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We consider some approaches to the construction of a non-
perturbative solution of the Cauchy problem of the quantum BBGKY
hierarchy for a sequence of marginal density operators and analyze
its properties for initial data from the space of sequences of trace
class operators. One is represented in the form of a series expansi-
on over particle subsystems which generating operators are the
corresponding-order cumulants of the groups of operators of systems
of finitely many quantum particles.
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1. Introduction

Nowadays the considerable advance in the rigorous derivation of
quantum kinetic equations in scaling limits, in particular the nonli-
near Schrodinger equation and the Gross—Pitaevskii equation [1]- [5]
as well as the quantum Boltzmann equation [6], 7], is observed.
This problem is closely related to the theory of the Bose—Einstein
condensation in systems of interacting bosons [8].

The approach to the derivation of kinetic equations is based on
the analysis of an asymptotic behavior of a solution of the quantum
BBGKY hierarchy for marginal density operators constructed by
the perturbation methods. The results were originally obtained for
bounded interaction potentials [9], [10] and then they have been
generalized to include the Coulomb interaction [11].

The aim of the paper is to develop rigorous approaches to the
construction of a non-perturbative solution of the Cauchy problem
of the quantum BBGKY hierarchy represented as an expansion over
particle clusters governed by the corresponding-order cumulant of
the groups of operators of finitely many particles stated in [12].

We now outline the structure of the paper and the main results.
In section 2 we introduce some preliminary facts about the Cauchy
problem of the quantum BBGKY hierarchy for marginal density
operators in case of initial data from the space of sequences of trace
class operators. The links of a perturbative solution of the quantum
BBGKY hierarchy and a non-perturbative solution represented in
the form of series expansion over particle subsystems which generati-
ng operators are corresponding-order cumulants (semi-invariant) of
groups of operators of finitely many quantum particles is established.
In section 3 we develop a cluster expansion approach to the justi-
fication of the structure of series expansions of a non-perturbative
solution. Section 4 deals with one more approach based on the defini-
tion of marginal density operators within the framework of dynamics
of correlations. Finally, in section 5 we conclude with some perspecti-
ves for future research.
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2. The Cauchy problem of the quantum
BBGKY hierarchy

2.1. A non-perturbative solution of the quantum
BBGKY hierarchy

We consider a quantum system of a non-fixed (i.e. arbitrary but
finite) number of identical (spinless) particles obeying the Maxwell-
Boltzmann statistics in the space R, v > 1.

We will use units where h = 2wh = 1 is a Planck constant, and
m = 1 is the mass of particles. Let H be a one-particle Hilbert space,
then the n-particle space H,, is a tensor product of n Hilbert spaces
‘H, and we adopt the usual convention that Hg = C. We denote by
Fu = @, Hn the Fock space over the Hilbert space .

Let €L (Fn) = @2 a"L(H,) be the space of sequences f =
(fo, f1,--+s fn,...) of trace class operators f, = fu(l,...,n) €
£Y(H,) and fo € C, that satisfy the symmetry condition:
fu(1,...n) = fuliy, ..., iy) for arbitrary (i1,...,i,) € (1,...,n),
equipped with the norm: |[flle1 (7, = Yoo faller (s,
Yo o™ Try  nlfn(1,...,n)|, where the symbol Tri ., denotes
partial traces and a > 1 is a real number. The everywhere dense
set in €1 (Fy) of finite sequences of degenerate operators with infi-
nitely differentiable kernels with compact supports we denote by
2 eL(F) [10], [13].

The Hamiltonian H, of a n-particle system is a self-adjoint
operator with the domain D(H,) C H, and H, = >77; K(j) +
Z?1<j2:1 ®(j1,j2), where K(j) is the operator of a kinetic energy
of the j particle, ®(j1,j2) is the operator of a two-body interacti-
on potential. The operator K(j) acts on functions 1,, that
belong to the subspace L3(R*™) C D(H,) C L*(R") of infi-
nitely differentiable functions with compact supports according
to the formula: K(j)¢, = —%quwn. Correspondingly, we have:
O(j1,j2)n = P(¢j1,q5,)%n, and we assume that the functi-
on ®(gj,,q5,) is symmetric with respect to permutations of its
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arguments, translation-invariant and bounded function.

