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Diffeomorphism groups of Morse-Bott
foliation on the solid Klein bottle by
Klein bottles parallel to the boundary

Sergiy Maksymenko

Abstract. Let G be a Morse-Bott foliation on the solid Klein bottle K
into 2-dimensional Klein bottles parallel to the boundary and one singular
circle S*. Let also S'XS? be the twisted bundle over S* which is a union
of two solid Klein bottles K¢ and K; with common boundary K. Then
the above foliation G on both Ky and K; gives a foliation G’ on StxS?
into parallel Klein bottles and two singluar circles. The paper computes
the homotopy types of groups of foliated (sending leaves to leaves) and leaf
preserving diffeomorphisms for foliations G and G’.

Amnorarnisz. Hexait G — mapysanas Mopca-Borra Ha 3amoBHeHiii s
Kusitna K nHa psoumiphi misimku Kuisiiina napasensai go mexi 0K rta
nenrpasbie koo S'. Hexait takoxk STX.S? — roranbuuil npocTip €1uHOro
HETPHBIaIBHOrO S2-posIiapyBanHs HaJ KOJToM S, sike € 06’eHAHHSIM J[BOX
komiit Ko Tta K1 3anosuenol mrsmkn Kosgitna 31 croinbaoo Mexkero K. Tomi
mapyBanHs G Ha, koxwii xomii Ko ta K Busnauae mapysanus G’ ma S X 5>
Ha mapaJienbhi wismkn Kisaiina ta a8a cuuaryngpai kota. B pobori o64ancie-
HO roMoromniuni THnu rpyn audeomopdismis mapysans G Ta G’

1. INTRODUCTION

Let D? = {|w| < 1} be the unit disk in the complex plane, S = 0D? be
its boundary, and T = S' x D? be the solid torus. Define the following C*
function

FiT =01, flzw) = |wf,
and for every r € [0;1] let T, := f~!(r) be the inverse image of r. Evidently,
T, is a 2-torus for r € (0;1] and Tp is a circle. Let also

F=A{T [re0;1]}

be the partition on T into the inverse images of f.
Notice that f is a Morse-Bott function (in some sense the most simplest
one), and the corresponding partition F is a Morse-Bott foliation, see e.g. [1,
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6,17]. Such foliations play and important role in Hamiltonian and Poisson
geometries, however in the present paper we will not use this interpretation.

Given a partition F on a manifold M we will say that a diffeomorphism
h: M — M is F-leaf preserving if it leaves invaraint each leaf of F, i.e.
hw) = w for all w € F. Also, h is F-foliated whenever the image h(w)
of each leaf w € F is again a (perhaps some other) leaf of F. Then for a
subset X < M we will denote by D'P(F, X) and D/ (F, X) respectively
the groups of F-leaf preserving and F-foliated diffeomorphisms of M. If
X = @, we will omit it from notations. Evidently, D(F, X) is a normal
subgroup of Df(F, X).

In a series of previous papers by the author and O. Khokhliuk [9-12,
16] there were computed homotopy types of groups of foliated and leaf
preserving diffeomorphisms of the above foliation F on T. Namely, the
following results are obtained:

Theorem 1.1 ([12, Theorem 1.1.1]). The group D'P(F,dT) is weakly con-
tractible.

Theorem 1.2 ([16]). The pair (D'(F), D'P(F,0T)) is a strong deforma-
tion retract of the pair (DY°(F), DI°Y(F,0T)).

It is also known that the group D(T, 0T) of diffeomorphisms of T fixed
on its boundary is contractible (N. Ivanov [8, Theorem 2|), while the group
of all diffeomorphisms D(T), contains as a deformation retract a certain
semidirect product A := (S x S!) x U, where

U={( ) |ede{£l},neZ} c SL(2,Z)

(this is a classical result). In particular, 7oD(T) = U. In fact, A is con-
tained even in D'P(F,dT), and Theorems 1.1 and 1.2 imply that the fol-
lowing inclusions are weak homotopy equivalences:

{idy} & DP(F,0T) —— DI (F,0T) —— D(T,oT),
AC——» DP(F) s DIYF) ——— D(T).

