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The Borsuk-Ulam Theorem for
Double Coverings of Seifert Manifolds

We study a Borsuk-Ulam type theorem for pairs (M, ) with T a fized point
free involution of M, and such that both M and N: = M/t are Seifert
manifolds. In this note our point of view will be to start with a Seifert
manifold N. Any non-trivial element & € H*(N; Zs) then gives rise to a
pair (Me,1e) = (M, T) with M (necessarily) also a Seifert manifold, and a
double covering p: M — N, with T being the fixed point free involution on
M associated to this double covering as the non-trivial deck transformation.
We then seek the largest value of n, called the Zz-index of (M, ), such that
the Borsuk-Ulam property holds for maps into R™, i.e. such that for every
continuous map f: M — R"™, there is an © € M such that f(z) = f(7(x)).
In case M is a 3-manifold (such as a Seifert manifold), the Zs-index can
take only the values 1,2, 3.

1 Introduction

The study of involutions on manifolds has been of great interest and
importance within topology, as illustrated by the books of J. Matousek
[12] and S. L. de Medrano [11] (and in particular, for involutions on
Seifert manifolds, cf. the book of Montesinos [13]). The most famous
theorem in the subject is undoubtedly the classical Borsuk-Ulam theorem,
which applies to the antipodal involution of a sphere. This theorem
together with various generalizations and applications continues to be of
great interest. For example, a generalization of the Borsuk-Ulam theorem
that applies to a fixed point free involution on any manifold has recently
been studied by Gongalves, Hayat, and Zvengrowski [7]. The case of
manifolds of dimension 2 and the corresponding Borsuk-Ulam theorem
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has also been recently studied by Gongalves and Guaschi [6]. The above
mentioned book of Matousek gives an extensive set of references related to
the Borsuk-Ulam theorem; in addition to these further interesting aspects
and generalizations of the classical Borsuk- Ulam theorem appear (among
others) in work by K. D. Joshi [10], J. Jaworowski [9], A. Dold [5], and
more recently in work of P. L. Q. Pergher, D. de Mattos, E. L. dos Santos
[16], P. L. Q. Pergher, H. K. Singh, T. B. Singh [17], as well as survey
papers among which we mention H. Steinlein [22], and I. Nagasaki [14].

In this paper we attempt to initiate this study for the Seifert man-
ifolds, a large and important class of 3-manifolds introduced by Seifert
[19] in 1933. This is possible, using the aforementioned paper [7] and
the knowledge of the Zsy-cohomology rings of these manifolds, cf. [2], [3],
[4] for the orientable case and more recently [1] for all Seifert manifolds.
We will suppose throughout that all manifolds under consideration are
closed and connected.

Given a (closed, connected) m-manifold N, any non-trivial element
¢ € HY(N;Zsy) gives rise to an epimorphism ¢: 1N — Zs and a pair
(Mg, 7¢) = (M, 7), wherep: M — N is a double covering, M is a (closed,
connected) m-manifold, and 7 is the fixed point free involution on M
associated to this double covering as the non-trivial deck transformation.
This correspondence is via the sequence of isomorphisms

hom(m(N), ZQ) ~ hom((m(N))al” Zg) ~ hom(Hl(N), ZQ) ~ Hl(N; Zg)
(1)
Definition 1.1. (i) We say that the Borsuk-Ulam property BU(n) holds
for (M, 1) if for every continuous map f: M — R™, there is an x € M
such that f(z) = f(7(z)).
(i) The Zs-index indg, (M, T) is then defined as the largest n < oo
such that BU(n) holds.

>From [7] it is known that indz,(M,7) > 1 always holds, and
indg, (M, 7) =1 if and only if ¢ € Im(p: HY(N;Z) — HY(N;Zy), where
p is the coefficient homomorphism induced by the surjection Z — Z,.
Furthermore, it is shown there that indz,(M,7) < m = dim(M) and
indz, (M, 7) =m if and only if {™ # 0 € H™(N;Zs). It follows that the
inequality 1 < indgz,(M,7) < m is always satisfied. In particular, for
m = 3, the Zs-index can only equal 1,2, or 3. These facts are formally
stated in Section 2 as Theorem 2.1.

In the present work, we suppose that N is a Seifert manifold (of
dimension m = 3), presented in the usual way by its Seifert invariants
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(cf. [15], [19]). The presentation of 71 (), associated to these invariants,
is the standard presentation found in [15], and allows one to list the (non-
trivial) homomorphisms ¢: m N — Zgo. We classify the ¢’s for which the
Zo-index equals 1, equals 2, or equals 3. The main results are expressed
in terms of the Seifert invariants of N and the homomorphism ¢.

This work contains five sections. In Section 2, we recall some basic
facts about Seifert manifolds. In Section 3 we consider the situation of
maps into R?; the main results are Proposition 3.4 and Theorem 3.5.
The former gives necessary and sufficient conditions for indz, (M, 7) =1,
and the latter (which is essentially the negation of the former) for
indz, (M, 7) > 2. In Section 4 we consider the situation of maps into
R3; the main result is Theorem 4.3 which gives necessary and sufficient
conditions for indz, (M, 7) = 3. In Section 5 we make some general com-
ments about the relation between the Zs-index = 2 and the Zs-index =
3 cases. In this section we also study several specific examples that effec-
tively illustrate the techniques, for a variety of Seifert manifolds, and also
show that the distinction between the various cases can be surprisingly
delicate.

