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Ornucano rpynois eKBiBaJIEHTHOCT] KJacy 3arajbHuUX piBHaHL Broprepca—
Kopresera—ne ®piza 3 nmpocropoBumu koedinientamu. [Tokazamo, mo mei
KJIAC 3BOJUTHCS CIM’€I0 TIEPEeTBOPEHD €KBIBAJIEHTHOCTI 0 CBOTO TIiIKJ/IACY
3 YOTUPUBUMIPHOIO 3BUYAMHOIO I'PyHoI0 ekBiBasenTHOCTIL. [Ipokiacudiko-
BAHO JOIYCTUMi IE€PETBOPEHHS IHOrO IMiTKJIACYy Ta BHOKDEMJIEHi IIiIKJIa-
CH, 0 JIOTYCKAI0Th MAKCUMAJIbHI HETPUBIAIbHI YMOBHI I'DYIH €KBIBAJIEHT-
HoCcTi. BuaBisgerscd, mo0 BCl BOHE MAaIOTh PO3MIDHICTD OlIblly 3a 90THDH.
3okpema, 3HAIIEHO IEKiJbKa HOBUX KJACiB AudepeHIiaIbHuX DiBHSIHB,
HOPMAaJIi30BaHUX B y3arajabHeHOMY cemci. 2Ko/eH 3 HuX He [OIyCKaE €TUHY
ebeKTUBHY y3arajbHEHy I'DYILy €KBIBAJIEHTHOCTI.

We describe the equivalence groupoid of the class of general Burgers—
Korteweg—de Vries equations with space-dependent coefficients. This class
is shown to reduce by a family of equivalence transformations to a subclass
with a four-dimensional usual equivalence group. Classified are admissible
transformations of this subclass and singled out its subclasses admitting
maximal nontrivial conditional equivalence groups. All of them turn out to
have dimension higher than four. In particular, few new examples of nontri-
vial cases of normalization in the generalized sense of classes of differential
equations appeared this way. Neither of classes discussed possesses a unique
effective generalized equivalence group.

1. Introduction. A number of evolution equations that are impor-
tant in mathematical physics are of the general form

us + C(t, x)uu, = ZT: AR (t, 2)ug + B(t, x). (1)
k=0
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In particular, this includes Burgers, Korteweg—de Vries (KdV), Kuramo-
to—Sivashinsky, Kawahara, and generalized Burgers—-KdV equations.

Here and in the following the integer parameter r is fixed, and r > 2.
We require the condition CA™ # 0 guaranteeing that equations from the
class (1) are nonlinear and of genuine order r. Throughout the paper we
use the standard index derivative notation u; = Ou/0t, u, = 0%u/0x*.

The class (1) and its various subclasses were subject to studying from
the symmetry analysis point of view, see [6] for an extensive list of refer-
ences. Recently, the class (1) became a source of examples of nontrivial
equivalence groups [6]. In fact, the first examples of classes with gener-
alized and extended generalized equivalence groups are of the form (1)
(with some additional restrictions). Moreover, detailed studying thereof
allowed the authors to introduce the concept of an effective generalized
equivalence group of a class of differential equations. Furthermore, the
structure of this class is so flexible, that a “reasonable” singled out sub-
class thereof is likely to possess normalization properties in some sense.
Nonetheless, it is not the case for a subclass F of equations with the
arbitrary elements being time-independent,

u + C(z)uuy, = ZAk x)ur + B(x), where A"C #0. (2)

The aim of this paper is to thoroughly study admissible transformations
of the class F. In a nutshell, the results of this paper comprise the
following four facts. Any equation in F is mapped by an equivalence
transformation of F to an equation in the subclass F of reduced general
Burgers—Korteweg—de Vries equations with space-dependent coefficients,
singled out by conditions C' = 1 and A' = 0. The subclass F is not nor-
malized in any sense, and its usual equivalence group is four-dimensional.
Classified are admissible transformations of the class F and singled out
are its subclasses admitting maximal nontrivial conditional equivalence
subgroups of the equivalence group of F,

N a+2
Fri:  w+uug = < - b1+ao1|w+ﬁla> u
1

2
# o 8) (tle + 57 + e+ g - D)
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Za] Bz + Bl%u; with  aarag # 0,
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T
Fror:  w+ uug = Z a;(z + B) |z + B|*u; + agou
j=2

+(x+5) (bzlx + 8 - maﬁo)

with (a4 2)a, #0,
Froo:  up+uug = Z aj(z + B) " 2uj + bo(x + B)
+bo(z+B)7° with a, #0,

T
Firo:  u +uug = Z a;(x+ ﬂ)juj + agou + by with a, # 0,
j=2

T
Firi:  us Fuug = Zaj(erﬂ)juj + (ap1 In|z + B| + ago)u

j=2
a? a? apod

o+ 0) (=B 6]+ (- S 4 5] 4o

with aram;AO

Fin: U+ uug = Za] (a01€™® + ago)u + boe?*®

_ poao1 oo _ aoo + ago

with «aa, # 0,
« 2c

Fiva: ut+uux:ZajUj+a0u+b1I+b0

j=2
r—1
with  aa, Z la;| # 0,
=2
r>2 r—1 4,
Fivo:  ut+uug = apur + agu + maox + bo

with  «a, #0, r > 2,
]:IV 0 U+ uuy =agus +bix+by with aa, #0.

The class Fi1,0 is normalized in the usual sense.