Furthermore, gluing two copies Ty and T of the solid torus by some dif-
feomorphisms between their boundaries, one gets a lens space L, ,. Then
the foliation F on each of those tori gives a foliation F,, on L, , into two
singluar circles and parallel 2-tori. In [12,16] there were also computed the
homotopy types of the groups D(F,,) and D/(F,,).

In the present paper we will make similar computations for the non-
orientable counterpatrs of T and lens spaces: the solid Klein bottle K and
the twisted S2-bundle over the circle S x S2.
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More precisely, consider the following orientation reversing diffeomor-
phism £ : T — T of order 2 given by &(w, z) = (w,—z). Then the quotient
space K := T/¢ is called the solid Klein bottle. It is a non-orientable 3-
manifold and the corresponding quotient map p : T — K is its orientable
double covering. Moreover, it is evident that fof = f, whence there exists a
C® function g : K — [0;1] such that f = gop. For t € [0;1] let K; = g~ 1(¢)
be the corresponding level set of g, so Ky is a circle, while for ¢ € (0; 1] the
set K3 is a (2-dimensional) Klein bottle. In particular, K; = JK.

Note also that T, = p~!(K;) and the restriction maps p : T, — K;
(oriented for r > 0) double coverings.

Let G = {Ki}se[o;1) be the partition of K into level sets of g. Then g is
a Morse-Bott function for which K is a non-degenerate critical manifold,
and all other points of K are regular for g. Therefore one can regard G as
a Morse-Bott foliation with the singluar leaf K.

Our aim is to compute the homotopy types of the groups Df%(G) and
DP(G) of G-foliated and G-leaf preserving diffeomorphism of K respectively,
and their respective subgroups fixed on JK. In fact most of the preliminary
work is done in the mentioned above papers, and here we will just use
their results for explicit computations. We are also aimed here to illustrate
usefulness of the developed methods.

First we recall the following statement:

Lemma 1.3. D(K, 0K) is contractible, while D(K) is homotopy equivalent
to St x Zo x Zs, i.e. to the disjoint union of 4 circles.

History of proof. W. B. R. Likorish [14] shown that moD(K) =~ Zs®Zs and
that each diffeomorphism of 0K extends to some diffeomorphism of K. The
latter can be rephrased so that the restriction map p : D(K) — D(JK),
p(h) = h|sk, (being also a continuous homomorphism) is surjective. Evi-
dently, its kernel is the group D(K, 0K) of diffeomorphisms of K fixed on
the boundary. Notice that the map p is known to be a locally trivial fibra-
tion which is a particular case of “local triviality for embeddings” statement
independently proved by J.Cerf [2]|, R. Palais [18], and E. Lima [15].

Also, N. Ivanov [8] obtianed a general result on Waldhausen manifold
which includes the statement that D(K, JK) is contractible.

This implies that p is a homotopy equivalence. Moreover, it is also proved
by C. Earle and J. Eeels [5] and A. Gramain |7] that the path components
of D(0K) are homotopy equivalent to the circle. Hence D(K) is homotopy
equivalent to S x Zg x Zs, i.e. to the disjoint union of 4 circles. O
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Our first result shows that the corresponding G-foliated and G-leaf pre-
serving counterparts of the groups from Lemma 1.3 have the same homo-
topy types. So the situation here is literally the same as in Theorems 1.1
and 1.2.

Theorem 1.4. The following statements hold.

(1) The group D'(G, 0K) is weakly contractible.

(2) The pair (D'(G),D'(G,0K)) is a strong deformation retract of the
pair (D/°4(G), D?(G, 0K)).

They imply that the following maps denoted by (w.)h.e. are (weak) homo-

topy equivalences:

h.e
{idg} e pip(g oK) <2 s Diol(g oK) L D(K, IK),

Dir(g) <t pIl(G) I PK) —L e D(OK) > 1S,

where the notations in bold denote new results and implications.

This theorem will be proved in Section 3.

As mentioned above a lens space is a 3-manifold obtianed by gluing two
solid tori Ty and T; by some diffeomorphism between their boundaries,
and there are infinitely many mutually non-diffeomorphic lens spaces. On
the other hand, since every diffeomorphism of the Klein bottle K extends
to a diffeomorphism of the solid Klein bottle K, it follows that gluing two
copies of K by some diffeomorphism of their boundaries gives always rise
to the same manifold S X S? being a total space of a unique non-trivial
S2-bundle over S called the twisted S?-bundle over S*.

