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Referring to experimental results by Prandtl (1949) and Hutton (1964) as
well as more recent model tests by Royon-Lebeaud, Hopfinger & Cartel-
lier (2007) and Reclari (2013), a Moiseev-type asymptotic almost periodic
(steady-state) solution of a resonant sloshing problem is derived to show
that a time-averaged rotational liquid flow, if occurs, becomes nonlinearly
coupled with the dominant swirl-type wave component. The coupling ap-
pears as a necessary solvability condition and consists of nonlinear (dif-
ferential) equations with respect to four amplitude parameters of the two
lowest natural sloshing modes and the time-averaged velocity field, which
is governed by a partial differential equation of the first order. Finding its
unique solution requires to know the (Stokes) steady-streaming.

I3 mocuiaHHSIM Ha eKclepuMeHTalbHI pedysnbraru llpasmris (1949) ra
Xarrona (1964), a Takoxx Ha 6i7bIn HOBI MOJE/IbHI BUIpOOyBanHsa Polion—
JIe6on, Xondinrepa & Kaprenbepa (2007) ta Pexmapi (2013), BuBogurest
ACHMITOTHYHUI Maiike nepiognanuii (ycrasenuii) pos3s’sisok Tuiry Moice-
€Ba pe30HAHCHOI 3aJ1a4i PO XJIIOTAHHS PiIUHU 3 METOIO ITOKa3aTH, 10 yCe-
peJiHeHa KpyroBa Tedis (SIKINO Taka BUHUKAE) € HeJIHIHHUM YMHOM HOB’sI-
3aHOIO 3 JJOMIHAHTHOIO KOMIIOHEHTOIO KpyToBol xBuJi. Ileit 38’130k BUHUKAE
AK HEeOOXiJiHa yMOBa, pO3B’SI3HOCTI 3aJjad4i Ta npuiiMae (popMy HeJTiHIAHUX
nudepeHniaIbHuX PiBHAHD BITHOCHO YOTHPHOX aMILIITYIHHUX IIapaMeTpiB
JJIsI IBOX IIEPIINX HATYPAJIbHUX (POPM KOJIMBAHDb PIAMHE Ta yCEPEIHEHOI'O
IIOJIsI MIBUJIKOCTEH, sIKe OIHCYEThC NudepeHniaJbHUM PiBHSHHSM y da-
CTUHHUX ITOXIJHUX IIEPIIOro MOPsAKY. AGH MaTH €IUHII PO3B’sI30K OCTAH-
HBOI'O DiBHSIHHSA, Tpeba 3HATH yCTaJleHy BTOPUHHY TedYiio, 00yMOBJIEHY II0-
BEPXHEBUM IIAPOM.
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Introduction

Mentioning an anecdote about P.-S. Laplace, who, as the anecdote tells,
used a glass of wine to show that resonantly forced swirl-type sloshing
leads, contradictory to some hydrodynamic theorems, to a non-negligible
rotational fluid-particles transport, Prandtl (1949) [10] conducted a series
of dedicated model tests on resonant sloshing in an upright circular cylin-
drical tank, which performs an orbital (circular) horizontal motion with
the forcing frequency close to the lowest natural sloshing frequency. The
experimental observations confirmed the aforementioned phenomenon by
Laplace. In 1964, Hutton [5] repeated Prandtl’s experiments by using a
longitudinally excited tank and the fact that the swirl-type stable steady-
state sloshing is possible in a small vicinity of the primary resonant zone
for that excitation type. The Hutton’ paper reports visual observations
and measurements of angular particle-transport velocity versus the ver-
tical/horizontal probe position and the surface wave amplitude. Because
this velocity was measured far from the tank walls/bottom and its nondi-
mensional values had a clearly quadratic character with respect to the
nondimensional wave amplitude, Hutton logically related the mean angu-
lar particle transport to the angular Stokes drift, which is also a second-
order hydrodynamic phenomenon in the Lagrangian specification [4].
However, his idea was not supported by the experiments. The most
attractive discrepancy between the measured and theoretical particle-
transport velocity was that the Stokes drift exponentially decays to the
bottom but the experimental values weakly depend on the vertical probe
position. Royon-Lebeaud, Hopfinger & Cartellier [14] followed Hutton [5]
by applying a harmonic horizontal excitation to the tank. They ob-
served and documented the Lagrange—Prandtl-Hutton phenomenon writ-
ing down that “nonlinear (swirling) waves can transfer angular momen-
tum to the whole liquid column that starts to rotate”. Because, in con-
trast to the orbital tank excitation [I0], the longitudinal forcing causes
the swirl-type sloshing only in the primary resonance zone, the works [5]
and [I4] were not able to examine whether the angular mean transport
is actually due to the resonant sloshing.

