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The nonlinear Narimanov-Moiseev-type modal system with linear damp-
ing terms is employed to study the damped steady-state resonant sloshing
in an upright circular tank. Estimating the damping coefficients (ratios) by
using Miles’ formula shows that the damping may matter for laboratory
tanks. An asymptotic steady-state solution of the modal system is de-
rived for a prescribed cyclic tank motion with four (sway/surge/pitch/roll)
degrees of freedom; the forcing frequency is close to the lowest natural
sloshing frequency. The steady-state response curves by the two lowest-
order natural sloshing mode amplitudes are examined versus the semi-axes
ratio of the artificial elliptic orbit.

BukopucroByroun HeniniitHy MogaabHy cucreMy HapimanoBa—MoiiceeBa i3
JiHiHEME KoedinieHTaMn JieMIiyBaHHsI, BUBYAIOTHCS yCTajeHi J1eMigdo-
BaHi PE30HAHCH] XJIIONIAHHS PiUHU y nuitiHapuanomy 6aky. Oninka koedi-
MieHTIB AeMIdyBaHHs 3a J0IOMOro dopMyan Maita3a 1mokasye, 1Mo aeM-
ndyBaHHS MOXKE MaTH 3HAYEHHS JJIs JIAOOPATOPHUX IIOCYAMH. 3HaIeHO
ACUMIOTOTUYHHUI YCTaJeHUl PO3B’s30K MOJAIBHOI CUCTEMH JJIsi 3aJaHOIO
PYXY IIIHAPUIHOL TOCYMHH 13 YoTupMma (sway/surge/pitch/roll) cryme-
HsIMU BUIBHOCTI; 9acToTa 30ypeHHs € OIM3bKOIO IO HANHMKYIOI BJIACHO! Ja-
CTOTH KOJIMBaHb piAuHu. PO3IJISHYTO 3aJI€2KHICTh aMILIITY/THO-9aCTOTHAX
XapaKTEPUCTHUK, IO OB’ SI3yIOTHCS i3 aMIIITYIaMHU IBOX HUKIUX BJIACHUX
(dopM KOJTMBaHHSI PIAUHU BiJl CIIBBIIHOIIEHHS MBOCEH eTIITUYHOI OpOITH.
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1 Introduction

Steady-state resonant sloshing in an upright circular cylindrical tank due
to a harmonic longitudinal excitation with the forcing frequency close to
the lowest natural frequency has been studied by many authors, theo-
retically and experimentally, starting from the 60’s. Most recent reviews
can be found in [I0,12/[I8]. In the theoretical studies, the linear liquid
damping caused by boundary layer and bulk viscosity effects (see deriva-
tions of the associated logarithmic decrements in [5l[14]) was normally
neglected. The latter was supported by experiments with industrial con-
tainers whose geometric dimensions count in metres but [21[7,9l16l17.[19)]
showed that the damping may matter for certain small laboratory tanks
incl. bioreactors. Reasons are an increasing viscosity of the bioliquids
and a growing effect of the dynamic contact angle.

Bioreactors normally perform orbital periodic motions with the forc-
ing frequency close to the lowest natural sloshing frequency. Those tank
excitations were considered in [3}[15] within the framework of an inviscid
potential flow model. The undamped steady-state sloshing regimes were
classified for an elliptic horizontal forcing by using an infinite-dimensional
Narimanov—Moiseev-type nonlinear modal system, which couples the gen-
eralised coordinates of the natural sloshing modes. The present paper
includes the linear damping effect into the steady-state analysis of [3].

In §[2 we introduce the Narimanov—Moiseev-type modal system equip-
ped with linear damping terms whose (damping) coefficients are associ-
ated with boundary layer and bulk viscosity effects onto the correspond-
ing natural sloshing modes. A theoretical estimate of the damping coef-
ficients is given in § Bl following Miles” analysis [I4]. Numerical analysis
with the tap water shows that these coefficients are negligibly small for
industrial containers but, indeed, the linear damping may matter for
smaller tanks.

An analytical asymptotic periodic solution of the Narimanov-Moiseev—
type modal system is constructed in § @l The solution describes reso-
nant steady-state wave regimes when tank performs an orbital motion
with four degrees (sway/surge/roll/pitch) of freedom. These regimes are
asymptotically equivalent to those occurring due to an elliptic horizontal
tank excitation as has been postulated in [3]. The present study focuses
on the damped steady-state wave regimes and their stability versus the
ellipse semi-axes ratio 0 < § < 1 whose limit values 0 and 1 correspond
to longitudinal and rotary prescribed tank motions, respectively. Clas-
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sification of these regimes requires analysing a secular system of four
nonlinear algebraic equations coupling the lowest-order amplitudes a, b
and a, b, which correspond to sin and cos components of the two low-
est natural sloshing modes. The system has an analytical solution for
the undamped case [BL[15] but it does not in the studied case. A reason
is appearance of the damping-caused phase-lags. The secular system is
then re-written in terms of the integral amplitudes A = /A2 + a2 and
B = /b2 + 2. In § [0 the steady-state results are interpreted in terms
of response curves drawn in the (o/01, A, B) space where o is the forcing
frequency and o7 is the lowest natural sloshing frequency.