Another (and probably more natural) approach to these questions is
to start with the manifold M and fixed point free involution 7, then
construct N as the orbit space M/7. For Seifert manifolds M this can
lead to cases that are not covered in the present paper, indeed cases
where N is not a Seifert manifold in the classical sense, depending on the
geometry (in the sense of Thurston) of M. The authors hope to complete
the study, from this point of view, in subsequent research, with [7]| being
the first step in this direction and the present note the second step. We
also note that the condition £™ # 0 mentioned above becomes &3 # 0
for a 3-manifold, and for orientable 3-manifolds this condition also arises
in the study of general relativity (where one says such 3-manfolds have
“type 1"), cf. [21]. The condition &3 # 0 is equivalent to the existence
of a degree 1 (or odd degree) map of the 3-manifold onto RP3.

2 Introductory Remarks and Notation for 3-
manifolds
Let N be a 3-manifold. In Section 1 the isomorphism (1) between

HY(N;Zs) and hom(m1(N),Zs) was introduced. Under this correspon-
dence, the image in H'(N;Zsy) of a homomorphism ¢: 71 (N) — Zgy will
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be denoted by s = £. Any non-zero element £ € H'(N;Zs) corresponds
to an epimorphism ¢: my N — Zs which induces a short exact sequence:

1 — Ker¢ — mN — Zs — 0.

>From the theory of covering spaces, we know that there exists a
connected 3-manifold M = M, such that Ker¢ = m1(M) is a normal,
index 2, subgroup of 1 (N), and M — N is the regular double covering
of N corresponding to Ker¢. We also know that the non-trivial deck
transformation is a fixed point free involution 74 = 7 on M such that the
quotient M /7 is homeomorphic to N. We will use this correspondence
freely whenever necessary.

From [7] Theorems (3.1) and (3.2) we have:

Theorem 2.1. Let N be a 3-manifold and ¢: m1(N) — Za an epimor-
phism. Let (M,7) and £ € HY(N;Zz) be determined as above.

(i) One has indz,(M,7) = 1 if and only if the homomorphism
¢: m(N) — Zso factors through the projection Z — Zs (equivalently
¢elm(p: HY(N;Z) — H*(N;Zs3))), otherwise indz,(M,T) € {2,3},

(ii) One has indz,(M,7) = 3 if and only if £ # 0.

We now focus on the situation where N is any Seifert manifold (ori-
entable or not), as introduced in [19]. We shall answer the following
question: given a presentation of N in terms of Seifert invariants, for
which ¢ is indz, (M, 7) =1,2,0r 3 ?

Following the notation of Orlik [15], from now on, N will be a Seifert
manifold described by a list of Seifert invariants

{6; (679); (a17b1)7 ) (an7bn)}

(note that Orlik uses b for the Euler number ). We do not need them to
be “normalized” as in [15] and [19]: we only assume that e is an integer,
the type € will described below, g is the genus of the base surface (the
orbit space obtained by identifying each S! fibre of N to a point), and
for each k, the integers ay, by are coprime with ax # 0 (in case by = 0
then ap = +1).

As in [15], p.74 (and elsewhere), it is convenient to add an additional
(non-exceptional) fibre ag = 1,by = e. We shall then use the following
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presentation of the fundamental group of NV:

50,.-+,8n |[Sk,h] and szkhbk, 0<k<n
m(N) = <vl,...,vg/ ’UjhU;lh_Ej7 1<5< g'> , (2)
h S0...8,V

where the generators and ¢’,V are described below. Also note that if
e = 0 then the relation s3° hb reduces to sy =1, so in this case sq is
usually omitted.

e The type € of N equals:

o1 if both the base surface and the total space are orientable
(which forces all ¢;’s to equal 1);

09 if the base surface is orientable and the total space is non-
orientable, hence g > 1 (which forces all ¢;’s to equal —1);

ny if both the base surface and the total space are non-orientable
(hence g > 1) and moreover, all €;’s equal 1;

ng if the base surface is non-orientable (hence g > 1) and the
total space is orientable (which forces all €,’s to equal —1);

ns if both the base surface and the total space are non-orientable
and moreover, all €;’s equal —1 except €1 =1, and g > 2;

ny if both the base surface and the total space are non-orientable
and moreover, all €;’s equal —1 except €1 =e2 =1, and g > 3.

We note that these six types, in Seifert’s original notation, are
respectively denoted Oo, No, Nn, On, NnlI, NnIl, where the
first (capital) letter refers to the orientability or non-orientability
of the total space N, while the second (lower case) letter refers to
the same for the base surface.

e The orientability of the base surface and its genus g determine the
number ¢’ of the generators v;’s and the word V' in the last relator
of m1(N) as follows:

— when the base surface is orientable, ¢ = 2g and V =
[U17 Uz] cee [v2g—17 Uzg};

— when the base surface is non-orientable, ¢ = g and V =
2 2
Vi ..V
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e The generator h corresponds to the generic regular fibre.

e The generators s; for 0 < k < n correspond to (possibly) excep-
tional fibres.

Throughout this paper, we shall use the following notations (the last
one S, depends on ¢, all the previous ones only on V).

