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In the paper “Weak local Nash equilibrium” we define a concept of local
equilibrium to non-cooperative games and we prove its existence applying
the Lefschetz fixed point theorem. We was inspired by the original Nash’s
theorem and his proof.

1 Introduction

In the paper “Weak local Nash equilibrium” we define a concept of
local equilibrium to non-cooperative games and we prove its existence
applying the Lefschetz fixed point theorem. We was inspired by the
original Nash’s theorem and his proof.

The concept of Nash equilibrium says that an equilibrium for payoff
functions

P1,P2y- > Pn i S =51 X Sy x - xS, = R

is a point § = (51, §2,...,8,) € S such that, for each i € {1,2,...,n},
pi(gl, .. .,§i_1,8i,§i+1, .. ~7§n) < pi(§), for all s; € S;.

Nash proved that:

Theorem 1.1 (Nash’s Theorem). Let S, ..., S, be compact conver sub-
sets of an Euclidean space. Suppose that p1,...,pp: S =51 X+ xS, —
R are maps such that, for each i = 1,...,n, pi(s1,...,8,) is linear

(afim) as a function of s;. Then there exists at least one equilibrium
top1,...,Pn-
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The proof is the following: let S; C R%, where d; is the dimension of
S;. Thus, S € R%, where d = dy + --- + d,,. From the hypothesis, the
payoff functions are of the type

pi(s) = vi(s) - 8 4+ u;(s)

where v; : § — R% and u; : S — R are maps which don’t depend on the
coordinate s;, i = 1,...,n. Let v : S — R? be the vector field defined
by v(s) = (v1(s),...,vn(s)). Let r : R® — S be the natural retraction
that assigns each point p € R™ to the point r(p) € S which realizes the
distance of p to S. Finally, let f : S — S be defined by f(s) = r(s+v(s)).
Then, one can shown that § € S is a Nash equilibrium to py,...,p, if
and only if 5 is a fixed point of f. Note that the existence of a fixed point
to f is assured by Brouwer’s fixed point theorem.

Based on the above proof, we investigated the existence of equilib-
rium in the context that the spaces of strategies are compact ENR’s, not
necessarily convex. This means that each space 5; is a subset of some eu-
clidean space R% and there is an open neighborhood V; of S; in R% and
a retraction r; : V; — S;. From this research, the following definitions
arise.

Definition 1. Let (S1,d1),. .., (Sn,d,) be metric spaces and p1,...,py :
S1 X -+ x S, = R real functions. We say that § = (81,...,8,) € S is
a weak local equilibrium (abbrev., w.l.e.) for pi,...,p, if for all
€ > 0 there exists § > 0 such that

Pi(81, -, 81,8, 8i41, -+ -5 3n) < pi(3) +edi(si, 54),

for every s; € B(8;,9), i = 1,2,...,n, where B(8;,d) denotes the open
ball with center in §; and radius 6 > 0 in (S;,d;).

Definition 2. We say that a subset X of R™ has the property of
convenient retraction (abbrev., p.c.r.) if there exists a retraction
r:V — X, where V is an open neighborhood of X in R™, satisfying:
giwen xg € V and € > 0, there exists 6 > 0 such that

(xo — r(z0), 7 — 7(20)) < €llx —7(20)]],

for all x € X with ||z —r(zo)| < 0, where { , ) is the usual inner product
in R™ and || - || is the norm induced by it. In this case, we say that
r:V — X is a convenient retraction.
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Example 1. Fvery closed convex subset K of R™ has the p.c.r.. In fact,
there is a natural retraction r : R™ — K such that to each x € R™
assigns the point r(x) € K which realizes the distance of x to K. This
retraction satisfies (xo — (o), x — 1r(x0)) < 0 for every xyp € R™ and
zeK.

Example 2 ([3], Proposition 4.3). Every submanifold M of R™, of class
C?, with or without boundary, has the p.c.r..

Let X be a closed subset of the Euclidean space R™ and let V' be an
open neighborhood of X in R™. A map r : V — X is called a proximative
retraction (or metric projection) if

Ir(y) — yll = dist(y, X), for every y € V,

where
dist(y, X) = inf{[|z —y[| | € X}

is the distance of y to X.

Evidently, every proximative retraction is a retraction map but not
conversely.

A compact subset K C R™ is called a proximative neighborhood re-
tract (written K € PANR) if there exists an open neighborhood V' of K
in R™ and a proximative retraction r : V — K.