2 Statement of the problem

An incompressible inviscid liquid with an irrotational flow is considered
partly filling an upright circular rigid tank of the radius rg. The tank per-
forms a small-magnitude prescribed periodic sway/surge/roll/pitch mo-
tion, which is described by the r-scaled generalised coordinates 7 (t),
n2(t) and n4(t), n5(t), respectively, as shown in figure [l The yaw type
tank motions cannot excite sloshing within the framework of the invis-
cid flow model but the heave (vertical) oscillations are not considered
in the present paper (see a review on the parametrically-excited slosh-
ing in [6]). The problem is studied in the nondimensional statement,
which is based on the characteristic size 7y and time 1/0, where o is
the forcing frequency. A small parameter 0 < € < 1 is introduced. It
is associated with the nondimensional periodic forcing magnitude, i.e.
Uz(t) = 0(6), i = ]-a 274a 5.

Figure [ illustrates the time-dependent liquid domain Q(¢) with the
free surface X(t) (governed by the single-valued function z = ({(r,0,t))
and the wetted tank surface S(t); ®(r,0, z,t) is the velocity potential.
The unknowns, ( and ®, are defined in the tank-fixed coordinate system.
They can be found from either the corresponding free-surface problem or
its equivalent variational formulation.

Using the Fourier-type representations of ( and ® and the aforemen-
tioned variational formulation makes it possible to derive [3] an approx-
imate system of ordinary differential equations (nonlinear modal equa-
tions) with respect to the time-dependent coefficients in these represen-
tations. The coefficients are interpreted as generalised coordinates and
velocities, respectively. The Fourier basis consists of the natural sloshing
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Figure 1. The liquid domain Q(¢) is confined by the free surface 3(¢) and the
wetted tank surface S(¢). Sloshing is considered in the tank-fixed coordinate
system Ozyz whose coordinate plane Oxzy coincides with the mean (hydro-
static) free surface Yo; Oz is the symmetry axis. Small-magnitude periodic
tank excitations are governed by generalised coordinates 71 (t) (surge), na(t)
(roll), n2(t) (sway), and ns(t) (pitch).

(eigen) modes @y, following from the spectral boundary problem

0 0
V2o =0 in Qo, —('DzoonSO7 —(p:mponEo, / edS =0, (1)
an an o
where Qo is the mean (hydrostatic) liquid domain confined by the mean
free surface 3 and the wetted tank surface Sy (figure ). The problem

(@) has the analytical solution [4}[10]:
omi(r, 2,0) = Rari(r) Zai(2) 25(MO), M =0,...;i=1,..., (2a)

sin

cosh(kpsi(z + h))
cosh(kprih)
where Jas(+) is the Bessel functions of the first kind, the radial wave
numbers kjy; are determined by the transcendental equation R, (1) =0

(equivalent to J};; (kar;) = 0) and the normalising multipliers cas; follow
from the orthogonality condition

Roari(r) = aniJnr (karir),  Zui(z) =

(2b)

1
A(Mi) (M) =/ rRui(r) Ry (r)dr =85, 4,5=1,...,  (3)

T1

where §;; is the Kronecker delta. The nondimensional eigenvalues rpz;
and the dimensional natural sloshing frequencies ojs; are computed by
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the formulas
kari = kari tanh(kMih) (J;\/[Z(kMz) = 0) and 0]2\4i = KMi 9/7"0, (4)

where g = 9.81 [m/s?] is the dimensional gravity acceleration.

Because we consider small-amplitude angular tank motions, the modal
representations require to know the linearised Stokes-Joukowski poten-
tials Qo;(r, 2,6), i = 1,2, 3 (see definition and analytical details in [3[12]).
The potentials are harmonic functions satisfying the Neumann boundary
conditions

8901 aQ03
on on

on Yy and Sy, where n,- and n, are the outer normal components in the
r- and z- directions, respectively. The Stokes-Joukowski potentials have
the analytical form Q¢ = —F(r,2) sinf, Qo2 = F(r,z)cosf, Qo3 = 0,
where

1
smh(kzln (z+ %h)) 5
=rz— E P, = Rin(r)d
F(r,z) =rz kln cosh(%kzlnh) ’ /T tn(r) dr

0002

= —(zn, — rn,)sinb, = (zn, —rn;)cosé, =0 (5)

T1
(6)
Based on (2a) and (@), the Fourier representation takes the form [3]

Ig,I, I, Iy
¢(r,0,1) Z Razi(r) cos(M0) pasi(t +Z Romi (1) sin(mb) r,;(t), (7a)

O(r,0,z,t) = (t ) r cos O+ (t) rsin O+ F (r, 2)[—n4(t) sin 415 (¢) cos 6]

ZRMZ ) Za1i(2) cos(MO) Py (t)

Io, I

+ ) Reni(r) Zmi(z) sin(mb) Rpi(t), (7b)

m,i

Iy, I, — o0, where ppri(t) and rp,;(t) are the free-surface generalised
coordinates but Pps;(t) and Ryi(t) are the generalised velocities. Fur-
thermore, all capital summation letters imply changing from zero to Iy
but the lower case indices mean changing from one to either Iy or I,.
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In [3], using the Bateman—Luke variational formalism, the modal rep-
resentation (@), the Narimanov-Moiseev asymptotic relations

pi1~ 11 = O("/3), poj ~ paj ~ 125 = O(e¥/3),

T141) ~ Pi(+1) ~ P3j ~ 135 =0(e), j=1,2,....1; I, =00 (8)

and the Moiseev resonant detuning (measuring how close is the forcing
frequency to the lowest natural sloshing frequency)

6%1 —1= 0(62/3)7 TMi = OMi/O (9)

(see an extensive discussion on what (§) and (@) mean for axisymmetric
tanks in [I1]), the following weakly-nonlinear system of ordinary differ-
ential (modal) equations with respect to the generalised coordinates were
derived