Notation 2.2. Let N be a Seifert manifold described by a list of Seifert
nvariants

{6; (evg); (alv bl)v ) (a’nv bn)}
e Denoting by a the least common multiple of the ay’s,

n

c= Z b (a/a).

k=0

e The number of even ay’s will be denoted by d.
o We distinguish three cases:

— Case 1, d =0 and c is even;
— Case 2, d=0 and c is odd;
— Case 3, d>0.

e In Case 3, the indices k are reordered by decreasing 2-valuation
vo(ay). Hence the set of even ay’s will be {ag,...,aq—1} and the
set of k’s for which ax has maximal 2-valuation, denoted by Sy,
will be {0,...,J — 1} for some 0 < J < d. Note that after this
reordering, in Case 3, ag # 1.

o Sy will denote the set of k’s for which ¢(si) = 1.

Note that these cases are not related to the type €, each of the three
cases can occur with any of the six types. The next lemma will be useful
in Section 3.

Lemma 2.3. In Case 3 (d > 0), ¢ has the same parity as J. Further-
more, one also has Sy C {0,...,d—1}, |Sy| is even, and ¢(h) =0.
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Proof. With the above notational conventions, a/aj is odd if and only
if & < J, and for such k’s, by is also odd since it is coprime to ay.
Hence, modulo 2, ¢ = } by(a/ar) = > g<po;1 = J. The fact that
Se € {0,...,d — 1} follows directly from the definition of d and the
reordering convention in Case 3. If we take any k € {0,...,d — 1} we
have ay, even and by, odd, hence 0 = ¢(sf*h) = arg(si) + brd(h) =
¢(h). Finally, note that ¢(V) = 0 in both the case of orientable or non-
orientable base surface, since ¢ is a homomorphism and Im(¢) C Zs.
Then 0= ¢(so---snV) = d(s0) + ... ¢(sn) implies |Sy] is even. O

We close this section with an abelianized version of (2), which gives
a presentation of Hi(N) = H;(N;Z). This will also be useful for the
work in Section 3.

805,80 arSk + brh, 0<k<n
H1(N)=<v1,...,vg/ (1—2)h, 1Sj§g’>7 (3)
h Sso+...+s,+V

where V' =0 for types o1 and 02, and V =2(v1 +...4v,) for the four
remaining types.

3 Study of indy, (M, 1) > 2

As before, let ¢: m1(N) — Zz be an epimorphism and & € H(N;Zs)
the corresponding cohomology class as given in (1). By Theorem 2.1,
the set of ¢’s for which indyg, (M, 7) = 1 is the image of the coefficient
homomorphism p: HY(N;Z) — H'(N;Zs), so our initial goal in this
section is to compute Im(p) (a less direct method, leading to the same
results, would be to compute the kernel of the Bockstein homomorphism
HY(N;Zy) — H*(N;Z)). This is done in Propositions 3.1, 3.3, and 3.4.
Then, in 3.5, we determine when ¢ ¢ Im(p), and this is equivalent to
indZQ(M, 7') > 2.

>From the presentation (3) of H;(N) we shall compute H!(N;Zs)
(Proposition 3.1, which will be repeated later as a small part of The-
orem 4.1), and similarly compute H'(N;Z) (Proposition 3.3). We use
the fact that H'(NV;Zs) naturally identifies to the subspace of cocycles
contained in CY(N,Zs) := hom(C1(N),Zs), where C1(N) is the free
abelian group with generators v;, si, h. Furthermore, using the isomor-
phism (1), we see that the l-cocycles are simply the 1-cochains that
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vanish on the abelianized relations for 71 (IV), as given in (3). We denote
by 0; (1 <j <g¢),8 (0<k< n), h, the elements of the dual basis
of C1(N,Zsy) corresponding respectively to v, Sk, and h. In Proposition
3.3, the same notations and identifications will be used, replacing Zo
by Z, recalling also that H'(X;Z) is a free abelian group for any finite
CW-complex X.

Proposition 3.1. Let a = h+ ZZ:O brSk and o = Sk + 8o, 1 < k <n.
A basis of the Zy-vector space HY(N;Zy) C C*(N,Zs) is (with Notation

~ Case 1 : {01,...,04,0a},
— Case 2 : {01,...,04},
- Case 3 : {01,...,0g,010,...,q-1}.

Proof. Consider an arbitrary element

’

n g
u=xh+ szék + Zyj@j € CY(N;Zy)
k=0 j=1

(with z,y;,2 € Zg). Due to the presentation (2) of m(N), u €
HY(N;Zs) if and only if the following n + 2 equations, coming from
the relations in (3), are satisfied:

agzy +brx =0, k=0,...,n, and 20+ ...+ 2z, =0.

When d = 0 all a;, and a are odd, so ¢ = > b, and this system is
thus equivalent to:

zp =bgx (k=0,...,n) and cr = 0.

The elements of H!(N;Zs) are therefore the u’s of the form:

n g’
u=ua <h+Zbk§k> +> by,
k=0 j=1

with no restriction on z in Case 1 (d = 0 and ¢ even), but with = 0 in
Case 2 (d =0 and ¢ odd).



