36ipHuk npaub lHcTuTyTy matematuku HAH Vkpainn 2019, T. 16, Ne 1, 50-65

YIK 517.912:512.816

Differential invariants for a class
of diffusion equations

E. Dos Santos Cardoso-Bihlo ', A. Bihlo T, R.0. Popovych *

¥ Memorial University of Newfoundland, Canada
E-mail: ecardosobihlo@mun.ca, abihlo@mun.ca

Y Universitit Wien, Austria
Institute of Mathematics of NAS of Ukraine, Kyiv
E-mail: rop@imath.kiev.ua

3HaiieHo MOBHY TPyIy eKBiBajaeHTHOCTI Kmacy (1+1)-BumMipanx eBOTIONiii-
HUX PIBHSHB JPYTOTO MOPSIIKY, KA BUSIBI/IACS HECKIHIEHHOBUMIPHO0. Me-
TO/IOJIOTiI0 €KBIBAPIAaHTHUX PYXOMEX PeIePiB 3aCTOCOBAHO Yy PEryIsapPHOMY
BHUIAIKY IIPOIEIypPY HOPMAJI3aril 10 moOyI0BH PYyXOMOTO perepa IpyIH,
MOB’s13aHOI 3 TPYMOI EKBIBAJEHTHOCTI B KOHTEKCTI TePeTBOPEHb eKBiBa-
JIEHTHOCT] Mi’K PIBHAHHSMU KJIaCy. 3a JOLOMOIOIO 1100Y10BAHOI'0 PYXOMOTr0O
perepa OmmucaHo aare6py audepeHIiaJbHIX iHBApIaHTIB mi€l rpymm uepes
OTPUMAaHHS MIiHIMAIBHOI T€HEPYI0YU0l MHOXKWHE AudepeHIiaTbHuX iHBapi-
AHTIB 1 IIOBHOI MHOXKHMHU OII€PATOPIB IHBApiaHTHOrO AudEePEHIIIOBAHHSI.

We find the complete equivalence group of a class of (1+1)-dimensional
second-order evolution equations, which is infinite-dimensional. The equi-
variant moving frame methodology is invoked to construct, in the regular
case of the normalization procedure, a moving frame for a group related
to the equivalence group in the context of equivalence transformations
among equations of the class under consideration. Using the moving frame
constructed, we describe the algebra of differential invariants of the former
group by obtaining a minimum generating set of differential invariants and
a complete set of independent operators of invariant differentiation.

1. Introduction. Invariants and differential invariants of transfor-
mation groups, in particular, point symmetry groups admitted by sys-
tems of differential equations have a wide range of applications and are
therefore an intensively investigated subject. Differential invariants play
a central role in the invariant parameterization problem [1, 2, 30] and in
the problem of invariant discretization [3, 5, 7]. They are also used to
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construct invariant differential equations and invariant variational prob-
lems [22, 23], as well as in computer vision, integrable systems, classical
invariant theory and the calculus of variations [6, 22, 24].

Rather recently, finding differential invariants in problems related to
group classification became a research topic of interest. The idea is to
compute the differential invariants not for the point symmetry group of
a single system of differential equations but for the equivalence group
admitted by a class of such systems. The primary motivation for such
a survey is to study the equivalence of systems of differential equations.
Exploring equivalence, it is possible to explicitly determine point trans-
formations among systems from a class [28]. Such a mapping between
two systems of differential equations is especially helpful if wide sets
of exact solutions are known for one of the systems involved. These
solutions then can be mapped to solutions of the equivalent system. An-
other case of particular interest is the mapping between nonlinear and
linear elements of a class of systems of differential equations [19]. For
the solution of the equivalence problem, finding differential invariants
for the equivalence group is a main ingredient. There are a number of
papers where some low-order differential invariants of the equivalence
groups of various physically relevant classes of systems of differential
equations were computed using the Lie infinitesimal method; see, e.g.,
[11, 12, 13, 14, 15, 17, 32, 33, 34, 35] and references therein.