P11+ +o1ip11 + dipnn (Prip11 + F11r +p3 + i)

+da [ri1(Prirnn — Fiipn) + 2711 (Prari — F1ipin))

+ [dgj)(fjupzj + F11re; + Pr1Pa; + r11rey) + dz(Lj) (P2jp11 + 2j711)

J=1
+d$(Br11poj + Prapoy) + déj)iimpu} =—(i1 — gns — Siijs)k11 P, (10a)

11 + + o111 + diry (Bupi + Furn + P +75)

+ da [p11(F1ip11 — Pririn) + 2011 (Fiipn — Prarin))
I

S

+ Z [dgj) (Brara; — F11paj + Prafey — Pajinn) + d (Fagpin — Pagrin)
j=1
eréj) (F11poj + ™11P05) + déj)fjoj'?"n} = (il + gna + Svija)k11 Pr; - (10b)

Dok + + 65, p2k + dr (B34 — 72)) + do . (Prip11 — F117m11) = 0,
(11a)

Fok+| 280k TakTok [+0a 2k +2d7 kP11711+do k (P1am11+711p11) = 0, (11b)

Dok + + 2ok + ds k(931 + 7)) + dio x(Pripi1 +F11m11) = 0;
(11c)
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D3k + + 5Pk + dik [Pri(ply — 131) — 2puiriain

+di2,x [pu(ﬁ% — ) — 2r1 P17 | Z [ 13 (P11p2; — F117m2;5)

~

+ dﬁ),k(szjpu — ¥25711) +d(15)7k(152j1511 - 7'"2]'7"11)} =0, (12a)

Par + + 3k + duk [Fr(ply — ) + 2pirnpn

I

+ di2k [T11(P11 1) +2puipiiri] + Z [ 135 (P11725 + F11p2;)
Jj=1

+d¥) (Bagrin + Fagpir) +dD, (B + 7‘sz11)}:0, k=1,..1; (12b)

Din + + 67,p1n + die,n (P11 + T11P11711)

+di7,n(Pr11rh —r11p11711) + dis 11 (P +751) +dig n(r11P11711 — P11757)
I
+> [d%),n(ﬁupzj +inrey) + ds) (prada + 1)
j=1
e A9 s ) s G
+dsg, n(pung +711795) + dsz . P11Poj + dsy ,P11Poj + dss, ,P11Po;
= _(771 — 975 — Sn7'7'5)"'€1n Py, (133)

.. _ . _92 .. 2 .
Fin +| 2610010 1n |+ 01,710 + dis,n (F1177 + T11011511)

+di7. 0 (F11p3 —r1ip1iP11) Fdis nri1 (D3 +731) +dig.n (P11 —T11P5,)
+Z{d;j§),n(ﬁ11r2j — T11D2;) +dg]i)7n(p117'“'2j —r11P25) +dgj§),n(ﬁ117'“2j —T11P25)
J=1
O I ) R e B
+dg3 ,T11P0j + A3y ,T11P05 T dss ,T11D0;
—(fl2 + gna + Spiia)k1nPn, n=2,..,1.. (13b)

The hydrodynamic coefficients are functions of the nondimensional liquid
depth h/rg. The system is equipped with the linear damping (framed)
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terms, in which the damping coefficients are associated with the logarith-
mic decrements of the corresponding natural sloshing modes. By defini-
tion, the modal system (I0)—(I3) includes all up to the O(e)-order terms
as I, — o00; Tk ~ pri = o(€), k > 4 are neglected. The system needs
either initial or periodicity condition. The latter leads to the resonant
steady-state wave regimes (solutions). The system ([I0)-(I3]) without
damping terms (undamped sloshing) was extensively validated in [3] by
comparisons with experiments for longitudinal resonant excitations.

3 Linear damping coefficients

When using ([I0)—(T3]) implicitly assumes the following conditions [3]:

e The nondimensional generalised coordinates 7;(t),7 = 1,2,4,5, are
the given 27-periodic functions,

nw)—i—Z[ cos(kt —|—u( )sm(kzt) , 7755) ~ ,ul(-f) = 0(e), (14)

where the lowest-order harmonic component is not zero, i.e.

1 1
ST+ Il # o (15)

i=1,2,4,5

e The Moiseev detuning condition (@) is satisfied.

e There are no resonance amplifications of higher-order generalised
coordinates pm;, 'mj, mj # 1,

m— a1 > O(), Gmi=0mi/o, mk>2;

2

16
Gy — A~y =4~ G5 —9~ b1y —9>0(1), i>1. (16)

The second raw of ([f) means that there are no secondary reso-
nances [3].

e Because (I0)—(I3) neglects the o(e)-order terms, the linear damping
terms matter, if and only if,

€11 = O(¥3), € ~ &0 = O(€/3), &35 ~ &1 = O(1), (17)

1> 1,n > 2 in the corresponding differential equations.
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The damping ratios £jr; were theoretically and experimentally esti-
mated by many authors starting from the 50’s [4l[14]. For low-viscous lig-
uids, the theoretical estimates can be asymptotically expressed in terms
of the Galilei number [1], Ga (regarded as a ratio between gravity and

viscous forces),
§=Ga YVt =/u/(gV/2r?) <1, (18)

where v is the kinematic viscosity. The lowest-order asymptotic contribu-

tion, §S“Tf = 0(9), is associated with the laminar boundary layer effect
on the wetted tank surface; §,,; surf can be rather accurately approximated
by using the Keulegan analytlcal technique [§]. The second-order asymp-
tOth contribution, fb“”“ 0(82), is due to the bulk viscosity. According

o [I3l14], a good agreement with experiments requires to account for

both the contributions, i.e.
§ gsurf _’_gbulk. (19)