All these subclasses but ]:"1170 are normalized in the generalized sense.
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The main result of the paper is described in the following theorem.

Theorem 1. The usual equivalence group of the class F of reduced
general Burgers—Korteweg—-de Vries equations with space-dependent co-
efficients is four-dimensional. The list of mazimal nontrivial conditional
equivalence subgroups is exhausted by the generalized equivalence groups
of the normalized subclasses .7-'1 1 ]-"1 015 ]:1 005 ]-'11 1, Fur, Fiva, ‘7:1\/ 0

Frik o and the usual equivalence group of the normalized subclass -7:11,0-
The equivalence groupoid of the class F is generated by its usual equiv-
alence group and the equivalence groups of the above subclasses.

For all classes normalized in the generalized sense, we can take their
effective generalized equivalence subgroups as maximal conditional equiv-
alence groups. Denote by JFy the complement to the union of the above
subclasses in the class F. It is a normalized class in the usual sense, and
its equivalence group coincides with that of F.

Corollary 2. The class F is a union of the normalized (in either the
generalized or the usual sense) classes fl 1 .7:1 015 .7:1 005 ]:H 1 .7:11 .0, F1r,
.7:1\/71, }—ITV>(2)’ ]:IV 0 and f"o

The structure of this paper is as follows. Firstly, we remind in Sec-
tion 2 theoretical foundations related to equivalence within classes of
differential equations. Following [6] in Section 3 we recall the structure
of the equivalence groupoids of the superclass of general Burgers—Korte-
weg—de Vries equations, its subclass of equations with time-independent
coeflicients and gauging of these classes to the corresponding subclasses
of reduced equations. In Section 4 we give the complete classification of
admissible transformations of the class F of reduced general Burgers—
KdV equations with space-dependent coefficients. In [6] there were found
subclasses of the class F possessing admissible transformations that are
not generated by the equivalence transformations of F. But the ques-
tion of a structure of equivalence groupoids of these subgroups was not
addressed there. Here we fill this gap by comprehensive description of all
these subclasses and their equivalence groups (for subclasses normalized
in the generalized sense we present either the entire generalized equiv-
alence group, or its effective generalized equivalence group or both of
them). By partitioning if necessary these subclasses we achieve a nor-
malization of “subsubclasses” in either usual or generalized sense. Thus
we present the superclass F as a union of normalized classes of differential
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equations described in Theorem 1. For the two normalized subclasses to
be able to have a closed form of group transformations we apply a non-
standard approach, the technical crux of which is as follows. First we
gauge the class under consideration by a family of equivalence transfor-
mations thereof to a nice normalized subclass. Then every equivalence
transformation in the class under consideration would be a composition
of the gauging mapping, an equivalence transformation within the nice
subclass and the inverse of a (not the same as before because we con-
sider not symmetry but equivalence transformations of the superclass)
gauging mapping. This procedure may explain an appearance of gener-
alized equivalence groups for most of the considered subclasses. In fact,
the determining systems of ODEs are exactly solvable for all but the
two equivalence groups and this procedure is only lurking in the back-
ground, but we could use it almost everywhere. In this case, even if
a nice underlying subclass is normalized in the usual sense, we compose
its equivalence transformations with transformations from the families
parameterized by arbitrary elements of the superclass, and thus para-
meterize the equivalence transformations thereof by arbitrary elements,
making them generalized.

2. Equivalence of classes of differential equations. We recall
the essential notions for the present paper only. See [6, 8, 9] for more
details. Let Ly denote a system of differential equations of the form

L(x, u™, 0(17, u(r))) =0,

where = (1, ...,,) is the n independent variables, u = (ul,... u™)
is the m dependent variables, and L is a tuple of differential functions
in u. We use the standard short-hand notation u(") to denote the tuple
of derivatives of u with respect to x up to order r, which also includes u
as the derivatives of order zero. The system Ly is parameterized by the
tuple of functions 6 = (6" (x,u(),...,0%(z,u()), called the arbitrary
elements running through the solution set S of an auxiliary system of
differential relations in 6. Thus, the class of (systems of) differential
equations L|s is the parameterized family of systems Ly, such that 6 lies
inS.

Equivalence of classes of differential equations is based on studying
how equations from a given class are mapped to each other. The notion
of admissible transformations, which constitute the equivalence groupoid
of the class L|s, formalizes this study. An admissible transformation is
a triple (0,6, ), where 0,0 € S are arbitrary-element tuples associated
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with equations L£g and L from the class Ls that are similar, and ¢ is a
point transformation in the space of (x, ) that maps Ly to Lj.

A related notion of relevance in the group classification of differen-
tial equations is that of equivalence transformations. Usual equivalence
transformations are point transformations in the joint space of indepen-
dent variables, derivatives of w up to order r and arbitrary elements that
are projectable to the space of (z, u(rl)) for each ' = 0,...,r, with re-
spect the contact structure of the rth order jet space coordinatized by
the r-jets (z,u(")) and map every system from the class £|s to a system
from the same class. The Lie (pseudo)group constituted by the equiva-
lence transformations of L|s is called the usual equivalence group of this
class and denoted by G™.

Each equivalence transformation 7 € G~ generates a family of admis-
sible transformations parameterized by 6,

G~ 5T = {(0,T0,m.T)|0 €S} c g~

and therefore the usual equivalence group G™ gives rise to a subgroupoid
of the equivalence groupoid G~. The function 7 is the projection of the
space of (x,u("), ) to the space of equation variables only, 7(x,u("), ) =
(z,u). The pushforward 7, T of T by 7 is then just the restriction of T
to the space of (z,u).

