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1.

A complete weakly-nonlinear modal system of the Narimanov—Moiseev
type is derived for sloshing in an upright annular tank by using the deri-
vation scheme proposed by the author for a spherical tank. The modal
system couples the two dominant generalised coordinates responsible for
the lowest natural sloshing modes and an infinite set of the second- and
third-order generalised coordinates.

BuBomurhes nmoBHa ciiabo-HesmiHiltHA MoJlaabHa cucTema Tty HapimanoBa-
MoiceeBa, sika OnMCye KOJIMBAHHS PDIIUHU y BEPTUKAJIBLHOMY Oarli Kisibiie-
BOTO Tepepiszy. BukopucroByeThes cxema BUBOY, SKY aBTOP 3aIllPOIIOHYBAB
st cchepuanoro 6aky. MomasibHa cucTteMa TOB’si3ye JiBi JOMIHAHTHI y3a-
raJbHEHI KOOPAWHATH, IO BiAMOBIIAIOTH 3a MEPINi BiIacHl opMu KOIUBa-
HHSI DIINHU, Ta HECKIHIYEHHY MHOXKWHY y3arajJbHEHUX KOODJIWHAT JIPYTOro
Ta TPETHOrO MOPSIIKIB MAJIOCTI.

Introduction

The annular upright tank belongs to the historically-first reservoir shapes
for which weakly-nonlinear modal systems describing liquid sloshing due
to a resonant excitation of the lowest natural sloshing frequencies were
derived. Interested readers can find the state-of-the-art of 1990 and
2015 in [5] and [6], respectively. Derivation of these systems adopts,
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normally, the Narimanov—Moiseev asymptotic relationships between the
sloshing-related generalised coordinates. For axisymmetric basins, the
complete weakly-nonlinear modal system of the Narimanov—Moisev type
should couple two dominant, first-order generalised coordinates governi-
ng the lowest natural sloshing modes amplification and an infinite set of
the second- and third-order sloshing-related generalised coordinates [4].
Getting the complete systems is a rather complicated analytical task. As a
result, those exist only for the upright circular cylindrical [3] and spherical
[2] tanks. The existing Narimanov—Moiseev modal systems for the upright
annular tank are almost fully represented by the five-dimensional (three
generalised coordinates of the second order) system by Lukovsky [5, 6]
and the fourteen-dimensional (six generalised coordinates of the second
and third-order, respectively) system by Takahara & Kimura [9]. Using
the analytical procedure from [2], the present paper derives the complete
infinite-dimensional weakly-nonlinear Narimanov—Moiseev modal system
for this tank shape. The hydrodynamic coefficients of this system are vali-
dated by comparing them with those by Lukovsky [5,6].

2. Natural sloshing modes and frequencies
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Fig. 1. Dimensional and nondimensional sketches of the mean liquid domain
Qo in an upright annular tank. The nondimensional mean liquid depth is h,
the internal radius equals to r1 and the external radius is equal to the unit.
The mean free surface is Yo, the wetted inner and external walls are Sp; and
Soe, respectively, but Spp is the bottom. The corresponding boundaries in the
meridional cross-section are denoted by the L. symbols.

The nonlinear multimodal method involves the analytically—found
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natural sloshing modes associated with eigenfunctions of the spectral
boundary problem

g—z =0on Soe, SOi7 Sob, % = Ky on 20 (1)
in notations of fig. 1. The geometric parameters are normalised by the
larger radius 7. The To-scaled spectral boundary problem (1) has the
analytical solution [1,6] which is obtained by using separation of spatial
variables in the cylindrical coordinate system

VZp =0 in Qo,

QDMZ'(T,Z,H) = RMl(T‘) ZMl(Z)SIOnS%g, M= 0,...; 1= 1,..., (2)

where
I (karir) Yar(kasir)

Rari(r) = ang det Ty (kar) Yag(kars) | (%)
~ cosh(kni(z + h))
Zni(z) = cosh(kazih) )

Here, Jps(-) and Ys(+) are the Bessel functions of the first and second
kinds, respectively, the radial wave numbers kjs; are computed from the
equations R ,(r1) = 0, and the normalising multipliers avps; follow from
the orthogonality condition [1]

1
/\(Mi)(Mj) :/ TRMi(T‘)RMj(T)dTZ(Sij, i,j=1,..., (4)
r1
where §;; is the Kronecker delta. The wave numbers and multipliers can
be found analytically, by using the Bessel function algebra, or numerically.
The spectral parameter xj;; and the natural sloshing frequencies o,;; are

kari = kari tanh(karih), o3 = ki §/T2 = K g, (5)

where g is the gravity acceleration.
The limit case . = 0 (circular cylindrical tank) implies replacing (3a)
with R = aniJa (kar) but other formulas remain the same.

3. The Stokes—Joukowski potentials

The linearised Stokes—Joukowski potentials Qo;(r, z,0), ¢ = 1,2,3 are
harmonic functions satisfying the Neumann boundary conditions [1,
Sect. 5.4.4]:

8901 8902

5 —(zn, —1ny)sind, o Hlog

on

0 (6)

= (zn, —rny) cosb,
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Fig. 2. The liquid volume evolution Q(¢) with the free surface X(¢) and the
wetted tank surface S(t) are considered in the tank-fixed coordinate system
Oxyz whose coordinate plane Oxy coincides with the mean free surface Yo
but Oz is the symmetry axis. Small-magnitude tank motions are governed by
the generalised coordinates 71 (t) (surge), na(t) (roll), n2(t) (sway), and ns(t)
(pitch). The heave and yaw motions are not considered.

on Yo, Soi, Soe, and Spp (see, notations in fig. 1). This implies Qg1 =
—F(r,z)sinf, Qo2 = F(r,z)cosf, Qo3 =0, where

= sinh(kp, (2 + 2))
F ) = + nR n 2 9 7
R s (72
2 1
cp=——~P,, P,= / " Rin (r)dr. (7b)
kl’ﬂ T1

Again, ¢, can be computed in both analytical and numerical ways.