In the present paper we will be concerned with differential invariants
for a group! related to the equivalence group of the class of diffusion
equations

U = Ugy + f(u, um) (1)

in the context of equivalence transformations among equations of this
class. This subject was originally considered in [32], using the infinitesi-
mal method and restricting the order of differential invariants up to two.
We revisit the construction of differential invariants for the class (1)
from the very beginning, analyzing differential invariants of which group
should be found. Then, we apply the method of equivariant moving
frames in the formulation originally proposed and formulated by Fels
and Olver [9, 10], which was later generalized to infinite-dimensional
Lie (pseudo)groups in [6, 25, 26], and this is the setting that is needed

'In fact, this object and the “equivalence group” of the class (1) are Lie pseu-
dogroups of locally defined point transformations. We use the term “group” for
brevity since this does not lead to any confusion.
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to study differential invariants for the class (1). The advantage of mo-
ving frames is that they allow for a canonical process of invariantization,
which associates to each object, such as functions, differential functions,
differential forms and total differentiation operators, its invariant coun-
terpart. For the problem of finding differential invariants of a Lie trans-
formation (pseudo)group, this property is especially convenient. The
invariantization of the jet-space coordinate functions yields the so-called
normalized differential invariants. The invariantized coordinate func-
tions whose transformed counterparts were involved in the construction
of the corresponding moving frame via the normalization procedure are
equal to the respective constants chosen in the course of normalization.
This is why these objects are called phantom normalized differential in-
variants. The non-phantom normalized differential invariants constitute
a complete set of functionally independent differential invariants. As
a further asset, the method of moving frames also permits to study the
algebra of differential invariants by deriving relations, called syzygies,
between invariant derivatives of non-phantom normalized differential in-
variants. Finding syzygies can aid in the establishment of a minimum
generating set of differential invariants. See e.g. [6, 8, 22, 25, 26] for
more details and an extensive discussion on the computation of differen-
tial invariants for both finite-dimensional Lie symmetry groups and for
infinite-dimensional Lie (pseudo)groups using moving frames.

The further organization of this paper is as follows. In Section 2
we compute the equivalence group and the equivalence algebra of the
class (1). Section 3 is devoted to the selection of a group to be consid-
ered and a preliminary analysis of equivariant moving frames associated
with this group. The structure of the algebra of differential invariants
is determined in the main Section 4. This includes a description of a
minimum generating set of differential invariants and a complete set of
independent operators of invariant differentiation, which serve to ex-
haustively describe the set of differential invariants. Moreover, for each
k € Ny we explicitly present a functional basis of differential invariants
of order not greater than k.

2. The equivalence group. The auxiliary system for the class (1),
which is satisfied by the arbitrary element f, is f; = fz = fu, = fu,, =
fuse = fu,., = 0. By definition [27, 28, 29, 31], the (usual) equiva-
lence group G™ of the class (1) consists of the point transformations in
the space with coordinates (t,,w, us, Uy, Utt, Uty Uz, f) that have the
following properties:
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e they are projectable to the space with the coordinates (¢,x,u),

e their components for derivatives of u are found by prolongation
using the chain rule, and

e they map every equation from the class (1) to an equation from
the same class.

To begin finding the group G~, we fix an arbitrary equation of the
class (1), uy = uge + f(u,uy), and aim to find point transformations in
the space with coordinates (¢, z, u),

t=T(tz,u), &=X(tzu), a=U(tzu), (2)
that transform the fixed equation to an equation of the same class,
iy = sz + (1, ). (3)

A preliminary simplification is obtained from noting that the class (1)
is a subclass of the class of second-order (1+1)-dimensional semi-linear
evolution equations. Any point transformation between two equations
from the latter class satisfies the constraints T, = T,, = X, = 0, i.e.,
t=1T(t), T = X(t,z), and T; X, U, # 0. See [16, 18, 21] for further
details. After taking into account the above constraints, the required
transformed derivatives read

1 X 1
Up = ﬁ (DtU — )(fDxU> , Uz = szUv

where D; and D, are the usual total derivative operators with respect
to t and x, respectively. Substituting these expressions and u; = Uz, + f
into Eq. (3), we split the resulting equation with respect to u,, yielding
T, = X2. The remaining equation is

Xy
X

T -
u

The differential consequences of Eq. (4) that are obtained by separate

differentiations with respect to ¢ and z can be split with respect to

derivatives of f since they are regarded as independent for equivalence

transformations. This yields the equations

Tyt = Xpt = X = Uy = U, = 0.
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The equation (4) itself gives the f-component of equivalence transfor-
mations.