The projectability property for equivalence transformations can be
neglected. Then these equivalence transformations constitute a Lie pse-
udogroup G called the generalized equivalence group of the class. See
the first discussion of this notion in [3, 4] and the further development
in [8, 9. When the generalized equivalence group coincides with the
usual one the situation is considered to be trivial. Similarly to usual
equivalence transformations, each element of G~ generates a family of
admissible transformations parameterized by 6,

G~ > T— {(9/,T9/77T*(T|9:9/(z7u))) |9/ € S} cg”,

and thus the generalized equivalence group G~ also generates a sub-
groupoid H of the equivalence groupoid G~ .

Definition 3. Any minimal subgroup of_G'N that generates the same
subgroupoid of G~ as the entire group G™~ does is called an effective
generalized equivalence group of the class L|s.

If the entire group G™ is effective itself, then its uniqueness is ev-
ident. At the same time, there exist classes of differential equations,
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where effective generalized equivalence groups are proper subgroups of
the corresponding generalized equivalence groups that are even not nor-
mal. Hence each of these effective generalized equivalence groups is not
unique since it differs from some of subgroups non-identically similar to
it, and all of these subgroups are also effective generalized equivalence
groups of the same class.

The class of differential equations L|s is normalized in the usual (resp.
generalized) sense if the subgroupoid induced by its usual (resp. generali-
zed) equivalence group coincides with the entire equivalence groupoid G~
of L|s. The normalization of L|s in the usual sense is equivalent to the
following conditions. The transformational part ¢ of each admissib-
le transformation (6’,60”,¢) € G~ does not depend on the fixed initial
value 0’ of the arbitrary-element tuple 6 and, therefore, is appropriate
for any initial value of 6.

The normalization properties of the class £L|s are usually established
via computing its equivalence groupoid G~, which is realized using the
direct method. Here one fixes two arbitrary systems from the class,
Lo: L(z,u™, 0(z,u)) =0 and L;: L(z,a"),0(z,a™)) = 0, and aims
to find the (nondegenerate) point transformations, ¢: #; = X'(x,u),
u* = U%x,u), i =1,...,n, a = 1,...,m, connecting them. For this,
one changes the variables in the system L by expressing the derivatives
@) in terms of u(") and derivatives of the functions X* and U® as well as
by substituting X* and U® for &; and ®, respectively. The requirement
that the resulting transformed system has to be satisfied identically for
solutions of Ly leads to the system of determining equations for the
components of the transformation ¢.

Imposing additional constraints on arbitrary elements of the class,
we may single out its subclass whose equivalence group is not contained
in the equivalence group of the entire class. Let L|s/ be the subclass of
the class L|s, which is constrained by the additional system of equations
S’ (x,u™, 9(‘1/)) = 0 and inequalities ¥’ (z, u(", 9(‘1/)) = 0 with respect to
the arbitrary elements 6 = 6(x,u("). Here S’ C S is the set of solutions
of the united system S =0, X # 0, S’ =0, X/ # 0. We assume that the
united system is compatible for the subclass £L|s/ to be nonempty.

Definition 4. The equivalence group G~ (L|s’) of the subclass L|s is
called a conditional equivalence group of the entire class L|s under the
conditions & = 0, X’ # 0. The conditional equivalence group is called
nontrivial if it is not a subgroup of G~ (L|s).



138 S. Opanasenko

Conditional equivalence groups may be trivial not with respect to the
equivalence group of the entire class but with respect to other conditional
equivalence groups. Indeed, if 8’ ¢ §” and G~ (L|s) C G~ (L|s) then
the subclass £|s is not interesting from the conditional symmetry point
of view. Therefore, the set of additional conditions on the arbitrary
elements can be reduced substantially.

Definition 5. The conditional equivalence group GZ'S/ of the class L|s
under the additional conditions &’ = 0, ¥/ # 0 is called maximal if for
any subclass L|s~ of the class £|s containing the subclass £|s we have

Gﬁ‘s/ ¢ G[:lsu .

3. Preliminary analysis of equivalence groupoid. We start
studying admissible transformations of the class F by presenting the
equivalence groupoid of its superclass (1) and then descend therefrom to
the class under study.

Proposition 6. The class (1) is normalized in the usual sense. Its usual
equivalence group G7, consists of the transformations in the joint space
of (t,x,u,0) whose (t,x,u)-components are of the form

t=T(), &=X(tz), a=U"(t)u+U"C2),

where T = T(t), X = X(t,z), U' = UL(t) and U° = U°t,x) are
arbitrary smooth functions of their arguments such that T, X, U" # 0.

Following [6] we can gauge the arbitrary elements C' =1 and A! =0
by a family of equivalence transformations of the class (1) and obtain
the class of reduced general Burgers—KdV equations

Up + Uy = Z Al (t,x)uj + A%t 2)u + B(t, ). (3)
=2

As before, the arbitrary elements run through the set of smooth functions
of (t,x) with A”C # 0.

Theorem 7. The class of reduced (1+1)-dimensional general rth order
Burgers—KdV equations (3) is normalized in the usual sense. Its usual
equivalence group G~ consists of the transformations of the form

t=T@t), z=X'MHzx+X°%), 0= "cut+to+>L (4
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. (Xl)j ) -0 1 0 th Ty
J — J —
A ] Al A ] A +2 T —,t , (5)

- X! 1 <X1 1 /X X} X2\ -
B= B+ — t> x+<t> —<tﬂc+t>A0,6
Tz T \1 ), T \1), \T T, (6)

where j = 2,...,7, and T = T(t), X' = X'(t) and X° = XO(t) are
arbitrary smooth functions of their arguments with Ty X' # 0.