4. Statement of the problem

We consider sloshing in an upright annular rigid tank performing small-
magnitude sway, surge, roll, and pitch motions (heave and yaw are not
considered) which are described by the generalised coordinates n;(t) =
O(e) < 1,4 = 1,2,4,5 responsible for the tank-fixed coordinate system
motions. The geometric notations are given in fig. 2. An inviscid contai-
ned liquid with irrotational flows is assumed. The surface patterns X(t)
are governed by z = ((r,0,t) and the sloshing flows are defined by
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velocity potential ®(r, 0, z,t); the both unknowns are given in the tank-
fixed, Oxyz-equivalent cylindrical coordinate system. The unknowns (
and ® should be found from the corresponding free-surface problem
or, alternatively, from a variational principle (see, [1,6] and references
therein). Furthermore, the modal solution is used (the natural sloshing
modes (2) and their projections on ¥ constitute a Fourier basis):

I,,I,. Iy, I
¢(r, 2,0) Z Razi(r) cos(M6) pari(t) +Z Romi(r) cos(mb) rm;i(t), (8a)

O(r,0,z,t) = (t ) r o8 O+1)2(t) 7 sin 0+ F (r, 2)[—n4(¢) sin 0+ () cos 6]

ZRMl ) Zasi(2) cos(M8) Pgi(t)

+ZRM Zni(2) sin(mb) Rpi(t), I, I, — oo (8b)

(henceforth, the capital summation letter implies the change from zero to
I, but the lower case indices mean the change from one to either I, or I,.)
which introduces the sloshing-related nondimenional generalised coordi-
nates O(e) < pari(t), rmi(t) and velocities O(e) < Pri(t), Rmi(t). The
o(€)-quantities associated with the nonlinear Stokes—Joukowski potential
are omitted so that (8b) linearly depends on 7;(t) as in the linear sloshing
theories (see, details in [1, Ch. 7 and 5]).

Using the Bateman—Luke variational principle, the books [1,5,6] derive
the fully-nonlinear modal system with respect to the generalised coordi-
nates and velocities. For axisymmetric tanks, the modal system can be
rewritten [2] in the form

IG/)IT IO/7I'I IG/7I’I
0AY
Ab -

0AY, .
Z pMn Z or om Tmn - Z A Ab)(Mn)

dp
Mon PMn

Z AT vty B (92)
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I T
a ab
S ot 3 = 3 P
Mn
Io,1,-
+ ) ATy Bonms A=0,...5 ab=1,...; I,I. =00 (9b)

m,n

(the kinematic subsystem) and

Y BAT L ol 0AM
M,n PA m,n MLk PAb
ol aAPJTw ), (k) )
n — W Py L S A
+ g Tpas ndk + g OPns Ry Bk + gAaa, pap
Ml,nk ml nk
+ (71 — gns — Spijs)A1a, Py =0, (10a)
8A’jw M, L 04
"P n — Pryin P,
Mn + Z 37“ab 2 Z 37“ab MnL Lk
Mn MLn
Io,I pr Io.I
T A T 0A
(Mn),( lk) (mn)(lk)
P - 5 41imn Aaa a
+ E Oras le—l— E Orap Ry Rig + g\ aarab
Nl,nk ml nk
+ (fi2 + gna + Spija)A1a, Py =0, A=0,...5a,b=1,..., (10b)

(the dynamic subsystem), I,,I. — oo, where the comma between the
indices pairs, alike (Ab), (Mn), means that the pairs do not commutate;
coefficients P, are defined in (7b),

Sy =2k, tanh(kip2), (11)

and the A-tensor is introduced in section 10. The modal system (9),
(10) contains the following nonlinear functions of the sloshing-related
generalised coordinates

APP

1w
CAby (M) //r cos Af cos M6 Q(il)b)(M j+sin A6 sin M0 g((i)b)(Mn)} dfdr,

ab)(mn)—/ / s1n af sinmb Q( ny 1 cosaf cosmf G ab)(mn)] dedr,
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: _ . M : 2)
AP o= / / r [cos A0 sinmf Gy .~ sin Af cosmf G, (mn)} dodr,

T —

1 =«
ALy, = / / rcos(A) G dddr, An, = / / rsin(af) G dodr, (12)
Ty —T

where
¢
o) COSh(kAb (Z + h))d =R I(O)
Gap = Ra(r )/h cos(hn) 7 = Rav() Iy,
g((zlél)b)(Mn): Rap (M Rsn (r)I&)b)(Mn)—i- Rav(r)Rarn (T)kAbanI((i)b)(Mn)’
Gy army = AM T Ran(r)Roin (1) Iy a1 (13)
I(l) /C COSh(kAb(Z + h)) OSh(an(Z + h)) ds
(Ab)(Mn) = h cosh(kaph) cosh(karnn) ’ (14)
() ¢ sinh(kap(z + h)) sinh(karn(z + h))
LAy (imy = dz.
h cosh(kaph) cosh(kprnn)

5. Adaptive third-order modal equations

The general adaptive intermodal ordering suggests that all sloshing-
related generalised coordinates and velocities in (8) are of the same order
O(e'/3). The aim is to derive a weakly-nonlinear infinite-dimensional
modal system coupling the sloshing-related generalised coordinates wi-
thout the generalised velocities. Derivation consists of the following five
steps [2].

The first step suggests the Taylor expansion by ¢ of I ((Sx)b) ) ((i)b) (Mn)?
and I((A)b)(Mn) by (13) and (14). By definition, ¢ = O(e'/3). Analysis

shows that I (( A)b) should be expanded up to the third order but I ((i‘)b)( Mn)

and [ ((Z)b) (Mn) require expansion up to the second order, i.e.

