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The main purpose of this work is to study fixed points of fiber- preserv-
ing maps over S L on the trivial surface bundles S* x S5, where S> is the
closed orientable surface of genus 2. We classify all such maps that can be

deformed fiberwise to a fixed point free map.

Introduction

Given a fibration £ — B and f : E — E a fiber-preserving map over
B, the question if f can be deformed over B (by a fiberwise homotopy) to
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68 Fixed Points on Trivial Surface Bundles

a fixed point free map has been considered for several years by many au-
thors. Among others, see for example [Dol74]|, [FH81], [Gon87], [Pen97],
[GPV04], [GPV09I] and [GPV09III|. More recently also the fiberwise co-
incidence case has been considered in [Kos11|, [GK09|, [GPV10], [SV12],
[Viel2] and [GKLN], which certainly has intersection with the fixed point
case.

In [FH81], Fadell, E. and Husseini, S. showed that the fiberwise fixed
point problem can be stated in terms of obstructions (including higher
ones) if the fibration satisfies certain hypothesis. This is the case if the
base space, the total space and the fiber F' are manifolds, and the dimen-
sion of F' is greater or equal to 3. The project to study fixed point of
fiberwise maps for surface bundles has been considered mainly in the case
where the base is S' and it can be divided into several cases as follows.

If the fiber F is the projective real space RP? we never obtain a fixed
point free fiberwise map, because RP? has the fixed point property. This
case leads to a natural question about the minimal size of the fixed point
set, namely, when is possible to have the fixed point set connected. Close
related, if not equivalent, is the problem of classify maps which can be
deformed to a map with exactly one fixed point in each fiber.

The case of fiber S2, despite the fact that the approach of [FH81]| can
be used, using different techniques, it was studied in [Kosll|, [GPV10]
and [GKLN].

We note that if the fiber is a closed surface S distinct of S? and RP?,
the approach of [FH81| can not be used. A project to study surface
bundles for closed surface distinct of S? and RP? has started looking
the case where the base is S'. The case where S is the torus has been
solved by other methods in [GPV04] (see also [Kosl11]). For S the Klein
bottle the results were obtained in [GPV09II] (see also [SV12]) by similar

methods as the case of the torus.

In the present work we start the case of a surface bundle over S!
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where the fiber is So and S5 is the closed orientable surface of genus 2.
More precisely we study fiberwise maps of the trivial bundle S x Ss.

Let us consider the fibration S* xS — St and h : S xSy — ST xS,
a fiber-preserving map over S, where h(z,y) = (z, f(z,v)), V(z,y) €
S! x Sy and f is a map from S* x S into S,.

The main result of this paper is:

Theorem 4.3 A fiberwise map h can be deformed over S* to a fixed
point free map if and only if & is fiberwise homotopic to id x g where
g : So — S5 is a fixed point free map homotopic to f restricted to 1 x Ss.

This paper is organized into 4 sections. In section 1 we review an
approach to study fixed point of fiberwise maps and we adapt it for the
case to be analyzed. In section 2 we make the main calculations where we
compute the fundamental group of several spaces and homomorphisms
to study a certain algebraic diagram. The main result of this section is
Theorem 3.5. In section 3 we proof the main result of this work, which is
Theorem 4.3. In section 4 we give a very brief view of the continuation
of the study of the problems for the majority of the cases, which are still

to be analyzed.

2 Preliminaries

Let h : E — F be a fiber-preserving map over B, i.e., po h = p where
p: E — B is a fiber bundle with fiber a surface denoted by S. When is h
deformable over B to a fixed point free map n by a fiberwise homotopy
over B 7 We remark that in order to have a positive answer a necessary
condition is that the map h restricted to a fiber is deformable to a fixed
point free map.

Now we review an approach which was used in [GPV04] and
[GPV09II]. Assuming the necessary condition, h is deformable over B to
a fixed point free map h’ by a fiberwise homotopy over B if and only if
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there exists a lifting ¢ such that the following diagram is commutative,

up to homotopy:

(2.1)
F
i
E(Exp E—A)
v 7 .
E//(;l) ExpE

Here E x g F is the pullback of p by p, A is the diagonal in £ xg FE
and the inclusion £ xp F — A — E xp E is changed by the fibration
e1:E(E xp E—A) = E xp E with fiber F, where m;(F) ~ m;11(E Xp
E,Exp E—A). Also £(E xp E — A) is the pullback of the fibration
eo: (E xp E)[O’l] — E xpg E by the inclusion E xg E — A — E xg FE.
The fibration eg : (F xp E)% — E xp E is the evaluation at 0 and
e1:E(Exp E—A)— E xp F is the evaluation at 1.

