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New generic realizations of conformal Lie algebra and two de Sitter algebras
are obtained. Deformation of the Poincaré algebra to the de Sitter ones is
constructed.

1. Introduction. Each well-established physical theory has its own
certain fundamental invariance group and, therefore, realizations (repre-
sentations by first-order differential operators) of their Lie algebras are
effectively used for reduction, integration, differential invariants, etc., see
e.g. [1,2, 3,5, 8].

In this work we consider three types of conformal groups: standard
conformal group C(3,1) and two conformal groups of pseudoeuclidian
spaces C(3,0) and C(2,1). For the respective Lie algebras ¢(3,1), ¢(3,0)
and ¢(2,1) we construct the maximal possible (generic) realizations using
the algebraic approach proposed in [7]. Some covariant realizations of the
conformal and de Sitter algebras are well known, but we first represent
realizations in fifteen and ten essential variables respectively. Realiza-
tions in smaller number of variables can be obtained from the given ones
by means of projection with respect a subalgebra.

The paper is arranged as follows. Fist we outline the algorithm for
construction of realizations and define the conformal Lie algebra. Then
we obtain it’s generic realization and we do the same for the both de
Sitter Lie algebras s0(4, 1) and s0(3,2). And, finally, we include naturally
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the contraction parameters to de Sitter algebras in such a way, that
contraction results are the Poincaré algebra.

2. Definitions and conventions.Let V be an n-dimensional vector
space over the field of real numbers. Consider a Lie algebra g on V'
spanned by a basis {eq, ea, ..., e,} with the structure constants C’fj e R,
here and below 4,5,k = 1,2,...,n. We denote an open domain of R™
as M and Vect(M) is the Lie algebra of smooth vector fields on M with
the Lie product defined as commutator (i.e., the Lie algebra of first-order
linear differential operators with analytical function coefficients).

A realization of a Lie algebra g in vector fields on M is a homomor-
phism R(g) = R: g — Vect(M). The realization is called faithful if
ker R = {0} and unfaithful otherwise.

In Lie theory realizations are considered locally at some neighborhood
U, C M C R™ of a point z € M and in most of the cases without loss of
generality the realization can be considered in a neighborhood of a zero
point x = 0.

Denote local coordinates of a point 2 € M as (x1,...,Z;,), then in
coordinate form a realization R(g) is performed by the images =;(z) of
the basis elements e; of a general form

i(x) = R(e;) = Y _ &ulwr, 22, .., 2m) 0, (1)
=1
hereafter 0, = a% and the coefficients &;(x1,x2,...,%,) are smooth

(analytic) functions.

Let us fix a point © € M and let R, be a realization of g at this
point. Consider the linear map R,: g — Vect(M)(z) that transforms
a vector v € g to it’s image R(v(x)) at . The matrix that corresponds
to this linear map is the n by m matrix £ formed by the coefficients of
the realization (1)

e 2 2 &
g(z) _ 21. 22. . 2171.

bn(®) Eun(®) . Eum(®)

The rank of the linear map R,, or, equivalently, the rank of the
matrix £(z) at a point z is called a rank of realization R at point
and is denoted rank R,. The realization rank value possess the obvious
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inequality 0 < rank R, < n, where n is the dimension of a Lie algebra g.
The second inequality is dictated by the number of rows in matrix &,
which is equal to the number of basis vector fields of g.

A realization R of a Lie algebra g is called transitive if the action of
the local Lie group corresponding to R is transitive. Or, equivalently
(see [4]), a realization R of a Lie algebra g is called transitive if rank
R,=mforallpe M.

For many practical applications it is necessary to decide if two given
sets of first order differential operators (with the isomorphic commuta-
tion relations) can be transformed to each other or not. This task is
rather complicated even in the case of small number of operators and
variables.

Roughly speaking, two realizations are equivalent, if they can be
transformed to the identical form by means of non-singular automorphic
basis changes (e; — €;) and 1 to 1 changes of variables (z; — y; = ¢i(z))
with non-zero Jacobi determinant.

Let us have a diffeomorphism of M such that for the corresponding

T,y € M we have Y1 = Sol(mlvuwxm)a Yz = SDZ(xlv"'?xm)a sy Ym =
©m(x1,...,Zm). Then the realization of the form (1) transforms to the
following:
He) = S e 9, =S [ Ey () 200)
) = S, =35 (S e 2 ) g,
=1 =1 \I'=1

Note, that the coefficients él(y) are written in terms of y using the
inverse transformation o~1.