I((Sx)b) = k;; tanh(kaph) + ¢ + %/{Ab@ + %kibcg +..., (15a)
I((ix)b)(Mn) =O0(1) + ¢+ $(kav + kam)C + .., (15b)
I((Z)b)(Mn) O(1) + kavknrnC + 5 (Kapknrn + ki ran)C? + ... (15¢)
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Inserting (15b) and (15¢) into (13) gives

g((,lax)b)(Mn) = O(1) + (RlapRirn + RavRarnk apkinen) €
+ 5 [(kab + £arn) Ry Ry + RasRaun (k3pknen + kipnkan)lC?,  (16a)

g((i)b)(Mn) = O0(1) +r?AMRAyRn ¢
+ 2r2AM (Kb + Enn)RasRan (2. (16b)

By the second step, A%, and A", should be expanded up to O(e) in
terms to the sloshing-related generalised coordinates. For this purpose,
(8a) is inserted into expressions of (15a) and, thereafter, substituted into
the corresponding formulas of (12). This gives

IG/)I’V‘
Aib =Aaapar+ % Z XZ()]Z\)/[i)(Nj)7(Ab)pMipNj
MN,ij
IO/)I’V‘ IO/)I’V‘
1 1 ppp
+ 2 Z Xf;n)(nj)’(Ab)TmiTnj + 3 Z X(Mi)(Nj)(Kl)7(Ab)pMipijKl
mn,ij MN K ijl
IO/7I’I"
+ D X, s, (anPMiTnTr, - (172)
Mnk,ijl
IO/)I’V‘ IG/)I’V‘
A=t ST B o .
ab = faaTab X3, (ng) (ab) PMITnTTZ 2 X(ma) (n) (kD) (ab) " miTn Tl
Mn,ij mnk,ijl
IO/)I’V‘
+ Z X?ﬂi)(Nj))(kl)7(ab)pMipNj'f'kl7 Iy, I — oo, (17b)
MNk,ijl

where

X?ﬂi)(Nj),(Ab) = KAbAAMN A(Ab)(Mi)(Nj) >
X(Mi)(nj),(Ab) = KANAmnA(Ab)(mi)(ng)

2
XOoy (N ) (K1), (b)) = 3RABNAMNEAab) (01 (V) (51)

T 2
X;(DMi),(nj)(kl),(Ab) = 5k A AM kA (ab) (i) () (k1)
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Xf&i)y(m) (ab) = KabAM,anA(01i) () (ab)
Xy () (k) (ab) = 5Kab N amnkAmi)(ng) (k1) (ab) s
Xty (N 7). (k1) (ab) = 3 RabAMN akAM ) (N ) (ki) (ab)

with notations from section 10. The partial derivatives of (17) by the
generalised coordinates take the form

9AR, ol Lo.Ir
Fon, = AAD,5bj»+Z X:(D&i)(Df)’(Ab)pMi‘F Z X](Dgpf)(Nj)(Kz),(Ab)pijKl
o M, NK,jl
+ Z X(D £, (ng) (ki) (Ab) Tna Tkt (18a)
nk,jl
0A%, &N Lo,
Ab
8Tdf Z X(mz)(df (Ab)T'mi + 2]\/[2 X Mz ), (n7)(df) (Ab)pMﬂ'n], (18b)
n,ij
Io I, I,
0A7,
0 - Z (Df) (ng).(ab) i F 2 Z X(Mz)(Dj) (ng),(abyPMiTns> (18¢)
PDy n.J Mn,ij
0A" I, Iy I I,
8r;fb = Aaados + Z X( Ml ),(df),(ab)PMi T Z (m3) (ng)(df),(ab) TmiTnj
M1 mn,ij
IG/)I’V‘
+ Z X(03) (N ). (df ) (abyPMiPNGs Lay Ip — 00, (18d)
MN,ij

The third step should lead to analogous expressions for
A?flb)(Mn)’Ang)(mn) and Al(jzb))(mn) but up to the second-order terms,

O(€%/?). The O(1)-order term can be taken from the linear modal theory.
The result is
I, I,
Ay aimy = DartBonriar + D T 4 (aimy P
K.l

Io,Ir Io,Ir

+ > TG oy, (an (armPrIPC + Z ) ey (avyarmyTHiTeds - (192)
KC,ld ke,ld
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Io,1,-
Alab)(mn) = N amObntiab + Z II031) (ab) (mm) P
K.l

Io, Io, Iy
+ Z L2 (), (ab) (mn) PEIPCd + Z LI (e (ab) (mmy TR eds (19D)
KC,ld ke,ld
Io I, Io, Iy
Ay (m Z Wy, v, (mn)rkl"‘z 051 (cd), (Ab), (mmn)PETed, (19¢)
Ke,ld
where
5 (11) (12)
H:(Dlgl),(Ab)(Mn) Aamk, G(Ab Y(Mn), (K1) + Ak AMG(Ab Y(Mn),(KL)*
p _ (11) (12)
H(Kz),(ab)(mn) - AKvamG(ab)(mn) (K1) + Aamk, G(ab Y(mn), (K1)
r _ (11)
W0y by () = Bk G at) uny. iy~ Ao A6 i amy

: _ (22)
II2E a0y iy =R AME G aty aimy, (it CaTPAK CAMC hty a1y ()

rr _ (21) (22)
H:(Dkl)(cd),(Ab)(Mn) = AAkacG(Ab)(Mn),(kl)(cd) + AvAMkcG(Ab)(Mn),(kl)(cd)’

T,pp _ (21) (22)
H(Kl)(Cd),(ab)(mn)_AKcvamG(ab)(mn) (Kl)(Cd)+AKcava(ab)(mn) (K1)(Cd)’

7T _ (21) (22)
H(kz)(cd),(ab)(mn) - AvakaG(ab)(mn) (kl)(cd) + Aam kcG(ab)(mn) (kl)(cd)>
pr _ (2 _ (22) .
H(Kl) (cd),(Ab), (mn)_2[AAKvaG(Ab)(mn),(Kl)(cd) AKmxACG(Ab)(mn),(Kl)(cd)]7
(11)
G Ab)(Mn), (K1) — )‘(Ab)(Mn) (k1 T K AbKMnA(Ab)(Mn) (K1) »