The arbitrary element f in fact depends only on u and u,. The space
with coordinates (¢, z,u,u,, f) is preserved by all elements of G™~. This
is why we can assume this space as the underlying space for G~ and
present merely the transformation components for its coordinates.

As a result, we have proved the following theorem.

Theorem 1. The equivalence group G~ of the class (1) is constituted
by the transformations

t=Cit+Co, &=Ciw+CiCot+Cs, a=p(u),
iz = Oy lug,  f=0r% (¢ f = Copluy — ¢"ul)

where Cy,C1,C,C5 € R, ¢ is an arbitrary smooth function of u and
Clgo’ 7& 0.

The infinitesimal generators of one-parameter subgroups of G, which
constitute the equivalence algebra g™ of the class (1), can be derived
from (5) by differentiation, cf. the proof of Corollary 11 in [20] or the
proof of Corollary 6 in [4]. These generators coincide with those de-
termined in [32]. As we will later need them for the description of the
algebra of differential invariants of a group related to G™ in the context
of the G™-equivalence among equations of the class (1), we present them
here. The general element of g™ is

(5)

where the components are of the form

72201t+00, §:Cll'+02t+037 ¢:¢(u)>
n= ((rb/ - Cl)u-’m 0= (QS/ - QCl)f — CoUy — gb”ufw

in which c¢g, ¢1, c2 and c3 are arbitrary real constants, and ¢ is an arbi-
trary smooth function of u. In other words, the equivalence algebra g~
of the class (1) is spanned by the vector fields

O, 2t0p + 20y — uzOy, — 2f6f, t0, — uzaf,
0, + ¢/uxau7 + (¢/f - ¢Hun25)afa

where ¢ runs through the set of smooth functions of u.
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3. Preliminary analysis of moving frames. Let us first clar-
ify the space of independent and dependent variables to be used and
the group to be considered. While formally the arbitrary element f
is a smooth function on the second-order jet space with coordinates
(t, @, u, ug, Ug, Ust, Upg, Uz ), Practically it explicitly depends only on u
and u,. This is why subsequently we will only consider the projection of
the equivalence transformations to the space with coordinates (u, u,, f).
As a shorthand, we denote v := u, and ¥ := @iz = V (u,v) := C; '¢ (u)v.
In other words, we will in fact study differential invariants of the pro-
jection Gy of G™ to the space with coordinates (u,v, f), where u and v
are the independent variables and f is the dependent variable. The in-
finitesimal counterpart of G; is the projection g; of g™ to the space with
coordinates (u, v, f).

In order to describe the algebra of differential invariants of the group
G'1, we now construct a moving frame for this group. Since it is infinite-
dimensional, we have to use the machinery developed for Lie pseudo-
groups, see [6, 25] for an extensive description of this subject.

The first step in the construction of the moving frame is the com-
putation of the lifted horizontal coframe, the dual of which yields the
implicit total differentiation operators Dy and Dg. For the equivalence
transformations (5), the lifted horizontal coframe is

dya = (D,U)du+ (D,U)dv = ¢’ du,

<p// (,D/
dpo = (D, V)du+ (D,V)dv = Z—vdu + = dv.
Cy 4
Computing the dual, we derive that
1 1
Dy = —D, — (WWUDE, Dy = Q}Dv (6)
¥ ¥

are the required implicit differentiation operators. Acting with them on
the transformation component for f, we find that