It is obvious that application of transformations from Aut(g) to the
realization R does not change the rank of R, and none of diffeomorphisms
of M can change the realization rank either. Therefore the equivalent
realizations have the same ranks.

Let a realization R(z): g — Vect(M) has a rank r = rank R < m at
a regular point x € M, where m = dim M. Then there exists a locally
equivalent realization R(y): g — Vect(M) at a regular point y € M such
that the coefficients of basic vector fields &;(y) =0 for all i = 1,...,n,
Il =r+1,...,m. To prove this let us construct the desired diffeo-
morphism. Since the realization rank is equal to r it is known from
the theory of invariants [9] that there are m — r functionally indepen-
dent invariants Ji(z1,...,Zm)s- .., Jm—r(Z1,...,Zm) of the realization
R. The diffeomorphism of the form y, = x4, a = 1,...,7; yppp = J,
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b=1,...,m—r gives the following zero coefficients of the realization R:

Eirav)(y) = R(eg)(Jp) =0foralli=1,...,n,b=1,....,m—r.
The above variables y1,...,y, are called essential and the rest of
non-zero variables from y, 1, ...,y are called additional.

Example 1. Consider two-dimensional abelian Lie algebra 2A4;. It is
well-known that the basis elements of this algebra can be realized by two
operators of translations

Rl(el) = 81, R1(€2) = 02.

It was shown in [10] that there are exactly two inequivalent realiza-
tions of 241, and the second one is

Rg(el) = 81, R2(62) = .18281.

In these cases rank Ry = 2 and rank Ry = 1.
Consider the formal sum of these realizations R3 = Ry + Re (R; for
the variables (z1,22) and Ry for the variables (z3,24)), namely

Rg(el) =0+ 83, R3(62) = 0o + 2405.

As far as [0 + 05,02 + x403] = 0, then R3 do realize the Lie algebra
2A; in the space of four variables (z1, 2,23, 4) and rank Rs = 2, what
means that the number of essential variables is equal to 2.

Indeed, the diffeomorphism ¢ given by the non-singular functions

Sol(xl,...7$4):I17 @2(_’131,,,,’1;4):.%27

03(x1,...,x1) =1 — 3 + Toxa, Qa(T1,...,24) = T4

transforms the realization R3 to the equivalent realization R; in 2 essen-
tial variables.

In case of transitive realizations all variables are essential and, since
rank R < n, any transitive realization of a Lie algebra is realized in not
more then n variables.

A recent paper [7] establishes the one-to-one correspondence between
inequivalent transitive realizations of a Lie algebra g and Int-inequivalent
subalgebras of g. Moreover, this relation was extended to the non-tran-
sitive case as well, see [4].
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The coefficients &} (z) of the generic realization

= ig % i=1,2,...,n,

k=1 k

can be recovered from the left-invariant differential one-forms

Zw )da

using the duality w!(z)&i(x) = 6L and the coefficients w!(x) of the dif-
ferential one-forms are constructed as follows:

wh(z) = (AD (21) A® (22) ._.A(i—l)(xi_l))i7

where i = 2,3,...,n, 1 = 1,2,...,n, w{ = §!, and the matrices AP
p=1,2,...,n, are the exponential solutions of the system

AP () = —ad., AP (1), AP(0)=1I.

All the rest of transitive realizations of a fixed Lie algebra are cons-
tructed by means of projection of the generic realization using the known
set of Aut(g)-inequivalent subalgebras and the following rule.

Let h = (em41,---,€n) be a subalgebra of g = (ej,...,e,) with
a complementary space {eq, ..., €}, then, using the above approach and
the shortcut 9; = 6%7 we will obtain the realization of basis elements in
the form

R(e;) = fil(xl,mg, ey T )01+ E (X1, T, e T ) O
+§Zn+1(1'1,$2, . ,J?n)am+1 + e —|—§?($171‘2,. .. ,Jj‘n)an

The realization projected on the coordinates x1,xo,...,x,, is well
defined and has the form

pry, R(e;) = EN (w1, @0y T)O1 F -+ EM (21, T2, o, T ) O

The subalgebra that corresponds to the given realization is the kernel
of its linear map at the origin of coordinates. In other words at the point
x = 0 € R™ the realization vectors that form a basis of corresponding
subalgebra are identically equal to zero.
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Example 2. Consider the realizations

Ri: e1 =01, ex =201, e3=x101+ 2220,

R2I €1 261, 62:1‘181—33262, 63282.
At the origin of coordinates z = 0 their basis vectors have the form

Rl(l’:O): 61:(91, 62:0, 63:0,
RQ(Z‘:O)I 61:81, 6220, 63:82.