A growing interest to the liquid sloshing dynamics in laboratory tanks
(incl. bioreactors) initialised a series of dedicated model tests whose
particular focus was a mean (steady) rotational flow accompanying the
swirl-type wave motions. Because the related applications deal with or-
bital tank excitations of various frequencies and amplitudes (radii of the
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orbits), namely, with the Prandtl’ case, the corresponding novel experi-
mental reports in [TI2ITTIT2IT5] documented what happens in the primary
resonance zone, away from any resonances (linear sloshing theory is appli-
cable), and where the so-called secondary resonances matter [3]. All the
authors discussed the steady-streaming flow due to the oscillatory Stokes
boundary layers on the wetted tank walls/bottom and below the free sur-
face but, since theoretical description of the steady-streaming looks an
open problem in three-dimensional context [IL[13], the actually-done the-
oretical estimates were based on the angular Stokes drift prediction (the
Lagrangian contribution to the mean flow). As matter of fact, they fol-
lowed Hutton [5] and, therefore, a satisfactory agreement was found away
from the resonance cases, but, as expected, the measured and theoretical
results differ in the studied resonant zones.

Staying within the framework of the Eulerian specification of fluid
flows, the present paper constructs a mathematical theory, which clari-
fies coupling the time-averaged (mean rotational) flow and the resonant
swirling waves in an upright circular cylindrical tank when the forcing fre-
quency is close to the lowest natural sloshing frequency (the primary reso-
nance). Elliptical orbital horizontal tank motions are assumed, for which
rotary and longitudinal excitations are two limit cases. The constructed
theory assumes defined the Stokes steady-streaming at the wetted tank
surface and the mean free surface and uses the Moiseev-type asymptotic
technique [9]. The latter technique is normally employed for analysing
the steady-state sloshing with irrotational flows when the forcing fre-
quency is close to the lowest natural sloshing frequency and there are no
secondary resonances [3]. The present study admits rotational flows of
an incompressible inviscid liquid. According to the Moiseev asymptotic
technique, the lowest-order asymptotic wave component is of the order
O(e'/3), where O(e) characterises the forcing amplitude. This means that
the lowest-order steady flow component W equals to O(¢?/3). Focusing,
as in [3], on four amplitude parameters associated with the O(e/3) ampli-
fications of the two lowest natural sloshing modes by the primary cosine-
and sine- harmonic components and W, derives four differential equa-
tions with respect to the four amplitude parameters (differentiation by
the slow time) and a nonlinear partial differential equation of the first
order with respect to W. The latter equation is defined in the hydro-
static liquid domain and appear as a necessary solvability condition of
the original free-surface problem. The coupling occurs, if and only if, a
swirl-type wave is realised. The differential equation for W requires the
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corresponding inhomogeneous boundary condition, which should, most
probably, follow from the Stokes boundary layer steady-streaming. Be-
cause this boundary condition is the only inhomogeneous quantity in
the solvability condition with respect to W, the constructed theory de-
scribes, in fact, a physical mechanism how and why the Stokes boundary
layer and associated steady-streaming generate the mean rotational flow
in bulk.