(
a12 — AMX
(Ab)(Mn),(K1) (Ab)(Mn)(K1)
(21
(

G Cavy(Mn) (K1) (Cd) = = 31(Kab + Kan) N ap) (vin), (k1) (Ca)

+ (KApkarn + ki ki Ab) A ab) (Mn) (K1) (Cd) )5
(22) _ 3
G vy (vmy (k1) 0y = 3AM (Kay + Karn) A av) () (K1) (Ca) -

The partial derivatives of (19) by the generalised coordinates are

6A1()Zb)(cd) ol

— TTP:P

Ope; (Ef),(av)(cd) T2 ; TS ). cancaypris (202)
oA

T (Ab)(Cd)
Oreg =2 Z H(mZ)(ef) (Ab)(Cd)Tmis (20Db)
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M%Z;C@ =5, (ab) () +2 f%f: Wiy ) (avyeaPrris (20¢)
aAéide) =2 ZI: MWmiyes).ab) ety i (20d)
8Aai2;6d Z T 1), (n3),(A6) (ed) T3 (20e)

%b:f@d) = ey an ) + IZI: Mt o), vy eayparis (200)

By the fourth step, the klnematlc equations (9) should be resolved
with respect to the generalised velocities Pap and R, by postulating

Iavlr‘ Ia7lr
Pay = —PAb+Z (vt () (ADPMPNF D Vi) tng) (A TmiTns
MN,ij mn,ij
IG)IT IQ,IT
v 35 v D DA
),(NJ),(K1),(Ab) PMiPN DK Mi), (nj),(kl),(Ab)yPMiTnj Tkl
MN K ,ijl Mnk,ijl
IO/7I’I"
+ Z Vi (i), (i), (Ab) TniPMiTkt,  (21a)
Mnk,ijl
) I..I, I,I,
Ry = —7ap+ D Vi iy (anyPMiTni T D Vil (i cany i i
ab Mn,ij Mn,ij
Io,1,- Io,1,-
+ Z Vimi), (n), (k1) (ab) TmiTn Tkt + Z Vi) (ati), (N ) (ab) TRIPMiPN
mnk,ijl MNE,ijl

+ Z V;D;DT ),(N7),(kl), (ab)pMipNkala (21b)
MNEk,ijl

substituting (21) into the kinematic subsystem (9), and matching the
similar quantities. The procedure derives the V-coefficients as

‘24
1 (N ) any (ari)

pp _
Aanriag | XD, (Ab) Foas =

PP _
Viarsy, (), (an) =
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rr 1 r M), (a0),(mi)
Vi, i) (a0 = 3 [Xw)(mi),(Ab) i
e S S T3, b))
(nd),(Mi),(ab) = N | X (M), (ng).(ab) Fing ’
r 1 v (). (M), (ab)
P = P _ (), (M7),(ad)
Viatiy,(n).ab) = T {Xwi),(m‘)«ab) P ’
p,pp
Lop R S _ Hvp o, can i
(M), (N3),(KD,(A0) = e | XMa (V) (KD, (AD) .
1,1, 1
Pp p,p . prr —
- ; Viara, v ca iy, caneca |+ Vi, o), 0,040 = 300

H p,rT ) Ig,I,
prr (ng) (kl),(Ab) (M) pr r
B RO R e — ‘Z"(Mz) () (edy (kD). (40) (e |

c,d

L) k), (ab) (mi)

Rmg

V 1 rrr
() (n), (0, (a6) = | X(n) (1) (mi) (ab)

IG7I’I" 1

rr r . PP —
= 2 Vi oo Wiy ccm o | 5 Vi .o an) = G
C,d

ppr ( N;) (ab)(kl)
XN X (M) (N ), (kD) (ab) — _Z Vi, o ey LN ) (ab), ey |

e B S P 10, (k). (i o)
(01, (N 3), (k) (a0) = T | 2X (i) (V) (k). (o) P
Ia 71'1" Ia 71'1"

- ZV ),(N§),(Cd) 1_I(kl) (Cd),(ad) Z (Ml) (K1), (cd) ZNj)v(ab)(cd) ’

pr
v _ 1 prr Maro, k1) (A ()
(m3), (M), (1), (Ab) =

1 gy .
Aaakas X(i), (kL) (ng),(Ab) — o
I I,

- Z V(ng ), (KL), (Cd)H(Mz) (Ab)(Cd) — Z (nj M) cd)szl)y(Ab)ﬂ(cd)
C,d
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By the fifth step, expressions (18), (20) and (21) are substituted into
the dynamic equations (10). Excluding the o(e)-terms gives the required
adaptive weakly-nonlinear modal equations

Io, 1, Io 1 I, Iy
Ef) (Ef
Z Pui | Onmdiy + Z Ay s+ D2 AR R P
NK,jl
Io, 1, Io,Ir
prr,(Ef rr,(Ef) Ef)
+ Zd M) n_]) (kl)rn]rkl +Z rmlr"] d(mz) n])+z d mz) (nj), (Kl)pKl
nk,jl mn,ij N
Io,1- Io,Iy
S pp,(Ef) ppp,(Ef) 2
+ Z PMiPNj t(Mz) (N3) + Z t(Mz) (N7),(K1)PKL + OgfPES
MN,ij
I.,1, Io,Ir
prr,(Ef) . . £ L(Ef) rrp,(Ef)
+ D Eariy (o) Gy DM TR+ D it | i) <m>+Zt<mz> (), (KDPKI
Mnk,ijl mn,ij

= _(771 —gns — Sbﬁ5)61El€1f va E = 07 .. '7Ia; f = 17 .. '7I7‘7 (223)