Therefore the realization Ry corresponds to the subalgebra (es,es)
and Ry corresponds to (e3).

The structure of realizations constructed by means of the algebraic
method reminds a tree diagram, namely: a realization corresponding to
a subalgebra by can be constructed by means of projection from a real-
ization corresponding to a subalgebra b if ho C by.

Note that all inequivalent realizations of a fixed Lie algebra can be
obtained by the above method, as far as any realization corresponds
to a quotient group G/H that acts effectively on some subspace M,
where H is a subgroup that corresponds to some subalgebra .

In this paper we use the above method to construct the realizations
of three conformal Lie algebras in maximal possible number of essen-
tial variables, that is we construct realizations that correspond to zero
subalgebras.

3. Conformal Lie algebra. First of all we consider a conformal
group and it’s 15-dimensional Lie algebra ¢(3,1). The conformal Lie
group C(3,1) = SO(4,2) = SU(2,2) of the Minkowski space is the max-
imal invariance group of the Maxwell equations in the flat space-time.
This group in many aspects unite all physical groups. It is generated by
10 Poincaré generators P, J,,, dilatation generator D and generators of
special conformal transformations K, hereafter p,v = 1,2,...,4. The
non-zero commutation relations of the Lie algebra are

[Juws Jpo) = Gupdve = Gupduc + GuoJpw — GuoJpus (2)
[Juvs Pol = 9upPo — Gup Py (3)
(s Kpl = gupls — gupKp, (4)
[Py Ku] = 2(90 D + Jpu), (5)
[PuaD] :Pw (6)



106 M. Myronova, M. Nesterenko

(K., Dl =—-K,. (7)

Here g, is the metric tensor of the Minkowski space gi11 = g22 = g33 =
—g44 = 1

It is possible to consider conformal groups C(p,q) of the pseudoeu-
clidian spaces with metric tensors

g1 =922 =" =0pp = ~Gp+ip+l = = ~Iptqp+q = 1 (8)

and u,v=1,...,p+qg=n.
Consider the group SO(p + 1,q + 1) = span{lu}, Iap = —Ip, with
the commutators

[Iaba ch] = gaclbd - gbcIad + gadch - gbdlcav
where gqp are from (8) and gn41.n+1 = —9gn+2,n+2 = 1. Then matching

pr = Lpvy P,u = I,u,n-l—l - [p,,n+27 Kp, = Ip.,n-&-l + I,u,n+27
D = In+1,n+2

we get the isomorphism C(p,q) ~ SO(p + 1,¢q + 1). Therefore a number
of well-known groups (like de Sitter groups) are conformal groups of
pseudoeuclidian spaces. Consider the well-known realization of the con-
formal group

P,=0,, Juw=2,0,—2,0,, D=u,0,
K, =2z,x,0, — :C28#;

hereafter the summation with respect to the repeated indices is implied
and 22 = 2% + .- +22.

Let us define the subalgebra that corresponds to the given realiza-
tion. To do this we study the realization at the point x = (0,0,0,0)
and see that the kernel of this linear map coincides with the subalgebra
span{J,,, D, K,}. Indeed, this is proven by the construction and projec-
tion of the generic realization of ¢(3,1) with the following complemen-
tary part {P,, Juu, K, D} taken in the lexicographical order. To make
formula more readable we have introduced the shortcuts:

sinx; =s;, cosx; =c¢;, tanxz; =t;, sinhax; = sh;,
coshx; = ch;, tanhxz; =th;, i=1,10.
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Rgeneric(c(?’a 1))
P1:81, P2:82, P3:83, P4:84,
Ji2 = 1201 — 1104, + 05,

J13 = 301 — £103 — thess05 + 506 + 2%587
c

Jig = 2401 — 2104 + 2 35 + t786¢506 + C5C607

S9S6C5C8 + thgs709s5 ~+ S9SgS5

Os
C7Co
C55658 — S5C8 S5S8 + C5S6Cs
- 09 + 010,
Cr C7Co
Cs
Ja3 = 302 — X205 + —thgcs05 — 506 + — O,
Ch6
t7cs
Jog = =402 — 2204 + s 05 — t7555606 — 85C607

thgs7coCs — SgSeCsSs + SgCsSs

Os
C7Co
C5C8 + S5S5658 S556C8 — C5S58
09 — oo,
Cr C7Co
tocsCe
J34 = —x403 — 2304 + cet705 — 5607 + c 08
7
58Ce CeCs
— ——0y + —0ho,
c7 C7

