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ÍÀÁËÈÆÅÍÍß ÔÓÍÊÖIÉ Ç IÇÎÒÐÎÏÍÈÕ ÊËÀÑIÂ
BΩ

1,θ(R
d) ÖIËÈÌÈ ÔÓÍÊÖIßÌÈ ÅÊÑÏÎÍÅÍÖIÀËÜÍÎ-

ÃÎ ÒÈÏÓ

Obtained are the exact order estimates of approximation of functions from

isotropic BΩ
1,θ(Rd) classes by entire functions of exponential type in space

Lq(Rd), 1 < q <∞.

Âñòàíîâëåíî òî÷íi çà ïîðÿäêîì îöiíêè íàáëèæåíü ôóíêöié ç içîòðîïíèõ

êëàñiâ BΩ
1,θ(Rd) öiëèìè ôóíêöiÿìè åêñïîíåíöiàëüíîãî òèïó â ïðîñòîði

Lq(Rd), 1 < q <∞.

Äàíà ðîáîòà ïðèñâÿ÷åíà äîñëiäæåííþ íàáëèæåííÿ içîòðîïíèõ
êëàñiâ BΩ

1,θ(Rd) ó ïðîñòîði Lq(Rd), 1 < q < ∞. Â ÿêîñòi àïàðàòó
íàáëèæåííÿ âèêîðèñòîâóþòüñÿ öiëi ôóíêöi¨ åêñïîíåíöiàëüíîãî òèïó.

1. Îçíà÷åííÿ êëàñiâ ôóíêöié òà àïðîêñèìàòèâíèõ õàðàê-
òåðèñòèê. Íåõàé Rd, d > 1, ïîçíà÷à¹ d-âèìiðíèé åâêëiäiâ ïðîñòið ç
åëåìåíòàìè x = (x1, . . . , xd) i Lq(Rd) � ïðîñòið âèìiðíèõ i ñóìîâíèõ
ó ñòåïåíi q, 1 6 q < ∞ (âiäïîâiäíî ñóòò¹âî îáìåæåíèõ ïðè q = ∞),
ôóíêöié f(x) = f(x1, . . . , xd). Íîðìà ó öüîìó ïðîñòîði âèçíà÷à¹òüñÿ
òàêèì ÷èíîì:

‖f‖q =
(∫

Rd

|f(x) |qdx

)1/q

, 1 6 q < ∞,

‖f‖∞ = ess sup
x∈Rd

|f(x)|.

Äëÿ f ∈ Lq(Rd) i h ∈ Rd ïîçíà÷èìî

∆hf(x) = f(x + h)− f(x)

i âèçíà÷èìî êðàòíó ðiçíèöþ ïîðÿäêó l ∈ N ôóíêöi¨ f ó òî÷öi x ç
êðîêîì h çãiäíî ç ôîðìóëîþ
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∆l
hf(x) = ∆h∆l−1

h f(x), ∆0
hf(x) = f(x).

Êðàòíó ðiçíèöþ ∆l
hf(x) òàêîæ ìîæíà çàïèñàòè ó âèãëÿäi

∆l
hf(x) =

l∑
j=0

(−1)j+lCj
l f(x + jh),

äå Cj
l � áiíîìiàëüíi êîåôiöi¹íòè.
Âiäøòîâõóþ÷èñü âiä êðàòíî¨ ðiçíèöi ∆l

hf , âèçíà÷èìî ìîäóëü
íåïåðåðâíîñòi l-ãî ïîðÿäêó ôóíêöi¨ f ∈ Lq(Rd), ÿêèé áóäåìî ïîçíà-
÷àòè Ωl(f, t)q, çãiäíî ç ôîðìóëîþ

Ωl(f, t)q = sup
|h|6t

‖∆l
hf‖q ,

äå |h| =
√

h2
1 + . . . + h2

d � åâêëiäîâà íîðìà âåêòîðà h.
Íåõàé Ω(t) � ôóíêöiÿ òèïó ìîäóëÿ íåïåðåðâíîñòi ïîðÿäêó l, òîá-

òî Ω(t) çàäîâîëüíÿ¹ òàêi óìîâè:
1) Ω(0) = 0,Ω(t) > 0 äëÿ t > 0;
2) Ω(t) íåïåðåðâíà íà R+;
3) Ω(t) íåñïàäíà íà R+;
4) äëÿ âñiõ n ∈ Z+, Ω(nt) 6 CnlΩ(t), äå C > 0 íå çàëåæèòü âiä n

i t. Ìíîæèíó òàêèõ ôóíêöié Ω ïîçíà÷èìî ÷åðåç Ψl.
Ïiäïîðÿäêó¹ìî ôóíêöi¨ Ω ∈ Ψl äîäàòêîâèì óìîâàì, ÿêi îïèøåìî

â òåðìiíàõ äâîõ ïîíÿòü, çàïðîâàäæåíèõ Ñ. Í. Áåðíøòåéíîì [1]:
à) íåâiä'¹ìíà ôóíêöiÿ ϕ(τ), τ ∈ [0;∞), ìàéæå çðîñòà¹, ÿêùî iñ-