The subclass F of general Burgers-KdV equations with space-depen-
dent coefficients is singled out from the class (1) by the constraints
AF =0, k=0,...,r, By = 0 and C; = 0. Therefore, its usual equiv-
alence group GZ is a subgroup of G that consists of transformations
preserving the above constraints.

Proposition 8. The usual equivalence group GZ of the class F of
general Burgers—Korteweg—de Vries equations with space-dependent co-
efficients consists of the transformations in the joint space of (t,x,u, )
whose (t, z,u)-components are of the form

t=cit4+co, T=X(x), @=chu+U),

where c1, ca and ¢y are arbitrary constants and X = X(z) and U° =
U%(x) are arbitrary smooth functions of x such that c1 X,c} # 0.

The existence of classifying conditions [6]

T; ~ T ~ U - T,U!
v X, A" — ) A" = — X C;
(_Xz)r t4iz + ((Xm)"‘)t 07 )(m th + ( Xz ,

Q2

:O’

for admissible transformations of the class F implies that it is definitely
not normalized in any sense. At the same time, we can gauge the arbi-
trary elements C' and A' again by means of equivalence transformations
of the class F and produce the class F of reduced general Burgers-KdV
equations with space-dependent coefficients,

Up + Uty = Z Al (2)uj + A%(x)u + B(z).
j=2

Proposition 9. The usual equivalence group G% of the class F is four-
dimensional and consists of transformations of the form

t=cit+co, T=c3x+c4, U= —u,
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. J o ~ 1 -
Al = @AJ, A= —A° B= —= B,
1l 1 (c1)
where j =2,...,r, and c¢’s are arbitrary constants with cic3 # 0.

Nor the class F neither its superclass F are normalized in any sense.
Thus, the problem of describing the equivalence groupoid G% of the
class F should be considered as the classification of admissible trans-
formations up to G%-equivalence, see [9, Sections 2.6 and 3.4]. The
class F is a subclass of the class (3), whence G% is a subgroupoid of the
equivalence groupoid of the class (3), and the results of Theorem 7 are
valid here, although they should be further specified. This is achieved by
differentiating the relations (5)—(6), solved with respect to the source ar-
bitrary elements, with respect to ¢. This gives the classifying conditions
for admissible transformations,

(T X}
(X} + X)) AL + (12: - X1> Al =0, (7)
o T 1 (.X} T
Xlo+ X)) AY + “ AO (Qt - “) 8
( t t) Tt Xl Tt ( )
. T, XN\ - T, 2 =
(X{z+ X)B; + ( % - th) B= fotl(ng+X,?) A9
Xt T Xtz + X} Fon X' (T (X]z+X] (©)
S\t X! , T2 \ X1 T, )

where the initial space variable x should be substituted, after expanding
all derivatives, by its expression via &, * = (¥ — X°)/X!. Note that
admissible transformations with Ty = X = X} = 0 are generated by
the usual equivalence group G%.

4. Nontrivial conditional equivalence subgroups. In [6] with
a help of the method of furcate splitting, cf. [5, 7] the classifying condi-
tions (7)—(9) for admissible transformations of the class F were solved,
but the obtained admissible transformations were presented superficially.
More precisely, they were parameterized by solutions of some ODEs.
Here we study the question in more depth and present explicit forms
of group parameters of the nontrivial conditional equivalence groups.
Besides, following [6] for simplicity we consider only subclasses of the
classes Fy and JFi1, defined below, admitting proper subgroups of maxi-
mal conditional equivalence groups. In fact, these subgroups are the quo-
tients thereof by the space-translations. Note that given in Theorem 1
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are the subclasses admitting maximal nontrivial conditional equivalence
subgroups.
I. The class F1 of equations

r

Ut + Uy = Zajxj|x|auj =+ (ao(] + a01|x|a)u
j=2
—+ I’(bo —+ b1|l’|a —+ b2|51?|2a)

with aa, # 0 naturally partitions into two G% -invariant subclasses J7 o
and Fi; singled out by the conditions ag; = 0 and ag; # 0, respectively,
since the arbitrary element ag; is easily shown to be transformed by the
rule ag; = cqap; under admissible transformations of the class, ¢4 # 0.
The class 7,1 admits additional admissible transformations if and only if
ago = (a+2)by/ap; and by = —b?(1+ ) /a3, so we reduce the arbitrary-
elements tuple of the class by agg and by and denote the subclass obtained
again by Fi 1.

Proposition 10. The class Fi,1 is normalized in the generalized sense.
Its generalized equivalence group consists of the point transformations in
the relevant space, which are of the form

=T

)

, =X a=u—-Zta,
~ ~ _ ~ _ 7 _2 7 _
o = «, Clj = C4aj, apl = C4001, b2 = C4b2, b1 = Cs,
where T is a smooth function of t and the arbitrary elements 0,

B e*blat/a[n _ 1
s | c1—————F— + 0o +1

= 1
T(t,0)=—1
o=z —bia/ao:

Cs5

)

0 = (v, aj,ao1,b2,b1),
taking the form at the singular points

efblozt/am _ 1

T(t, 9) = 51 + 52 ’Lf 55 =0 and b1 7é O,

—bla/am

— 1

T(t, (9) = g In ‘E5(Elt + 52)| Zf Cs ;'é 0 and by =0,
5

T(t,@) = cit + co if <E5,b1> = (0,0),
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) . . L O(ag....drdorBaE
¢’s are arbitrary functions of 0 with ¢1¢4 GEZ? < Zgi o bz; # 0 as well

as X1(t,0) = (E4Tt)_1/o‘_ifa is odd or rational in the reduced form with
an odd numerator and X*(t) = e|ésTy|~"/* with ¢ = +1 and &,T; > 0
otherwise.