Let us observe that if £/, B and S are closed manifolds then 7; 1 (E x g
E,ExpE—A)~m41(5,5 —yo) (see [FH81]).

When F = B x S is the trivial bundle and h : B xS — B x S
is a fiber-preserving map over B, the map h can be write in the form
h(z,y) = (z, f(z,y)) for some f: B xS — S. Then the diagram 2.1 can

be modified and becomes equivalent to the following diagram:
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j’.'
E(Bx(SxS—A))

v -7 l

- s

BxS BxSxS

(1,£,1)

3  Trivial S—bundles over S! with x(S) <0

Let S be a surface with x(S) < 0 and let us consider the fibration
Slx 8 — St and h:S' xS — S! x S a fiber-preserving map over S!,
where h(z,y) = (z, f(x,9)), ¥(z,y) € S' x S and f is a map from S! x S
into S. We also consider z( and g, base points of S! and S, respectively,
and f : (S x S, (z0,90)) — (S, f(z0,90)), with f(z0,90) # yo. From
the map f we obtain the maps g = f |{z,1xs and I = f |s1x(y,}- Recall
that we are assuming the necessary condition: the map g is deformable

to a fixed point free map.

Using the approach developed in [GPV04] and [GPV09II] we will

study in our case the existence of an algebraic lifting 1 to the diagram
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71'1(]:)2 7T2(S,S—l‘0)

T (E(ST x (S x S —A))m (St x (S xS —A))
v -7 _ ,
- q#_l"rl(sl)xj#

—
—

(St x S) m (St x S x 9)

_—
(L,f )%

(3.1)
where mq (F) ~ m1(S x S — A) is the pure braid group of S on 2-strings.

The existence of the lifting mentioned above is equivalent to find lift-
ings # and ¢ described in diagrams 3.2 and 3.3 below where 6 and ¢
satisfy certain conditions. Since we are assuming the necessary con-
dition then the lifting ¢ exists. So, we have the following two dia-
grams, where 44,424 and ju are induced homomorphisms on funda-
mental groups by the injective maps i; : S — S1 x S, 45: 8 — St x S
and j : S xS —A — 8§ x5, respectively, and g2, and p;, are induced
homomorphisms by the projection maps ¢z : S' x S x S — S x S and
pi : S x 8§ — S, respectively.

Pi|

(S X § — A) ——> 71,(9) (3.2)
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P

7S X 8 — A) ——> 7y(S) (3.3)

/ "o, T
Piy

1 1
771(5‘)1)771(5’ x S) NI 71 (S XSXS)?T&&(SXS)

We remark that in these diagrams we are omitting base points.
The following theorem provides some conditions that the liftings 6
and ¢ must satisfy which are equivalent to a positive solution of the fixed

point problem for the trivial bundle.

Theorem 3.1. There exists Y on the diagram 3.1 if and only if there
exist 0 and ¢ in the diagrams 3.2 and 3.3, respectively, such that Im@

commutes with Img.

Proof. Let us suppose that there exists a lifting ¢ in the diagram (2.1).
Define ¢ = qgl#oq/;oz'g# and 0 = q2|#o¢oz’1#, where i1 : S — S xS and
iz 1 S — S' x S denote the inclusion maps and a2 Stx(SxS—A)—
(S x S — A) denotes the projection on the second factor. Therefore
0 and ¢ are lifting for the diagrams 3.2 and 3.3, respectively, because
g oY = (L, [, 1)y and g24 0 gy = Jy © G2 -

Now, for all € Imf and for all y € Im¢ we have

vy = g2, 0P ounig(b))gz, 0P oiz(ls])

= aap, 0¥ oing([s])az, 0¥ o i ([b])
= yzx

Conversely, suppose that 6 and ¢ exist and we define ¢ by ¥([b], [s]) =
([b],0([6]) ¢([s])) where b : St — S and s : S' — S denote loops
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based at xy and at yg, respectively. Since Im# commutes with Imeo,
we have that 1 is a homomorphism and denoting by so : S* — S and
by : S' — S the constant maps at 3y and at xo, respectively, it follows
that (g4 o ¥)([B], [s]) = (1, f, 1) ([b], [s]), V([t], [s]) € m(S* x S). O

From now on we specialize for the case where the fiber S is the surface
S5. So we consider the trivial bundle S* x S5.