Therefore one can regard S' X S? as the union of two Solid klein bot-
tles Gy and Gp glued by the indentity diffeomorphism of their boundaries.
On each K;, i = 0,1, we have defined above the foliation G into paralled
2-dimensional Klein bottles and one singluar circle. These foliations con-
stitute together a foliation on S X S? into parallel Klein bottles and two
singluar circles Sl-l < K;. We will denote that foliation by G , and it will be
convenient to call it polar.

As a consequence of Theorem 1.4 we get the following description of
the homotopy types of G-foliated and G-leaf preserving diffeomorphisms of
S' % 8%, Notice that each h € Dlp(é) leaves invariant the common boun-
dary 0Ky = 0K; which we will denote by K. Hence we have a well-defined
continuous restriction homomorphism p : Dlp(é) — D(K), p(h) = h|k.
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Its kernel is eveidently the group D (QA , K) of G-leaf preserving diffeomor-
phisms fixed on K.

Denote by Dfl(gA) the (index 2) subgroup of D/°(G) consisting of diffe-
omorphisms leaving invaraint each singular circle S& and Si. Our second
result if the following Theorem 1.5 which will be proved in Section 4:

Theorem 1.5. The following statements hold.
(1) The group Dl”(é) is a strong deformation retract of D_{OZ(C;).
(2) The “restriction to K := 0Ko = 0K1 homomorphism”
p:D"(G) - D(K)
is a weak homotopy equivalence.

In particular, D(G) and D_{Ol(é) are weakly homotopy equivalent to the

disoint union of 4 circles, while Df‘)l(gA) 1s homotopy equivalent to the
disjoint union of 8 circles.

Note that M. Kim and F. Raymond [13|, shown that
moD(St X 8?) ~ Zy @ Zo,
and the generators of that group can be chosen to be also the generators of
oD (G). This gives the following
Corollary 1.6. The inclusions Dlp(é) - Dfl(gA) c D(S' x S?) induce
bijections on my groups:
mD?(G) = 1o Di(G) = moD(S' X %) = Zy B L.

On the other hand, the homotopy type of D(S! x S?) is more compli-
cated. It was described in E. César and C. Rourke [4, Theorem 2|, which
in turn extended the technnique from PhD theses by E. César [3].

2. TWISTED BUNDLES OVER THE CIRCLE

In this sections we present an explicit model for the solid Klein bottle K
and the universal covers of K and K\Kj. These notations will be used in
the proof of Theorem 1.4.

2.1. Universal cover of the solid Klein bottle K. Let
k:R xC— R, k(s,w) = s,

be the trivial vector bundle (of real dimension 2), and ¢’ : R x C — R be
a C* function given by ¢'(s,w) = |w|?. It determines a norm (or scalar
product) on the fibers of x.
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Consider the following C* vector bundle isomorphism (£,7n) reversing
orientation and having no fixed points:

& (s,w)— (s+1,w)

RxC R x C
l l (2.1)
R n:s—s+1 R

It defines a free and properly discontinuous action of Z on R x C. Denote
by S! X C = (R x C)/Z the quotient space. Then R/n =~ S! and the corres-
ponding quotient maps 3: R x C — S' X C and ¢ : R — S, o(s) = €™,
are universal coverings maps. Moreover, we get the well-defined quotient
vector bundle 7 : S' X C = (R x C)/¢ — R/n = S' such that the following
diagram is commutative:

RxC_">8'%C

R—7— 5!
Evidently, ¢’ o £ = ¢/, whence there exists a unique C* function
g:8'XC >R,
such that ¢’ = go 8. Then K := ¢g~!([0;1]) is the solid Klein bottle,
(3 :R x D? - K is the universal cover of K, and

Gg={K, = gil(r)}re[o;l]
consists of level sets of g. Note that we also have a norm on the fibers
|- [:STXC—[05+00],  [2] =+/g(2),

for € S' X C, so K, consists of elements of S' x C of norm /7.
For r € [0; 1] denote:

K, =g ([0;7]) = {we S'XC e[ < Vi), C =g ([51]).