Remark 11. The function T is a solution of an ODE smoothly depen-
ding on parameters, so it is a smooth function of these parameters and
initial conditions [1, Corollary 6, p. 97] («, by and ag; are the parameters
of the equation in this case, ¢’s are the initial conditions). This argu-
mentation is valid for the group parameters in the equivalence groups
below, where appropriate, as well. In fact, in these cases it follows from
the transformation for A° (the equation (5)) that the function T satisfies
the equation

Sl (L) =0
7 Tt Tt t
for some constants v and ¢, having the general solution
edt — 1
T\ +eo | +1.

The continuity of this function is evident and at the singular points the
function takes the form

1
Tt)=—1n
(t) 5

et — 1

0
1
T(t) = ;1n|7(01t+02) +1] if y#0andd=0,

Tt)=0c1 +e if y=0andd#0,

T(t) = 1t + ¢ i (v,0) = (0,0).

The transformations in Proposition 10 indeed form a group, which is
straightforward to show. Therefore the equivalence group of the class Fi;
is a local Lie group of transformations (all equivalence group here and
below in the paper are finite-dimensional so we do not need to talk about
Lie pseudogroups). If the function T is of the form %ln |y(e1t +e2) + 1]
and yeo = —1, then T'(t) degenerates into an affine function. To avoid
this, in all such situations thereafter we implicitly assume otherwise.
The notation gg; stands for the determinant of the corresponding

Jacobian matrix. ’fhereafter, we will not call attention to these facts.
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Since the arbitrary element « is invariant under admissible trans-
formations, it is convenient to consider the two subclasses F1,99 and Fi 01
of F1,0 singled out by conditions @ = —2 and a # —2, respectively. To
achieve an extension of a number of admissible transformations in the
latter class we need to consider its subclass (denoted again Fi 1) singled
out by the conditions by = 0 and by = —(a + 1)ad,/(a + 2)%.

Proposition 12. The class Fi,01 is normalized in the generalized sense.
Its generalized equivalence group consists of the point transformations of
the form

4~

=T), =Xz, 0= u— =tz
&=, G =Cia;, ago=0Cs, by =Ciba,
where T is a smooth function of t and the arbitrary elements 6,

6ao()oaf/(oz—i-?) -1
Cs (61

_ 1
T(t,0) = —In P P

Cs

+ C2> + 1‘ .
The function T takes at the singular points the following forms

eaooat/(a+2) -1

T(t.0) =& agocr/ (v + 2)

+ ¢ if ¢ =0 and agy # 0,

- 1

T(t,G) = é—ln|65(51t+62)+1| if ¢s 750 and agg = 0,
5

T(t,@) =cit+ C2 Zf (55,0,00) = (0,0)

Here ¢’s are arbitrary functions of 6 with 5164% # 0 as well

as X'(t,0) = (E4Tt)71/°‘7 if a is odd or rational in the reduced form with
an odd numerator and X' (t,0) = e|c4T;| =/ with ¢ = £1 and ¢4T; > 0
otherwise.

A description of the equivalence group of the class i, is more com-
plicated and we present its equivalence groupoid first. In accordance
with our standard approach we consider its subclass singled out by the
conditions agg = by = 0.

Proposition 13. A point transformation connects the two equations in
the class Fi0 if and only if its components are of the form

~ Xt X}
t=T(), i=X'(z, = —u——tu,
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where (X1(t))? = c4T; and the smooth function T of t satisfies the equa-
tion

Here ¢4 is an arbitrary constant and c4Ty > 0.

The last equation is an autonomous ordinary differential equation
on T which can be integrated in quadratures with standard techniques,
but proceeding this way one can write an explicit form of the general
solution only for specific values of parameters. On the other hand,
for any equation in Fj oo there is an equivalent one to it in the sub-
class ]—"Ib, %EO singled out by the condition by = 0. The corresponding point
transformation is t = T(t), & = VTiz, @ = u//T; — Tux/(2+/(T})3),
where a smooth function 7" of ¢ is a solution of the equation (73, /T}), —
% (Tyw/ Tt)2 +2by = 0, for which the general solution can be found explic-
itly, although a particular solution will suffice for our purposes. Thus, if
bo = b > 0, then T'(t) = e is a particular solution; if by = —b% < 0,
then T'(¢) = tan(bt) is a particular solution, b > 0 in both cases.

Proposition 14. The class Ib%go s normalized in the usual sense. Its

usual equivalence group is constituted by the point transformations of the
form

Xt x}
U— —
T; T,

. 7 2
Gz = cqaz, by = cibo,

where X(t) = ev/eaTy with e = &1, T = (et + ¢2)/(cat + o) and ¢’s
are arbitrary constants, with 6 = c1co — cacs # 0 and ¢y, ¢1, co and c3
being defined up to a nonzero constant, and cq6 > 0.