We have the following statement:

Example 3 ([2]). Let K be a compact subset of R™. If K € PANR then
K is an ENR with the p.c.r..

In the previous paper, we was able to prove the following result.

Theorem 1.2 ([2]). Let p1,...,pn : S1 X ... x S, — R be maps,
where each S; C R™ is a compact ENR with the p.c.r.. Also, suppose

Di(81,...,8n) continuously differentiable in a neighborhood of s; when
the other variables are kept fixed, 1 = 1,2,...,n. If x(S;) # 0 for
i=1,2,...,n then p1,ps,...,pn have at least one w.l.e..

Our goal in this paper is to prove a more general version of Theo-
rem 1.2 changing the hypothesis of the continuously differentiable on the
payoffs by a weaker hypothesis.
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2 Preliminaires

In this section, we define a concept of an upper semi differen-
tiable(u.s.d.) function.

The open ball in R™ with center in 2y and radius r > 0 will be denoted
by B((E(], 7").
Definition 3. Let f : A — R be a function, where A is an open non-
empty subset of R™. Given xg € A, we say that f is upper semi differ-

rentiable(u.s.d.) at xq if there exists at least one point v € R™ together

h
with a function r : B(0,e) — R such that lim rh) =0 and
h=0 |||

flzo+h) < f(xo) +v-h+r(h)
for every h such that xo + h € A.
We denote by DS f(xg) the set of such vectors v.

Example 4. If f : A — R is differentiable at x¢ then f is u.s.d.. More-

over, DS f(xzo) = {f'(z0)}. In fact, suppose v € R™ and r : B(0,e) — R

L}?) =0 and f(zo+h) < f(xo) +v-h+r(h) for every h.
Thus, for 0 <t <eg,

f(@o +tei) — f(zo)

t - t

such that lim
h—0

It follows that
of _ fzo +tei) — flxo)
=1
oz, ™) = S :
On the other hand, for —e <t < 0,

fxo +te;) — f(xo)
t - t

<wv-e;.

It follows that

of .
Ox; (wo) = tl—lgl— t

Therefore, ﬁ(;UO) =v-e.

63%
Thus, o = (a0) = (40)e oo 3w ).
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The next result shows that the set DS f(xg) is convex.

Theorem 2.1. If f is u.s.d. at xy then DS f(zg) is a convex subset of
R™.

Proof. Let v1,vy € DSf(xg) be arbitraires and let r1,75 : B(0,e) — R
be such that

flro+h) < f(xo) +v1-h+ri(h)
flro+h) < f(xo) +v2-h+ra(h)
wihlimw: imwzo
O TR A T

Let v = av; + (1 — a)ve, with a € (0,1). We have

fro+h) = af(xo+h)+ (1 —a)f(xe+h)
< af(xo)+avi-h+ari(h)+ (1 —a)f(xo)
+(1—a)vg-h+ (1 —a)ra(h)

= f(zo)+v-h+ari(h)+ (1 —a)ra(h).

Since

. ari(h)+ (1 —a)ra(h) . ri(h) . ra(h)

o 1Al = o m Ty O  ar = O

it follows that v € DS f(zo).
Therefore, DS f(x¢) is convex. O

In the next theorems, we give conditions to DS f(xg) be compact.

Theorem 2.2. Let f : J — R be a function, where J C R is open
interval, and let xg € J. Suppose the existence of the right and left-hand
limits
f(zo +h) — f(z0)
h

c= lim
h—0t

and
d— lim f(wo+h) — f(zo0)
h—0— h

Then, f is uw.s.d. if and only if ¢ < d. Moreover, DS f(xq) = [c,d].
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Proof. Suppose f u.s.d. at zg and let v € DSf(xg). If 0 < h < &, we
have

flzo+h) — flxo) r(h)
< —~ 7
h svt h
following that ¢ = lim f(zo+h) — flxo) <
h—0+ h

Analogously, if —e < h < 0, we have

f(zo+h) = f(zo)
h h’

f(xo +h) — f(x0)
h

v

following that d = lim

h—0~

Therefore, ¢ < d.