íó¹ ñòàëà C1 > 0 òàêà, ùî ϕ(τ1) 6 C1ϕ(τ2) äëÿ áóäü-ÿêèõ τ1, τ2,
0 6 τ1 < τ2;

á) äîäàòíà ôóíêöiÿ ϕ(τ), τ ∈ (0;∞), ìàéæå ñïàäà¹, ÿêùî iñ-
íó¹ ñòàëà C2 > 0 òàêà, ùî ϕ(τ1) > C2ϕ(τ2) äëÿ áóäü-ÿêèõ τ1, τ2,
0 < τ1 < τ2.

Áóäåìî ââàæàòè, ùî Ω çàäîâîëüíÿ¹ óìîâè (S) òà (Sl), ÿêi â ëiòå-
ðàòóði íàçèâàþòü óìîâàìè Áàði � Ñò¹÷êiíà [2]. Öå îçíà÷à¹ íàñòóïíå:

I) ôóíêöiÿ Ω çàäîâîëüíÿ¹ óìîâó (S) ç α > 0, ÿêùî Ω(τ)
τα ìàéæå

çðîñòà¹ ïðè τ > 0;
II) ôóíêöiÿ Ω çàäîâîëüíÿ¹ óìîâó (Sl), ÿêùî iñíó¹ γ, 0 < γ < l,

òàêå, ùî Ω(τ)
τγ ìàéæå ñïàäà¹ ïðè τ > 0.
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Ó òîìó âèïàäêó, êîëè äëÿ Ω âèêîíó¹òüñÿ óìîâà (S) ç α > 0,
áóäåìî ãîâîðèòè, ùî Ω íàëåæèòü ìíîæèíi Sα, à ÿêùî óìîâà (Sl), òî
� ìíîæèíi Sl. Ïîêëàäåìî òàêîæ Φα,l = Ψl ∩ Sα ∩ Sl.

Çàçíà÷èìî, ùî äî ìíîæèíè Φα,l íàëåæàòü, íàïðèêëàä, ôóíêöi¨

Ω(t) =

{
tr
(
log+

2
1
t

)β
, t > 0,

0, t = 0,

äå log+
2 t = max{1, log 2 t}, α < r < l, a β � ôiêñîâàíå äiéñíå ÷èñëî.

Äëÿ 1 6 p, θ 6 ∞ i çàäàíî¨ ôóíêöi¨ Ω òèïó ìîäóëÿ íåïåðåðâíîñòi
ïîðÿäêó l ïðîñòið BΩ

p,θ(Rd) âèçíà÷à¹òüñÿ òàêèì ÷èíîì:

BΩ
p,θ(Rd) =

{
f ∈ Lp(Rd) : ‖f‖BΩ

p,θ(Rd)
df
= ‖f‖p + |f |BΩ

p,θ
< ∞

}
,

äå

|f |BΩ
p,θ

=


(

+∞∫
0

(
Ωl(f,t)p

Ω(t)

)θ
dt
t

)1/θ

, 1 6 θ < ∞,

sup
t>0

Ωl(f,t)p

Ω(t) , θ = ∞.

Ïðîñòið BΩ
p,θ(Rd) � ëiíiéíèé íîðìîâàíèé ïðîñòið ç íîðìîþ

‖f‖BΩ
p,θ(Rd) = ‖f‖p + |f |BΩ

p,θ
.

ßêùî Ω(t) = tr, 0 < r < l, òî ïðîñòîðè BΩ
p,θ(Rd) ñïiâïàäàþòü

ç ïðîñòîðàìè Î. Â. Á¹ñîâà Br
p,θ(Rd) [3] i, çîêðåìà, ïðè θ = ∞

òà Ω(t) = tr Br
p,∞(Rd) ≡ Hr

p(Rd), äå Hr
p(Rd) � ïðîñòîðè ââåäåíi

Ñ. Ì. Íiêîëüñüêèì [4]. Òàêèì ÷èíîì, ïðîñòîðè BΩ
p,θ(Rd) ¹ óçàãàëüíåí-

íÿì (çà ãëàäêiñíèì ïàðàìåòðîì) âiäîìèõ ïðîñòîðiâ Íiêîëüñüêîãî �
Á¹ñîâà.