On the other hand, any admissible transformation of the class Fi g0
can be represented as a composition of an admissible transformation with
a source equation in Fr oo and a target equation in ]-'Ib %EO, an admissi-

ble transformation generated by an equivalence transformation in ]-"f" 050
and an admissible transformation back. In this way we avoid implicit
quadrature expressions arising in a previous approach. Note that the
parameter-function 7' is defined as a solution of a third-order ODE pa-
rameterized by by and bo and thus should be parameterized by three
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constants to agree with the Picard—Lindel6f theorem. This is indeed the
case.

Proposition 15. The class Fi,00 is normalized in the generalized sense.
Its effective generalized equivalence group is constituted by the point
transformations of the form

t

P*(T(P'(t)), &@=/P?PrX'(t),

1 (Xl letlt Xl /P tl P2X1 /P ) >
x )

PA\TE"  \am@Eyr T T 2P?

3 (34),)

’a:

~ 7 2
a; = C4Qj, b2 = C4b2,

o= g (e (o~ ()
(Y )

where t = P(t), t = T(f), { = P2(t), X' ({) = e(caT))V?, T = (st +
c2)/(est + ¢p), with § = c1c9 — cacs # 0, ¢’s are arbitrary constants,

t if by =0,
PY(t) = { tan(y/—bot) if by <0,
e2Vbot if bg > 0;

P2(t) runs through the set of smooth functions {t In [], 52 o arctant},
with ¢y > 0, ¢;, 1 =0,1,2,3, are defined up to a nonzero constant, and
P{2>O and € = 1.

The arbitrary element bo of the target equation takes the value of c2
if P2(y) = =1Inlyl, of —¢3 if P?(y) = 5~ arctany and of 0 otherwise.
The functions P?(T(P'(t))) give a three-parameter family of solutions
to the nonlinear third-order equation on 7" above parameterized by bg

and bg.

Remark 16. The point transformations in Proposition 15 form a group
by construction, and thus constitute an effective generalized equivalence
group of the class Froo. To obtain the entire generalized equivalence
group thereof one allows ¢’s to vary through the set of arbitrary smooth
functions of the arbitrary elements of the class.
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II. A class Fi; of differential equations of the form

T
Up + Ul = Zajxjuj + (a1 In|z| + ago)u
j=2

2 2
b (0w o] 4 (22— ) o] 4.0

is partitioned into two subclasses Fi1,90 and Jir,; that are singled out by
conditions ag; = 0 and ag; # 0, respectively, and invariant under the
admissible transformations of the class Fy.

Proposition 17. The class Fir0 s normalized in the usual sense. Its
equivalence group is constituted by the point transformations of the form

~ t C4663t
t=cit+cy, T=c4e®r, U= p (u+ c3z),
1
- aj N _(100—|—203 ~ _bo—C%
J — T apo = ) 0 — 2
c1 c1 (1)

where ¢’s are arbitrary constants with cicqy # 0.

The class Fi1,0 is the only owner of a conditional group normalized
in the usual sense.

Proposition 18. The class Fii,1 is normalized in the generalized sense.

Its generalized equivalence group Giy ; is constituted by the point trans-
formations of the form

v 1

- B N _ ~ C4001

t=ct+aé, z=X'z, u:_—(u—i—iea‘”t/%ﬁ)7
C1 2

e a1 _

a; = —, Gop1 = —, Qo= —(ago — ao1s),

C1 C1 C1
7 2 (2 | - ~
bo = =2 (4b0 —ag, (¢35 +¢3) + 26100@0103) ;
1

agit

where X' 1= exp (53 + ¢4 exp(T)), and ¢’s are smooth functions of the

d(az,...,ar,d01,d00,b0) %O
d(az,-..,ar,a01,a00,b0) :

arbitrary elements ago, ao1, a; and by with ¢

To extract an effective generalized equivalence group from the genera-
lized equivalence group, we set & := ¢a/ap1, ¢3 := —cg/ap1 and get rid
of the dependence of other ¢’s on the arbitrary elements.
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Proposition 19. An effective generalized equivalence group éfil of the
class Fi1,1 is constituted by the point transformations of the form

g c Xt caa
15:6115—’—727 ‘%:Xl(t)x, i = () (U+ 4 ()1651,01t/21,>7
aop1 c1 2
~ aj ~ apr .
aj =, ao1=——, &oo=—(aoo+cs),
1 C1 Cc1
= 1
bo = p (4b0 + (a01 - 20,00)03 — C%) s
=l

where X*(t) := exp (7%:1 +cqexp(23t)) and ¢’s are arbitrary constants

with ¢; # 0.

The effective generalized equivalence group G’INM is not a normal sub-
group of Gﬁ,p which is readily seen after writing the time-transformation
out. Therefore, it is not unique as an effective generalized equivalence
group as conjugate subgroups in éfil are also effective generalized equiv-
alence groups. Thus, the existence of a class of differential equations with
unique nontrivial (proper) effective generalized equivalence group is still
a question.

III. A class of differential equations of the form

T
Ut + Uy = Z ajeo“'”uj + (ame‘m + aoo)u -+ b262a$
j=2
+ 01 + by with aa, #0
admits additional admissible transformations if and only if

2
ago 1 Goo ap0ao1
—20 "0 and by = — .