On the other hand, suppose ¢ < d. Note that, above, we show that
DS f(xg) C [e,d]. Now, to conclude that DS f(x¢) = [c, d], since DS f(z)
is convex, it is sufficient to show that ¢,d € DSf(z).

flxo+h) — f(xo) —ch seh>0

Define r(h) =< 0 se h=0

flxzo+h)— f(xg) —dh se h <0
r(h)

Then lim —— = 0. Moreover, for h > 0, we have
h—0 h

f(xo +h) = f(xo) + ch + f(zo + h) — f(zo) — ch
and, for h < 0, we have

f(xo+h) = f(zo) +ch+ f(zo + h) — f(zo) — ch < f(zo) +ch +
+f(zo +h) — f(xo) — dh

Therefore, ¢ € DS f(xg).

Analogously, for h > 0, we have

f(xo +h) = f(zo) + dh + f(zo + h) — f(zo) — dh < f(z0) +dh +
+f(xo +h) — f(z0) — ch
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and for h < 0,

f(@o+ h) = f(zo) + dh + f(zo + k) — f(z0) — dh

Therefore, d € DS f(xg). O
) o= ifx <0
Example 5. Let f : R — R be defined by f(x) = { e ifz>0
The function f is u.s.d. at 0. In fact, we have
o W FO) ) - S0)
h—0+ h h—0— h

Then, by Theorem 2.2, f is u.s.d. at 0 and DSf(0) = [—1,1].

Notation: Let f : A — R be a map, where A is an open subset of
R™. Let zg € A. We denote the right-hand partial derivatives and the
left-hand partial derivatives, respectively, by

ot o flwo+tey) — f(xo)
a’Ei (Z‘o) N t1—1>r(I)1+ t
e of £ o + te)) — F(o)
B o Zo +tei) — J(Zo
8:@- (Jfo) - tl—lgl* t
1=1,....n

Theorem 2.3. Let f : A — R be a map, A C R™ open. Suppose well
defined the right-hand and the left-hand partial derivatives of f at every
xg € A. Also, suppose the functions

oft of~ )
a—xi, —axi A= R
continuous and that
oft of~
8f$i (lL’o) S 8'];2 (l’o), v T € Aa

i=1,...,n. Then, f is u.s.d. and

DSf(.’L‘Q) = [a1,b1] X [ag,bg] X - X [an,bn],
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+ —
where a; = %fTi(xo), b; = %(xo), i=1,...,n. Thus, DSf: A —-oR"
is an u.s.c. multivalued map with convex compact values.
+ —
Proof. Given xg € A, let a; = 2] (z9), by = 2] (z9),i=1,...,n. The
8331' 6131'

technique used to prove that
DS f(xo) C [a1,b1] X [ag, ba] x -+ X [an, by]

is the same used in Theorem 2.2: let v = (vy,...,v,) € DSf(xg) arbi-
trary. Thus,

f(zo+h) < f(zo) +v-h+r(h),

h
with lim @ = 0. In particular, if h = te; then
h—0 ||h||
flxo+te;) < flxo) + tv - e; + r(te;),
. . r(te;)
with lim ——= = 0. It follows that, for every t > 0,
h—0 t
f(zo +te;) — f(xo) <ot r(tei)'
t t
Therefore Py
a; = a'];z (:1?0) g V;.
Also, for every t < 0, we have
f(zo + te;) — f(xo) > ot r(tei)-
t t
Therefore,
of-
bi = aj;z (.130) Z V;.

Hence, v € [a1,b1] X [ag,ba] X -+ X [an, by].
Since DS f(xq) is convex, in order to prove the equality
DSf(SIJ()) = [al,bl] X [a2,b2} X+ X [an,bn]

it is sufficient to show that each vertex of that parallelepiped is contained
in DSf(xzg).
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To elucidate, we will write the proof to the case n = 2 and for the
vertex (aq,asz). The general case is analogous.
Let xg = (21,22) and h = (hy, ha). We need to show that

f(:cl + hl,(ﬂg —+ hQ) — f(lEl, fEQ) — h1a1 — h2a2 S T(h)

with lim r(h)

—~ =0
w0 ]

Consider the functions g(y) = f(z1+ h1,y) and I(z) = f(z,z2). Note
that

889;_(302) = ZJ;_(xl—i—hl,xg)
aag—y_(xg) = %(xl‘i‘hl,xg)
) = L)
S = im)