To determine a solution of the Cauchy problem of the quantum
BBGKY hierarchy for marginal density operators we introduce some
necessary facts. For f € £L(Fy) let G(—t) = B2 ,Gn(—t), where

Gr(—t) fr = =M f, 1T, (1)

In the space £L(F3) this mapping: t — G(—t)f, is an isometric
strongly continuous group which preserves positivity and self-
adjointness of operators [10]. For f € £}(Fy) C D(-N) in the
sense of the norm convergence in the space £ (F3) there exists the
following limit of the group of operators (1) which is determined its
infinitesimal generator: —N = @, (—N,,)

lim }(gn(_t)fn - fn) = _Z(ann - ann) =

t—0 ¢
Z(_N(j))fn‘f‘ Z (= Nint(j1,52)) frs
J=1 j1<ja=1

where the operators (—AN(j)) and (—Nint(j1,J2)) are defined on the
subspace £3(Hs) as follows:

(_N(]))fs:_Z(K(])fs_sz(]))v (2>

(=Nt (J1, J2)) fs = —i(@(j1, J2) fs — s (1, 52))-  (3)

Let us denote: Y = (1,...,s), X\Y = (s+1,...,s+n) and {Y} is
the set consisting of one element Y = (1,...,s), the mapping 6 is the
declusterization mapping defined by the formula: §({Y'}, X\Y) = X,
the symbol )" is the sum over all possible partitions P of the set
({Y'}, X\Y) into |P| nonempty disjoint subsets X; C ({Y'}, X \Y).

The evolution of all possible states of quantum many-particle
systems is described by the sequences F(t) = (I, Fi(t,1),...,
Fy(t,1,...,s),...) of marginal density operators that satisfy the
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Cauchy problem of the quantum BBGKY hierarchy [8]:

TR0 = (X (N + X (~Nulin ) B0 + (@)
j=1 J1<j2=1

ZTrs+1( _Mnt(j7 s+ 1))F3+1(t)7
j=1

Fy(t) |=o=F?, s>1. (5)
For the Cauchy problem (4),(5) the following statement holds [12].

Theorem 1. If F(0) € £L(Fy) and o > e, then for t € R there
exists a unique solution of the Cauchy problem (4),(5) given by the
series erpansions

=1
Fu(t,Y) =) — oot Qrgn (=, (V] X0\ Y)F?, ,(X), (6)
n=0 "

s>1,

where the (1 + n)th-order cumulant (semi-invariant) A14n(—t) of
groups of operators (1) is defined by the expansion

Q[1Jrn(_tv {Y}a X \ Y) = (7)
> (=PRI =D TT Grocxo (=t 0(X0)).
PL({Y}, X\WW)=U, X; X,CP

For initial data F(0) € £}, C £4,(F) it is a strong solution and
for arbitrary initial data from the space £ (Fy) it is a weak solution.

We remark that, according to the estimate [14]

(=0 fstnllerai, ) < 2 sl 0

for FO ¢ £l(Fy) series (6) converges in the norm of the space
£l (Fy) provided that a > e, and the inequality holds

IE@ler 70 < cal FO)ley (70
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where ¢q = €?(1—£)7!. The parameter « is interpreted as the value
inverse to the average number of particles.

2.2. A perturbative solution of the quantum BBGKY
hierarchy

In paper [9] (see also [6], [11] and references cited therein) a solution
of the quantum BBGKY hierarchy was represented in the form of
the perturbation (iteration) series

00 t tn—1

Fy(t,Y) = Z/dtl... / Aty Trgy1.... s4n Gs(—t +11) X (8)
n=0 0 0

Z( - Mnt(ila S+ 1))gs+1(_t1 + t2) s gs+n—1(_tn—1 + tn) X

11=1

s+n—1

Z ( - Mnt(iny s+ n))gs+n(_tn)F£+n(X)‘

in=1

Series (8) converges in the norm of the space £!(#,) on finite time
interval t € (—to,to), where to = (4]|®| g(34,)) "

We establish the links of series expansion (6) and iteration series
(8). With this aim we shall formulate a preliminary statement.