2 a

by =

Proposition 20. The class Fii1 is normalized in the generalized sense.
Its generalized equivalence group is constituted by the point transforma-
tions of the form

~ — E _ E T
P=T, &=ese— 2l a:5<u_tt>’
(0%

o - - - T o
Q= —, a;=C4Cya;, Gp1 = C4Q01, Goo =C3, bz = ciCsbo,

&e
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where the function T of t and the arbitrary elements 6 is defined by

et — 1
C3 (61 —|—CQ> +1

_ 1
T(t,0)= —1In -

C3

9

and takes the following values at the singular points

_ edoot _ 1
T(t,&) 251T+52 ’Lf C3 =0 and apo 750,
00
- 1
T(t, 0) = g In |53(51t + 52)‘ ’lf app = 0 and C3 7£ O,
3
T(t, 9) =cit+Co Zf (aoo,ég) = (0,0),

(&,@2,-..,8r,d00,d01,b2) 75 0

¢’s are smooth functions of 0 with ¢1¢4Cs Bloar o aceaorby)

To find an effective generalized equivalence group of the class Fii; we
resort to the following heuristic speculation. The arbitrary element agg
may take any real value. Thus, it sufficient to parameterize agg to be
agp + 3, c3 € R. We preserve the number of initial conditions parame-
terizing T and guaranteeing the necessary domain for values of agg. To
satisfy another condition of an effective generalized equivalence group we
drop any dependence of remaining ¢’s on the arbitrary elements. In fact,
we chose a correct parameterization for them already in the theorem.

Proposition 21. An effective generalized equivalence group éﬁl of the
class F1 is constituted by the point transformations of the form

~ ~ Cr - Cs Ttt - (0%

t=T, T=csox——InlesTy|, 1= —=|uv—-—), a=—,
«

Q; = caclaj, am = oo = ago + by = cjesb

Qj = C4C50j5, Ap1 = C4G01, QAo = Goo T €3, D2 = C4C502,

where the function T is equal to

1
T() = — I
ago + C3

etot — 1

i

+ CQ) +1
apo

e (e

and takes the following values at the singular points

etoot — 1 ,
T(t) =c — + ¢ ’Lf C3 = —ano 75 0,
aoo

1
T(t) = —1Inles(cit + ¢e2)| if ago =0 and c3 #0,
C3
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T(t) = Clt + Co Zf (aoo, 03) = (0, 0),
and c’s are arbitrary constants with cicqcs # 0.

Guided by the same logic as for the class Fir,1, we can show nonuni-
queness of effective generalized equivalence groups for Fi; as well.

IV. Finally we discuss the last subclass F1y of F admitting additional
admissible transformations. It consists of equations

U + Uy = Zajuj + agu + b1z + bg.
j=2

Since the arbitrary elements a; are scaled under the action of the equiv-
alence group of the class, it is reasonable to single out two subclasses of
the class under question: Fry,o with a; =0 forall j =2,...,7 -1, and
complementary to it the subclass Frv,; with at least one a; nonzero.

Proposition 22. The class Fv 1 is normalized in the generalized sense.
Its generalized equivalence group is constituted by the point transforma-
tions of the form

o _ - X! XP
t:T1t+TO, x:X1x+X0, U:FU+F,
. (Xl)T - ap B o b1
G T M gy
~ 1 1
bo = (T1)2 (X bo -I—Cd) ,
where
Ele’\lt + 528A2t +C3 if M1#0, D>0,
Gt + Goe??t 4 G5 if \1=0, D>0,
XO(t,0) = Gent? 4 gptet? 4oy if b #£0, D=0,
’ G1t2 + ot + C3 if by=0, D=0,
e?1t/2 (¢, sin(v/—Dt)
4¢3 cos(vV=Dt)) +¢3 if D <O,

where D = b} + 4ag and M\1p = (b1 £ VD) /2 with M| < |\, X1,
T, T and &’s run through the set smooth functions of the arbitrary

elements 0 = (a;, ao, b, by) with lelw #0.

d(az;...,ar,a0,b1,bo)
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Here the function X°(t) is a solution of the ordinary differential equa-
tion X3, — b1 X, — apX? = 0 and thus it smoothly depends on the
parameters by, ag and all the initial conditions.

The equivalence groupoid of the class Fiv ¢ depends essentially on the
order r of equations therein. So we consider both the cases separately.
First assume that » > 2 and denote the class of such equations Fjy, (2)
This class admits additional admissible transformations if and only’if
by = a3(r —1)/(r — 2)2, so we reduce a tuple of the arbitrary elements
thereof by the element b, .

Proposition 23. The class ]:ITV>(2) s normalized in the generalized sense.
Its generalized equivalence group is constituted by the point transforma-
tions of the form

) XX X0

=T, 7=X"2+X° a4="u+te4+=t
T T+ U Ttu+Ttx+Tt,

Gy = ~—="—a,, Gy =2=C3, by=Cs,

where the pair of smooth functions (T,XO) of t and the arbitrary ele-
ments 6 equal to

(e1t + o, E7t2 +cet+¢5) if ap=0 andcs =0,

( 1 512 cet + Cr

jln|63(51t+62)|, —

C3 Gr—1)  |t+e/(eres)"
2by X 1 & \?