K, = ( — ;v2 — ac3 + x4)81 + 2212902 + 2212303 + 211240,

xab7s
( o + abrss _ $3th685> 0Os
chg

— 2(1‘4'5786 + 333)0586 — 2x4C5C607

x4t9SgCsC T3S T4t9S5S
2(4 9267578 +l’4t7th6S5+73 > +74 9%5 8)88
cr chg cr
C556S8 — S5C8)T
+2(568 58) 489
Cr
S588 + C556C8 ) T4
— 2( o ) 810 — (21’11’11 — Ch7C5C6)811
7C9

+ (Sh7Sth5C6 + Chg(S5C8 — 8688C5) — 21311’12)612

+ (shgshio(sscs — c58658) + chio(secscs + S558)
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+ shrchgshigcsce — 221213)013
+ (Sthhlo(S5C8 + C5S688) + Sh10(8608C5 + 8588)
+ shrchgchigcsce — 221214)014 + 221015,

KQ = 2x1x281 + (71’12 + .%22 - £B32 + m42)8z2 + 2.%21’383
5t

LaCst — X1 — {L‘3C5th6> 85

Ch6

+ 2($3 + {B4t786)S5a6 + 22485¢607

T4ty T3c
+2 ( (56C855 — 0558) — x4thrycs — 35) Os
cr ch

C5C8 + 555658 ) T4 B + 2 (8586C8 — C588) 4
(¢4 C7C9
— (221325011 + Ch785C6)811 + (Ch9(0508 + S5SgSg)

+ 2292404 + 2 <

— 2( 810

— shrshgsscg — 2:023712)812 + (Sthh10C5C8
+ chigcsss — shyshygchgsscg — chigsssges
+ shgshiosssess — 22213) 13
+ (shgchlo(c5c8 + 8586Cg8) + ship(sscs — s586Cs)
— shrchgchygssce — 29E29614)514 + 222015,
K3 = 2212301 + 2w2230,, + (—xf — 2+ xg, + $i)83 + 2w3x404
— 2thg(x185 + @acs)0s — 2(xat7ce — X1C5 + T285)0s

S5 + ToC tgcge
+2.134Ss(97+ (Il 5 1285 —2I4 976 8)08

ChG C7

CgC8T4

S Cel
8674 810 — (Ch786 + 256‘3:611)311
9

+2 0y — 22
Cr

— (CthGSS + 21‘31‘12 + Sh7Sh9$6)812

+ (ch10c6c8 — shgshigcgss — shrchgshigsg
— 223213) 013 + (chigcscs — shgchyocgss
— shrchgchygsg — 2w3214) 014 + 223015,
Ky = —2212401 — 229240, — 2242303 — (ajf + 33% + x§ + xi)&;

tr(x185 + 22C5)
Ch6
— 2(x2ce85 — T1C6C5 + 356)07

+ 2 65 + 2t7(1‘1$6C5 — I2S6S5 + I3C6)66
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to
+ 2 ?($QS556C8 — X1S6C5C8 — T3CaC8 — L1555y
7

— 5628805) — th6t7(1'185 + 1’2C5)> 88

2
- *($2 — 858658 + £1C556S8 + T3C6Sg — T185Cs
Cr

2
— xaC5C8)0g + —— (T1C586C8 — T25556C8 + L3C6C8
C7Co

+ @18588 + 2c588) 010 + (224711 + shy)Ony
+ (2z4212 + chyshg)d12 + (2z4213 + chrchgshig)Ors
+ (224714 + chrchgchyg) 014 — 224015,
D =210, + 220 + 2303 + 2404 — 211011 — 212012 — 713013
— 214014 + O15.

4. De Sitter Lie algebras. Consider de Sitter groups SO(4,1)
and SO(3,2) that are the groups of isometry transformations of pseu-
doeuclidean spaces with metric forms z? + 2% + 23 — 23 + 22 and 2% +
x3 + 23 — 23 — 22 respectively. Them are the movement groups of 4-
dimensional Riemann spaces of a constant curvature (de Sitter spaces).
Both de Sitter spaces describe the expanding Universe, where the ra-
dial velocities of galaxies are approximately proportional to distances
from any space point. For the de Sitter Lie algebras we can use the
isomorphisms ¢(3,0) ~ s0(4,1) and ¢(2,1) ~ s0(3,2) with the conformal
commutation relations (2)—(7) for the metric tensors g11 = gaa = g3z = 1
and g11 = g22 = —g33 = 1 respectively. Then, constructing the generic
realization by the method given in second section (with the complemen-
tary part {P,, J,., K,, D} taken in the lexicographical order), we have
got two following realizations. Note that it is possible to construct one
realization for both de Sitter algebras (putting the parameter to the
commutation relations that changes the tensor sign), but this essentially
complicates calculations and appearance of realizations.