A. Bauval, D. L. Gongalves, C. Hayat, and P. Zvengrowski 173

When d > 0, the system is equivalent to:

x =0, zp=brx (k=d,...,n) and zo0+ ...+ 2, =0,

which simplifies to:
T=z9=...=2,=0 and Zo=21+ ...+ 24-1-

So, in Case 3, the elements of H'(N;Zs) are the u’s of the form:

’

g
D 2B+ 580) + Yyt
1<k<d—1 j=1
which completes the proof. O

Remark 3.2. In future use of this proposition and the following ones
it will be important to note that if the cohomology class u € H'(N;Zy)
corresponds to the epimorphism ¢: w1 (N) — Zg via the isomorphism (1),
then zp = ¢(sk), y; = ¢(v;), and x = ¢(h). In this case we also write
u==E&y =&, as in Section 1.

Proposition 3.3. The abelian group H'(N;Z) is free and generated by
the following elements of C*(N,Z):

o if €= 0y: {f)l,...,f)g/},
. ’Lf€: ng, N3, Ny’ {172—’131,.‘.,’1391—171},
o if e=o04:

— ife=0: {i1,..., 00, ah— 34 o br(a/ar)si},
- ZfC?éO {@1,...,@9/}7
° szZ ni:
— if c is even: {(0/2)61+aﬁ—zz:0 bi(a/ak)sk, Oa—01,...,09 —
{}1}7

— if ¢ is odd: {ciy +2ah — 23 r_obr(a/ak)dy, o —101,...,00 —
01}
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Proof. Tt was noted earlier in this section that H'(N;Z) is free. As in
the proof of Proposition 3.1, consider an arbitrary element

’

n g9
uw=zh+ szék + Zyjﬁj € CY(N;7),
k=0 j=1

now with zx,y;,z € Z. We obtain that v € H*(N;Z) if and only if the
following equations are satisfied:

arzr +brx =0, E=0,...,n;

/

(1-g)z=0, j=1,...,9%

’

n n g

sz =0if €= o01,09; sz —|—22yj =0if €=ny,no,n3z, ng.

k=0 j=0 j=1
Let us first treat the four easiest cases. As soon as some ¢; equals —1 (i.e.
€= 02, N2, 13,N4), the equation involving such a ¢; implies + = 0, which,
by the first n 4+ 1 equations, forces all z;’s to be also zero. The remaining
last equation thus reduces to 0 = 0 if €= 0y and to y; = — Zj>1 Y;
if €= ng,n3,ny. This already enables us to assert that the elements of
HY(N;Z) are the u’s of the form:

o if €= 05: Zyj’f}j
o if €= ny,ng, ny: Zj>1 yj(@j — ’01)

In the two remaining cases €= 01,11 (where the conditions (1 —¢;)z =0
are vacuous since ¢; = 1), first note that the first n 4+ 1 equations imply
that each aj divides x, hence so does a (their l.c.m.). Letting z = az’,
these equations may be rewritten:

2k = —bp(a/ap)s’, k=0,...,n.
The remaining last equation thus becomes:
ct' =0 if €= o01; cr' = 2Zyj if €=n;.

When €= o5, this last equation forces 2z’ (hence also the z’s) to be 0
if and only if ¢ # 0. Hence the elements of H!(N;Z) are the u’s of the
form:
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o if e=0y and ¢ # 0: >y,
e if =07 and ¢ =0: 2’ (aﬁ - Yo bk(a/ak)§k> + > y;v;.

In the last remaining case (€= ny), the last equation forces z’ to be even
whenever ¢ is odd, which naturally leads us to consider two subcases:

e if ¢ is even, this equation amounts to y; = (¢/2)z’ — Zj>1 Yis

e if ¢ is odd, letting =’ = 22" allows rewriting the equation as y; =
"

cx' — Zj>1 Yj-
Hence the elements of H'(N;Z) are the u’s of the form:
e if €=ny and c is even:

<ah Zbk afag)sk + (¢/2)0 >+Zy] i — 1)

k=0 i>1

e if €=ny and cis odd:
R n
” <2ah — 22 bk(a/ak)ék + C’Ol> + Zyj(@j - ’lAjl),
k=0 i>1

which completes the proof.

>From Theorem 2.1 and Propositions 3.1 and 3.3 we deduce:

Proposition 3.4. With the notations of Proposition 3.1 and Notation
2.2, the subspace Im(p) C H'(N;Zs) has basis:

. ifE: 09! {’lA)l,...,’lA)g/},
L] ’LfE: No, N3, N4’ {1724”01,...,’[)5]/ +’LA}1},
o ife=o01: ifc#0 then {t1,...,04},

— ifc=0 and d =0 then {01,...,04,a},
—ifc=0 and d > 0 then {171,...,fJg/,X:lSkSF1 g},

o if e=ny:
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— ifcisodd: {01,...,04},

— when c is even and d = 0: {0y +01,...,04 +01,(c/2)01 +a},

—if ¢ is even and d > 0: {0y + 01,...,04 + 01, (c/2)01 +

Zlgngq o}
Proof. Most of this statement follows immediately from Propositions 3.1
and 3.3; we shall address the only non-obvious parts which are the two
possibilities (€= 01,¢ = 0) and (€= ny,c even). Note that in these two
cases, Case 2 (d =0, ¢ odd) does not occur.
If €= 0; and ¢ = 0, we must compute the image in H'(N;Zsy) of

w = ah — Y }_,br(a/ag)s, € H'(N;Z), in terms of the generators of
HY (N Zs).

e If d =0 (Case 1, a,ay are all odd): p(u) = h + Sohobrdk =

e If d > 0 (Case 3, a/ay is odd only for 0 < k < J —1, a is even, and
bo,...,bg—1 are odd ):

n J-1 J—1
k=0 k=0 k=0

i i ; J—1/4
By Lemma 2.3 J is even, so we may rewrite this sumas > ; —; (S +
A _1 .
50) = Zizo ay, as desired.

e If €= n, and c is even, the proofs in the two cases (Case 1 and Case
3) are identical to the corresponding previous two cases for €= oy,
except that (¢/2)0; is added to u and hence also to p(u).