Miles [I4] have found an analytical expression for (I9). Using an
alternative analytical scheme, we re-derived Miles’ approximation as

1 2 3

M1 2\/— 5/4 (0 ) (20&)
262, R2,.(1 ),LL(2)
bulk 2 Mi M M
i =90 [ 12 §/2 (o)z ’ (20b)
Rari 260r; P
where
1 1 1 2
ug\% = /7’722 ;(r)dr, u( ) = /rRﬁi(r)errMQ/iM;(r) dr,
0 0 0
tanh(kpr; h h 21
i = a2 () —E ). @
knri cosh”(kprih)
(3)- _ k}2 . (tanh(leh) B h )
Mi Mi ki coshQ(k:Mih) '

The Galileo number Ga= grg /v? is a function of the kinematic vis-
cosity, the container radius ro and ¢g. Along with the Bond number
Bo=pgr3/Ts (p is the liquid density and the T is the surface tension),
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Figure 2. The theoretical damping rates 2&as; by (@)—-€I) for M =0,1,2, 3.
The tap water with v = 107% [m?/s] and g = 9.81 [m/s?]. The second index is
used to mark the curves.

the Galilieo number is well-known in the microgravity hydromechanics [IJ.
Bo and Ga are regarded as ratios between gravitational (mass forces)
and surface/viscous forces, respectively. When 100 < Bo, the surface ten-
sion effect can be neglected. For the tap liquid at the Earth conditions
with p = 103 [kg/m?] and Ty = 0.073[N/m], this inequality leads to
0.05 [m] < 7, which is required in our study because the modal system
(@I0)—([@3) does not account for the surface tension.

Figure 2] demonstrates the damping rates wversus ro for the tap wa-

ter. In view of the asymptotic relations (), one can expect that the
linear damping is negligible small for the industrial containers, whose the
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nondimensional forcing amplitude ~ 0.001 looks practically impossible.
For small-size laboratory containers (e.g., bioreactors), 217 may how-
ever satisfy (7). This is especially due to a higher viscosity of bioliquids
as well as the dynamic contact angle effect [7L[8] and the surface/liquid
contamination [5], which increase the amount dissipation.

4 Steady-state resonant solution

Following [3], we construct an asymptotic periodic solution of (I0)—(I3])
in terms of €!/3 <« 1, which is associated with the primary excited gen-
eralised coordinates p11(¢) and r11(¢). The right-hand sides of (I0) take
the form

o P1/i11 Z [ kﬂ(k) (kSy 7g/02)n§§))cos(kt)
k=1

(k) — (kS — g/0? M5a)sin(kt)}, )

PPy 3. [(hf) + (k51 — /o)t cos(h)
k=1

(ki) + (61 — g/0*)ull)) sin(it)]

Because of (@), neglecting the higher-order terms, o(e), allows for re-
placing g/0? — g/o?, and, therefore, amplitudes of the first Fourier
harmonics are

€x = P1”11(771a [S1 — 9/011] ))a €x = Pmu(/ha [S1 — 9/011]N5a))a

&y = Pirii(nsy) + [S1 — g/ohni)), €, = Prrn (s + [S1 — g/oh|uly).
(23)

Here, €, and €, appear in the front of cost¢ and sint¢ and imply the forcing
components in the Oz direction, but €, and €, correspond to the cost
and sin ¢ forcing harmonic along the Oy axis.

Because the first harmonic is not zero (see, (IH)), one can assume that
€2 4+ €2 # 0 and, introducing a phase-lag for the input time,

x>0, & =0. (24)

This means that the resonant forcing is the same as if the tank performs
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the artificial horizontal harmonic motions

(k11P1)m (t) = ez cost; (k11 P1)n2(t) = €, cost+eysint; na(t) =n5(t) =0

(25)
along the elliptic trajectory
2 22 _
€, T€ €
y %y 2 2 Y .2
—a 7 +y° — 2€—my =€, (26)
x x

Without lost of generality, one can assume that the elliptic forcing occurs
counterclockwise and, by rotating the Oxy plane around the Oz axis leads
to a canonic form of (26]) so that

€z >0, €,>0, €, =¢€,=0. (27)
Henceforth, we assume that (27]) is satisfied in the appropriate coordinate
system with the corresponding phase-lag for the input forcing signal.

To find an asymptotic steady-state solution of the modal system for
the elliptic type excitations by (7)), we follow the Bubnov—Galerking
procedure in [3] by posing the lowest-order components of the primary
excited modes as

p11(t) = acost +asint + O(e), r11(t) = becost + bsint + O(e), (28)

where a, @, b, and b are of O(el/ 3). The corresponding lowest-order free-
surface elevations by (28]) are a superposition of the two out-of-phase
angular modes

¢(r,0,t)=R11(r)[(acosd + bsin6) cost + (acosd + bsinf) sin ] +o(e%/3).

(29)
This implies a swirling wave unless (a cosf +bsin 6) and (acos @+ bsin 0)
define congruent patterns, which happens if and only if

ab=ab. (30)

The condition ([B0) means that (29) determines a standing wave.