where 4,7 € Ng :==NU {0} and

1
(Lp/f _ 02(,0/1/' _ SDN’U2>

£ :":F::7
fOO f 012
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is the f-component of equivalence transformations. In particular, the
derivatives up to order 2 are exhausted by

fio =

1 11\2
W (Splfu + (P//(f _ va) /// 2 + 2(9‘;/) ’1}2) ,

1
for = G —— (@' fo — Ca’ — 2¢"v),

// my 2
foo = Cg ; (fuu - ;(fu—Qvfuv) + (Z,) 02 foe

/
o ’ 1 1\
+(5) - - @7 (w (1)) =)
- 1 12
fu = Cro? <90/fuv — "0 foo — 20"V + 4SD > )

~ 1
f02 = E(@lfvv - 2(,0//).

There are a relative invariant and a relative conditional invariant
which play a significant role in the following consideration. By taking
the difference foo - fql we exclude the inessential constant Cs, which
only arises in foo and fo1,

foo — ofor = % (P'(f —vf) +¢"0%).
1

Combining further Q(foo -0 fm) + 92 fos to exclude ¢”, we obtain

- 1 W:2f_2va+'02fmn
W = —W, where _ N _ -
G W =2f — 20 f5 + 0 fos,
i.e., W is a relative invariant of G;. In other words, the condition W =0
is preserved by any equivalence transformation in the class (1). Analo-
gously, the combination 2f1o — vfi1 gives

1 (p S = 2fu - Ufum
S = —25 + =5 —W, where _ . . (7)
A Gt S =2fa —Vfap.
This means that S is a relative invariant of G if the condition W = 0 is

satisfied. Values of the differential functions W and S determine which
normalization conditions should be chosen.
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We next find appropriate normalization conditions, which form the
basis for the construction of an equivariant moving frame. As ¢ arises
only in U, we can set U to any value including zero. The value of V
can be set to any constant excluding zero, and all these possibilities are
equivalent. We find it convenient to put V = 1 and express ¢’ = C1/v.
The constraint W = 0 singles out the singular case for the moving
frame construction, which has to be investigated separately. Within
this singular case, there is the ultra-singular subcase associated with the
constraint S = 0. Indeed, under the constraint W = 0 the equation (7)
can be solved for C if and only if S # 0.

4. Differential invariants for the regular case. In this paper, we
only consider the reqular case for moving frames of Gy, where W # 0.
In this case, the following normalization conditions can be used to de-
termine a complete moving frame

azoa 5:1a f:17 01:07 fOQZOa

In the expression for fim we presented only the summands with the
highest-order derivatives of ¢ and f, which are ¢+ and firizir, =
0,...,14, respectively. We solve the first five equations with respect to C1,
Cs, @, ¢’ and ¢" and substitute the obtained expressions into the other
equations. For each fixed ¢ € N, we solve the modified equation .in =0
in view of the similar equations with lower values of 4 and thus find an
expression for ¢("+2)_ the explicit form of which is essential for further
consideration only for ¢ = 3. This yields the following complete moving
frame:

01:W

o Cy = v vV
21}7 2 f Uf

w

202’

0" = 1oz (2 4 (7 = 0fu 407 Fu) o).

w
» =0, 90/ = 90// = mfvva

, W o (i 2\
42 .
*DH):zle(i/) <W> Jii—r +00 s =23,

/=0
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In the expression for ¢(**2) we presented only the summands with the
highest-order derivatives f; ;_;/, i’ = 0,...,i. The invariantization %/ =
t(fi;) of the derivatives f;; of f that are not involved in the normalization
conditions (8) gives rise to a complete set of functionally independent
differential invariants of G;. The lowest-order non-phantom normalized
differential invariant is I'', and it reads

4fu —20fup + (2f —2vf, + Uvav)fvv
(2f - 2va + Uvav)2 -

This differential invariant is of second order. For each tuple (i,7) with
i+ j > 3 and j # 0, the maximal orders of derivatives of f and ¢
appearing in the expression for fij are i+ j and i + 2, respectively. This
is why the maximal order of derivatives of f in the expression for fij
cannot be lowered in the course of the invariantization, i.e., the order
of the normalized differential invariant I*/ is i + j. Therefore, there are
precisely %k(kJr 1)—2 functionally independent differential G;-invariants
of order not greater than k > 2. They are given by the functions I'!
and I with 3 <i+j <kandj#O0.

