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[IpencraBiaenHo pe3yabTaTn IPYMOBOI KitacudiKaIlil OHOTO KJIacy HeJTiHi-
HUX €BOJIIOIIHAX PIBHSIHD TPETHOTO MOPSAAKY, IO AOMYyCKATH YOTUPHOXBHU-
MipHi aarebpu JIi oneparopis cumerpii.

We present results on group classification of one class of third-order nonli-
near evolution equations admitting four-dimensional solvable Lie algebras
of symmetry operators.

The standard Korteweg—de Vries equation u; = ugyz, + uu, belongs

to the family of evolution equations
Ut = Ugae + F(t, T, 0, Uy, U ) (1)
where u = u(t, x), up = %, Uy = %, Upy = %,umx = g%‘.

The problem of group classification of equation (1) was solved by
F. Giingor, V. Lahno and R. Zhdanov [1]. But their result of group
classification is not complete. They obtained all classes of nonlinear equa-
tions of the form (1) that admit one-, two-, three- and four-dimensional
solvable Lie algebras.

Here we investigate the symmetry properties of nonlinear equations
of the form (1) whose invariance algebras are isomorphic to solvable
Lie algebras 2455 = (e1,e3) @ (e3,e4) ([e1,e2] = ea, [e3,e4] = €4), A2 2P
2A; = <61, €2>@<€3>EB<€4> ([61, 62] = 62) and A3 3PA; = <61, €2, €3>@<64>
([62,63] = €1, [61,62] = [61,63] = O)

According to [1] the complete list of such equations contains following
nine equations:

1) Ut = Ugga + ui - SUQ;U;Ew + $_2U$F<W)7
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w = z(uy MUy — Ug);

2) W = Ugae + FywiInfwi| + %F(w), wy = tiug,
w = t%ugjlum7 A ER;

3) Uy = Upge — ATUZ — Mg In Uy | + ue F(w),
W=y gy, \#O;

4)  up = Ugge — (14 )\—1)% + e_a”.l*:’(w)7
w=e"(ugy + Uzy), AFO;

5) U = Ugze — 7 (147 )ug + e(%ﬁ_l)w’tﬁ(w),
w =TT (g —ug,), B #£0;

6) W = Upps —Up +€ "F(W), w=e"(Up+Us);

) Ut = Ugge + uwﬁ(w), W= Ugptiy

8) U = Ugge — (N2 + DA Luy + e T E(w),
w=e" M \uy — Ugs), AF#O0;

9) U = Upgw + A ' — Buy + Fuge), A>0, BeR. (2)

Using the standard Lie approach we prove that the maximal invari-
ance group of equations (1) is generated by the operator

v=1()0 + (372 + p(t)) 0z + n(t, z,u)0y, (3)

where the functions 7, p, n and F are arbitrary solutions of a single
partial differential equation

—3Uzp — TULT — YUy Uy Nyry, — 3uinuuu + 30 — NpaNaw —
= 9z N — Mo Twwu — 3Maaw + 30 — T)F + (2uzeT —
— BUgaty — 3UE 0wy — 6UeTew — 3Nwz) Fu,, + (UeT — Sugpt, —
— 3nz)Fy, —3nF, —37F — (3p+ x7)F, = 0. (4)

Here the dot over a symbol stands for the time derivative.

The equations (2) contain arbitrary functions of one variable. The-
refore we utilize the Lie-Ovsyannikov method [2,3] of group classificati-
on of differential equations. We consider in more detail first and sixth
equations (2).

In first equation (2)

F =13 = 3ugtp, + 12U, F(w), w=x(u, Use — Ug).
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From the equation (4) we find that the functions 7, p, 7 in the opera-
tor (3) and the function F satisfy following system of equations:

x_l[nuu - nu]Fw + 355_1[771“/, - nu]w + 3[77muu - nzu] =0
7z 2 pw — 2, + an]Fw — 227 3pF =

= 3:{1(% = Nzw)W + 3(Nex — Nezu) — %xT - P
[x_anw - ‘r_l’r]:cm]ﬁ‘w - 90—277mF = Naazx — M- (5>

If F is arbitrary function, then from (5) we obtain that corresponding
operator v has following form:

v = (C1t + C2)0; + 5C130, + C3e" 0y + Cy0,

where C1,C5,C3,Cy € R.

