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Local behavior of mappings defined by
their distributional derivatives

We study asymptotic behavior of spatial mappings at the origin. These
mappings belong to the Orlic-Sobolev class and are defined by their Jacobi
matrices. The theorem provides a result of a Schwarz Lemma type. The
sharpness of conditions is illustrated by an example.

1. Introductory remarks.

1.1. Let D be a domain in R*, n > 2, f = (f1,...,fn): D — R" be a
Wli’cl—mapping, and f'(z) = (0f;/0x;) denote its Jacobi matrix at x € D.
Denote by M, the space of n X n matrices.

In this paper, we study the asymptotic behavior of local solutions
y = f(z) of the matrix differential equation

y'(x) = M(x) (1)

with given M (x) € M, (determined almost everywhere in D).
We shall use the both Hilbert-Schmidt and operator norms

szg,j(x)a |M(z)| = sup |M(z) - hl

|h]=1

[M ()] =

i=1 j=1

of matrices. Each matrix M (z) determines the p-outer dilatation coefficient
(p > 1) of solution f(z) by

IM@)I® - if detM (2) # 0,

det(M(x))
K, (M(z)) = 1, ifM(z)=0, (2)
0, otherwise .
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We consider homeomorphisms f € Wli)’cl(D,R”) having finite
distortion, i.e. such that |M(z)|"/det M(z) < oo almost everywhere in
D. This means that f’(x) = 0 for almost all points of the set Z = {z €

D : det f'(x) = 0}; see [8], [6].

1.2. Consider for a given convex increasing function
: [0,00) — [0,00), p(0) = 0, the corresponding Orlic space L? of
functions g: D — R, satisfying

[ () aney <

for some A > 0 (cf., e.g. [10]), where m denotes the n-dimensional Lebesgue
measure in R"™.

The Orlic-Sobolev class Wi)’f(D) is a collection of locally integrable
functions g in D with first distributional derivatives, whose gradient Vg

belongs to the Orlic class locally in D. Note that Wli’c‘p C Wli’cl and
g € WP when o(t) = t7, p > 1.
For a locally integrable vector-function

f=0U1(x, . sxn), s f(@, oy 20)

with f; € Wb!

oc’?

we put

[ 9@ dmz) < o,

D

mon 2
where ||[Vf(z)|]| = /> 2 (gﬁ;) ,and f € W,o¥. We shall also use the
\i=1=1

notation VVlif for more general functions ¢, than for the Orlic classes,
assuming the convexity of ¢ with a normalization ¢(0) = 0.

1.3. We say that a matrix function M: D — M,, (n > 3) has the
F,-property if:

1)  M(x) = 0 for almost all points of the set Z = {z € D :
det M (x) = 0};

2)  the function ¢: [0,00) — [0,00) is monotone increasing and

dt < oo (cf. [1]);

n—2

satisfies a Calderon type condition | {ﬁt)}
1
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3) gw(\lM(x)ll)dm(x) < 00.

In fact, the F-property can be extended to the planar case (n = 2).
In this case it suffices to require from ¢ only the monotonicity property

(since all mappings from VV&)C1 (R?) are differentiable almost everywhere).

2. Moduli of surface families and capacities of
condensers.

2.1. Let S be a k-dimensional surface in R", which means that
S: D, — R" is a continuous image of a open domain D; C RF :=
:= RF U {oo}. We denote by

N(S,y) = card S~} (y) = card{z € D, : S(z) =y}

the multiplicity function of the surface S at the point y € R™. It is known
that the multiplicity function is semicontinuous from below and therefore
it is measurable with respect to the Hausdorff measure H* (cf. [12]).

For a given Borel function p: R™ — [0, oo, the integral of p over S is
defined by

/pdA: /p(y)N(S,y)dH’“y-
s Rn

Let S; be a family of k-dimensional surfaces S in R*, 1 <k <n -1
(curves for k = 1). The p-module of Sy, is defined as

My(S0) = int [ (@) dm(z), p =k
Rn

where the infimum is taken over all Borel measurable functions p > 0 and

such that
/ pk dA>1

s

for every S € 8. We call each such p an admissible function for S (p €
€ adm Sy, ).

Following [9], a metric p is said to be extensively admissible for Sy
(p € extpadm Sy) with respect to p-module if p € adm (Si\Sk) such that
My (Sk) =0.

Accordingly, we say that a property P holds for almost every k-
dimensional surface, if P holds for all surfaces except a family of zero
a-module.
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2.2. We also use especially another tool which is important in Potential
Theory and Mathematical Analysis.