The second- and third-order generalised coordinates can be found from
(1) and ([@2), ([@3)), respectively. They are

pox(t) = sor(a® +a* + b +b?)
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+ 51k [(@® — @® — b® + b*) cos 2t + 2(aa + bb) sin 2t] + o(e), (31a)

pgk(t) = Cok(GQ + a’ — b — 62)
+ 1k [(a2 —a? 4+ b® — b?) cos 2t + 2(aa — bb) sin 2t] +o(e), (31b)

T2k (t) = 2co (ab+bal+2c1y [ (ab — ba) cos 2t + (ab + ab) sin 2t]+o(e), (31c)

where

(dm r — dg, k) dro,i + ds i
soh=73 | |, Su= 5 g

To, 2(05, —4)’ (32)
cor = (dg r — dr, k> o = do i + dr i
T3, ’ 2(03;, —4)

Substituting (28] and @I into (I0) and gathering the first harmonic
terms, cost and sint, lead to the solvability (secular) equations

®:a[(6%, — 1) + mi(a® + a® + b%) + msb?] + a[(m1 — ms)bb + &] = €z,
®@:a [(6%, — 1) + mi(a? + a* + b%) + msb?| + af(m1 — )l_)b & =0,
@:b[(6F — 1) +ma(b? + b + a?) + msa®]| + b[(m1 — m3)aa — & =€
@:b[(6 — 1) +mi(b? + b? + a?) + msa®] + b[(m1 — m3)aa+ & =0

33)
with respect to a,a,b and b; here, £ = 2&;1, where coefficients m; and
mg are computed by the formulas

I,
Z[clj (%déj)f 2dflj))+81j<%d(5j)f 2déj)) 50 d(]) Cojd(]):|

(34a)

l\)l»—t

msa = %dl — 2d2
I
+Z[clj( ) —6dy >> +51; (f%dgﬂwdgﬂ')) fsojdgmcojdgﬂ] (34b)

j=1

Coefficients m; and mg are functions of h/rg and the forcing frequency
711. Utilising (@) shows that the latter dependence can be neglected by
substituting o = 11 into the corresponding expressions. Dependence on
o remains only in the (63, — 1)-quantity of (33)).
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After finding a, @, b and b from (33]), we can easily compute the second-
and third-order components of the asymptotic solution. The second-
order quantities are associated with (3I]), namely, are fully determined
by a,a, b and b, but the third-order components are affected by the higher
harmonics in (22) as well as the lowest harmonics in the right-hand side

of (I3).

The linear Lyapunov method and the multitiming technique can be
employed to study stability of the constructed asymptotic steady-state
solution. This suggests introducing the slowly varying time 7 = %62/ 3t
and expressing the perturbed solutions as

a1 = (a+ «a(r))cost + (a+ a(r))sint + 0(61/3),

- 35
b = (b+ﬁ(7’))cost+(b+ﬂ(7))sint+0(el/3), (35)

where a,a,b and b come from (33). Inserting (35) into the modal equa-
tions, gathering terms of the lowest asymptotic quantities order and keep-
ing linear terms in «, @, 3 and 3 lead to the following linear system of
ordinary differential equations

s'+&s+Ss=0, (36)

where s = (o, @, 3,3)", the prime is the differentiation by 7, and the

matrix S has the following elements

511 = —2myaa — (my — m3)bb; s13 = —2myab — (my — m3)ab,

s19=— (6%, — 1) —my(a®+3a%+b*) —m3b?; s14 = —2mzab — (my — m3)ab,

So1 = (5%1 —1)4+m1(3a® +a* + 1_72) +mab?; S99 =2mqaa + (my — ms)bb,

s23 = 2mgab + (m1 — mg)ab; sa2q = 2myab+ (mq — mg)ab,

s31 = 2myab + (my — m3)ba; s32 = 2mazab + (my — m3)ab,

533 =2m1bb+ (M1 — m3)aa@; s34 = (5%1 -1+ ml(b2 +3b% + a2) + msa>,

541 = —2mazab — (m1 — m3)ab; s42 = —2myab — (m1 — m3)ab,

sa3=—(02, — 1) =m1(3b* +b* +a?) —mza®; s44=—2m1bb —(m;—m3)aa.
The fundamental solution s = exp(Ar)a of ([B8]) follows from the spec-

tral matrix problem [(A+&)E + S]a = 0, where X are the unknown eigen-

values and a are the corresponding eigenvectors. Computations give the
following characteristic biquadratic equation

A+ +s1(A+ 8%+ 50 =0, (37)
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where sg is the determinant of S and s; is a complicated function of the
elements of S. The eigenvalues A can be expressed as —§ + /771 2, where
T12 = %(751 + /s? — 4s0) are two solutions of the quadratic equation
22 + 517 + so = 0. The fixed-point solution (associated with a,a, b and
b) is asymptotically stable (o, &, f and B exponentially decay with 7) if
and only if the real component of X is strongly negative.