Proposition 1. In case of a bounded interaction potential for arbi-
trary fn € £1(Hy), n > 2, the recursion relations for cumulants (7)
of groups of operators (1) are true

1<je(l,...,n)

where T = ({i,7},1,...,i—1i+1,...,5—1,54+1,...,n), ie |Z| =
n—1.
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Proof. We introduce the operator
771(_1;1) = Hml(_t+t17k)9’ln(_tlvl7"‘7”)7 (1())
k=1

such that for f,, € £1(H,), n > 2, it holds

t
d
/dtlm—tl)fn (=t 1, )
0

As a result of the integration of expression (10) the last equality is
true due to the validity for n > 2, of the identity

n

S CDPR - D = YD s k) (k- D) =0,

P:(1,..,n)=U;Z k=1

where s(n, k) are the Stirling numbers of the second kind.

For f, € 2(1](’Hn) the mapping t; — T,(—t1)f, is differentiable
over the time variable and, according to definition (7) and formula
(2), for operator (10) the following equality holds

L rtfe= S (C)FEgR - 1)

dty
P:(lv"'vn):UlZla
Pl
H g1<_t + t1, k)( - Z -A[lnt(z?])) H g|Zl\(_t17 Zl)fn (11)
k=1 1<JjEZ Z,CP

Finally, gathering terms with the operator (—Niut)(i, ) for every
meaning of indexes (7, j) from right-hand side of equality (11), this
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expression is transformed to the form

t

d
ditl’ﬁz(_tl)fn = (12>
0
t
/dm [I a-t+tm(— S Nulig) x
0 ke(l,...,n) i<je(l,...,n)
S EOFEPI= D! T Gz~ 0(Z) =
P:IZUlZl Z,CP

t

/dm IT Gt+tm)(= > Nuli,d)Un-1(~t1,T) fo,

0 ke(l,...,n) i<je(l,...,n)

where we used notations introduced above.

Thus, in consequence of equalities (11) and (12) we derive equality
(9) on the set £5(Hy). Since the operators from both sides of this
equality are bounded and the set £§(H,,) is everywhere dense set in
the space £!(H,,), equality (12) holds for arbitrary f, € £(H,).

O

We remark that in case of n = 2 relationship (9) is the Duhamel
equation for the group of operators (1) of a system of two quantum
particles

Ro(—1,1,2) = Ga(—1,1,2) — Gi(—t,1)G1(—¢,2) =
¢
/dtlgl(t +t1,1)G1(—t +t1,2) (= Nint (1,2)) Go(—t1, 1, 2).

0

Using equality (9), we can transform series (6) to the form
of the iteration (perturbation) series of the quantum BBGKY hi-
erarchy. Indeed, solving recursion relations (9), for the (1+n)th-order
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cumulant (7) we obtain the following expansion:

911+n(—75 {Yh X\Y) = (13)
tn 1
/dt1 / dty, [T Gogen (=t +t1,0(K1)) x
Ki1CT
— Y Natlini) ] Giovea(—t1 +t2,0(K2)) x
i1<j1CTh KoCZo
= Y Nuliz,g2) - [ Gpocai(—tn-1 + tn, 0(Kn)) x
12<j2CT2 KnCZIn
( - Z -/\[int(invjn))gs+n(*tnaX>v
zn<]nczn

where 7; = ({Y}, X\Y), Zx = {i1,j1} U (T2 \ (i1,71)),---, In =
{in—1,Jn-1} U (Zn=1\ (in—1,7n—1)) and we used notations accepted
above.

Therefore series expansion (6) reduces to iteration series (8).
Indeed, taking into account the Duhamel equation (13) for (1+4mn)th-
order cumulant (7) and the fact that the groups of operators (1) are
isometric in the spaces £1(#,),n > 1, series expansion (6) reduces
to series (8) in case of a two-body interaction potential.

We remark that representations (6) and (8) for a solution of the
Cauchy problem of the quantum BBGKY hierarchy are equivalent
for arbitrary initial data from the space £1(F) in case of bounded
operators of the interaction potential. However, they are not equi-
valent in other operator spaces. As well known, by differentiating the
iteration series (8) we can not avoid the problems of getting out of
extra terms only in the space of trace class operators. This problem
disappears, if we use representation (13).