Rgeneric(c(370)):
Py =01, Py=0y, P3=03 Jiog=1x201— 2102+ 0Oy,
J13 = 1‘3(91 — 13163 — th5S484 + c485 + :%86,
5
Cyq

Ja3 = 302 — x903 — thscaOs — 5405 + — 0,
Ch5
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Kl = (IZZ% - l‘% - x%)&l + 29’511}262 + 2’131%383
+ 2($3S4th5 — 3’32)84 — 2x3C405 — 2%8@
Clis
+ (cqc5 — 2x127)07 + (sachg — cyshsshg — 22128)0s
+ (C4S5C6 + 8486 — 2$1$9)89 + 2$1({910,

Ky = 2x12901 + (.T% — 33% — Z‘%)ag + 2wox305
x3C
+ 2(%1 + (E3C4th5)84 + 2138405 — 2037486
5
— (S4C5 —+ 2I21’7)87 —+ (S4S586 —+ C4Cg — 2338132)88

+ (c486 — $485C — 2@229)Jg + 222010,
K3 = 2212301 + 2192305 + (xg — x% — x%)ag
— 2(x184 + xocq)th50ys + 2(x104 — 2284)05
+ 2w86 — (s5 + 2x327)07
chsy
— (586 + 2x823)03 + (c5c6 — 2w9x3) 0y + 23010,

D = 2101 + 905 + 1303 — x707 — 1808 — L9009 + O19.

Rgcncric(c(2a 1))
Pr=01, Po=0y P3=03 Jio=2201—2102+ 04,

S
J13 = —56381 — 1‘183 + S4t534 + C485 + C—486,

c
Jog = =302 — 2203 + Cat50s — 5405 + 0*436’
5

K= (3?% - $§ + x§)61 + 2212902 + 2212303
— 2(1‘2 + I384t5)84 - 2x3c485 — 2@86
cs
+ (C4Ch5 — 2.731]}7)87 + (S4Ch6 + C4Sh5sh6 — 2%1338)88
+ (S4Sh6 + c4shschg — 21’13?9)89 + 2x1010,
K2 = 2%1%281 + (.’ﬁ% + fE% - x%)ﬁg + 2%2%383
J)304a
6

— 2(1‘3041?5 — 1‘1)84 + 2238405 — 2
C5

— (2$2$7 + S4Ch5)(97 + (C4Ch6 — s4shsshg — 21‘21‘8)88
+ (C4Sh6 — S4Sh5Ch6 - 2£E2{Eg)89 + 2£E2(910,
K3 = —2x12301 — 22020302 — (ﬂf% + x% + x§)83
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+ 2(t5(z184 + x2¢4)014 + 2(x104 — T284)05
X184 + ZoC
+ 2%5{, + (2z327 + shs)07
5
+ (chsshg + 2231w5)0s + (chschg + 2w329)09 — 223010,

D = 2101 + 2905 + 1303 — v707 — 1x808 — L9009 + O19.

5. Connection to the Poincaré Lie algebra. Classical Poincaré
algebra p(1, 3) is ten-dimensional and formed by the operators {P,,, J,.}
with the commutation relations (2) and (3). Extending this set of com-
mutation relations by the following ones

[P,P)=7J.,, T€R (9)

we get the well-defined 10-dimensional Lie algebra which is the deforma-
tion p7(1,3) of p(1,3) to the both de Sitter algebras at the same time.
Indeed, for 7 =0 p7 (1, 3) coincides with the Poincaré algebra, for 7 > 0
p7(1,3) ~s0(4,1) and for 7 < 0p7(1,3) ~ s0(3,2). So, one can construct
uniform realizations for the both de Sitter and Poincaré algebras apply-
ing the algebraic method to the structure constants from the deformed
relations (2), (3) and (9). The inverse connection between de Sitter and
Poincaré algebras is provided by standard Inénii-Wigner contraction [6)
with respect to the six-dimensional subalgebra so(3,1).

The result of the paper can be used for construction of differential
invariants and respective invariant differential equations [9].
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