Thus K, is a “thinner” solid Klein bottle with boundary K,, while C" is a
collar of the boundary Klein bottle K. In particular, Ky is a circle being
also the zero section of ~.

2.2. Universal cover of K\Kj. Consider also another universal covering
map

0 iR x (040) > Rx (C\{0)),  als,0,7) = (s,7¢29).
Then the composition:

¢R2 x (0;1] - R x (D?\{0}) 5 K\Ky
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is the universal covering map for K\ Ky. Evidently, for each leaf K, r > 0,
its inverse (~1(K,) is the horizontal plane R? x r. In other words, the
composition
g =g oa:R?*x (0;+w) — (0; +x)
is just the coordinate projection, ¢”(s, ¢, r) = r.
One easily checks that the group of covering translations of ( is generated
by the following diffeomorphisms

a,b:R? x (0+ o) - R? x (04 ),
a(s,¢,r) = (s, + L,r), b(s,¢,r) = (s+1,=0,7),
and that the following identities holds:

(2.2)

aoa=q, aob=¢oaq, boa=alob.
Let us collect all those spaces and maps into the following commutative
diagram:

R? x (0;1] ¢ R? x (0; 4o0)

| TN\

o Rx(DM{0}) s> RxD*C—— +~ RxC !

N

K\Kg = K=g¢71([0;1]) ——— S'XC R
\) Sl/l /
(2.3)
]
2
AL LR x (051]
S l a

FIGURE 2.1. Universal coverings of K and K\K)
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2.3. Liftings of diffemorphisms. We will also use the following simple
statement concerning covering maps:

Lemma 2.4. Let B : X — Y be a covering map between path connected
topological spaces, and & : X — X be any covering transformation, i.e. a
homeomorphism satisfying 8o0& = 3. Let also h :' Y — 'Y be a continuous
map having a lifting ' : X — X, so foh’ = hof. Then each of the
following conditions implies that h' commutes with &, i.e. Eoh/ = W o €.
(1) There exists a point x € X such that £ o h'(xz) = W' 0 &(x).
(2) There exists a subset A 'Y being invariant under £, i.e. £(A) = A,
and such that h' is fized on A.

Proof. (1) Notice that £ o b’ and h' o £ are also liftings of h, since
§ohoB=¢oBoh=Foh,  Wotof=Hof=Foh.

Moreover, by assumption, they coincide at . Then by uniqueness of liftings
with one prescribed value, they should identically coincide on all of X.

(2) Let € A be any point. Then, by assumption, (x) € A. As h' is fixed
on A we have that h' o &(x) = £(z) = o h/(x). Hence by (1), W o =Eoh
on all of X. O

Notice that each h € D(K, 0K) lifts to a unique diffeomorphism
W :Rx D*>— R x D?

fixed on R x S', so Boh' = ho . Since R x S! is invariant under &, it
follows from Lemma 2.4 that A’ commutes with &.

Moreover, suppose in addition that h(Ky) = Ko, /(R x 0) = R x 0, then
the restriction A’ |Rx(D2\{0}) lifts in turn to a unique diffeomorphism

B R? x (0;1] — R? x (0;1]
fixed on R? x 1, so
aoh” =hoa:R?x (0;1] — R x (D?\{0}).

Again, since R? x 1 is invariant under a and b, we get from Lemma 2.4
that h” commutes with a and b. These liftings h’ and h” of h will play an
important role for our proofs.

Let us also mention that the group D(G,0K) can be defined as the
subgroup of D(K, 0K) consisting of diffeomorphisms preserving the func-
tion g, i.e. satisfying the identity: g oh = g. Moreover, if h € D'?(G, 0K),
both liftings A’ and h” are defined and they satisfy the following idenitities:
gdoh'=¢ and ¢" o h" = ¢".
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3. PROOF OoF THEOREM 1.4

The second statement (2) that the pair (D'(G), D'’(G,0K)) is a strong
deformation retract of (D/°/(G), D'?(G, 0K)) is a particular case of results
from [16].

For the proof of (1) we need to define an explicit model for the solid
Klein bottle K and the universal covers of K and K\ K.