>From Theorem 2.2, g and [ are u.s.d.. Moreover,

oft of~
DSQ(IQ) = [6');2(1‘1 + hl,xz), %mg(xl =+ hl,xg):|
and
oft of~
DSZ(.’El) = |:8fxl(l'1,1'2), 6'];1(1'1,1'2)] .
Thus,
oft
g(z2 + ho) — g(x2) — ho 02s (1 + hi,22) < ri(he)
oft
I(x1+ h1) = U(w1) — h17($1,1172) < 7ra(he)
1
with lim ra(2) =1 (y) =0
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We have that
(w1 4 hi, 20 4+ ho) — f(21,22) — h1ay — haay =

af+
g(xa + ha) — g(x2) — ha=—(z1 + hy,x2) + l(x1 + hy) — U(z1) —

(9332
oft oft oft
*hlaixl(xl,@) + ho [afm(“ + hy,x2) — afm2($1,$2)]
< r(h)
oft oft
where T(h) = T'1(h2) + T‘Q(hl) —+ h,2 L(.Tl —+ hl,fﬂg) — L(xl,.Tg) .
0o O
Now, it is easy to see that lim @ O
h—0 ||h||

3 The main theorem

In this section, we will stablish a generalization of the Theorem 1.2.
It is the following:

Theorem 3.1. Let p1,...,pp : S1 X ... x S, — R be maps, where
each S; C R™i is a compact ENR with the p.c.r.. Also, suppose that
Di(S15- -y 8iy. .., 8n) as a function of s; = (s1,...,s7"") satisfies:

e The map x; +—— p(s_;,x;) can be continuously defined on a
neighborhood V; of S;. The symbol (s_;,x;) denotes the point
(81,...,Si,]_,l‘i,sidu_,...,sn).

e pi(s—i,_ ) : Vi = R has continuous lateral partial derivatives

opi " Opi~
7 (S,i,7)7 j (S*iﬂf)zvi%R
Ox] Ox]
j=1,...,m; and
* +
8 4 8 ii
P - (S,i,.’Ei) S P - (S,i,l'i), Y xT; € ‘/1
oz ox!

With these assumptions, if x(S;) # 0 for i = 1,2,...,n then
P1,D2, - - -, Pn have at least one w.l.e..
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The proof of Theorem 3.1 is an application of a fixed point theorem
of multivalued maps.

3.1 The Lefschetz Fixed Point Theorem for Admis-
sible Multivalued Mappings

The spaces considered here are metric. Also, we are considering the
Cech homology functor with compact carriers and with coefficients in Q.

A proper map f: X — Y is a map such that, for all K C X compact,
J71(K) is compact.

A compact space X is called acyclic if Hy(X) = Q and Hy(X) =0
for ¢ > 0.

A map p: (X, Xo) = (Y,Y0) is called a Vietoris map if p: X — Y
is proper, p~1(Yy) = Xo and p~1(y) is acyclic, for every y € Y. Symbol:
p: (X, Xo) = (Y, Yp).

Theorem 3.2 (Vietoris Mapping Theorem). If p : (X, Xo) = (Y,Yp) is
a Vietoris map then p, : H (X, Xo) = H.(Y,Yy) is an isomorphism.

Let X and Y be two spaces and assume that for each point z € X a
nonempty closed subset ¢(z) of Y is given; in this case, we say that ¢ is
a multivalued map from X into Y and we write p : X — Y.

A multivalued map ¢ : X — Y is called upper semicontinuous (u.s.c.)
if for every open subset U of Y the set o~ 1(U) = {z € X | p(x) C U} is
an open subset of X.

An u.s.c. multivalued map ¢ : X —o Y is called acyclic if for every
2 € X the set ¢(x) is an acyclic subset of Y.

An u.s.c. multivalued map ¢ : X — Y is called admissible if there
exists a space I' and mappings p: ' = X, ¢: ' = Y such that:

e p is a Vietoris map,
e q(p~(z)) C p(x), for every z € X.
(p,q) is called a selected pair of ¢ (written (p,q) C ¢).

Let ¢ : X — Y be an admissible multivalued map. The set {¢}. of
linear induced mappings is defined by

{ote ={aqpit  Ho(X) = H(Y) | (p,q) C ¢}
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Two admissible multivalued maps ¢, : X — Y are called homotopic
(written ¢ ~ 1) if there exists an admissible multivalued map x : X x[0, 1]
such that:

x(x,0) C p(z) and x(z,1) C ¢¥(z) for every z € X

Theorem 3.3 ([5], Theorem (40.11)). Let ¢ : X — Y be two admissible
multivalued maps. Then @ ~ ¥ implies that there exists selected pairs
(pq) C ¢ and (5,G) C ¥ such that

a.py " = @by,

Let X be a compact ANR and let ¢ : X — X be an admissible
multivalued map. Then, it is well defined the Lefschetz set A(p) of ¢ by
putting

Alp) = {Alps ") = Y (~ D) tracei(aps ) | (n.0) C ¢}

g

Theorem 3.4 (Lefschetz fixed point theorem for admissible multivalued
mappings). Let X be a compact ANR and ¢ : X — X be a compact
admissible multivalued map. If A(p) # {0} then Fiz(p) # 0.