O

We now take into account Remark 3.2, Notation 2.2, and Proposition
3.4 (in its negated form), to prove the main theorem of this section.

Theorem 3.5. One has indz, (My,7,) € {2,3} in ezxactly the following
cases:

e Fither €= 01 and c # 0, or €=ny and ¢ is odd, or €= 09, and in

addition {¢(h), d(s0), - .., d(sn)} # {0},

o Fither €= mng or €= ng or €= ny4, and in addition
{¢(Z’Uj),¢(h)7¢(80),
- d(sn} # {0},
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e c=01,¢c=0,d>0 and Sy #0,Sn

e c=ngq, c is even and:

—ifd=0: S5, 0(v5) # (¢/2)6(h)
— ifd > 0: either Sy # 0, Sx, or Sy =0 and 9, ¢(v;) # 0,
or Sy = Sn and Y5_, 6(vy) # (¢/2).
Proof. Writing as usual & = £, € H'(N;Zs), the condition given in
Theorem 2.1(1) tells us that indz, (Mg, 7,) € {2,3} if and only if £ &

Im(p). Now Proposition 3.4 identifies Im(p), so in each case we simply
have to negate the conditions given in Proposition 3.4.

e When either €= 0 and ¢ # 0, or €= ny and c¢ is odd, or €= 0,

Im(p) = (1,...,0y). Therefore & = xh+>}_, zk§k+zg;1 y;0; &
Im(p) if and only if some zj, or x is non-zero, which is identical to
the given condition (see Remark 3.2).

e When either €= ny or €= n3 or €= ny, Im(p) = (/@2 +01,...,09 +
01). Therefore ¢ € Im(p) if and only if & = > 7_,y;(0; + 01), or
equivalently & =329_,y;0; with 327 y; =0. So € & Im(p) if
and only if some xj, # 0 or x # 0 or Z?;l y; # 0, which is identical

to the given condition.

e When €= 07,¢c = 0,d = 0, we see from Propositions 3.4 and 3.1
(Case 1) that p is surjective. So £ € Im(p), i.e. indgz,(M,¢) =1,
and hence this case does not appear on the list in Theorem 3.5.

e When €= 01,¢ = 0,d > 0, we have Case 3 so Lemma 2.3 applies,
and we shall use it several times here. In particular we will use
0=c=J (mod 2) and = = ¢(h) =0 without further mention.
Here Tm(p) = (i1, ...,04, > 5_1 o), hence & € Im(p) if and only
if, for some y;, z € Zo,

g _
&= Zij]+zzsk+80 Z Z
j=1 k=0

Since, as already noted, x = 0, we deduce & = 2?21 Y05 +
ZZ;S 28 ¢ Im(p) if and only if either ¢(5;) = 2z # 0 for
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some k > J,or zy=...=2z, =0 and {¢(5),...,9(85-1)} =
{z0,...,25-1} = {0,1} (i.e. ©(80),...,¢(8;-1) are not all equal).
These conditions are easily seen, recalling Notation 2.2, to be equiv-
alent to Sy # 0, Sy, as stated.

When €= nq, ¢ even, and d = 0, we have Case 1 so z = by, 0 <
k < n, as seen in the proof of Proposition 3.1. Here Im(p) =
(D2 + 01,...,04 + 01,(c/2)01 + «). Noting that a(h) = z and
01(h) = 0, this gives that £ € Im(p) if and only if

’

9 g’
&= Zyj(f)j + @1) + .’L‘[(C/Q)’f)l + Oé] = Zyjﬁj + ra
j=1

Jj=2

g’ n
= Zyj,&j + xh + Z 28k,
j=1 k=0
where y1 = 2(¢/2) +y2+. .. yq, or equivalently Z?;l y; = x(c/2).

It follows that £ ¢ Im(p) if and only if Z?lzl y;j # (¢/2)zx, and this
is the same as the stated condition.

When €= ny,c even, and d > 0 we again have Case 3 so as in the
previous Case 3, J is even and z = 0. Now

J—1

Im(p) = (g + b1,..., B + 01, (¢/2)01 + Y _ 8k + 30)-
k=1

Then ¢ € Im(p) if and only if £ = Z?:z Y (0; + 01) + tertr +
Y ro 8k = Z?,:l y;0; + %ZZZO Sk, where y1 = yo + ... + Yy +
t(c/2), orequivalently >°9_, y; = t(c/2). It follows that & ¢ Tm(p)
if and only if either Sy € Sy, or S, C Sy and Z?;l o(v;) #
(¢/2)p(si) for at least one k, 1 < k < J — 1. Again, these

conditions are easily seen to be equivalent to the stated conditions
in this case.
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4 Study of indz,(M,7) =3

According to 2.1(ii), one has indz, (M, 7) = 3 if and only if &3 # 0.
We therefore begin this section by stating known results (cf. [1], [2], [3],
[4]) for the Za-cohomology ring of a Seifert manifold N. For H!(N;Zy)
this necessarily overlaps with some of the computations done in Section
3, and the notations used in Section 3 are consistent with those in the
references (where we now will write ¢; = ;). For types €= 01,02 what
we now call 01,65,03,04,... correspond respectively to 61,0],65,605, ...
in [4], while the notation is identical for the remaining four types. As
far as the cup products it suffices to list just the non-zero products in
positive dimensions, on the generators, also taking account that xy = yx
in H*(—; Zs).