Apart from finding the complete set of functionally independent dif-
ferential invariants of Gy for each fixed order by successively invarianti-
zing all the derivatives f;;, the moving frame (9) can be used to deter-
mine the operators of invariant differentiation. They are found upon
invariantizing the operators of total differentiation (6) and read

Ill _ —21}2

Di 202

1 .
_ Dy, — ~vfuDy |, D.=uD,. (10
u 2f20fv+v2fm< R > v (10)

We now aim to investigate the structure of the algebra of differential
invariants of G;. The starting point for this investigation is the uni-
versal recurrence relation, which relates the differentiated invariantized
differential functions or differential forms with the invariantization of
the respective differentiated objects. This universal recurrence relation
reads [25]

du(Q) = 1(dQ + Q™) (Q)). (11)

The first step in our study is the evaluation of (11) for the independent
variables u and v and the derivatives f;;, 7,j € N,

dpe(u) = wh + (),  dne(v) = w? + 1(n),
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Aol = dne(fij) = t(fisrydu+ fijprdo +67)
Ly L2 (i,

where w! = ¢(du), w? = ¢(dv), and

07 =D/DJ (0 — dfro — nfor) + dfiv1,; +nfij1

?

=0 —2eafy—0G-1) Z <z’> STV fi i
‘ =0
- (z’) (fﬁ(l ) ficirsr + vl +1)fi7i’,j+1)
/=1

— 62(5(]1'((5(”’0 + 61j) — ¢(i+2)(50jv2 + 2(51j’U + 252j)

is the f;;-component of the infinite prolongation of the vector field ¢d,, +
N0y + 00f. Here §;; is the Kronecker delta. The respective recurrence
relations then split into two kinds, the first being the so-called phantom
recurrence relations. For a well-defined moving frame cross-section, they
can be uniquely solved for the invariantized Maurer—Cartan forms, which
arise due to the presence of the correction term ¢(Q(*)(Q2)) in (11).
Then, plugging these invariantized Maurer—Cartan forms into the second
kind of recurrence relations, the non-phantom ones, gives a complete
description of the relation between the normalized and differentiated
differential invariants, see [6, 25] for more details. For the chosen cross-
section (8), the phantom recurrence relations read

0= due(u) =w' + 1) = w' +,
0=dn(v) =w?+u(n) =w? + ¢ — &,
0=dnl% =u(0) = ¢ — 26, — 2 — ¢,
0=dpI" ="' +4(0) = T"w' — &, — 24",
0= thO2 — Il2w1 +103w2 4 L(HOQ) — 112(4)1 +IO3w2 _ 2(5//,
0=dpl™ = I""w? +0(0°)
= Iy 4 qg(i+1) _ q§(¢+2) _ f (Z’/) Ii—i',lqg(i’-s-l)’ i €N,

/=1

where the forms ¢, ¢; and qg(i), i € Ny, are the invariantizations of the
parameters ci, ¢ and ¢ of the infinitely prolonged general element of
the algebra g;, respectively, ¢ = u(c1), é = t(cz) and ¢ = ().
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More rigorously, here the parameters ¢i, ¢o and ¢, i € Ny, are in-
terpreted as the coordinate functions on the infinite prolongation of g.
Recall that under the prolongation we consider u and v to be the indepen-
dent variables and f to be the dependent variable. In other words, these
coefficients are first-order differential forms in the jet space J*°(u,v| f).
Hence their invariantizations are also forms, which are called invari-
antized Maurer—Cartan forms.