If ¢ is a lifting of the diagram 3.3 to discuss the existence of the
lifting 6 we will denote by 1 a generator of m1(S') = Z and by §(1) =w €
71(S2 x Sg—A). A presentation of w1 (S2 x So —A) is given in [FH82]. We
will use the following notation: let a; = p1; € m1(S2xS2—A),i=1,2,3,4
and by b; = pa; € m(S2 X Sz — A).

So 7m1(S2 x Sy — A) has the following presentation:

(M) [a1,a5"[as,a;'] =: By = By" := [by, by !][bs, b5 '] (which defines
the elements B; and B, ').

II bla'b_1 =a; where 1 < 5,1 <4, and j <lI(resp. j <l—1)iflis
IV J
odd (resp. ! is even).
(IT) braxby ' = axla;*, Bi] and by ‘agby, = ax[By ', a] forall 1 < k < 4.
(IV) bragi1by ' = Biagiila, ', Bi]  and by lagiiby =

By '[By,ar]ar1[By Y, axl, for all k odd, 1 < k < 4.

(V) bryrarby ), = axBy ", and b} arbes1 = apBi[By ', ag1], for all
kodd, 1 <k<4.

(VI) blajbl_l = [Bl,al_l]aj[al_l,Bl] and bl_lajbl = [al,Bl_l}aj[Bl_l,al]
forall 1 <i<j<4and (j5,]) # (2t,2t — 1) for all t € {1, 2}.

We also observe that from the fibration py |: So X So — A — Sy we

get the following exact sequence:

P2|#

1‘>7r1(52—y0)—>7rl(52><52—A) 7T1(SQ)‘>]..

(3.4)
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The group m1(S3 — yo) is free and from the sequence above it is
identified with the subgroup of m;(Ss X Sy — A) freely generated by
ai,as,as,a4. Also the image of the set of elements by, by, b3, by projects
to a set of generators of m(S2) giving a presentation of m(S2) =<
by, bo, b3, by | [b1, by ][bs, by '] >. More details see [FHS2|.

Given a group G the central series of G is defined recursively by
G1 = G,Gn_;,_l = [G,Gn},n = 1,2,....

For any group G we have that GG, is a normal subgroup of G,, for all
n < m. In case G is free group of finite rank r then it is well known that

G./Gny1 is a free abelian of rank

n

N, = 1 Z p(d)rd
n
q|

(see [[MKST76],Theorem 5.11, p.330]). Here pu(d) denotes the Moebius
Function defined for all positive integers by u(1) = 1, u(p) = —1if p is
a prime number, u(p*) =0 for k > 1, and u(b-c) = p(b) - p(c) if b and ¢
are coprime integers.

For any group G denote the commutator [[a,b], ] by (a,b,c). If a,b,c
are elements of a group G and k,m,n are positive integers such that
a € Gi,be Gy, c€ G, then (a,b,c)-(b,c,a) (¢,a,b) =1 mod Giimint1
(see [[MKS76], Theorem 5.3, p.293|).

For the next Lemma, let G = G = m1(S2 — yo) which is a free group,
and it is identified with a subgroup of m1(S2 x So — A) using the short

exact sequence 3.4.
Lemma 3.2. Ifv € Gy = [G1,G4], then [bj,v] € G3, for j =1,2,3,4.

Proof. We will prove the statement for b3. The other cases are simi-
lar. If v € G2 = [G1,G1], then v is a finite product of [a;,a;] and
of its inverses. If v1,v9 € Gy then [bs,vive] = bgvlvgbglvglvfl =

bgvlbglvflvlbgvgbglvglvfl = [bs,v1]v1 [bg,vg]vfl. We know that the
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conjugation by vy preserves the central series and then if we prove that
[b3, [ai, a;]] = 1 mod G5 the result follows.

Now in G1/G3, we have that

-1
J
In the case where ¢ # 4 and j # 4 and recalling that in G1/G3, b3

commutes with a; and a; (i.e, the action is trivial) we have the desired

[bg, [ai, aj]] = bg[ai, aj]bgl[ai, aj}_l = bgaiajajla bgl[ai7 (lj]_l.

result.