1 Statement
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Figure 1. Panel (a): Upright circular cylindrical tank moves horizontally
along an elliptic orbit so that the nondimensional tank translatory velocity is
’Uo(t) = (Uo1(t),1)02(t),0) = (771 (t)vﬁQ(t)70)7 where m (t) = Nia COST, 772(t) =
724 sint. Coordinate system is rigidly fixed with the tank so that the mean free
surface Yo belongs to Ozy and the origin is in the centre of Xy. Panel (b): The
hydrostatic liquid shape: Qo is the mean liquid domain, ¥ is the mean free
surface, Vj is the hydrostatically wetted walls, and By is the bottom.

An upright circular cylindrical rigid tank is partially filled with an
inviscid incompressible liquid; rotational flows are allowed. The tank
moves horizontally and translatory along an elliptic orbit to excite a res-
onant liquid sloshing (the orbital frequency is close to the lowest natural
sloshing frequency). The liquid sloshing dynamics is considered in the
non-inertial tank-fixed coordinate system Ozyz (cylindrical coordinates
(r,0,2)) so that Oxy-plane coincides with the mean free surface ¥y and
Oz passes through the centre of ¥y (V} is the mean wetted tank walls, Qg
is the mean liquid domain and By is the tank bottom). Figure [I] intro-
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duces the main geometric notations including the translatory tank veloc-
ity vo(t) = (M1(t),72(t),0) = (=14 sint, a2, cost, 0), the time-depending
liquid domain Q(t), and the free surface X(t). The nondimensional forc-
ing amplitudes 77, and 7, are small, i.e.

Ma ~ 12a = O(G) < 1. (1)

The nondimensional sloshing problem is formulated by adopting the
characteristic linear size, time and mass

l. =70/k, t.=1/c and m, = pl3, (2)

respectively, where rg is the tank radius, o is the forcing frequency, p is
the liquid density, and k is the lowest positive root of the transcedental
equation Ji (k) = 0 (Jy is the Bessel function of the first kind).

Remark 1.1. Using the denominator k in (@) (typical characteristic di-
mension equals to ro [3]) is needed to get analytically simpler expressions
for the two lowest degenerating natural sloshing modes, which take now
the form

Ji(r)Z(z)cos® and Ji(r)Z(z)cos@; Z(z)= cosh(z+ h)/sinhh, (3)

where h is the nondimensional mean liquid depth; the natural sloshing
frequencies are computed by

h
012\/“ = lngi tanh (lel—) o Iy (kaik) =0, M >0,i>1 (4)

(according to the chosen normalisation, k11 = 1; g is the gravity acceler-
ation,).

Within the framework of the Fulerian specification, the liquid flow is
described by the velocity field v(r, 6, z,t), the equation z = {(r,0,t) de-
termines the free surface and the pressure field is defined by p(r, 8, z, t).
These three unknowns should be found from the corresponding free-
surface problem, which consists of the kinematic and dynamic parts. The
kinematic part includes the continuity equation and the normal-velocity
boundary conditions

dive =0 in Q(t), (5a)

v-n=vo-n on S(t), (5b)
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v-n=vo -n+(/V1+ (V)2 on X(t), (5¢)

(henceforth, the dot denotes the partial time derivative), where n is the
outer normal. In addition, one should require the volume conservation
condition

/ dQ = const. (6)
Q)

The dynamic part includes the Euler equation and the dynamic (con-
stant—pressure) condition. The nondimensional Euler equation in the
(tank-fixed) non-inertial coordinate system takes the form [0]:

v —(v—vo)xrotv+V [|v]* —v-vo+p+gz] =0 in Q(t), (7)

where § = g/(l.0?) is the nondimensional gravity acceleration. The
constant-pressure condition reads as

p=0 on X(¢). (8)

Remark 1.2. Because the vorticity w = rotv is not zero, one can
introduce the vorticity equation written (after applying the rotor operation
to the Euler equation (7)) in the form

w=rot[(v—vo) xw] in Q). 9)

After solving (), v may be restored by using the Biot-Savart law.