3. A cluster expansion approach

As known [14], for quantum systems of finitely many particles there
is an equivalent approach to the description of the evolution of states
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within the framework of sequences of the density operators governed
by the the groups of operators (1). To construct series expansions (6)
for a non-perturbative solution of the quantum BBGKY hierarchy,
using such an approach, we introduce the generating functional of a
sequence of marginal density operators [15], [16]

(F(t), u) = ;‘6 % Trr o Falt 1, .. ,n) gu(i) N
= 1 / /

nz::onl /Fn(tagla"'7€n;§15"'7£n) X

TTu@) ] w(€)de ... dgd ... déa,

i=1 j=1

where v = (I,u(1),..., ][}, u(?),...) is a sequence of the products
of the degenerate operators {u(i)};>1 with infinitely differentiable
kernels with compact supports. We refer to functional (14) as the
generating functional of marginal density operators F,(t,1,...,n) €
£Y(H,), n > 1, by reason of the validity for their kernels of the
equalities

Fo(t €15 &niélse o &) = (15)

52n
ule) - ouEnan e owr (g D) o
where 627 /5u(&1) ... du(&,)6u*(€]) ... du*(€,) is the 2nth order
functional derivative (the Gateaux derivative [16]).
The generating functional of marginal density operators is defined
within the framework of a sequence of the groups of operators (1) of
the von Neuman equations for density operators [14] by the equality

(F(t),u) = (G(=)D(0), 1)1 (G(~t)D(0), u + 1), (16)

where G(—t)D(0) = (I,G1(—t)DY,...,G,(—t)DY,...) is a sequence
of the density operators D(0) = (I,D?,..., DY, ...) € £L(Fy) and
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(G(—=t)D(0), 1) = 300 ) 1Try, . 5 Gn(—t)DY is a normalizing factor
(grand canonical partition function).

To determine a sequence of operators generated by the functional
(G(—t)D(0), )~ (G(—t)D(0),u + 1) we transform this functional to
canonical form (14).

Proposition 2. The equality is true
(G(=t)D(0), u+1) = (e*G(—1) D(0), u), (17)

where the operator a (an analog of the annihilation operator) is defi-
ned by the formula

(aD(0)n(1,...,n) = Trpy1 DO (1, ,nyn+ 1), (18)

Proof. Indeed, according to definition (18), the following equalities
take place

o0 n

(G(—t)D(0),u+ 1) Z Try, . Gn(—t) DY T ((

= =1

Zl. o Gn (= kz Z u(il)...u(ik):

Z Sl Z i' 1,....,s+n gs+n s+n H u t)_D(O)7 u)

g

Hence, in view of definition (15), from equalities (16) and (24)
we derive the series expansion for marginal density operators within
the framework of nonequilibrium grand canonical ensemble [19]

Fo(t,1,...,s) = (G(—t 12 $Te L sin Gsn (= t)DY, .

On the basis of relationship (16) for generating functionals, we
construct a non-perturbative solution of the Cauchy problem of the
quantum BBGKY hierarchy (4),(5).
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In the functional (e*G(—t)D(0),u) we expand operators (1) over
their cumulants as the following cluster expansions

gs+n(_t7Y7 X \ Y) = Z H Ql|Xi|(_t7Xi)’ (19)
P:({Y}, X\Y)=U, X; X;CP

where as above Y = (1,...,s), ({Y}) is the set consisting of one
element Y = (1,...,s), X =(1,...,s+n), and ZP:({Y},X\Y):UZ.Xi
is the sum over all possible partitions P of the set ({Y'}, X \Y) into
|P| nonempty mutually disjoint subsets X; C ({Y}, X \ Y).