(1) The proof of contractibility of the group D(G, K) almost literally
follows the proof of main result from [12] for similar foliation on the solid
torus, since the results of that paper are proved in a greater generality and
are applicable in the current situation. For the convenience of the reader

we will repeat certain arguments. Namely, we will define four subgroups of
D (G, 0K):

By c By c By ¢ B < By=7D"G,0K),

and show! that all the inclusions are homotopy equivalences, while the

smallest group By is weakly contractible.
To proceed with the proof it will be convenient to fix some C* function
w:[0;1] — [051] such that © =0 on [0;0.2] and x =1 on [0;0.8].

1) Inclusion B; c By.

Let us define the group Bi. Let h € By = D'?(G,0K) be any element
and ' : R x D?> — R x D? be its unique lifting fixed on R x S!. Since
h(Koy) = Ky, it follows that h'(R x 0) = R x 0, so there exists an orientation
preserving diffeomorphism o(h) : R — R commuting with £ and such that

W(s,0) = (o(h)(s), 0), seR.
is R x 0 is also invariant under £. In particular,
R 0 &(s,0) =R (s+1,0) = (a(h)(s +1),0),
g0l (s,0) = &(a(h)(s),0) = (a(h)(s) +1,0),

so a(h)(s +1) = o(h)(s) + 1 for all s € R. Let D;f (R) be the group of
all orientation preserving diffeomorphisms ¢ of R satisfying the identity
q(s+1) =q(s) + 1 for all s € R. Then the correspondence h — o(h) is a
well-defined map o : By — D;F (R). One easily check that o is a continuous
homomorphism.

Let B; := ker(o) be the kernel of o. Thus B; consists of G-leaf preserving
diffeomorphisms h such that their unique lifting h’ to the universal cover
R x D? fixed on R x S is also fixed on R x 0.

"We also “reorder” here the groups B; in comparison with their counterparts from [12].
Namely, we will make our diffeomorphisms fixed on the collar of 0K at the fourth step,
while in [12] that was done from the beginning. This will slightly simplify the exposition.
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We claim that By is a strong deformation retract of By. The proof it
easy and consists of two statements. Let us recall the arguments from [12].

a) o admits a continuous section s : Dy (R) — DP(G,0K) = By satisfy-
ing s(idg) = idkx. Thus s is a continuous map (not necessarily a homomor-
phism) such that o o s(g) = g for all g € D} (R).

Indeed, note that each g € Df{ (R) extends to a diffeomorphism

G:RxD*->RxD?*  (w,s)=(w,p(jw)q(s)+ (1 — pu(jw])s))

fixed even on the set p~1(C%®) = {(w, s) | |w| € [0.8;1]}. One easily checks
that ¢ also commutes with &, and preserves the sets p~!(K,.), r € [0; 1], being
the inverses of the leaves of G. Hence ¢ yields a unique diffeomorphism
s(q) of K preserving the leaves of G and fixed on C%®. In other words,
s(q) € D'P(G, 0K) = By. Moreover, § is in turn a unique lifting of s(q) fixed
on R x S, whence the correspondence ¢ — s(q) is the desired section of .

b) The group D;(R) is convex, and therefore contractible into the point
idg via the “stantard” homotopy:

H : D (R) x [0;1] — D, (R), H(q,t) = (1 —t)q + tidg.
Then a) allows to construct the following homeomorphism
n: By x D (R) = ker(o) x D} (R) — D?(G,C"%),
n(h,q) = hos(q).

which is “fixed on B;” in the sense that n(h,idg) = h for all h € B;. As
D,J{ (R) is contractible into the point idg, it now follows that B; is a strong

deformation retract of By = D'P(G, C*®). We refer the reader to [12] for
the details.

2) Inclusion By < B;.

Define By to be the subgroup of By consisting of diffeomorphisms h co-
inciding with some vector bundle morphism q : S' X C — S X C on Kgo.

To see what this means consider the standard disk bundle v : K — S*
from (2.3), and for every y € S! and r € (0;1] denote by

Dy(y) =7"'(y) n K,

the closed 2-disk of radius r in the fibre over y. Notice that the intersec-
tions of D, (y) with the leaves of G constitute the partition of D, (y) into
concentric circles. The following lemma is easy and directly follows from
definitions of the above covering maps.