I1o,1, Io,Ir
. pr,( prp,(ef)
>~ Barirng [T+ E: Ay (ng), (KPR
Mn,ij

+ Z Tmz 5meéz] + Z dTZEEfEVJ)pN] + Z dzf;pz) e({vj Kl)pijKl
NK,jl

rrr,(ef) 2
+ Z Dy, (g, (k1) Tmd TR |+ OcpTe

nk,jl

. . rp,(ef)
+ Z PMiTnj (MZ) (na + Z t](ozxff)z) (ng),(Kx1)PKI

Mn,ij
I,,I, Io,I
ppr,(ef) rrr,(ef)
D N PMIDNGTRL D G P
MNEk,ijl

mnk,ijl

_(ﬁ2+9774+5bﬁ4)51e51,fp,f§ €= 17"'7Ia; f = 17"'7IT7 (22b)

where the natural sloshing frequencies oy are defined by (5), Py comes
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from (7b), and

pp
X(N) (Ef),(Mi)

ApeViity.(vi).ep) o !

dpp J(Ef) KREf
(M), (Nj) = N

ppp
X(Ef)(NH) (K1), (M)
Mi),(Nj),(K),(Ef) P

dppp J(Ef) KESF

O (N = 3 | MEEV

Ia7lr
NG i
(1), (N7).(Ab) X(K1)(E£),(Ab) |

prr

X(EF),(ng) (k0).(Mi)
KM

arrE
Mi),(nj), (k) — AE

AeeVir mi.o0.en T

IG7I’I"
pr
ZV M), (ng).(ab) X E ). (kD) (ab) |

g BN FEp

(m).(n3) = A pm

X(E£)(nj).(mi)
,(ng),(mz
ABEV(miy, (ng)(5p) + 7] :

Kmgi

ppr
ZX(K1)(E£).(nj).(mi)

rrp,(Ef) REf rpr
(i) (KD = R | MV, (0. (mi) () "
1,1, Ia, Iy
D Vi (k0,0 X (), oy + D Vi o can Xy can |
ab Ab
. er . )
o (Ef) ApgVPP. (Ef),(Mi)(Nj) 7
(M3i),(Nj) AEE (Mi),(N37),(Ef) 2I{M’L'K:Nj
mPre
1pppy(Ef) A V (KD)(Ef),(Mi)(Nj)
(M), (N3), (K1) = AEE 2BV (). (k1) (E) KRN
= = Wiy araan
? pp
; (M), (V). (b X (K1) () (an) T Z wars V)LD (40) |
rr(Bf) _ KBS

(Bf),(mi) (n)
ABEVini) i), T 7] ;

2Hmi/§nj

(mi)() = App
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T72P o
rrp,(Ef) KEf rpr (KD)(Ef),(mi)(nj)
Fomi) (). () = R | VBB Vi) oty ) () Komifing
- = M, (miaty
m)(a rp
+ Z Vima),(nj), (Ab)X(Kl)(Ef ),(Ab) T Z Tv(na) (K1),(ab) |
Ab a,b
| N
prr,(Ef) _ KBy \7PrT (Ef),(kl),(M3i)(nj)
by, ). ) = J o [MEEV 0, (), ). (B) F KtiFing

IG/)IT
7o pr r,p
+ zb: (‘/(Mi),w),(ab) X(Bp), (k) ab) T o V( )(kl)7(ab)H(Ef)7(ab)(nj))

Ig,I, HP;P

Ef) (Mi)(Ab)
+ Z ——— Vg, (i), (av) |

prief) _ Kef pr X (1), (ef),(Mi)
dori i) = 1, {A eViiymien T T s }

dprzn(ef) __ Rer

Kt |y ymr L XD, i) e (1)
(M), (). (KD ~ X,

(M), (K1), (ng) (e ) Iy

1,1 Io, 1y

pr
+Z iy k0, Xomd) e, (ab) T D Vit md),ab) XCKD) (e ) (at) |
a,b

rp,(ef)  _ Fef

(i (v3) = K, | BeeVimiy.vi.(en) T

pr
(Nj)7(ef)7(mi)]

Kmgi

ppr
rpp,(ef) _ Kes X(NH) (K1), (ef),(mi)

Kef rpp
(). (N0 = F | e Vimi) v, ey e T Py
Io,I,
rp pr
+ Xbi Vimi), (), (ab) X (K1), (e ) (ab) | >

drrr,(ef)

Feg X(n) (k1) (e), (mi)
(mi), (n), (k) = R, [Aee‘/(mn,(nj),(kz),(ef) +

Rmg
IG/)I’V‘

) Vi an X(inen.can |
Ab
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grieh) _ Zef [A ver H?emm),(nj)]
(i), (n) = A (Mi), (), (e) pry—
proy(ef) _ e {4 pre k) (), (M) ()
iy (i) (i) = | eV i (i) o) v
= = Vit (a)
(nj a r
Z (1, () X0 (at) T D~ ) (ari ot
a,b
I, IT
n Mz ), (K1), (Ab) _
—EEEREI ) 4y o) |
Ab ™
p,rT
e Fef [y Wkt e, (i o)
(M), (N3), () = A (M), (N3), (1) (e ) Ry
1,1, Ig,I, ( ) (ab)
N] (kl),(ab
+ZV<Mz> (). (A6 X (kD ), Ab>+Z rar e (i) (ab) |
a,b
grned) _Ref |y e e omi) )
(mi), (), (k1) = R | PheeVimani). (ki) en) it
= = Vim0, (40
+ZV<W> (na): (A0 X(k) (e).(4) T Z g e, (b)) |

V(Mi>,<Nj>,<Kl>,<Ab> = V(Mw,(zvj),(mx(Ab) + Vit (0. (v ) by

[/ prr _ysprr prr rpr
Vit (n), (k) (A6y= V(M) (n) (k1) (4B TV (M), (k1) (), (AT Y (), (M), k1), (AbY

pr pr

Vit (ab) = Vitoy may(avy T Viun (ot (aty:

Viomi) (nd). (k) (ab) = Vimi).(ng),(k1).(ab) T Vi) (kD). (ng).(ab)
VT

PP TpPp ppr
(k1),(Mi),(N3), (ab)_V(le(MiL(Nj),(ab)+ (kl),(Nj)7(Mi)7(ab)+V(Mi),(Nj)7(kl),(ab)'

The formulas suggest finite I, and I but adopting the limit I,, I, —
oo gives the inifinite-dimensional system (22) where computing the
hydrodynamic coefficients implies an infinite inner summation.