If i = 4 and j # 4 we also have that b3 commutes with a; because
j # 4 and the action in a4 results in Bjay. Therefore in G1 /G35 the action
of bs in [a4, a;] is b3a4ajaZ1a;1b§1 = Bla4ajangl_1aj_1 and so

1aZ1 =By, a4aja;1]

bg[a4, aj]bgl[cu, aj]_l = B1a4ajaZIBf1a4a;
= [a4aja21,Bl]_1 S Gg.
The case where i # 4 and j = 4 is analogue. O

Let C(6(1)) be the centralizer of (1) in 71 (S X So — A).

Proposition 3.3. Let 6 be a lifting such that (p2 |)(C(0(1)) =
m1(S2,90). Then 0(1) € G and there exist wuy,us, us, us elements of G
such that u;b; € C(0(1)), j =1,2,3,4. If 0(1) = zv, with v € Go,z € G,
then we have that [u; ', 27][z71,b;] = 0 in G2/G3.

Proof. From the hypothesis (p2 |4)(C(0(1))) = m1(S2,y0) follows that
p24(0(1)) is in the centralizer of m(S). This implies that this element
is trivial and then 6(1) € G. Also, given b; from the hypothesis follows
that there exists x; which is in the centralizer of #(1) which projects to
b;. Therefore x; = u;b; for some u; € G.

Since u;b; € C(8(1)), 7 = 1,2,3,4 we have that

zouib; =  wuzbjrv
bjmbj_l[bj,v] = uj_lacuj [u7t, vl
Uj_l 1

xilujbj:cbj_l = [uj_ ;0] [, by]
]

[u;17 xil] [xila b]]

[uj
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where v € G, u; € G1. Then in G3/G3 it follows from the Lemma 3.2
that

[u; 2z~ b;] = 0. (3.5)

O

The group G2/Gs is a Z- free module and let us consider the basis

{[ala a2]7 [a17 a3]7 [a17 a4]7 [U/Q, a3]7 [G/Q; a4]7 [a37 a4]}
which we refer as the canonical basis of G3/Gj5.

Lemma 3.4. In G3/G5 we have:
a) [a;aj,x] = [aja;, x], where a;,a; are generators of G and x € G.

b) If B = [a1, a5 ][as,a; '] € G, then B = —[ay, az]—|as, as] and its coor-

dinate in relation to the canonical basis is given by (—1,0,0,0,0,—1).

¢) The element [afi,a;'?'j] is given in the following form:

0sei=7j
[afi,a?} = zixjla;,a;] sei < j
—zx5(aj,a;] sei>j
Proof. Since [a;a;,z] = |a;,[a;,z]][a;, z][a;,x] and [aja;,x] =

la;, [ai, x]][a;, z][a;, ], the result of item a) follows by observing that in
G2/G3 we have that [a;, [a;,z]] = 0 = [a;, [a;, z]] which is commutative.

The items b) and c¢) are easy. O

Theorem 3.5. If there exists 8 and (p2 |4)(C(0(1)) = m1(S2,y0) then
9(1) € Gy = [Gl,Gl].

Proof. Tt follows from the exact sequence 1 — [Gy,G1] — G; —
G1/[G1,G1] — 0 that 6(1) € G; is of the form 6(1) = zv with
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r = a%abalad and v € Gy = [G1,G1]. We are going to prove that

the exponents a =b=c=d = 0.
It follows from Proposition 3.3 that in G3/G3 we have

[uj_l, 1:71][1‘71, b]} = 0 with u; € Gy.

In fact this is a system with j equations and four variables z:(a, b, ¢, d)

and for each j four variables (ej, f;,g;,h;) corresponding to uj_1 =

ay aéc]a a4 .
Writing [u~!, z7!] in the canonical basis of G2 /G3 and observing that
the exponents of v~ = a§a£a3a4 must to appear with sub-index j (We

are omitting such sub-index) we obtain:
[u=t 27 = (af — be)lar, as] + (ag — ce)[ay, a3] + (ah — de)[ay, as] +
(bg — ¢f)[az, as] + (bh — df)[az, as] + (ch — dg)[as, a4]

Calculating [z71,b;] € G2 with z = afaba§ad we obtain:
7 i2byt = 27 'a§(Biaz)agad
= ay%az%a;"(Biaz) agaf
= a;%;3%5" (a5ay°Bydb . . . ay?Biada; ' Biag)a$ad
zoxby, ! = 27 '(a1 By t)%abaSad
= G4 da3 o bal (a1 By *)*ajagag
= a;%3ay aT (a1 By e a? B ey L a$ By aT ) x
xafabasad
e b3wby ' = alafaba§(Bias)?