—03; (t—l—_cQ_) )z’fa():Ocmdc?,;éO,

( agrt
_ . ~ = (1 9)2 cgem=2 +¢C )
(7“_ 2111 _ierof’: —I-(_E ) C_52(7" 21) - 7l/r
— agrt
c3T C1 C1 CS(T ) 52/51 + erO—Q
(’I“ - 2)2b0 1 . _
r=2)"% % ) 0,
+ (r—1)ad i a0t #
_ 92 2
st G0 zan e (1= 2)%h0 o
(c1er2 TE, me T A Geer? oy — m)(

if ag#0 andc3 =0,
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where ¢’s are arbitrary smooth functions of 8 with Eﬂi% #0 as

well as X' (t,0) = e(e4Ty)Y" with ¢ = +1 and ¢,Ty > 0 if r is even and
€ =1 otherwise.

The function X in the second pair in the second set gives a general
solution of the linear inhomogeneous equation on X°(¢),

G5 = boXil + i (X'?) _ ESXitO _ MXO’

Tt2 Tt Tt ¢ Tt (T‘ - 2)2
parameterized by the function T in the set and the corresponding X ().
Any particular solution of this equation seems impossible to be found
with standard techniques. Here instead, we used a method used for the
class F1,00 with gauging the arbitrary elements ag and by to 0 first and
composing equivalence transformations thereafter.

Due to the above condition on the arbitrary elements b; and ag, the
class Fiy ¢ admits additional admissible transformations if and only if
ap = 0. Abusing notations we denote the subclass singled out by this
condition again by F{y.

Proposition 24. The point transformation of the form

~ Xl Xl XO
t=T(), T=X'Oz+X°(), @="Fu+ Lo+ L
()7 z ()‘/'E—’_ ()7 U Ttu—"_ﬂm—’_ Tt
connects the source and target equations in the class {V:% if and only
if (XY)?/T;, = const # 0, the parameter function T runs through the
solution set of the system

Ti 1 (Tu\> o+ 0
— —— | = = 20,177 — 2b
(Tt)t 2<Tt> e b

and the parameter function X of t satisfies the equation

1 /X0 - o, X!
— (2L} =5y X0 =Dy — by
F(5) b=

The last equation is linear inhomogeneous with respect to X°(7) for a
given T'(t), while the differential equation on 7T is integrated in quadra-
tures as an autonomous equation on In 73| with standard techniques.
Nonetheless, using the similar trick as was used for the class Fi oo, one
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can do better. More precisely, we gauge the arbitrary elements by and by
to zeros by the point transformation of the form

g ~ ~ u Ttt.’L' XO
t="T(t =Tz + Xt = —— 4 o +
t), = 4+ X0 (), a T + 3T, )72 + T,
where
(T, X°) = (e2V0!, dbo(24/b1)3/2eVPrt) it by > 0

—b()(—b1)3/4
os+v/—bit

obtaining the subclass Fyy 00 of {V 5- Thereafter we present the equiv-

(T,XO):<tan( —bit), ) if b <0,

alence groupoid of ]-'IV 0 by composing an equivalence transformation
within the subclass IV’OO with point transformations mapping equa-
tions in the superclass to equations in the subclass and vice versa.

Proposition 25. The class Fiy.g is normalized in the usual sense. Its
usual equivalence group is constituted by point transformations of the
form

- X! X}
t=T@t), Z=X'Mz+X° a="cu+Lta, ay=cyao,
T, T,

where X' (t) = e(cs0)/?/(cst + ¢o), T = (c1t + ¢2)/(cst + ¢o), X and
¢’s are arbitrary constants with 6 = c1cg — cacg # 0, ¢, ¢1, co and c3
being defined up to a nonzero constant, c46 > 0 and € = +1.

The point transformation TT o which maps an equation in ]:IV oot
an equation in Fyy 2 is of the same form as above,

t:j—'(t>7 €T = \/@i"i_XO(t), u = (% + ~tt$ +?t’
t

NI
where T(T'(t)) = t and X°(f) = —(X°/T})(T'()), that is,
- Inli| b\ .. -
T,X% = — — | if b >0;
( ) (2\/a b1> 1

(T,X%:(arcw‘n(t) @) it by <0.

\V4 —61 7 bl
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Proposition 26. The class fvo is normalized in the generalized sense.
Its effective generalized equwalence group 1is constituted by point trans-
formations of the form

t=P*T(P'(1))),

i=\/P?PIX"(#)z+/P?(X'R' + X°) + R?,

1
X Xpy  XVPL pRx
ngtlf 2T;\/P2(P}) ,/ 27, 2(P7)2/P}
1pl
. S S (X'R'+ X°) + LB
apt | T; | 2(PR)32 P2’
Tf PfPt t t t

mvin vt (5 () -2 ()
+<> ()
o= i (il 1 () + 7 (), o

where t = PY(t), t = T(i), { = P2(t), X' ({) = e(caTp)V?, T = (st +
c2)/(cst + co) with § = cico — cacy # 0;

(t, —bot?/2) o =0,
(PY(t), R (t)) = (tan(v/=bit), —bo(—b1)*/*/ cos(v/=bit)) ifby <O,
N A by >0

X and c’s are arbitrary constants and the pair of smooth functions
(P2(t), R%(t)) runs through the set

; cel? In|t] ¢ arctant  cg
T2 )7 257 2)7 s E))’

with ¢;, i = 0,...,3, being defined up to a nonzero constant, c46 > 0,
P£2>0 and € = 1.

In the notation of Proposition 26, the point transformation 7p2 ge
maps an equation in -7'-{\/:,(2)0 to an equation in Fyy 2 with arbitrary-
element tuples (bg, b1) equal to (cg, 0), (cg,c2) and (cg, —c2), respectively.
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