6. The Narimanov—Moiseev modal equations

Assuming (a) the O(e)-order small-amplitude harmonic excitations with
the forcing frequency o close to the lowest natural sloshing frequency
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(here, /gr11), (b) there are no secondary resonances and other small
nondimensional parameters, e.g., shallow liquid depth, Moiseev [7]
(i) showed that the dominant sloshing response is then of the order
O(€e'/3) contributed, exclusively, by the primary excited lowest modes
(here, the two generalised coordinates p;; and ri1) and (i) derived a
necessary (secular) condition of the steady-state (time-periodic) solution
to exist. Similar intermodal relations were postulated by Narimanov [8].
For the axisymmetric tanks, due to the trigonometric algebra with respect
to the angular coordinate, the Narimanov-Moiseev intermodal relations
deduce the following ordering for the generalised coordinates

pii~ 711 = O(eY3), poj ~ paj ~ 195 = O(e2/3),

T1G41) ~ PiG41) ~ P35 ~ 135 =0(€), j=1,2,..., (23)
but the other generalised coordinates ry; ~ p = o(e), kK > 4 and,
therefore, these can be neglected in the Narimanov—Moiseev asymptotic
scheme. The latter means that I, = 3 but I, may vary from 1 to infinity.

Using (23) and neglecting the o(e)-terms, tedious but straightforward
derivations reduce (22) to the complete Narimanov-Moseev modal system

P11+ ofpin + dipnn (Bupn + Fuara + Py + 1)

+ do [r11(P117m11 — F11p11) + 2711 (P1ar11 — F11p11))
I,
+ Z {déj)(ﬁupzj + F11725 + PriPe; + T11r25) + dflj)(ﬁ2jp11 + T9711)
-

J
—i—déj) (P11poj + P11poj) + dé‘j)ﬁojpll] = —(ij2 + gma + Spila) k11 P1,  (24a)

P11+ otyrn + dir [Pupn + farn + P+

+ dg [p11(F11p11 — P11711) + 2011 (F11p11 — P1a7r11)]
I,
+ Z [dé” (Pr17r2j — F11p25 + P1172j — D2ji11) + dff)(%jpu — P2jT11)
J=1

+d§,j) (f11p0j + T11P0j) + déj)ﬁoﬂu} = —(fj2 + gna + Spija) k11 P1;  (24Db)

Dok + ngp% + d7,k(lﬁ1 - 7;%1) + do k(Pr1p11 — F11m11) = 0, (25a)
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For, + o3 Tek + 2d7 kp11711 + do k(Pr1r11 + F11p11) = 0, (25Db)
Pok + ogkpok + ds, k(P + 711) + drok(Prip11 + F1ar1n) = 05 (25c¢)

Psk + 03,3k + dink [Pra(p — i) — 2puiriiii
I
+ dig g [pn (97 — 711) — 2rupuin] + Z [d%{k(ﬁupzj — 1172;)
=1

+ dgi),k(ijszu — F9;711) +d%)7k(l'72jl'711 - 7*2;'7'”11)} =0, (26a)

P+ 05,rak +dink [F1(py — ) + 2purpu] +dizk [r (B, — 75))
I
+2puip1iri] + Z {dgjg,{k(]allr2j + F11p2;) + dﬁ),k(ﬁzjm + 725p11)
=1

+dg),k(l32j7'”11 + 7*2;‘1'711)} =0, k=1,....1; (26b)

Bin + 01npin + disn (F1191) + rupniin) + dizg(Buarty — rupnii)
+ disnp11 (P11 + 7)) + dio n (r1ipratn — puardy)
I
+ Z [dgjo)ﬂl(p.Hp?j + 11r25) + déjl),n(pllpéj + r1179;5)
j=1
55 (D112 + T11725) + dgb P11P0; + dsy nP11P0j + dsh P11Po0;
= — (71 — gn5 — SvTis)kin Pn, (27a)

Fin + 05071 + dien(F1171 + r11p11pi1) + dizn(F11p — riipibin)
+ dis o711 (P + 71) + dign (Pr1P11711 — T11D3)
I,
+ Z [dgjo),n(ﬁllwg* — F11p2j) + déﬂ),n(]?uf‘zj — 11P25)
j=1

+déjé),n(2511f2j — 711P25) + d%),nfupw + déi),nﬁlﬁm + déjf))nr 11P0j
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= —(il2 + gm + Spiia)k1n P, n=2,.., 1., (27b)
where the hydrodynamic coefficients are computed by the formulas

dy — ppp,(11) _drrr,(ll) _tppp,(ll) _trrr,(ll)
1= %an,an),a1) — “au),a1),a1) — “@a1),a1),(11) — “(11),(11),(11)?