= a;%(Biag)

= a;%ada;Biad ... a;?Biata;  Biay)
zby2b;t = a7 'afab(azByt)Cad
= a;%az“(as By ') af
_ —d -1 -2 cep—1_—c ¢ d
= a;%3z°(azBy a3 aiBy az? .. a5By taz “ag)ad

Therefore  in  relation  to  the  canonical  basis  of

Go/Gs and by using Lemma 3.4 b) we  obtain
(=b,0,0,0,0,—b), (a,0,0,0,0,a), (—d,0,0,0,0, —d), (¢,0,0,0,0,¢)  as

the coordinates of [z71, b;] respectively for j =1,2,3,4.
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So, the system to be solved is

—be +af = b,—a,d, —c respectively for by, bs, b3, by
—ce +ag = 0
—de +ah = 0
—cf +bg = 0
—df +bh = 0

—dg +ch = b,—a,d,—c respectively for by, bo, b3, by

(3.6)
understanding that in the letters (e, f, g, h) must to appear sub-index
j, but not in the letters (a, b, ¢, d).

a-) d # 0 in the system (3.6)
al) If b = 0 we have that Ls implies f = 0, making L; without
solution.
a2) If b # 0, in the system L3 — dL; — bL3 produces an incompati-
bility : new L3 and Ls .

b-) b # 0 in the system (3.6)
bl) If d = 0 we have that Lg implies ¢ # 0 and h # 0. Then L3

implies ¢ = 0 and from Ls we conclude that b = 0, making L,

without solution.
b2) If d # 0, in the system Ly — bLg + dL4 produces an incompati-
bility: new L4 and Ls.

c-) ¢ # 0 in the system (3.6)
cl) If @ = 0 then Ly implies that b # 0 and e # 0 and from L3
we obtain d = 0 and from Ly we have that h = 0. Therefore Lg is
impossible.
c2) If a # 0 the system is impossible. In the system we make Ly —

cL1 — al4 and obtain an incompatibility: new L4 and Lo.
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d-) a # 0 in the system (3.6)

dl) If ¢ = 0 the system is impossible. It follows from the fact that
Lg implies d # 0 and g # 0. Also L4 implies b = 0 and L5 implies
f =0 making L; impossible.

d2) If ¢ # 0 the system is impossible, because in the system we make

L3 — aLg — cL3 which produces an incompatibility: new L3 and Lo.

From the considerations above we conclude that a =b=c=d =0
and therefore x =1 and (1) € Gs. O

4 Main Result

Let h : St x Sy — S! x Sy given by h(x,y) = (x, f(x,y)). Let us
consider [ : (S, z0) — (S2, f(z0,y0)) and g : (Sa2,90) — (S2, f(x0,%0))
given by I(z) = f(x,y0) and g(y) = f(zo,y), respectively. Without loss
of generality we are assuming that g is a fixed point free map.

To prove our main result we need the following

Lemma 4.1. Let t : So — S be a continuous map and ty : w1 (S2) —
71(S2) the induced homomorphism of the map t. Suppose that tu(b;) =
a™, where b;,i = 1,2,3,4 is a generator of m1(S2). If the map t can be
deformed to a fized point free map then 2411 n;lal; =1 where |al; denotes

the sum of the exponents of b; in the word .

Proof. Let + : S' — Sy be a map which represents the element o €
71(S2). We can define ¢’ : S; — S such that 1ot = t. By the com-
mutativity property for fixed point we know that the Nielsen number of
t is the same as the Nielsen number of ¢’ o ¢, which is a self map of the
circle. So if t is deformable to a fixed point free map then we have that

the Nielsen number of ¢’ o is trivial which is equivalent to say that the
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Lefschetz number of #' o ¢ is 0, which is the same to say 37 nla; = 1.
So the result follows. O

The main result will follows from the Proposition below.