The corresponding invariance algebra is isomorphic to solvable Lie
algebra 245.9: €1 = —t0,3x0,, €2 = Oy, €3 = Dy, €4 = €"0,,.

The extension of symmetry properties of first equation (2) takes place
in two cases:

(1) F=x? (A#0,—2) : here
T=0C1t+Co, p=0Cs, n=Cue"+Cs,
C;eR (i=1,2,...,5)
(2) F:f%wQ: here
T=Ci1t+Cy p=Cs, n=Che" 4+ Cse™ "+ Cg,
CieR (i=1,2,...,6).

In sixth equation (2) F = —uw—l—e_xﬁ(w), w=€"(Ug+Ugz), I?ww #£0,
and from the equation (4) we find that the functions 7, p, n, F satisfy
following system of equations:

Nuuwu = 05 (1 = Fio) = Nouu = 03
(7 + 61pu) Flo = —9€ Wiy — 3p — 27 + Mz — Mz
[e” (27 — 30y — 3p — 7)w — 31y — Bue] Fuy +
+ e % (3ny — 37+ 3p + 27)F — 9e T wipy +
+ 31t — 31 — 3Ngzs = 0. (6)



On equations of Korteweg—de Vries type 185

From second equation (6) we obtain the condition
nuquw = 07

consequently 7,, = 0.
From third equation (6) we obtain the condition

(7 + 6Nou) Fuow = 0,
consequently
T4+ 6N =0, —3p—27+ 27 + My — Mgz = 0.
From obtained relations we obtain following values of the functions
T, P, M
T=Cit+Cy, p= %Cﬁt—&- Cs,
n=[-3Ciz+yt)]u+B(t,x), C1,C2,C3€ER.
Fourth equation (6) transforms into following system:
JC1E, = =37+ 304,
[e7 (2C) — 12Cy — 3y — 3C1t — 3C3) w — 38, — 3Bua] Fu +
+e " (=3C1 + 32C1 + 3C1t +3C3 + 3y) F =
= -3¢ "Ciw — 3B; — 3Bz + 3Brca- (7)
From first equation (7) we obtain condition
C1F =0,

consequently C; = 0, v = Cy, C4 € R. Second equation (7) reduces to
equation

[(CS + 04)("} + 61 + 51r]Fw - (CS + 04)F == em(ﬂt + ﬁm - /BI:L"E)7

from which we obtain condition

[(C5 + Co)w + By + Bua) Fuw = 0.

Consequently, C5 + Cy =0, By + Loz = 0, Bt + B2 — Bazer = 0, and the
operator v (3) has following form:

v =C%0; + C30, + (—Cgu + Cs + e“”CG)E)u,
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Cy,C5,Cy4,C5 € R. The corresponding invariance algebra is isomorphic
to solvable Lie algebra Aso @ 2A1: e = 0y — udy, €3 = Oy, €3 = O,
€4 = € 70,.

So we have obtained that sixth equation (2) does not suppose the
extension of symmetry properties. Analogous results we have obtained
for 3, 4, 5 and 8 equations (2). The rest equations (2) suppose the
extensions of symmetry properties. We give these equations with the
corresponding invariance algebras:

1) U = U + U3 — 3Uptps + Mg (u) gy — uz)®, A # 0, -3
(t0; + $205, 01, 0y, €O, Ou);

2) U = Ugge — Suy ul, — 3ud
(t0; + £205, 01, 0y, €Oy €™ " Oy, Ou);

3) U = Ugpr + ANz Fmn |ugy| — Bug, \-m #£0,BER:
<t8t+( x+ BBt)B + [u—l— t()\ T+ 25)\ 1t+m)}8
O + AN"H0y, (x — Bt)Dy, 01, O );

4) U = Ugge + AN — Bug + mluge [P Am #£0,p#0,1,BER:

2p—3 2p—1
(toy + ( T+ Qﬂt) Oy + {3(2_1)u+ 3)‘&_1)1510—1—

+ sx(lﬂ—p) tQ} Ou, O+ A™ 400, (z — Bt)Ou, O, Ou);
5) U = Ugze + A 2 — Bug +me™ = Amn #0,8 €R:
(to, + (32 + 2Bt) 0, + [ u+ g +(—fﬁ)m+

+ 28] 00 0p+ A Dy, (0 — B0, D1, D).
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