The above system can be solved to yield the following invariantized
Maurer—Cartan forms

. 1 1
¢ = (2I12 — Ill> wh + <2103 — 1) w?,

62 — (Ill _ 112)0.)1 _ ‘[030‘)27

A N 1 1
1 / 12 11 1 03 2
__ — (=21 S99
R Gt E Gl LS
(ﬁ// _ 1112&11 + 1103(&12
2 2 ’
i—1 ;
A ~p. A Y Y . .
¢(7,+2) — (b(z-‘rl) _ Z <Z/) it ,l(b(z +1) + Izlw2’ i € N.
/=1

The explicit expression for the invariantized form é(i+2)7 1t €N, as a
combination of w! and w? with coefficients being polynomials of normal-
ized differential invariants is obtained by expanding the above expression
when successively going over the values of 7. In particular,

QZ)”/ — 3112“}1 4 (Ill 4 ;IOB> w2’
(5(4) —_ (2112 _ Ill]lQ) OJl + (Ill + %103 + 121 _ 111103) OJ2.

For i > 3, the greatest value of i’ + j' for the normalized differential
invariants 17" that are involved in ¢012) is ¢+ 1, and I w? is the only
summand with this value.
The non-phantom recurrence relations are
thll — 1210.)1 +112W2 4 [/(911)
_ (1'21 4 2([11)2 o 1'111'12 o I12)w1
4 (112 _ 111[03 + Ill _ IOS)LUQ
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61

dpl¥ = [t 4 TR 4 (09), i+ 23, j#£0,
with

(69) = (j =211 = (j—1) ) (2)1"""%“’“’

i'=0
_ i: (Z/) (Iifi’qtl,jag(i’) n Ii—i’,jﬂag(i’ﬂ))
i'=1
— 80i(60j + 61)¢2 — (Soj + 201; + 2027) U+,
The first non-phantom recurrence relation splits into
D[ = 2 4 g2 _ i1z g2
Di il = 12 103 4 pi_ g03,

Therefore, the normalized differential invariants I'? and I?! are ex-

pressed in terms of invariant derivatives of I'! and I°3,
['2 = DLt g 03 iy po3,
1= Di (12
(I )DL 4 7103 iy 703y,

In view of the above discussion on the invariantize forms qg(i/), i € N the
expression for ¢(60%) with ¢ + j > 3 and j # 0 implies that the greatest
value of i’ + j' for I"? involved in ¢(6") is ¢ + j. Hence splitting the

(13)

recurrence relation with d, % leads to expressions for I*t1J and I%7+1

in terms of invariant derivatives of I* 7" with ¢/ + j' < i+ j. For example,

from the non-phantom recurrence relation
dh103 _ Il3w1 4 IO4UJ2 + L(903)
712703
—_ (Ild +111[OS o
2

we derive
DLIOB _ I13 + 111]03 _ %I12103,

D,iUIOB _ 104 _ %(103)2 =+ 103.

>w1 + <I°4+IO3 o
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This implies by induction, where the expressions (13) for I'2 and I?! give
the base case, that any non-phantom normalized differential invariant
can be expressed in terms of invariant derivatives of I'! and I°3.

To find a minimum generating set of differential invariants for the
projected group Gp, we should additionally check whether 1% can be
expressed in terms of invariant derivatives of I''. We use (11) to compute
the commutator between the operators of invariant differentiation. This
is done upon evaluating (11) for the basis horizontal forms du and dv,

dpe(du) = o(¢'du) = o(¢) A t(du)

(2 103)w Aw? = —Yllzwl/\wQ,
dpe(dv) = o(¢"vdu + (¢ — c1)dv)
= u(¢"v) A u(du) = %Iogwl Aw? = -Y5w! AW
The commutation relation then evaluates as

) . ) . 1 . 1 .
DL, D] = Y0}, + YD, = (51~ 2) Dl + 31D,

see [25] for details of the technique applied. Evaluating [D, Di]I'!, we
can derive the following expression for I93:

203 fouo 22D1 It + DI Di]rtt
2f = 2vufy, + 2 fo, Di 71l + Dl

9% .=

As a result, we have proved the following theorem.