o rr,(11) _ grpp,(11) o rr,(11) o rp,(11)
dy = dl(ju),(u),(u) = d(ff),(u),(u) = %tl()u),(n),(u) = %tz()f),(u),(u)v
_ grrp,(11) o rp,(11)
dy —dy = d(1f),(11),(11) - d](o1f),(11),(11)=
_ ,rrp,(11) o r,(11)
dy —2dy = t(1f),(11),(11) - t?fl),(ll),(ll)’
() _ gpop,(11) __ rr,(11)  _ gpr(11) rp,(11) _ ,pr,(11) _  ,pr,(11)
d3”= di1) 5= ), 2= Ay, 2= ~4an),en= tan.e) = “te).an
__4pp,(11) pp,(11)  _ ,rr(11) rr,(11)
= tan,ep Tlei.an = tan.e) 1 ien.an
) _ gpp,(11)  _ grr(11) pr,(11)  _ rp,(11)
di” = dejy 1) = diaj) 1) = ~d25) 1) = dj) 1)
() _ yop,(11)  _ rp,(11) _ Lpr,(11) _ ,pp,(11) pp,(11)
d5” = d11),05) = Fa1),005) = tog).an = Log),an) )05
G) _ pp,(11) ey (11) L (2K)  rr(2k) 1 ,pri(2k)
dg” = dfg;) iy = Ao,y drk = 100, an) = ~Han,an) = 380,01
o ,(0k) 7, (0k) o ,(0k) _ rr,(Ok)
ds.c = tl(jfl),(n) = t(11),(11)’ diok = dz()ﬂ),(u) = d(11),(11)7
o ,(2k) rr,(2k) r,(2k) _ rp,(2k)
do ) = dz()ﬁ),(n) = _d(n),(n) = dz()n),(n) = d(fl),(ll)’
_ ,(3k) _ rrr,(3k) _ rrp,(3k)
i1k = ](fo),(u),(u) - _d(11),(11),(11) - _%d(lf),(ll),(ll)’
d _ tppp>(3k) _ _tTTp7(3k) _ _ltp"‘n(gk) _ tppT>(3k)
12,k = Y(11),(11),(11) — (11),(11),(11) — ~ 2%1),(11),(11) — “(11),(11),(11)
o _trrr,(3k:) o ltprp,(Sk)
(11),(11),(11) — 27(11),(11),(11)>
) _ pp,(3k) rr,(3k) 4o, (3k)  _ grp,(3k)
iz = Ay 25 = ~dan, @ = dan.en = dan.eiy
d9)  — gppBE) e (Bk) - gpr(3K) o, (3K)
14,k (27),(11) (27),(11) (27),(11) (29),(11)°
(J)  _ ,pp,(3K) pp,(3k) o (3k) rr,(3k) _ ,pr,(3k) __ pr,(3k)
dis =), 2) T ). = ~tanyey ~ fep.an = tan.e) = tep.an
o ,(1n) _ grrr(1n) o rr,(1n) _ grpp,(1n)
d16,n —d](off),(u),(u)— d(11),(11),(11)= di7n = ](011),(11),(11)— d(ff),(u),(u)v

o ,(In) __,rrr,(1n) _,prr,(1n) __,prp,(1n)
dign = tz()ff),(u),(u) - t(11),(11),(11)7 dign = tz()11),(11),(11) - tz()1f),(11),(11)7
_ grrp,(1n) — gprp,(1n)
dig,n — di7,n = d(1f),(11),(11) - d](o1f),(11),(11)=

__,rrp,(1n) o r,(1n)
dign — dign = t(1f),(11),(11) - tz()fl),(u),(u)v

(4) _ gep,(In) _ grr(In)  _ pr(ln) rp,(1n)
50, = d11) (25 = Da1).c2) = Dan),z) =~y 29y
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G) _ pp(in) _ pn(n) _ pr(n)  _ rpy(in
31, = daj) 11y = D), (1) = ~D2j),1) = D2z, (11

(J) _ 4pp,(1n) pp,(In) _ ,rr,(1n) rr,(In)  _ Lpr(In) L pr,(1n)
d32.n = L10), (20 T E29),01) = L),z T i), = Lany, e = e,
@) _ gep,(In)  _ grp,(In) . 4()  _ pp,(In)  _ spr.(1n)

d33.0 = d(11),05) = 41,00 B3an = Dioj).(10) = L05), (11

A = I i i)

One should remember that the computational formulas for the
hydrodynamic coefficients require, generally speaking, I, = 3 (the speci-
al case I, = 2 can be considered as an exception [6] eliminating
the differential equations (26) and (27)). Another nonnegative integer
I, determines the number of differential equations in (25)—(27), the
summation limit in both the formulas for the hydrodynamic coeffici-
ents and the differential equations (24), (26) and (27). The complete
Narimanov—Moiseev system implies the limit I, — oo.

Specific equalities between the d and t-tensors are due to the tri-
gonometric algebra by the angular coordinate which are associated with
the A-tensors by (31). The A-tensors by (32) do not provide any smart
properties and, therefore, should be found numerically.

7. The quality control (validation)

The Narimanov—Moiseev modal equations for comparisons can be found
in [9] and [5,6]. Whereas [9] does not present numerical values of the
hydrodynamic coefficients, Lukovsky [5,6] computed and tabled them for
a broad set of r; and h. These coefficients will be used for validation of
the derived Narimanov—Moiseev modal equations (24), (25).

Lukovsky [5,6] derived the modal equation, in our notations, for I, =
2, I. = 1 adopting the following approximate truncated modal solution

(r,2,0) = R%ir)po(t) + R;éfr) [p1(t) cos @ + 71 (t) sin 6]
+ R%ir) [p2(t) cos20 + ro(t)sin20], R; =R (1), i=0,1,2 (28)

(together with an analogous five-term approximation of the velocity
potential) which implies the link between (28) and (8a) expressed by
pi(t) = Ripi1(t). The five-dimensional modal system by Lukovsky takes
the form [6, Eqs. (4.1.15)—(4.1.19)]
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Fig. 3. The hydrodynamic coefficient of the Narimanov—Moiseev modal system
within the framework of Lukovsky’s [5, 6] five-dimensional approximation
(I« = 2,1, = 1 in our computational formulas) versus the nondimensional
liquid depth h. The circular cross-section, r1 = 0. The solid lines denote our
calculations, but the circles correspond to the tabled values from [5,6] rescaled

according to (30). The integers at the graphs denote: 1 — d1, 2 — da, 3 — dél), 4
—d" 5 -d", 6 d", 7T~ dr1, 8 dsi, 9~ do1, and 10 — dio1.