In the limit case & — 0, the stability condition (R[A] < 0) takes the

following form
§2 —450>0 & s50>0 & s1>0. (38)

For O(¢?/3) = ¢ > 0, the stability condition can be written as the
alternative

either s7 —4s9>0& —s1+1/57—450<0 (&59>0& s1>0),
ors? —4so >0 & —81+\/s%—430>0&\/% (—31—1—\/3%—450) <,
or s%—4so<0&\/2\/%—51 <E&. (39)

The procedure of finding an analytical solution of the secular system
B3) with & = 0 (damping is neglected) is in some detail described in [3].
The procedure cannot be generalised to the studied damped sloshing case
with £ = 0(62/ 3). A reason is that the damping causes the two phase-
lags, ¥ and ¢, for the two lowest (perpendicular, along the Oz and Oy
directions) modes and, as a consequence, normally, all four amplitude
parameters a,a and b, b, are not zero, in the contrast to [3], where the
authors proved that @ = b = 0 for longitudinal and elliptic forcing types.
A physically-relevant form of ([B3]) should therefore couple the ‘integral’
lowest-order amplitudes A, B and the phase-lags 1, ¢:

A=+a2+a% and B=\b+b2>0, (40a)

a= Acostp, a= Asint, b= Bcosy, b= Bsing. (40Db)

Inserting (40) into expressions a (@ — a @), b@ —b@,a@® +a@ and
b® + b@ of (B3)) derives the following alternative secular equations

tA[A +my A% + (mg — F)B?] = e, cost, [3]: A[DB? + €] = €, sinp,

: B[A +m1B? 4 (m3 — F)A?] = ¢, sin, [4]: BIDA? — €] = ¢, cos ¢,

(41a)
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F = (ms — ml)COSQ(a) =(m3—m1)/(1+ c?), (41b)

D = (m3 — my)sin(a) cos(a) = (mz —mq1) C/(1 4 C?),

where
A:&fl—l, a=p—1, C=tana, 0<¢e, <e, #0,

(F(«) and D(«x) are the m-periodic functions of the phase-lags difference
a). The secular systems (33)) and ([&I]) are mathematically equivalent, i.e.,
getting known A, B, 9, ¢ from (@) computes a, @, b, b and vice versa.

In terms of definitions (#0) and (&I]), the standing wave condition (B0)
is equivalent to

siha=0 & C=0 (42)

so that the non-zero C implies swirling.

5 Response curves in the (c/011, A, B) space

Longitudinal forcing. Undamped resonant steady-state sloshing due
to longitudinal excitations (e, = 0, = 0) was analysed in [3] to prove
that @ = b = 0 is fulfilled for any admissible input parameters and there
exist two physically-different solutions of (B3] corresponding to the so-
called planar standing wave (b = 0 and (B0) is satisfied) and swirling
(ab # 0 in B0)). In terms of the secular equations ({@0) and {I) with
& = 0, these two steady-state solutions imply B = 0, siny = 0,C =0
and AB # 0, siny = cosp = 0 (C' = £o00), respectively. In addition,
one should remember that swirling consists of two identical angular pro-
gressive waves occurring in counter- and clockwise directions, these two
waves correspond to C' = 400 and —oo, respectively.

For the non-zero damping £ # 0 and ¢, = 0 (damped steady-state
sloshing due to longitudinal excitations), the secular system ([&I) has the
same two physically-different solutions implying planar sloshing with the
zero transverse amplitude B = 0 but A, are computed by 2 + 2 =

2
=A2[(A+miA?)? + = 0< A< %; w:arccosiA(AerlA ),

€x
(43)
and swirling with B # 0, which can be computed by rewriting {I) in
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the form
A{A +my A% + %BQ] = €, COSY;
A{(mi’jrigg)CBQ —l—«f} = €, sin ; (44)

Consequently substituting expressions for A? and B? of () into the
square sum of the first row equations, derives the cubic equation with
respect to C:

P(C) = qsC° + ¢2C* + 1C + qo = 0, (45)

where

a3 = 53 (ml + m3)2 > 07 q2 = 252‘/\ (m% - m%)a

g1 =& [4mi+ A% (m1 —m3)?], qo = €ezmi(my —ms3).

Figure 3. Response curves in the (o/o11, A, B)-space for the longitudinal
harmonic forcing in the Ozz-plane, h/ro = 1.5, the nondimensional forcing
amplitude 71 = 0.01 (1724 = 0). The branches are computed by using (3] for
planar (B = 0) and (@) is used for swirling (B > 0) wave regimes. The bold
lines mark stable solutions. The undamped sloshing (£ = 0) is presented in (a)
and the damped one (¢ = 0.02) is shown in (b). There are no stable steady-
state sloshing between E; and E» where irregular (chaotic) waves are expected.
Curves on the (o/011,A) plane correspond to the planar wave regime. The
damping causes the response curves do not go to infinity. An extra bifurcation
point P exists where swirling emerges from the planar wave branching.
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Tlustrative response curves for undamped (a) and damped (b) steady-
state sloshing are shown in figure 8l The computations were made with
h/ro = 1.5, the forcing amplitude is 71, = 0.01, and the damping co-
efficients £ = 2&;1 = 0.02 (in (b)). The response curves for undamped
sloshing in (a) were discussed in [3,4L[10]. For this case, we see the
branches belonging to the plane (o/011, A) responsible for planar wave
regime. The stable planar sloshing is located to the left of F; and to the
right of E5. The planar sloshing waves become unstable in a neighbour-
hood of the primary resonance o/011 = 1 where stable swirling (to the
right of H) and irregular waves (there are no stable steady-state sloshing)
between F7 and H are predicted. The non-zero damping removes infinite
points as shown in (b). However, stability ranges of planar and swirling
waves are weakly affected by £ = 0.02 so that positions of Fy, Es and H;
(replaces H) determining these ranges are almost the same. A novelty is
two points Hs and P, which can be treated as bifurcation points where
swirling emerges from the planar steady-state sloshing. The steady-state
swirling branching constitutes an arc, which is pinned at these two points.