3.2 Proof of Theorem 3.1

In order to prove Theorem 3.1 we will define an admissible multivalued
map F' : S — S and we will prove that if § € F(S) then § is an w.l.e.
for p1,...,pn. The conclusion of the proof will follow from the Lefschetz
fixed point theorem for admissible multivalued mappings. First, we need
the following lemma.

Lemma 1. Let X be a compact subset of R™ and let V be an open
neighborhood of X in R™. Then, given a multivalued map ¢ : X — R™
u.s.c. with compact values, there exists t1 > 0 such that x +tv € V for
alze X, vep(x) andt €[0,t].

Proof. Let ¢ : X — R™ be an u.s.c. multivalued map with compact
values. If p(x) = {0} for every x € X, there is nothing to prove. Suppose
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o(x) # {0} for some x € X. Since X is compact and ¢ is u.s.c. with

compact values, the image p(X) = U o(x) is also compact. Then,
reX
the real number u = mz%g(( ){||v||} is a finite positive number. For every
vep

x € X, there is ¢, > 0 such that B(z,¢;) C V. Since X is compact, we
obtain a finite open subcover {B (xi, i )} with
i=1

4

1 1
X C UB (xi, ezi) C UB(:EZ-,GM) cV.
i=1 =1

Let ¢ = min {%} and t; = < Thus, z+tv € Viorallz € X, v € p(x)
u

<<l
and ¢ € [0,¢1]. In fact, given z € X, we have z € B (xi, %) for some

x;. If v =0 the conclusion is obvious. If v # 0 then, given ¢ € [0,¢1], we
have

< €oi o Cas

t<t; = .
=" du ~ 4]

It follows that

€z, €, €z,

o+ to = ol < o = il + ol £ 5+ 2ol = 5 < .
Therefore, x + tv € B(x;,€,,) C V.

Hence, for all z € X, v € p(x) and t € [0, t4]. O
Proof of Theorem 3.1. Since S; C R™,...,S,, C R™" are compact

ENR’s with the p.c.r., the product S = 51 x--- x5, C R™ is also a space
with the p.cr, m =mji 4+ --- +m,. Thus, let r : V — S be a convenient
retraction.

Let ¢ : S — R™ be the multivalued map defined by

@(s) = p1(s) x -+ X pn(s)

where ¢;(s) = DSp;(s—s, $;)-

>From Lemma 1, there exists t; > 0 such that s + tv € V for all
s€S,te[0,t1] and v € V(s).

Finally, we define F' : § — S by

F(s) ={r(s+t1v) | v € ¢(s)}.
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As defined, F is a compact admissible multivalued map. Moreover, F is
homotopic to the identity map via homotopy ¢ : S x [0,t1] — S given by
P(s,t) = {r(s+1tv) | v € p(s)}. Thus, by Theorema 3.3, there exists a
selected pair (p,q) C F such that

Algupi ") = Alids) = x(S) = x(S1) -+~ X(Sn)-

If x(S;) #0,i=1,...,n, then A(F) # {0}. It follows, from Theorem
3.4, that F has a fixed point, ie, a point § € S such that § € F(3).
We affirm that a such fixed point § is a w.l.e. for py,...,p,. In fact, if
5 € F(3) then § = (5 + t1v) for some v € ¢(5). Since r is a convenient
retraction, given € > 0, there exists § > 0 such that

|z = (s +t)|| = [l — 3] <6

implies that

(§+tiv—r(+tw),z—r(S+tv)) = t1(v,x—3)
t1€ -
< 7”3” — 3|

Moreover, from the definition of ¢, we can assume that if ||§ — s|| < §
then

~ - ~ ~ - ~ € ~
pi(sla ceeySi—15 84y Sit1y - ~75n) S pz(s) + <vi75i - S7> + 5”51 - Si”v

1 <i < n. It follows that, if s € S and ||s — §|| < § then

pi(gla ey 57;,1, Siy §i+17 ey gn) S pz(g) + EHSi - gi”a
1 <7< n.
Hence, s is a w.l.e. for p1,...,pn.
O
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