p1 (i + oiry) 4+ dy(riF 4+ 1t 4 ripapy + ript) + de(pli + 2pirip
—rip1p1 — 2r1p7) — ds(refy — rapy + 7102 — Prre) + da(r1p2 — p17a)
+ ds(poi1 + 71p0) + der1po = —Pij2(t), (29a)

p1(p1 + o2py) + di(pipy + ripiiy + p17d 4+ pipd) + da(ripy — ripii
+ 27171 p1 — 2p173) + d3(pepr + reiy + P12 + pip2) — da(pipa + T170)

+ds(pop1 + P1po) + depro = —Piji(t), (29b)

tio(Bo + ogpo) + de(r1i'y + p1pr) + ds (7 + p7) =0, (29¢)
p2 (P2 + o3r2) — da(pr#y + ripr) — 2d771p1 = 0, (29d)
p2 (P + ngz) + da(riF1 — pipr) + d7(7'”f - pf) =0 (29¢)

that restores our hydrodynamic coefficients (computed with I, = 2, I, =
1 in all the formulas) as follows
diR?
d1: ! 1;d2: adgl): 7d4 - )
231 231 1231 231
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Fig. 4. The same as in fig. 3 but for the annular cross-section with r1 = 0.2

and 0.4.
d d d-R? dgR?
dgl) = 5R05 dél) = GROa d7,1 = - 7R1 ; d8,1 = 8R17
0 0 Rapia Roto
do | — _d4R% _ dg'R%

) 10,1 — .
Roapo Roto

(30)

Using our formulas with I, = 2, ,, = 1 and the tabled hydrodynamic
coefficients by Lukovsky [5, 6] (rescaled by (30)) gives almost identical
results; the difference is always detected being less than 0.1%. This fact
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o B N W M~ 0 o N

Fig. 5. The same as in fig. 3 but for the annular cross-section with r1 = 0.6
and 0.8. The tabled numbers in [6] for ds and ds as r1 = 0.6 are clearly wrong
demonstrating a discontinuous character on h; these are excluded from our
comparisons.

is illustrated in figs. 3-5.
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Table 1. Computed hydrodynamic coefficients di and d2 for h = 1 versus I,.

T1:O 7’120.4 7’120.8
dy dy dy da dy dy
1.758023 -1.083355 | 1.549476 -1.011521 | 2.658499 -0.7886150
1.761798 -1.081642 | 1.670994 -0.894068 | 2.661058 -0.7860675
1.762160 -1.081505| 1.677407 -0.889331 | 2.661086 -0.7860614
1.762240 -1.081476 | 1.678871 -0.888116 | 2.661098 -0.7860503
1.762266 -1.081467 | 1.679219 -0.887935 | 2.661100 -0.7860501

(S ETONGUN OIS

14 | 1.762287 -1.081460 | 1.679490 -0.887773 | 2.661101 -0.7860490
15| 1.762287 -1.081460 | 1.679491 -0.887773 | 2.661101 -0.7860490
16 | 1.762288 -1.081460 | 1.679492 -0.887771 | 2.661101 -0.7860490

20| 1.762288 -1.081460 | 1.679493 -0.887771 | 2.661101 -0.7860490
251 1.762288 -1.081460 | 1.679493 -0.887771 | 2.661101 -0.7860490

8. The modal systems of larger dimensions

The comparative study from the previous section validated our derivati-
ons of the Narimanov—Moiseev modal system for the very particular,
I, = 2 and I, = 1. An extra analysis is needed to ensure us that the
derived expressions are valid for a larger system dimension. A difficulty
is that increasing I, > 2 yields s series of new differential equations and
changes the hydrodynamic coefficients at the cubic polynomial terms wi-
th respect to the generalised coordinates and their derivatives. These
hydrodynamic coeflicients, di, ds, d11,%, d12,k, d16,x and digj, are functi-
ons of the upper summation limit I,.. This means, in particular, that d;
and dg in the Lukovsky modal system (29) cannot be used for validation
of our Narimanov—Moiseev modal systems with a larger dimension, as
I. > 2.

The coefficients d; and ds versus I,. are illustrated in Table 1 for the
nondimensional liquid depth A = 1. The table confirms that d; and ds
change with I,., but not dramatically. Lukovsky’s computations [6] with
I, = 1 can be adopted as a rough approximation and I, = 2 stabilises,
at least, two significant figures of these hydrodynamic coefficients.
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9. Conclusions

The complete Narimanov-Moiseev weakly-nonlinear modal system is deri-
ved for sloshing in an upright annular tank. The derivations are vali-
dated by comparison with numerical results on the hydrodynamic coeffi-
cients by Lukovsky [6]. Further studies should focus on derivations of the
corresponding formulas for the hydrodynamic forces and moments. The
general Lukovsky formulas would facilitate that. Another problem is a
study of the modal system applicability. This should include an analysis
of the secondary resonance occurrence, an estimate of damping due to
the flow separation at the central pile as well as establishing a clear
strategy on how many higher modes (driven by I,.) are needed to approxi-
mate steady-state and transient wave patterns. The latter task implies a
quantitative comparison with experiments which can be found, e.g. in [9].

10. Notations

Axisymmetric shape yields two algebras for the natural sloshing modes,
in angular and radial directions. The angular components leads to the
A-tensor whose elements are

Ay Ny = /j cos(Af)...cos(M6) - sin(if) . ..sin(j6) db. (31)

They can be computed by recursive formulas

Arii =0, Ay =765, Aun, =m0un, M?+ N?#£0, Ao, = 2,

=

A NKig = 5(Aa N—Ki g+ A N ki)

—

Anr Ny ik = 5(Aagj—kli0 — Mare k) iot)

following from the corresponding trigonometrical relations.
The radial component introduces the M-tensors defined by the
formulas

1
)‘(Ab)...(Mn) = / T‘RAb(T) ce RMn(T) dT,

T1
1

Al Ab) (M) (Cd)...(Bf)= / TRy (1) Ry (r) - Rea(r) ... Rey(r)dr,
1

T

1
)‘(Ab)...(Mn) = / r! RAb(T‘) .. RMn(T‘) dr (32)

T1
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which should, generally speaking, be computed, numerically, except for
the case (4).
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