Owing to the equality

Z H Q‘\Xi\(_t’Xi) -

P: ({Y}, X\Y)=U, X; X,CP

Z Ql1—0—|Z|(_75’ {Y},Z) Z H Q‘\Xi\(_taXi)a

ZCX\Y P: X\Y\Z={J, X; XiCP

and, according to the symmetry property of the integrand, the vali-
dity of the following equality

Z Ql1+|Z|(_t’ {Y}v Z) Z H Q‘\Xi\(_taXi) =

ZCX\Y P: X\Y\Z={J, X; XiCP

Y Wt AV s+ 1. s+ k) x

k=011 <...<ip=1

> T 2t X0,

P: (s+k+1,...,s+n)=U, X; XiCP

as a result we obtain

(e )su) = (20)

G(=t)D(0
slzi. Losstntk Ay (6{Y XA\ Y) %

1
kf Z H Q[‘X‘ t X s+n+kHu

P: (s+n+1,...,s+n+k)={J, X; X;CP

7M8 f Mg
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where the generating operators 2., (—t), n > 0, of series (20) are
solutions of cluster expansions (19).
According to the validity of the equality [19]

0
Trs+n+1,.‘.,s+n+k E H Q[|X7L|(_ta Xi>Ds+n+k -
P:Z={, X; X;CP

0
Trs+n+1,...,s+n+k Ds+n+k7

where Z = (s+n+1,...,s+n + k), and a similar equality for
the normalizing factor: (G(—t)D(0),I) = (D(0),I), and, taking into
account the definition of initial marginal density operators, from
relation (16) and representation (20) we derive series expansion (6).

In fact, there is such a criterion. Series expansion (6) is a solution
of the Cauchy problem of the quantum BBGKY hierarchy (4),(5)
if and only if its generating operators 21,(—t), n > 0, satisfy
recurrence relations (19).

4. An approach based on dynamics of correla-
tions

In addition to an approach to the description of the evolution of
states of quantum many-particle systems within the framework of
a sequence of the groups of operators (1) one more an equivalent
approach is given by means of the groups of nonlinear operators of
the von Neuman hierarchy for correlation operators [17].

The generating functional (g(0),u) of a sequence of the correlati-
on operators g7, s > 1, is defined by means of the generating functi-
onal of the density operators as follows [17]

(D(0),u) = e(g(O)m),

i.e., the correlation operators are determined by cluster expansions
of the density operators.
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Then the following equality holds
(G(=1)D(0), ) = e o(taO)), (21)

where the sequence of correlation operators is determined by the
following expansions:

G(t:Y | g(0)) = (22)
Z Q‘\Pl“? {Xl}’v{X\P\}) H g|OX]-|(Xj)7 s> 1,
P:y=UJ, X; X;CP

and we used notations introduced above.

Thus, according to relationships (16) and (21), the generating
functional of marginal density operators is determined by means of
generating functional of correlation operators as follows

(F(#), ) = e(9(Ha(0) w1~ (G(tlo(0).1) (23)

To determine a sequence of operators generated by the functional
e(9(t19(0));ut+1)=(G(t19(0)).)) we transform this functional to canonical
form (14).

Proposition 3. The equality is true

e(G(tl9(0)),u+1)—(G(t9(0)).1) — (24)
(Exp,G(t ] 9(0)), I) "' (e*Exp,G(t | 9(0)),u),

where the mapping Exp, is defined by the formula

(Exp, Hvi(Y) =100+ Y. [[ fixg(X),  (25)

P:Y=J, X; X;CP

and the notations accepted above are used, d)y|o is the Kronecker
symbol.
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Proof. On sequences of operators f,f € LL(F3) we define the *-
product

(f+ D) =" f21(2) fyrz1 (V' \ 2),

ZCY
where ),y is the sum over all subsets Z of the set Y = (1,...,s).
By means of this definition on sequences f = (0, f1,..., fn,...) we

introduce mapping (25) by the expansions

(EXP* f)|Y| H + Z f*n ‘y|

=10y 0+ Y Hf|xi|

P.y=U, X; X;,CP

where we use the notations accepted above.
Then, observing the validity of the equality

(f * fou) = (f,0)(f, ), (26)

in view of definition (25) we justify equality (24), i.e

UIOD) = (Exp,G(t | 9(0),u),

and as a result the following equality holds
LTI — (SRxp G(¢ ] 9(0)), ).