Proposition 4.2. The fiberwise map h is deformable to a fixed point
free map over S' if and only if 14(1) = e, where l4 : m(S';20) —
m1(S2; f (2o, Y0)) -

Proof. Let h be a fiberwise map where h(x,y) = (z, f(z,y)). To prove
that A can be deformed fiberwise to a fixed point free map it is suffice to
show that f is homotopic to the map f (z,y) = f(zo,).

Because S! x Sy and S, are K (m, 1) the two maps are homotopic if the
induced homomorphisms on the fundamental group are equal. Because
71 (St x S9) = 71 (S1) x 71(S2) to show that the two homomorphisms are
the same it suffices to show that these homomorphisms coincide when
restricted to each of the two subgroups m;(S'), 71(S2). By hypothesis
l4(1) = e follows that they coincide on 71 (S"). By the definition of f’
also follows that they coincide on 71(S2), and this concludes the proof of
one implication.

Reciprocally, let h be a map deformable to a fixed point free map over
S1. Then by Theorem 3.1 exist ¢ and @ such that the image of § commutes
with the image of ¢. From the diagrams 3.2 and 3.3, Pijy © 0 =1y and
p1j, © ¢ = gx. It is known that gx(m1(S2)) is a subgroup of m1(S2)

isomorphic to one of the following groups:
1. {e}.
2. a free group of rank 2 (see [LS89]and [Zie62]).
3. m1(S)

4. Z=(8)
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The first item does not occur, otherwise g is homotopic to the constant

map so it can not be deformed to a fixed point free map.

In the second and third cases, from above l4(1) commutes with all
elements of g (71 (5)) but the centralizer of these two subgroups is trivial.
Therefore 14(1) = e.

For the last case we have that g4(m1(S)) = Z = (8) = (a*) where
a # 0, a has no roots and of = 3. Since lx(1) commutes with the
elements of g4 (m1(S5)) then {x(1) = o”. If r = 0 the proof follows. So
suppose that r # 0.

Writing g4 (b;) = o™ we have by the lemma 4.1 that if ¢ is homotopic
to a fixed point free map then 2411 n;lal; # 0.

We have that pl‘#oﬁ(l) = l4(1). We also have that im ¢ C C(6(1)),
and pg‘#(lm(d)))) = m1(S). Therefore p2|#(C(9(1))) = m(S) and by
theorem 3.5 follows that 0(1) € Gy = [G1, G4].

(

So, a” =14(1) € [p1|# Gl),p1|#(G1)}-

Therefore o € [pl‘#(Gl),p”#(Gl)} and then |a|; = 0 and by using
the above result we conclude that g is not homotopic to a fixed point
free map, which contradicts the initial condition on g. So the result
follows. O

In fact the proof above shows that if #(1) = e then f does not depend
of x, i.e. h is the unique fiberwise map homotopic to id x g where g :
Sy — S5 is a fixed point free map homotopic to f restricted to 1 x .S. So

we state the main result.

Theorem 4.3. A fiberwise map h can be deformed over S* to a fived
point free map if and only if h is fiberwise homotopic to id X g where

g : S92 — Sy is a fived point free map homotopic to f restricted to 1 x Ss.
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5 Other surface bundles

Here let us make few comments about the fixed point question studied
in the previous sections in the case we have a more general surface bundle.
Let S — E — B be a surface bundle over a space B where S is a
closed surface of negative Euler characteristic. We can consider three
subfamilies of the family of these bundles, namely: I) let S be an arbitrary
closed surface(orientable or nonorientable) of arbitrary genus g > 1, and
E =S'x S;1I) let E = B x S be a bundle for B any connected CW
complex; IIT) let E be a S—bundle over S*.

The subcases I) and II) we expect that the answer of the problem

should be similar to the answer of the case studied here where S = Ss.

The subcase III) is more subtle. First of all the formulation of the
problem is already more elaborate. More precisely, let us consider the
map ¢ : [E, E]p — [S, S] which associate to a homotopy class of a fibre
preserve map [f] the homotopy class of the restriction f|g : S — S.
Then one would like to know first which homotopy class [g] € [S, 5]
which contains a fixed point free map are in the image of ¢. Second, for
a class [g] in the image how many classes [f] € [E, E] we would like to
compute the pre-image of [g], i.e. ¢~1[g]. For example in the case that
we solved, we have that the [g] is in the image for all maps g which are

fixed point free and the pre-image contains exactly one element.

The study and full calculation of the questions above are in progress

and should appear somewhere.
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