Theorem 2. The algebra of differential invariants of the group G,
which is the projection of the equivalence group G~ of the class of diffu-
sion equations (1) to the space with coordinates (u, v, f), is generated by
the single differential invariant

Afu =20 fuw + (2f = 20f, + Uvav)fvv
(2f - 2va + U2fvv)2
along with the two operators of invariant differentiation

Di — 20° Dy, — Suf,,D Di =D
T T A N TV A

All other differential invariants are functions of I'!' and invariant deriva-
tives thereof.

I = 922
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Corollary 1. A functional basis of differential invariants of order not
greater than k € Ny in terms of invariant derivatives of non-phantom
normalized differential invariants is exhausted by

(D (DL I, i+i<k—2 (D) 1%, § <k-3

Acknowledgements. This research was undertaken, in part, thanks
to funding from the Canada Research Chairs program, the NSERC Dis-
covery Grant program and the InnovateNL LeverageR&D program. AB
is a recipient of an APART Fellowship of the Austrian Academy of Sci-
ences. The research of ROP and EMDSCB was supported by the Aus-
trian Science Fund (FWF), projects P25064 and P29177.

[1] Bihlo A., Dos Santos Cardoso-Bihlo E., Popovych R.O., Invariant parameteri-
zation of geostrophic eddies in the ocean, arXiv:1908.06345, 21 pp.

(2] Bihlo A., Dos Santos Cardoso-Bihlo E.M., Popovych R.O., Invariant param-
eterization and turbulence modeling on the beta-plane, Phys. D 269 (2014),
48-62, arXiv:1112.1917.

(3] Bihlo A., Popovych R.O., Invariant discretization schemes for the shallow-water
equations, SIAM J. Sci. Comput. 34 (2012), B810-B839, arXiv:1201.0498.

[4] Bihlo A., Popovych R.O., Group classification of linear evolution equations,
J. Math. Anal. Appl. 448 (2017), 982-1005, arXiv:1605.09251.

(5] Bihlo A., Valiquette F., Symmetry-preserving numerical schemes, in Symmetries
and Integrability of Difference Equations, CRM Ser. Math. Phys., Springer,
Cham, 2017, 261-324.

(6] Cheh J., Olver P.J., Pohjanpelto J., Algorithms for differential invariants of
symmetry groups of differential equations, Found. Comput. Math. 8 (2008),
501-532.

(7] Dorodnitsyn V., Applications of Lie groups to difference equations, Differential
and Integral Equations and their Applications, Vol. 8, Chapman & Hall/CRC,
Boca Raton, FL, 2011.

[8] Dos Santos Cardoso-Bihlo E.M., Differential invariants for the Korteweg—de
Vries equation, in Proceedings of 6th International Workshop “Group Analysis
of Differential Equations & Integrable Systems” (June 17-21, 2012, Protaras,
Cyprus), University of Cyprus, Nicosia, 2013, 71-79.

[9] Fels M., Olver P.J., Moving coframes: I. A practical algorithm, Acta Appl.
Math. 51 (1998), 161-213.

[10] Fels M., Olver P.J., Moving coframes. II. Regularization and theoretical foun-
dations, Acta Appl. Math. 55 (1999), 127-208.

[11] Gandarias M.L., Torrisi M., Tracina R., On some differential invariants for a
family of diffusion equations, J. Phys. A: Math. Theor. 40 (2007), 8803-8813.



64

E. Dos Santos Cardoso-Bihlo, A. Bihlo, R.O. Popovych

(12]
(13]

(14]

(15]

[16]

(17]
(18]
(19]

20]

21]
(22]

23]
[24]

[25]
[26]

27]

(28]

29]

(30]

Ibragimov N.H., Invariants of hyperbolic equations: Solution of the Laplace
problem, J. Appl. Mech. Tech. Phys. 45 (2004), 158-166.