Theorem 4.1. Let N be any Seifert manifold described by a list of Seifert
mvariants

{6; (G,g); (ah b1)7 ey (anv bn)}7

the type € being 01, 02,M1,M2,N3,MN4.

Using Notation 2.2, the cohomology groups H*(N;Zs) are: H° =
Zo{1} (the unit for the cup-product), H® = Zy{~}, and (with 1 < j <
g = 2g for the types 01 and o3, and 1 < j < g’ = g for the other types):

~ Case 1 (ifd = 0 and ¢ is even): H' = Zo{6:,...0,, o = h +
de—obkdet, H? = Zo{p1, ..., 4, B}.

~ Case 2 (if d = 0 and c is odd): H' = Zo{6:,...,0,}, H> =
ZQ{@I?"'V(PQ/}V

- Case 3 (Zfd > 0) ot :22{01,...99/,(11,...@,1_1} s
H2 :ZQ{SDla'"7%0g/7ﬂla"'36d—1}-

The non-trivial cup-products, on the generators of H* @ H' and H' @
H?, are:

— In all three Cases, for the types 01 and 02, 02;_1p2; = 02502, 1 =7,
while for the other types 0;¢; = .

—in Case 1, for the types o1 and oz, 69, 1602, = B, while for the
other types 9]2» = 0.



180 Borsuk-Ulam Theorem

—in Case 1, 0;a = p;, aff =7, agpj =y when €; = —1 (as specified
in Section 2 for each of the types), and

= (¢/2)B+ ) ¢

Ejzfl
—in Case 8 (i.e. d>0), axfBr ==, k>0, and, for k,1>0,
gy = 50 +5ke 5k»

where By denotes Y | .y q Bk-
>From this theorem, we deduce:

Proposition 4.2. With the same notations, let £ = £, € HY(N; Zs).

e In Case 1,
o(h)(¢/2) - v when €= oy,
P(h)((¢/2) + 32 d(vi)) - v when €= 03, n1,
€= o(h)((¢/2) + ) - when €= ny,
¢(h)((¢/2) + ¢(v1) + g —1) -y when €= ns,
o(h)((c/2) + d(v1) + ¢(v2) + g) - v when €= ny.

e In Case 2, £ =0.

e In Case 3, &3 = (3. é(si)(ar/2)) -y
Proof.

Case 1. Let E =z -a+ ) y,-0; with z = ¢(h) and y; = ¢(v;), then

E=ra?+ >y 02 =a((c/2) B+ > @) +y- b,

Ej——

with y = 0 when €= 01,02, y = > y; when €= nq,ns, ng, n4, and
Zgj:_l wj = 0 for types 01,n1. For the various types, this now
gives :

— when €= 0y, &3 = (xa—i—zj 1y05) Ua(c/2)8 = x(c/2) - v



A. Bauval, D. L. Gongalves, C. Hayat, and P. Zvengrowski 181

— when €= 09,

2g 29
&= (wa+Y_yf) Ua((c/2B+ ) @)
j=1 j=1
2g

= 2((e/2) + 20+ 3 y) v = e/ + > wy)

j=1 j=1

— when €= nqy,ns,ng, ny,

&= (wa+ ) ) U | (@(c/2)+y)B+z Y ¢
j=1

gj=—1

=z | (/D +y+#le=-1+ > v |-

gj=-1

=z (0/2)+Zyj+#{j|5j:—l} .

g;=1

Case 2. £ = ) y;0;, hence £* = 3" y;67 = 0 and &% = 0.

Case 3. Letting 2z = ¢(sk), recall from the proof of Proposition 3.1 that
2z =0fork>d, 20 =) .02, and & = Zlgkgd—l zZrog+ Y Y505,

hence
€= > aad+d b
1<k<d—1
a a
= > (Gt 5B +0
1<k<d—1

= 2O Wb+ Y. b

1<k<d—1 1<k<d—1

ag ag
= ?Zoﬂo-F Z Zk?ﬁk

1<k<d—1

= j{: Zk%fﬁk

0<k<d—1
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and

3 _ 0. %
= ma+d yiby)u > 2~ Br
1<k<d—1 0<k<d—1
a Qg
= 2050( > man)UBo+ Y gy Y
1<k<d—1 1<k<d—1
agp ag
= zo?( Z 26)7Y + Z gy Y
1<k<d—1 1<k<d—1
ap Qar
= 2037"’ Z gy
1<k<d—1
S
kg v-
0<k<d—1

Using Proposition 4.2, we conclude:

Theorem 4.3. One has indg, (My, 74) = 3 if and only if

o cither N satisfies Case 3 (i.e. d > 0) and } ., _yax is not a
multiple of 4,

e or N satisfies Case 1 (i.e. d =0 and c is even), and ¢(h) =1, and
the following element of Zo is nonzero:

when €= 01: ¢/2

when €= 0g,n1: (¢/2) + > ¢(v;)

when €=ngy: (¢/2)+ g

when €=ng: (¢/2) + ¢p(v1) +g—1
when €=ny: (c/2) + ¢(v1) + d(v2) + g.