2 Almost steady-state asymptotic solution

The Moiseev-type asymptotic solution [3,[9] implies that, if the
forcing amplitude has the order O(e) (), the dominant wave amplitude
response is associated with the lowest (primary excited) natural slosh-
ing modes (@) of the order O(¢'/3). In addition, the Moiseev detuning

condition )
011

A= —1=0(?) (10)

o
is required, which expresses the closeness of the forcing frequency to
the lowest natural sloshing frequency o1;. Employing the multi-timing
procedure also introduces the “quick” 27 periodic oscillations by ¢ and
the slow time variable [7,[g]

T =1/t (11)
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Asymptotic almost-periodic solution of the free-surface problem (B)—
[®) is posed in terms of O(¢!/3) where each summand is a function of
spatial variables, 7, and it is 2m-periodic by t. The velocity field

v =v13(r,0,2,t;T) + vo3(r,0, 2, 7) +vg/3(r, 0, 2,4, 7) + ...
= Vi3 + [Vdoss + ways] + [vo + Vdz/z + wsys] + ... (12)

has the lowest-order asymptotic quantity identical to that for irrota-
tional flows but the lowest-order rotational low component emerges in the
second-order approximation. The free-surface elevations and the pressure
are posed as

C(r,0,t;7) = Gz + Cays + Cay3 + oo (13a)
p(r,0,2,t;7) = =gz + p1/3 + P23 + P33+ e, (13b)
where py/3 = —gz is the hydrostatic pressure.

The lowest-order asymptotic component can be taken from [3].
By introducing the four slowly-varying amplitude parameters a(r) ~
a(T) ~ b(T) ~ b(T) = O(e}/3) at the primary harmonics by ¢, the compo-
nent becomes expressed by the two lowest natural sloshing modes and,
accounting for specific normalisation (@), it takes the form

¢1/3(r,0,2,t;7) = Z(2)J1(r) [cos 0 (—a(7) sint + a(T) cost)

+sin@ (—b(r)sint + b(r) cost) ], (14a)

Ciy3(r,0,t;7) = Ji(r) [cos O (a(T) cost + a(r) sin t)

+sinf (b(7) cost + b()sint) |, (14b)

p1y3(r,0,2,t7) = 7451/3 = Z(2)J1(r) [ cosf (a(r) cost + a(r) sint)

+sin 6 (b(r) cost + b(r)sint) |;  (14c)

vy/3 = V3 = [—a(7)sint + a(7) cost] v,(r, 0, 2)

+ [=b(7)sint + b(7) cost] vy(r,0,2), (14d)
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where

v, (r,0,2) = <J{ (r)cos0Z(2), leT(T)

sin0Z(z), J1(r) cos HZ/(Z)> )
(15)

vp(r, 0, 2) = (J’(r) sin0Z(z), JIT(T) cos8Z(z), J1(r) sin 9Z’(z)>

are considered in the cylindrical coordinate frame whose three unit vec-
tors are 7, é, and z, respectively.

The lowest-order solution (I4]) satisfies (B)—(7) within to higher-order
terms. Inserting (I4]) into the dynamic boundary condition (&) leads to

(Z(0) — g) [cosO(a(r) cost+a(r) sint) +sinf(b(r) cost + b(7) sint)| =0,

which is, globally, of the order O(e/?/3) due to the Moiseev asymptotic
detuning (0], i.e.

2(0) — g = Z(0) [1 - Z*Zg(o) %} = 2(0) {1 - Z—%} = 0(e*/3). (16)

Classification of the resonant surface wave regimes may be
done by using the lowest-order approximation of the free surface motions
(I4L). As explained in [3], one classifies either standing or swirling wave
type associated with

ab—ab=0 and ab —ab # 0, (17)

respectively. Swirling (rotary) wave implies a progressive angular wave
motions. Both wave types are extensively discussed in [3] and Ch. 9 of [4].

The mean (time-averaged) flow. According to (I2)), (I3), the
rotational flow velocity field component w(r,0,z,t;7) and the vortex
w(r, 0, z,t;7) are of the order O(€%/?) so that

w = wy/3+ w33+ .., wW=rotv=rotw =wg/3+wsz;3+...

Furthermore, irrotational wave motions in bulk (associated with V¢y/3)
cannot generate a mean flow and, therefore, one can relate the mean
(time-averaged) velocity field to w, /3, 1.€.