Ibragimov N.H., Meleshko S.V., Thailert E., Invariants of linear parabolic differ-
ential equations, Commun. Nonlinear Sci. Numer. Simul. 13 (2008), 277-284.

Ibragimov N.H., Sophocleous C., Differential invariants of the one-dimensional
quasi-linear second-order evolution equation, Commun. Nonlinear Sci. Numer.
Stmul. 12 (2007), 1133-1145.

Ibragimov N.H., Torrisi M., Valenti A., Differential invariants of nonlinear equa-
tions vt = f(x,vg)Vza + g(x,vz), Commun. Nonlinear Sci. Numer. Simul. 9
(2004), 69-80.

Ivanova N.M., Popovych R.O., Sophocleous C., Group analysis of variable
coefficient diffusion-convection equations. I. Enhanced group classification,
Lobachevskii J. Math. 31 (2010), 100-122.

Johnpillai I.K., Mahomed F.M., Singular invariant equation for the (1+41)
Fokker—Planck equation, J. Phys. A: Math. Gen. 34 (2001), 11033-11051.

Kingston J.G., Sophocleous C., On form-preserving point transformations of
partial differential equations, J. Phys. A: Math. Gen. 31 (1998), 1597-1619.

Kumei S., Bluman G.W.;, When nonlinear differential equations are equivalent
to linear differential equations, STAM J. Appl. Math. 42 (1982), 1157-1173.

Kurujyibwami C., Basarab-Horwath P., Popovych R.O., Algebraic method for
group classification of (1+1)-dimensional linear Schrodinger equations, Acta
Appl. Math. 157 (2018), 171-203, arXiv:1607.04118.

Magadeev B.A., Group classification of nonlinear evolution equations, St. Pe-
tersburg Math. J. 5 (1994), 345-359.

Olver P.J., Generating differential invariants, J. Math. Anal. Appl. 333 (2007),
450-471.

Olver P.J., Differential invariant algebra, Comtemp. Math. 549 (2011), 95-121.

Olver P.J., Modern developments in the theory, applications of moving frames,
London Math. Soc. Impact150 Stories 1 (2015), 14-50.

Olver P.J., Pohjanpelto J., Moving frames for Lie pseudo-groups, Canadian J.
Math. 60 (2008), 1336-1386.

Olver P.J., Pohjanpelto J., Differential invariant algebras of Lie pseudo-groups,
Adv. Math. 222 (2009), 1746-1792.

Opanasenko S., Bihlo A., Popovych R.O., Group analysis of general Burgers—
Korteweg—de Vries equations, J. Math. Phys. 58 (2017), 081511, 37 pp.,
arXiv:1703.06932.

Ovsiannikov L.V., Group analysis of differential equations, Acad. Press, New
York, 1982.

Popovych R.O., Classification of admissible transformations of differential equa-
tions, Collection of Works of Institute of Mathematics, Kyiv 3 (2006), no. 2,
239-254.

Popovych R.O., Bihlo A., Symmetry preserving parameterization schemes,
J. Math. Phys. 53 (2012), 073102, 36 pp., arXiv:1010.3010.



Differential invariants for a class of diffusion equations 65

(31]

(32]
(33]
(34]

(35]

Popovych R.O., Kunzinger M., Eshraghi H., Admissible transformations and
normalized classes of nonlinear Schrédinger equations, Acta Appl. Math. 109
(2010), 315-359, arXiv:math-ph/0611061.

Torrisi M., Tracina R., Second-order differential invariants of a family of diffu-
sion equations, J. Phys. A: Math. Gen. 38 (2005), 7519-7526.

Torrisi M., Tracina R., Valenti A., On the linearization of semilinear wave equa-
tions, Nonlin. Dyn. 36 (2004), 97-106.

Tracina R., Invariants of a family of nonlinear wave equations, Commun. Non-
linear Sci. Numer. Simul. 9 (2004), 127-133.

Tsaousi C., Sophocleous C., Tracina R., Invariants of two- and three-dimen-
sional hyperbolic equations, J. Math. Anal. Appl. 349 (2009), 516-525.