O

To write down the sequence (Exp,G(t | g(0)),I) " (e*Exp,G(t |
9(0)),u) in the component-wise form we introduce the following
mappings:

(OYf)n = f|Y|+n(Y78 +1,...,8+ n)7
(D{Y}f)niflJrTL({Y}?S—i_l?"'as_'_n)a TLZO
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Then we have

(e"Exp,G(t | 9(0)))s(Y) = (oyExp,G(t | 9(0)), I).
Owing to the validity of the following equalities [14]:

oyExp,G(t | g(0)) = oy Exp,G(t | 9(0)),

o0 Exp.G( | 9(0)) = Exp,g(t) + 001Gt | 9(0),

and according to equality (26), we finally derive

(Exp,G(t] 9(0)), 1)~ @vExp,G(t | 9(0)). 1) = 0y G(¢ | 9(0)), ).

>From this representation we obtain the series expansion for
marginal density operators by means of the correlation operators

Fs(t,Y) = (27)
1
Z —Tr1 s G AY s+ 1,0, s+ 0] g(0), s=>1,
= n!
where the set, consisting from one element Y = (1,...,s), we

denoted by {Y'} and the correlation operators G(t,{Y'},s+1,...,s+
n | ¢g(0)), n > 0, are defined by expansions (22).
We remark that, according to the estimate

Tri,..n|G(t,1,...,n | g(0)] < nle™c",
where ¢ = maxp.y_J, x; (TrXi\gPXi'(Xi)\), series (27) exists and the
following inequality holds:

(9]
Trl,...,s‘Fs(t, 1,..., s)‘ < 6362 e3nc”,
n=0

On the basis of relationship (23) for generating functionals,
i.e. representation (27), we derive the series expansion for a non-
perturbative solution of the Cauchy problem of the quantum
BBGKY hierarchy (4),(5).
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The following equality holds:

Trs—l—l,‘..,s—s—n Z Q[|P‘(—t, {Q(Xl)}, RN
P:({Y} X\Y)=U; X;

X)) [T of () =

X; CP
Trs+1,...,s+n Z ml—f—\Z\ (_tv {Y}v Z)Q?+|X\Y\Z| ({Y7 Z}>
ZCX\Y
X\Y\ 2),

Taking into account this equality, for series expansion (27),(22)
we successively derive

o)
1
Fs(t, Y) = E m Tr3+1,m,s+n E Ql1+|Z| (*t, {Y}, Z) X
n=0 """ ZCX\Y

g?+|X\Y\Z|({Y7 7} X\Y\2Z)=

o0

1 - n!
}:1ﬂ1n+Lm#H1g%kwn_kmzhﬁx—u{y}ﬁ-%L.“,

n=0

s+k)g?+nfk({xs+1,...,3+k},s—l—k+1,...,s+n) =
Z l Z 71 st stnth A in(—t,{Y}, X\Y) x
n=0 k=0

WXt s+n+1,.. s+n+k).
According to definition (27) at initial instant, i.e.

o0

Z % T‘rs+n+1,...,s+n+k g?+n+k({X}7 stmn+ 17 oSN k)a

k=0
we finally derive the series expansions (6) for marginal density
operators with generating operators which are corresponding-order
cumulant (7) of groups of operators (1) of a system of finitely many
quantum particles.
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5. Conclusion

In the paper we developed two approaches to the construction of
a non-perturbative solution of the Cauchy problem of the quantum
BBGKY hierarchy for the marginal density operators and for ini-
tial data from the space of sequences of trace class operators its
properties were analyzed.

It was established that a non-perturbative solution of the Cauchy
problem of the quantum BBGKY hierarchy (4),(5) for a sequence
of marginal density operators is represented in the form of series
expansion (6) over particle subsystems which generating operators
are corresponding-order cumulant (7) of the groups of operators (1)
of finitely many quantum particles. One of the advantages of such
a representation of the solution is an opportunity to construct the
quantum kinetic equations, in particular, kinetic equations for large
particle systems in condensed states [14].

We also emphasize that the natural Banach spaces for the descri-
ption of states of large particle quantum systems, for instance,
containing equilibrium states [10], are different from the used Banach
space of sequences of trace class operators [14].

This paper deals with a quantum system of a non-fixed, i.e.,
arbitrary but finite, number of identical (spinless) particles obeying
Maxwell-Boltzmann statistics. The obtained results can be extended
to large particle quantum systems of bosons and fermions [18]. In
these cases corresponding series expansions have the same structure,
as in case of the Maxwell-Boltzmann statistics [14] which caused by
the fact that symmetrization and anti-symmetrization operators are
integrals of motion.
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