5 Remarks and examples

In this section we give a brief discussion of the class &2 and several
examples. The first few examples tend to involve relatively simple Seifert
manifolds for which the full machinery of the previous sections is not
strictly needed. The final two examples are more involved and the full
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machinery will be necessary. These examples cover three of the six possi-
ble Seifert manifold types, namely €= 01,n1,n3, as well as various Euler
numbers e and genus ¢’.

Proposition 5.1. (a) Ifindg,(M,7) =1, then £ =0.
(b)  Ifindg,(M,T) =3, then &2 #0.

Proof. (a) Consider the Bockstein homomorphisms B: H'(N;Zy) —
H?(N;Z) and B = Sq': H'(N;Zy) — H?(N;Zy), and recall that
under the coefficient homomorphism p’: H?(N;Z) — H?(N;Zy) one
has p’ o B = /3. From Theorem 2.1(i) we know indz,(M,7) =1 if and
only if £ € Im(p). Since Im(p) = Ker(B), the condition is equivalent to
B(¢) = 0. And this implies 0 = Sq!(¢) = £2.
(b) This is immediate from Theorem 2.1(ii).
O

Based on 5.1 (a), it is interesting to have examples where £2 = 0 and
where the indyz, (M, 7) could equal 1 or equal 2. In fact such examples
are already considered in [7], Section 5, and we will recall them here.

Example 5.2.

(a) Let N = L(4,1), and £ € H'(N;Zs) ~ Z> be the generator.
Then indg, (M,7) =2 and &2 =0.

(b) Let N = S! x V, V being is any closed surface, and & = 7*(u),
where 7: N — S' is the projection and u generates H'(S';Zs). Then
indz, (M,7) =1 and &2 =0.

(c) As a special case of (b) let N = S*xRP?, then H'(N;Zz) has the
generator u as in (b), and the additional generator = corresponding to the
(pull-back) of the generator of H!(RP?;Zs). Now, in addition to £ = u as
in (b), we have two further possible choices £ = v or £ = u + v. For each
of these latter two choices we have indz, (M, 7) = 2 since £2 = v? # 0
and £3 = 0.

Of course, the conclusions in Example 5.2 as well as the following
Example 5.3 also follow easily from our main theorems. As an illustration,
in 5.2(a) we have L(4,1) = {4;(01,0)} (cf. [15] 5.4(i)). Here ag = 1, bg =
4, whence d =0, ¢ =4, and this implies we are in Case 1. By Theorem
4.1 the only non-zero element in H'(N;Zs) is a, hence £ = a. Again by
Theorem 4.1 we have a® = (¢/2)3 = 0. Now applying Theorem 3.5 (first
case) and Theorem 4.3 (second case), we obtain that indg,(M,7) = 2.
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We also remark that in 5.2(b) and 5.2(c) one has e = 0, and the type is
o1 if V is orientable, ny if V' is non-orientable.

Our next example illustrates to some extent the delicacy of the
Borsuk-Ulam situation. The example shows that one can have two dou-
ble covers of a Seifert manifold N by the same Seifert manifold M but
with different Zs-indices for (M, 7). Indeed the example already arises
at the level of surface topology.

Example 5.3.

Let N = RPZ#RP?#RP?,  one has m(N) =
(v1,v9, v3v3v303), HY(N;Zs)
~ 73 with generators 01,602,035 and H?(N;Zsy) ~ Z; with generator
B. Furthermore 67 = 3 whereas 6;0; =0, i # j (cf. [8] Section 3.2).
The characteristic class & = 02 + 03 corresponds to the homomorphism
¢1: m(N) — Zg given by ¢1(v1) = 0,¢1(v2) = ¢1(vs) = 1. Similarly
the characteristic class & = 6 corresponds to ¢o: m(N) — Zg with
¢p2(v1) = 1,¢2(v2) = ¢a2(v3) = 0. Using Proposition 4.2 of [7] we
obtain at once that indy, is 1 for & and 2 for & (this corresponds to
€2 =0, €& # 0). The surface M that is the double cover of N must
have Euler characteristic x(M) = 2x(/N) = —2. Since it is not hard to
see that in both cases M is non-orientable, it follows that in both cases
M = RP?#RP?#RP2#RP2.

By simply taking the product of M and N with S, we obtain similar
examples with Seifert manifolds (where we take ¢;(h) = 0). Indeed,
writing N; = N x S!, we have that N; has €= n;, ¢ = 3, and no
exceptional fibres whence d = ¢ = 0. From 3.5, final case, we see that
@1(v1)+@1(v2)+ @1 (v3) = 0 implies the Zo-index for ¢ equals 1, whereas
¢2(v1) + d2(v2) + P2(vs) = 1 implies the Zs index for ¢o is 2 or 3. Since
(3 =0 for any ¢ € H*(Ny;7Zs), the Zo-index of ¢ must be 2.

