKOBA PEIyKOBaHa, KO-
peJisiiitHa QyHKIS 3a/I0BOJIbHSIE KiHETUYHE PIBHAHHA KHCKOra.

Takum ynHOM, TPEACTABIEHNN METO/T KIHETUIHUX KJIACTEPHUX PO3KJIAIB
Tae MaTeMaTUIHWN MeXaHi3M MMOOYMOBU KIHeTUIHUX PIBHAHDL I PeTyKO-
BAHOI OJIHOYACTUHKOBOT (PYHKIIT PO3MOILITY a00 PeTyKOBAaHOI KOPEISIiiHOl
QYHKIIT, & TAKOXK, JIa€ MOXKJIMBICTH BUBHAYUTH €BOJIIOIII0 I'PYIN YaCTUHOK
i3 3ITKHEHHAMU K (PYHKIIIOHAJ BiJ PO3B’S3KY IIUX KIHETUYHUX PiBHSIHD.
BayBaxKuMo, IO /s BIAKPUTHUX CHCTEM YACTHHOK i3 3ITKHEHHAMN METO/I
KIHETHYIHNX KJIACTEPHUX PO3KJIAIB po3pobsieHo B poborax [10,23], a mis
KBAHTOBUX 0AraTOYaCTUHKOBUX CHCTEM DO3TJISIHYTO B [8].
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