Lemma 3.1. Let h € By then the following conditions are equivalent:
(1) he BQ;
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(2) h(Do2(y)) = Do2(y) for each y € St and the restriction
h: Dr(y) — Dr(y)

is a rotation (i.e. a linear isomorphism preserving concentric circles);
(3) there exists a C* function A\p : R — R such that
B (w,s) = (we2™ ) s), An(s+1) = =Xu(s),
for all s € R and w € D? with |w| < 0.2;
(4) there exists a C* function A\p : R — R such that
h'(s,¢,1) = (5,0 + An(s),7), An(s+1) = =An(s),
for all s € R and r € (0;0.2];

In this case such a function \p in (3) and (4) is the same, and it is also
unique. O

Proof. Equivalence of conditions (1)-(4) is easy. It also follows from (4)
that \j, is uniquely determined by h”. O

Now, by “linearization theorem” [11], the inclusion By < B; is a homo-
topy equivalence. Notice that in our situation G consists of level sets of a
positive definite 2-homogeneous on fibers function g. In this case the proof
of that “linearization theorem” can be simplified as it was shown in [12, The-
orem 3.1.2].

More precisely, the deformation of By into By can be defined as follows.
Let U be a neighborhood of the central circle K (i.e. the zero section of
p:S'XC — SY and h : U — S'XC a smooth embedding such that
h(Ky) = Ky, but it is not necessarily fixed on K. Then one can define the
following vector bundle isomorphism

Tin(h) : §'XC— S xC, Typ(h)(2) = lim 1h(tx),

which can be regarded as a “partial derivative” of h at points of Ky in
the direction of fibers of the vector bundle p : S' X C — S, see [11]. In
particular, Tg,(h) is well defined for all h € B;. It is easy to see that if
h € By, so it coincides with some vector bundle morphism ¢ on Ky 2, then
Tin(h) = g on all of ST X C.

Define also the following function

¢:[0;1] x ("X C) =R,  ¢(t,x) =t + (1 —t)u(|x]).
Evidently, ¢(t,z) = 0 exactly on the set 0 x Kg2. Now a deformation
H : By x [0;1] — By of By into By can be given by the following formula:

M’ (t,z) € ([O; 1] x K)\(O X KO.Q)a

x) = i)
H(h,t)(z) {Tﬁi(th)(ﬂc), (t,z) €0 x Kga.



Morse-Bott foliation on the solid Klein bottle 907

Inbdeed, one can show (using Hadamard lemma) that H(h,t) is a diffeo-
morphism of K belonging to By for all (h,t) € By x [0;1], and the map H
is continuous with respect to the corrresponding C* Whitney topologies,
see [12, Theorem 3.1.2]. Moreover, it is evident, that

Hi(h) = h, Ho(h)|Ko5 = Tin(7) Ko,

The latter means that Hy(h) coincides with the vector bundle morphism
Ten(h) on K2, and thus Hy(h) belongs to Bs. Finally, if h is already in Bo,
then it easily follows from the formulas for H, that Hy(h) = h = Tg,(h) on
Kos. Thus H is a homotopy of By which deforms B; into B and leaves By
invariant. This means that H is a deformation of By into By, and therefore
the inclusion By < B; is a homotopy equivalence whose homotopy inverse
is the map Hy : By — Bo.

3) Inclusion B3 < Bs.

Denote by CL (R, R) the subset of the space C*(R,R) consisting of func-
tions § : R — R satisfying the identity 6(s + 1) + d(s) = 0 for all s € R.

Recall that, by Lemma 3.1, to each h € By one associates a unique
C® function A\ : R — R satisfying conditions of Lemma 3.1. In particular,
An € CP(R,R), and thus we get a well-defined map A : By — CL(R,R). One
easily checks A on, = An, + Ap, for all hy, ho € Ba, so the correspondence
h — Ap is a continuous homomorphism of topological groups.