As mentioned in [3], the undamped steady-state sloshing is charac-
terised by piece-wise values of the phase lags v and ¢: siny = 0 for
the planar wave regime and siny = cos ¢ = 0 for swirling. The damping
makes the phase lags by amplitude (frequency) dependent functions keep-
ing C = tan(¢ — ) > 0. For the planar wave regime by [@2)), p = ¢ £,
but swirling causes finite and positive C' > 0, C # 4o00. The latter in-
equality follows from the last expression of ([@4]), in which ms > m4. The
positive numbers C' = tana > 0 are the roots of (@H]). The phase lag
1 comes from the first two equations of ([42) for any given point on the
(o/011, A, B) curves. For each 1 of the swirling wave regime, there are
two different phase lags 1 = ¢+« and p2 = ¥+ a 7. Physically, these
two phase lags 1,2 for each point on the arc P, Hy, Ha, E5 mean that
two physically-identical swirling waves (clockwise and counterclockwise)
are possible.

Elliptic forcing (¢, = de;, 0 < § < 1). The undamped sloshing with
§ =0 in [3] was characterised by a = b = 0. Indeed, using [3] and [4] as
well as taking b@ — a (@ and a @) — b (@ make it possible to derive the
linear algebraic system

a—0b=¢EA%+ BY/er, 6a—b=¢&(my —m3)(AB/e,) sina,  (46)

with respect to @ and b whose determinant is equal to 62 — 1. Obviously,
([@6) has only trivial solutiona =b=0as =0and 0 <4 < 1.
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As a consequence, the undamped elliptically-forced sloshing turns
and into identities, but the phase lags ¢ and ¢ satisfy the condition
siny = cos ¢ = 0 and, therefore, cosa = 0 and sina = +1. The ampli-
tudes A = |a| and B = |b| and, therefore, the remaining two equations

and [2] read as

A?[A +miA? + m3B? = €2, B%A+miB? + mzA?] = 522, (47)

€’

This system with respect to A2 and B2 can be analytically solved as
described in [3].

The present paper focuses on the damped sloshing with & # 0 in ([{@Ia)).
Obviously, the system (@) has then no trivial solution. The phase lags
@ and 1 are rather complicated functions of the input parameters. Both
the amplitudes A, B and the phase lags ¢, 1 should be found from the
nonlinear system (@Ial).

Let us exclude ¢ and v and reduce ([@Ia]) to a system of three equations
with respect A, B and C'. For this purpose, we insert ¢ = ¢ + « into the
right-hand sides of and and substitute €, cosvy and esin taken
from |1|and . The result is the following linear system of homogeneous
equations

(6A)[cos a(D(C)B? + &) + sina(A + m1 A? + (m3 — F(C))B?)]
—B[A +m;B? + (m3 — F(C))A?] =0,

(§A)[cos a(A +m1 A% + (m3 — F(C))B?) — sina(D(C)B? + €))
—B[D(C)A? — €] =0,

with respect to 04 and B. The system must have a nontrivial solution.
This leads to the zero-determinant condition

(A% = B)D(C) = F(O)[€* + (A + mi(A® + B?))?|/(m3 — m1)
+ A2B*D?(C) =0, (48)

which couples A2, B2 and C. Another two equations with respect to A2,
B? and C come from 2 + 2 and 2 + 2 and take the form

{A2[(A +miA? + (mg — F)B?)? 4+ (DB2 + £)?] = €2, (19)

B2[(A +m B2 + (my — F)A2)? 4 (DA? — £)2] = §2¢2,

The system ([@8]), [#9) is a base for getting the response curves in the
(o/011, A, B) space. One can prove that C' # 0 since C = 0 leads to (4])
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= 2+ (A+m1(A%2+B?))?2 = 0and @) = A2[2+(A+m1(A2+B?))?] =
€2 # 0, simultaneously. Physically, C # 0 means that there are no
standing wave regimes for the elliptic forcing. All steady-state sloshing
regimes are swirling. Our numerical experiments show that C > 0 as
(m3 —mq) > 0.

The authors do not know how to get an analytical solution of (@S],
(@9). A numerical scheme is used. We define F and D as functions of
0<p<1

F(B) = (mg —m1)B, D(B) = (m3—m)sgn(C)/B(1—p). (50)

When C > 0, a simple analysis shows that

0<A<Z 0<32<min[L(2—g> e (51)

¢’ - D(B) \A H(D(B)AZ = )2 ]
which determines the fixed interval for A but the interval for B? is de-
termined by A and /. The first equation of ([@9) computes the two real
Ao for any given 0 < 8 < 1 and A, B? satisfying (5I) as follows

2
Aip=-—miA* — (m3 — F(B))B* £+ 15— PB)B+¢? (52)
Furthermore, to solve [ 8]), {@J) for any fired A belonging to the corre-
sponding interval of (&)

1) we introduce a mesh 0 < 81 < B2 < ... < B < ... < Bg < 1;

2) for any fixed S € {Bn}, we solve the two equations (follow from
the second equation of ([@9]))
2 212 2 ) _ 0%
[Aj +muB” + (m3 — F(B))A]" + [D(A)A” — &° = 7, 7= 1,2,
(53)
(associated with + and — in expression (52))) with respect to B2
on the interval by (BI); the result is a set of positive roots Bl%,j,i =
B2(A, Bk, 7), j = 1,2, for each A and By;

3) each root B;(A, Sk, j) is subsequently substituted into ()

E(A =B, )D(B) = F (B (€2 +(Aj+m1(A*+ B}, ;))*]/ (ma—m)
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+A’B) D*(Br) =0 (54)
to detect the mesh interval (Bi, Bx+1), where the left-hand side of
(B4) changes the sign;

4) an iterative procedure is used to compute 8 € (B, Sr+1) and the
corresponding B; (A4, 5, j).