It should be noted, as was already done in Seifert’s original paper
[19], that the same 3-manifold (even S3) can often be fibred in different
ways, i.e. the Seifert “invariants" are not always true invariants in the
sense that they may not be unique. However the cohomology ring with
any coefficients, and fundamental group, are of course true invariants,
and the determination of the Zs-index is based upon these. We conclude
with a couple of deeper examples for which the techniques of Sections 3
and 4 must be utilized to answer the Borsuk-Ulam question.

Example 5.4.
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Let NV be the Seifert manifold given by the following Seifert invariants:
N = {Oa (nS, 2); (9, 4)7 (57 2)a (77 2)}

Then, a presentation of 71 (N) is:

T (N)=( wvi,02 [v1,h], wvohvy 'h

81,582,853 [Sk,h] (k: 172,3)

< h |s{h*, sSh2 sThZ, 515253va§>

Note that d = 0 (since 9,5,7 are odd) and ¢ is even (since 4,2,2
are even), hence we are in Case 1 of Notation 2.2. The following table
shows the values of all possible non-zero ¢’s on the generators of 71 (N),
as well as the corresponding cohomology class & € H'(N;Zs) under the
isomorphism (1). Also recall that here, by Theorem 4.1 (or Proposition
3.1), HY(N;Zs) has generators a, 01, 0o with o = h+43; + 285 +283 = fL,
and finally that €= ng3 implies all ¢(s;) = 0. The final column in the
table gives the Zs-index, in each case, of (M;,7;) := (Mg, 7¢,). The
proofs for the data in the table are given in Proposition 5.5 below.

(Gi[s1[safsa[h]oifva] &  [inds,(Mi7) ]
1/ 0] 0|0]1]0|O0 o) 3
@2/ 010 ]0|1]1]|0 a+ 0, 2
¢3 0 0 0 1 0 1 o+ 02 3
sl 0100 |11 |1 |aa+6+062 2
s 0] 0|0]0] 1|0 01 2
6| O 00|00 |1 02 2
o000 0011 6 +06, 1

Proposition 5.5. o For & =& one has indg, (M;, ;) = 1.
o For 5 = 627£4a§5a€6 one has inng(Mi,Ti) = 2.
o For & =¢&1,& one has indg, (M;, ;) = 3.

Proof. By Theorem 3.5, indz, (M;, ;) = 1 if and only if ¢(h) = ¢(v1 +
vg) = 0, i.e. ¢ = ¢7. Moreover, N is in Case 1, €= ng, ¢ is a multiple
of 4 and g = 2 hence, by Theorem 4.3, indz, (M;, ;) = 3 if and only if
¢(h) =¢(v1) +1=1,1e ¢ =1, ¢3. O
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Our concluding example has (in contrast to the previous examples)
non-zero Euler number, arbitrary genus g > 0, and a relatively large
number (seven) of singular fibres.

Example 5.6.
Let Ny, g > 0, be the Seifert manifold given by the Seifert invariants

{_23 (0179)5 (167 5)7 (16’ 1)’ (16’ 1)7 (167 1)7 (27 1)7 (37 2)7 (3’ 1)}

With the conventions given in Notation 2.2, a presentation of 71 (N) is
(note that according to these conventions the singular fibres are reordered
so that sg corresponds to (16,5), s1 to (16,1)..., s¢ to (3,1), and s7 to
(L,e) =(1,-2) :

50,81, 82, 83, S4, S5, S6, 7 |[sk, h] and  sPFRbE 0 <Kk <7
Wl(N): V1,02, ...,VU2g—1,V2¢g [’Uj,h], 1§]§2g

h S0 -+ s7[v1, V2] - [V2g_1, U2g]

One easily checks that here a = 48, ¢ = 0, d = 5, J = 4, whence
Sy ={0,1,2,3} and we are in Case 3 of Notation 2.2. As usual, ¢ denotes
any surjective homomorphism ¢: m1(Ny) — Za and 7 the corresponding
involution of the double cover M arising from ¢. It is also readily seen
that ¢(h) = ¢(s5) = d(s¢) = ¢(s7) and é(so) + ¢(s1) + P(s2) + d(s3) +
@(s4) = 0 are necessary conditions for ¢ to be a homomorphism.
Proposition 5.7. e indy,(M,7) = 1 iff either Sy = 0 (in which
case ¢(sg) =0, 0 < k<7, g>1, and ¢(v;) =1 for at least one
)y or Sy = Sy (in which case ¢(so) = ¢(s1) = ¢(s2) = d(s3) = 1).

o indz,(M,7) =3 iff p(s4) =1 (whence also ¢(so)+d(s1)+P(s2)+
¢(s3) =1).

e In all remaining cases indgz, (M, 1) = 2.

Proof. By Theorem 3.5 we have indz, (M, 7) > 1 if and only if d > 0 and
Sy # 0, Sn. Since here d = 5, the negation of the previous sentence gives
the first statement of the proposition.

By Theorem 4.3 we have indz, (M, 7) = 3 if and only if d > 0 (which
is the case) and > {aj : k € Sy} is not divisible by 4. We have already
observed that S, C {0,1,2,3,4} and furthermore ap = a1 = as = a3 =
16, hence ) {ap:k € Sy} =2-¢(s4) (mod 4), and this gives the second
statement of the proposition. The third and final statement follows by
default.

O
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