Following in general [11], a pair & = (A, C), where A C R™ is an open
set and C' C A is a nonempty compactum, is called the condenser. We
say that the condenser £ is the ring condenser, ift R = A\ C is a ring
domain, i.e. its complement consists of two components. The condenser
£ is bounded, if A is bounded. We also say that a condenser £ = (A, C)
lies in a domain G when A C G. Obviously, for an open and continuous
mapping f: G — R™ and for any condenser £ = (A,C) C G, the pair
(f(A), f(C)) is a condenser in f(G). In this case we shall use the notation
F(E) = (F(A), £(C)).

Let £ = (A, C) be a condenser. Denote by Cy(A) the set of all continuous
functions u: A — R! with compact support in A. Consider the set
Wo(E) = Wo(A, C) of all nonnegative functions u: A — R! such that
1) u € Co(A), 2) u(x) > 1 for z € C and 3) u belongs ACL. Put

cap, & = cap, (4,C) = ueyvlf(S) / |[VulPdx, p>1,
A

where, as usual

" 1/2

Vu| = <Z (8iu)2> .

i=1

This quantity is called p-capacity of condenser &.
It was proven in [7] that for p > 1

cap, & = M,(A(04,0C; A\ C)), (3)

where A(0A, 0C; A\ C)) denotes the set of all continuous curves which join
the boundaries 94 and 9C in A\ C (cf. [2,14]). For general properties of p-
capacities and their relation to the mapping theory, we refer, for instance,
to [5] and [13]. In particular, for 1 < p < n,

p—1
s (n—p =t
where €2,, denotes the volume of the unit ball in R™, and mC' is the n-
dimensional Lebesgue measure of C'.



114 A. Golberg, R. Salimov

3. Lower (-homeomorphisms and auxiliary results.
We shall use the notations

B(zg,r) = {x e R": |z — x| < r}, B, = B(0,r), B" = B(0,1),
S(xo, 1) = {z €R" : |Jx —x9| = r}, S, =S5(0,7).

Given a Lebesgue measurable function @ : G — [0, 00|, we define for
the measurable sets F C R” set

1
f o i) = —= [ Q) ().
E E

Suppose that D and D’ are two domains in R™, n > 2, g € D, and
Q: D — (0,00) is a Lebesgue measurable function. A homeomorphism
f: D — D' is called lower Q-homeomorphism with respect to p-module
at xg, if the following bound holds

P (x)
n
peextyadmEr | Q(x)
R

M, (f(ZR)) =

dm(z)

for each ring
R = R(zp,e1,62) ={z € R" 1 &1 < |z — o] < £2},0 < &1 < &3 < dp,

where dy = dist(zg,0D), and X denotes the family of spheres S(zg,r),
re (61, 62) .

The following statement is given in [3] and provides the necessary and
sufficient condition for homeomorphisms to be lower ()-homeomorphisms.

Lemma 1. Let D be a domain in R, n > 2, xog € D and
Q: D — (0,00) be a measurable function. A homeomorphism
f: D — R"” is lower Q-homeomorphism at xo with respect to p-module,
p>n—1, if and only if the following inequality holds

ro

dr
My(f(ER)) = / ————, V0<e <& <d,

" ( J Qp"n%(x)dA)
S(xzo,r)
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where dy = dist(zg,0D), Xg is the family of spheres S(xg,r) = {z € R™:
|z — xo| =1} withr € (e1,€2).

In the following lemma we establish the necessary condition
characterizing the lower Q-homeomorphisms and obtain an upper bound
for a-module of the family of curves, « = p/(p — n + 1).

Lemma 2. Let D be a domain in R™, n > 2, xg € D, and
Q: D — (0,00) be measurable function. Suppose that f: D — R™ is
a lower Q-homeomorphism at xo with respect to p-module with p > n — 1.
Then

__n—1
p—n+1

o
* dr
Mp_fi_u T < / p—nil

" ( J Qp"niw:c)dA)
S

(zo,7)

where T = A(f(S1), f(S2), f(D)) is the family of all curves connection
Sj = S(.’L‘Q,’I"j),j = 1,27 mn f(D)

Proof. Pick arbitrary spheres S; = S(zo,7;), i = 1,2, such that
0 < 7 < reg < d(zg,0D). Then due to the relations of moduli and
capacities by Hesse [7] and Ziemer [15], we have

1
M (f (SR))

because f(Xr) C X (f(51),f(Sz2), f(D)). Here £ denotes a collection
of all spheres centered at 9, which lie between S; and Ss;
X (f(S1), f(S2), f(D)) is the family of all (n — 1)-dimensional surfaces in
f(D), that separate f(S7) and f(S2). Now the assertion of the lemma
follows from the inequality (5) and Lemma 1.

(f (A(S1,82,D))) <

: ()

P
p—ntl

The following statement is crucial in the proof of the main result and
follows from Theorem 5 of [4] obtained for open discrete mappings.