W(r,0,2;,7) = wys = (v),, Qr,0,2,7) = wy/3 = (W), = rot wy,3. (18)
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Because w can be restored from w by using the Biot—Savart law, our
forthcoming focus will be on the vortex w. Using the vorticity equation
@ in the (3/3)-approximation,

(..03/3 =rot [U1/3 X Q} N (19)

where vq/3 is given by (I4d) and <w3/3>t = <w3/3>t = 0 (according to
definition (IJ])), gives the solution

w3/3(r, 0, 2,t;7) = (a(T) cost + a(7)sint) rot [va(r,0,2) x Q(r, 0, z;7)]
+ (b(r) cost + b() sint) rot [vy(r, 0, 2) x Q(r,0,2;7)], (20)

which is a function of the mean vortex Q(r, 0, z; 7).
To find Q(r, 0, z; 7), the time-averaged (4/3)-approximation

(36720:9 4 ags =0t [or3 X waya + (Vous + W) x Q]) - (21)

t

is needed, which leads, accounting for (I8)), the necessary solvability con-
dition

%62/387—9 =rot [W x Q]

+| 4 (ab — ab) |rot [vy, X rot (v X ) — v, X rot (v, x Q)] in Qp, (22)

where divQ = divrot W = 0 and vy, v, are defined by ([I5).

Remark 2.1. Getting a unique W from € by using the Biot-Savart law
requires an appropriate boundary condition for W . If exist, the restored
W converts (23) to a nonlinear integral-and-differential equation with
respect to 2. Alternatively, substituting Q = rot W into (22) and addiing
the aforementioned boundary conditions transform (23) to a boundary
value problem.

Remark 2.2. The mean vortex §2 is coupled with sloshing, if and only
if, ab—ab # 0, namely, only for swirl-type wave regimes (I17).

Remark 2.3. Within the framework of the adopted hydrodynamic model,
one can suggest the zero boundary condition

W -n=0on Sy+ g, k> 2. (23)
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However, this condition would lead, generally speaking, to the trivial solu-
tion W = Q = 0. To have a non-trivial one, an inhomogeneous boundary
condition is needed instead of (23). Appropriate inhomogeneous condi-
tion follows from the Stokes steady-streaming at the wetted tank surface
and beneath the free surface. Because the steady-streaming is of the sec-
ond order O(e*/3) with respect to the lowest-order velocity field (T/d), its
usage for the second-order variable W is consistent with the Moiseev-type
asymptotic technique and one can postulate

W = 1(ab—ab)W, on walls/bottom/free surface walls. (24)

Dedicated studies on the analytical form (Z4) are needed.

Remark 2.4. When introducing
Qr0,27)=Q. 7+ Q0+ Q. 2 (25)

the rot-term at the 1(ab — ab) multiplier of (22) reads as

- [z - 20 e
where
or) = CHO AN g0 — gy 1 20D,
_ A1) = Ji(r)

9(r) z (27)

The graphs of f(r) >0, g(r) > 0 and g1(r) by (Z7) are demonstrated in
figure[d. One can prove that

fir)y= %exp <6 /07‘ rgf(zﬂr)) dr) . (28)

The secular (solvabilij:y) equations for the four dominant ampli-
tude parameters a(7),a(7),b(7), b(7) were derived in [3] for the potential
flow model. The procedure can be generalised to the studied case.
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Figure 2. The graphs of f(r) (marked by 1), g(r) (by 2) and gi(r) (by 3).

Using the kinematic boundary condition (Gd) gives

0.¢3/3 = C-3/3 +162/%0,¢ 3
+ 0rC1y3Wr + £00C13Wo — 0-W= (/3 + on Yo, (29)

where the framed quantity corresponds to the nonlinear potential flow
components.
The Euler equation () leads to

(w3/3 — Vi3 x @ —V¥) +V {p3/3 + 5253/3 + %62/3375251/3

+00 @+ Vi3 Vo3 + Vi 3-W+TU] =0 in Qp, (30)

where x = (r,0, z) and an auxiliary function ¥ is introduced to provide
the both summands equal to zero. Applying the divergence to ws/3 —
V1/3xQ2—VV¥ = ( and adding the zero boundary conditions ws,3-n = 0
on Yo + By + Vy give

U = [asint — acost|W,(r,0,2;7) + [bsint — beost]¥y(r, 0, 2;7), (31)
where
V2V, = divive, x Q] in Qo, V41 = [v4p x Q-1 on Vo + Yo+ Bo.