The algorithm computes the solution for any fixed A. Varying A in the
interval by (BI)) outputs response curves in the (0/011, A, B) space, which
are presented in figures [dHT7]

Figure 4. Response curves in the (o/011, A, B)-space for the steady-state reso-
nant sloshing due to an elliptic counterclockwise forcing with 11, = 0.01, 724 =
0n1a; 0 = 0.05 in the left panel and 0.2 in the right one; £ = 0.02. All re-
sponse curves correspond to swirling but some subbranches are close to the
(0/o11, A)-plane that means that sloshing is of an almost standing (planar)
wave type. The branch containing E1, H1, H2, E2 implies swirling, which co-
directed with the elliptic forcing but the loop-like branch with Ry and R marks
the counter-directed swirling. The bold lines imply stability.

Figure M shows that, by introducing a non-zero positive § implying an
elliptic counterclockwise forcing with a small semi-axis along Oy splits
the arc PHy HoFs in figure 3] (b), whose points determine two identical
co- and counterclockwise swirling waves, into two different branches. The
first branch contains points Eq, H1 Hy, Fo; it exists far from the primary
resonance zone, where the co-directed stable swirling wave is close to a
standing planar wave. The corresponding subbranches are to the left
of Ey and to the right of E5. Another stability subbranch is the piece
H,H,. The second loop-like branch with R; and Rs implies swirling,
which is counter-directed to the forcing. This swirling is stable on Ry Rs.
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Figure 5. The same as in figure [ but for § = 0.3 (the left panel) and 0.45
(the right one). An extra range of the co-directed (with respect to the forc-
ing) swirling HsH4 appears with increasing § but the stable counter-directed
swirling (points RiR2, R3R4) vanishes with increasing 4.
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Figure 6. The same as in figure @] but for § = 0.5 (the left panel) and 0.8
(the right one). In contrast to the undamped case in [3], there are no counter-
directed swirling at all.

There is the frequency range between E; and H; where the theory does
not predict stable steady-state sloshing and irregular (chaotic) waves are
expected.

Increasing the semi-axes ratio & decreases the loop-like R branch re-
sponsible for the counter-directed swirling. Figure Bl demonstrates this
fact for § = 0.3 and 0.45. Decreasing the R-branch means that the linear
damping makes the counter-directed swirling impossible when passaging
from longitudinal to rotary forcing types. In the contrast, the theoretical
undamped analysis in [3] shows that the counter-directed propagating
wave exists and may be stable in a frequency range for any 0 < § < 1.
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Figure 7. The same as in figure [f] but for an almost rotary forcing with
0 = 0.95 (the left panel) and rotary excitations with § = 1.0 (the right panel).

The non-zero £ leads to vanishing the R branch as § increases. When
& = 0.02, this happens for ¢ slightly lower then 0.5. As a consequence,
we do not see this branch in figure [l where 6 = 0.5 and 0.8.

In figures [l and [6 we also see extra islands of stability Hs3H, and
R3sR,. After vanishing the R branch, the island H3H,4 grows up to con-
nect other stable subbranches.

Rotary forcing (¢, = ¢,). The undamped analysis [3] showed that the
rotary (orbital circular) forcing causes a non-uniqueness of the steady-
state solution, i.e. the secular system becomes degenerated. The paper
established wave regimes consisting of a superposition of swirling waves
in both directions and a planar standing wave. However, only co-directed
swirling has been stable according to [3].

To study the damped sloshing by using the secular system (@8], (@3]
with § = 1 and & # 0, we recall that C' # 0 but the limit C — +o0 is
possible. This limit implies the co-directed rotary wave. It transforms
@R) to A%2 = B? and the two equations (@) become equivalent

A=B>0; A2(A+ (my +m3)A%)? +&%) =, (55)

For the rotary co-directed sloshing, D = F = 0, that makes it possible to
restore ¢ and ¢ — 1 = 7/2. Numerical experiments show that ({g]), [@9)
with £ # 0 has no solution except the analytical solution (G5)).

Figure[dillustrates the passage § — 1 by drawing the response curves
with 6 = 0.95 and 1. This hard-spring response is experimentally con-
firmed in [I7].
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6 Conclusions

The multimodal theory of the steady-state sloshing in an upright circular
tank from [3] is generalised by adding the linear damping terms. We show
that the linear damping matter for relatively small containers, which
could be laboratory tanks, e.g., bioreactors. Because any periodic orbital
tank forcing with four degrees of freedom (sway/surge/pitch/roll) are,
within to higher order contributions, equivalent to an artificial elliptic
horizontal tank excitation, the study concentrates on the steady-state
wave regimes occurring due to these elliptic excitations with different
semi-axes ratios ¢.

For the longitudinal forcing, the linear damping leads to extra bifur-
cation points on the response curves where swirling emerges from the pla-
nar wave regime. Each point on the swirling-related branch implies two
physically identical but counter-directed progressive angular waves. Non-
zero semi-axes ratio splits the branch into two non-connected parts, one
of which corresponds to swirling, which is co-directed with the forcing,
but another part implies a counter-directed swirling. For smaller ratios,
both parts exist and there are frequency ranges where the correspond-
ing steady-state waves are stable. Increasing the semi-axes ratio makes
the second branching part (counter-directed swirling) smaller so that it
finally vanishes at a certain §. This is opposite to the undamped case [3],
when the counter-directed swirling was co-existing for any 0 < § < 1.
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