Let Bz := ker(\) be the kernel of A, so it consists of elements h € By for
which A\, = 0, i.e. h” is fixed on R? x (0;0.2]. One easily checks that the
following two statements hold.

a) CX(R,R) is conver and therefore contractible.

b) The homomorphism X : By — CL(R,R) admits a continuous section
s 1 CP(R,R) — By. Actually, for each 6 € CP(R,R) we have the
following diffeomorphism

Wy :Rx D? > Rx D Rj(s,w) = (s, we™I7#INE),

Evidently, it is fixed near R x S!, fixed on R x 0, commutes with the
covering translation & : R x D? — R x D? and preserves the function
¢'. Hence hj yields a unique diffeomorphism hs; : K — K, which is
fixed near 0K and preserves g. In turn, hf is lifting of hs and is of the
form (3) of Lemma 3.1. Hence h;s € Ba.
Now, similarly to the proof for the inclusion B; < By, these conditions
imply that Bs is a strong deformation retract of Bs.

4) Inclusion By < Bs.

Let B4 be the subgroup of Bs consisting of G-leaf preserving diffeomor-
phisms fixed on the collar C%8. Then the inclusion By < Bs is a homotopy
equivalence. Indeed, the deformation H : Bs x [0; 1] — Bs of Bs into B4 can
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be given by:
H(h,t)(z) = h((t] + (1 - t),u(\x]))‘i—'), |z| > 0,
@), 2 <02

Thus Hi(h) = h, Hy is fixed on C%8.

5) Weak contractibility of 5,.

Similarly to the last step of the proof of [12, Theorem 1.1.1| the group
B4 can be embedded into the loop space of the group of diffeomorphisms
of K, and that inclusion is a weak homotopy equivalence.

Namely, for each h € By define the following path 3, : [0;1] — D(K)
given by

(3.1)

x, t=0,

() (x) = {1h(tl‘)7 te (0;1].

Since h is fixed near K\ and preserves “parallel” Klein bottles Ky, t € (0; 1],
it follows that -, is a well-defined continuous loop such that +(t) = idx for
t €10;0.2] U [0.8;1].
Moreover, the additional assumptions that for each h € By
— its lifting A’ is fixed near R x 0
— while the lifting h” of h|k\ g, is fixed on R? x (0;0.2],
imply that h actually represents a null-homotopic loops in Q(D;q(K)). Thus
the correspondence h — -, is an embedded of B, into the path component
Qo(Dia(K),idk) of Q(Diq(K),idk) consisting of null-homotopic loops.
It is shown in [10, Corollary 1.10] that the latter inclusion

64 (e QO(Djd(K), ldK)

is a weak homotopy equivalence. In particular, for ¢ > 1 we have the
following isomorphisms:

7'['1'64 - Wigo(pid(K),idK) == 7Ti+1pid(K) == 7TZ'+1SI = 0.
Hence all homotopy groups of B4 vanish.

This completes the proof of Theorem 3. O

Remark 3.2. Formula (3.1) for the homotopy in the case 4) is also appli-
cable for all h € D'(G) not only belonging to Bs, and it gives a deformation
of D'(G) into D'P(G, C*®). In particular, D'?(G, C*®) is also weakly con-
tractible.

4. PROOF OF THEOREM 1.5

Let S X 82 be the twisted S%-bundle over S! glued from two copies of K
and K by some diffeomorphism of their boundaries, and K := 0Ky = 0Ky
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be their common boundary. Let also é be the foliation into two circles and
Klein bottles parallel ot K. R

Statement (1) that the group D(G) is a strong deformation retract of
Dfl(é) is a direct consequence of results from [16].

(2) We should prove that the “restriction to K homomorphism”

p:D"(G) - D(K)

is a weak homotopy equivalence.

As noted above, due to [2,15,18], this homomorphism is a locally trivial
fibration whose fiber, DP(G, K), is the group of diffeomorphisms fixed on
K. Since p is surjective, it suffices to show weak contractibility of D'P (QA ,K).

Let C be a neighborhood of K being a union of collars C%® of K in
K, and K;. Then the inclusion D'P(G,C) < D'P(G,K) is a homotopy
equivalence. The proof is similar to the formula (3.1) in the proof of the
case 4) of Theorem 1.4.

On the other hand, D'?(G, C) is homeomorphic to the product

Dlp(é’ CD.S) « DZP(G\, CO.S)

of two copies of Dlp(QA, C"8) being weakly contractible by Remark 3.2.

Hence D' (QA ,O) is weakly contractible as well. Therefore D (é , K) is also
weakly contractible. Theorem 1.5 is completed.
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