(32)
The second summand of [B0]) derives the (3/3) pressure approximation

Pajs = —03y3 — 5€/320,.61 /3
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— 90T — V13- Vo3 = Vo3 W -0 —-C(t), (33)

where C'(t) is an arbitrary time-depending function.
The dynamic boundary condition (8) in the (3/3)-approximation trans-
forms to

P33 + 02p0/3C3/3 + 02p2/3C1 /3 + 02p1/3C2/3 + %03171/3@2/3

+ [p1/3 + 02p0/3C1y3] = C(t) on %o, (34)

where the square brackets expression is of the O(e3/3) order due to the
Moiseev detuning (as remarked ahead of (I6l)) but the rotational flow
components are only due to p3/3 by (33).

Finding ¢;/3 from (29), substituting the result into ([B3) and us-
ing all together in ([B4) to get projections of [B4) on Ji(r)cosf cost,
J1(r) cos@sint, Ji(r)sinfcost, and Ji(r)sinfsint on ¥g derive the fol-
lowing four secular equations (the solvability condition)

3a + a (A +mi(a® + a® + b?) + mab?)

+ @ ((m1 — mg)bb + Vg cos[W]) 4 bVp cos[W] = €, (35a)

— 3¢ +a (A +m—1(a® +a® + b?) + myb?)

+a ((m1 —m3)bb — Va,COS[W]) — bVheos|[W] =0, (35b)

— 230 + b (A +ma(b® + 0% + @%) + m3a?)
+b((m1 —m3z)aa — Vi sin[W]) — aVasin[W] = €, (35¢)

30 + b (A +mq (0% + b + a?) + maa?)
+ b ((ml - mS)aa + %,sin [W]) + @Va,sin [W] = 07 (35d)

where my and mgs are the h-dependent coefficients, which are, within to
the adopted normalisation, the same as in [3],

1 k
€x = nlapa €y = 7’20,P; P= 7/ 7’2J1(7’)d7’,
! ZO)IAP o

) (36)
7P = / rJ2(r)dr,
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and Vg cos[W1, Vbcos[W1, Va,sin [W] and V sin[W] and the linear opera-
tors acting on W as follows

1 k ™
Vi, W] = = /O /_ r [ (620 Ty (Vi) [W] dédr,  (37)
in which
2
VW] = [2]{(7“) cos O W, — ;Jl (r)sin 0 W,

J1(r) cos
Z(0)

(W. — 0.W.) — Z(?)/L_o’ (389)

2
V,[W] = [QJ{(T) sin 0 W, + ;Jl () cos O Wy

Jy(r) sin 6
Z(0)

(Wz - 5sz) - Z(O) :|z_0 . (38b)

In summary, the (Stokes) steady-streaming causes a mean rotational
flow in the liquid bulk for the swirl-type sloshing. The swirl-type sloshing
and the mean rotational flow are coupled and described by the nonlinear
differential equations (B3] with respect to the dominant wave amplitude
parameters a(7),a(7),b(r), b(t) ~ O(¢'/3) and ([22)) governing W.

3 Conclusion

By assuming known a steady-streaming at the wetted tank walls/bottom
and beneath the free surface and using an inviscid incompressible lig-
uid with rotational flows, we derive the governing equations coupling the
wave amplitude parameters and the corresponding mean (rotational) lig-
uid flow in bulk. The Moiseev-type asymptotic technique is employed
for an upright circular cylindrical tank orbitally forced with the forcing
frequency close to the lowest natural sloshing frequency. The coupling
occurs, if and only if, a swirl-type sloshing is realised.
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