Lemma 3. Let D and D' be domains in R™, n > 3. Assume that
M: D — M, possesses Fy,-property and f: D — D' is a homemorphic
solution of the equation (1). Then f: D — D’ is lower Q-homeomorphism
with respect to p-module with Q(z) = K, (M(z)) and p >n — 1.
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4. Main result.

Our main result is the following theorem which implies an upper
estimate for stretching of mappings reconstructed by the Jacobi matrix
at the origin.

Theorem. Let a matric M: D — M, be defined in the unit ball
B™ and possess F,-property. Assume that f: B" — B",n > 3, is a
homeomorphic solution of the equation (1) in B™ normalized by f(0) = 0.
If for p € (n,+00)

1

. . a ° — n- 1
kp = lim nf ( . Ky (M(x)) dm(ﬁf)) SO0 A= TR (6)
then f(@)
R T "

where vy is a positive constant depending only on n and p.

Proof. Consider a spherical ring R = R(0,¢,2¢) with 0 < ¢ < % Then
& = (Ba., B:) and f(€) = (f(Bae), f(B:)) are the ring condensers in B".
Consider the curve family I'f = A(f(S:), f(S2¢), f(R)). Then from (3),

cap, f(€) = M, (I7)

with g =p/(p—n+1).

By Lemmas 2 and 3, one gets

-8B
2¢e

cap, 1) < | [ -
E (f K (M(2)) dA)

Sr

dr

where 5= (n—1)/(p—n+1).
Noting that

1/4q

2e
gz/(5 KB (M(x)) dA dr

1/q
(f Ky (M(z)) dA)
ST
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and applying the Fubini theorem and the Holder inequality with the
exponents g = ﬁ, q' = -%5, one obtains

-8
2e

/ . <3 / K} (M(x)) dmfz). (9)

1/5 g4
) <f Ky (M(x))dA) f
Sr
Combining (9) and (8) yields
1
cap, £() < & [ K} (0(a) dm(z). (10)
R
where ¢ = ﬁ.
On the other hand, due to the inequality (4), we have
cap, J(£) 2 e [m(f(B:))] ™ (11)
with the same q¢ = 1#4—1 and a positive constant c¢; depending only on n
and p.
Comparing (10) and (11), one obtains the following upper estimate
B =
mf(Be)) ., ( KP (M(x)) dm(m)) : (12)
Qn(‘:n Bo.

Here ¢ > 0 also depends only n and p.
Denote () = |in |f(x)]. Since f(0) = 0, Q,1%(e) < m(f(B:)) or
Tr|=¢&

equivalently,

one gets
1
B n
mint L i ing 2 < i (BN
z—0 |x| e—0 e £—0 Qngn
and, combining with (12),

imin /()] co limin B T m(x
imipt 1 < ) f(B%Kp(M( ) dn(z))

z—0 | e—0

1

n—

p—n+1
=cp k}gnfl)(zifn)
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with ¢ = ﬁ and a positive constant ¢y which depends only on n and

p. The proof is completed.

Now we show that the sufficient condition (6) of the theorem can not
be dropped. The following example shows that in the case of infinite lower
limit in (6), the limit in (7) controlling the asymptotic behavior can be also
infinite. Indeed, consider the homeomorphic automorphism of the unit ball
B"™ defined by

1
1 p—n

f@) == |1+ -n [ *

T N

|0

)

|z

for any |x| <1, x # 0 and f(0) = 0 for any fixed p in the interval (n,c0).
Because of the radial symmetry of the mapping, one can rewrite it via

ﬂ@=%ﬂM%a¢& and  f(0) =0,

with
_ 1
1 d o
t
wWD=1+@—M/ -

tp—n+1l]p 1 (

)

Note that ¢(|]z]) = 0 as x — 0, and ¢(|z|) = 1 as |z| — 1. In addition, we
can restrict ourselves to the case when x = (1,0,0,...,0), r € (0,1). Then
the Jacobi matrix of f is of the form

|0

||

o'(r) 0 0 0
0o £ 0
fo={ o 0 =8 0o |
0 0 0 w(r)

at any z € B", x # 0. A direct computation yields

(‘P(T))p_n+1 = (W= (£),

r r



Local behavior ... 119

and since for 0 < r < 1, ¢(r)/r > ¢'(r), the p-outer dilatation coeflicient
K,(M(zx)) defined by (2) assumes the form

o) \?
oy = M@ ( r ) pSEl e
Kp(M(z)) = det M (2) (W))"_l@/(r) =1 (|x|)
For this mapping,
lim inf (K, (M(x))) 77 dm(z) = oo, (13)

e—0 B(0,e)

hence the condition (6) does not hold.
On the other hand, L'Hospital’s rule yields % — o0 as ¢ — 0.
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