Äàëi, ÿêùî íå ñòâåðäæó¹òüñÿ iíøå, ïiä ïîíÿòòÿì "êëàñèBΩ
p,θ(Rd)"

áóäåìî ðîçóìiòè îäèíè÷íi êóëi â ïðîñòîði BΩ
p,θ(Rd), òîáòî êëàñ

BΩ
p,θ(Rd)

df
= {f ∈ Lp(Rd) : ‖f‖BΩ

p,θ(Rd) 6 1}.
Äëÿ òîãî, ùîá âèçíà÷èòè àïðîêñèìàòèâíi õàðàêòåðèñòèêè, ÿêi

áóäóòü äîñëiäæóâàòèñü ó ðîáîòi, íàãàäà¹ìî ïîíÿòòÿ ïåðåòâîðåííÿ
Ôóð'¹ ôóíêöi¨ f ∈ Lp(Rd), à òàêîæ öiëî¨ ôóíêöi¨ åêñïîíåíöiàëüíîãî
òèïó.
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Íåõàé S = S(Rd) � ïðîñòið Ë. Øâàðöà îñíîâíèõ íåñêií÷åííî äè-
ôåðåíöiéîâíèõ íà Rd êîìïëåêñíîçíà÷íèõ ôóíêöié ϕ, ùî ñïàäàþòü
íà íåñêií÷åííîñòi ðàçîì çi ñâî¨ìè ïîõiäíèìè øâèäøå áóäü-ÿêîãî ñòå-
ïåíÿ |x|−1 (äèâ., íàïðèêëàä, [5, ãë. 2]). ×åðåç S′ ïîçíà÷èìî ïðîñòið
ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ íà S. Çàçíà÷èìî, ùî åëåìåíòà-
ìè ïðîñòîðó S′ ¹ óçàãàëüíåíi ôóíêöi¨. ßêùî f ∈ S′ i ϕ ∈ S, òî 〈f, ϕ〉
ïîçíà÷à¹ çíà÷åííÿ f íà ϕ.

Ïåðåòâîðåííÿ Ôóð'¹ Fϕ : S → S âèçíà÷à¹òüñÿ çà ôîðìóëîþ

(Fϕ)(λ) =
1

(2π)d/2

∫
Rd

ϕ(t)e−i(λ,t)dt ≡ ϕ̃(λ),

äå λ = (λ1, . . . , λd), t = (t1, . . . , td) i (λ, t) =
∑d

i=1 λiti � ñêàëÿðíèé
äîáóòîê â Rd âåêòîðiâ λ i t.

Îáåðíåíå ïåðåòâîðåííÿ Ôóð'¹ F−1ϕ : S → S çàäà¹òüñÿ òàêèì
÷èíîì:

(F−1ϕ)(t) =
1

(2π)d/2

∫
Rd

ϕ(λ)ei(λ,t)dλ ≡ ϕ̂(t).

Ïåðåòâîðåííÿ Ôóð'¹ óçàãàëüíåíî¨ ôóíêöi¨ f ∈ S′ (äëÿ íüîãî ìè
çáåðiãà¹ìî òå æ ïîçíà÷åííÿ) âèçíà÷à¹òüñÿ çãiäíî ç ôîðìóëîþ

〈Ff, ϕ〉 = 〈f,Fϕ〉 (àáî 〈f̃ , ϕ〉 = 〈f, ϕ̃〉),

äå ϕ ∈ S.

Îáåðíåíå ïåðåòâîðåííÿ Ôóð'¹ óçàãàëüíåíî¨ ôóíêöi¨ f ∈ S′ òàêîæ
ïîçíà÷èìî F−1f , i âèçíà÷à¹òüñÿ âîíî àíàëîãi÷íî äî ïðÿìîãî ïåðå-
òâîðåííÿ Ôóð'¹ çà ïðàâèëîì

〈F−1f, ϕ〉 = 〈f,F−1ϕ〉 (àáî 〈f̂ , ϕ〉 = 〈f, ϕ̂〉).

Çàçíà÷èìî, ùî êîæíà ôóíêöiÿ f ∈ Lp(Rd), 1 6 p 6 ∞, âèçíà÷à¹
ëiíiéíèé íåïåðåðâíèé ôóíêöiîíàë íà S

〈f, ϕ〉 =
∫
Rd

f(x)ϕ(x)dx, ϕ ∈ S,
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i, ÿê íàñëiäîê, ó öüîìó ñåíñi âîíà ¹ åëåìåíòîì S′. Òîìó ïåðåòâîðåí-
íÿ Ôóð'¹ ôóíêöi¨ f ∈ Lp(Rd), 1 6 p 6 ∞, ìîæíà ðîçãëÿäàòè ÿê
ïåðåòâîðåííÿ Ôóð'¹ óçàãàëüíåíî¨ ôóíêöi¨ 〈f, ϕ〉.

Íîñi¹ì óçàãàëüíåíî¨ ôóíêöi¨ f áóäåìî íàçèâàòè çàìèêàííÿ N òà-
êî¨ ìíîæèíè òî÷îê N ⊂ Rd, ùî äëÿ äîâiëüíî¨ ϕ ∈ S, ÿêà äîðiâíþ¹
íóëþ â N, âèêîíó¹òüñÿ ðiâíiñòü 〈f, ϕ〉 = 0. Íîñié óçàãàëüíåíî¨ ôóíê-
öi¨ f ïîçíà÷àòèìåìî ÷åðåç supp f . Òàêîæ ãîâîðèòèìåìî, ùî ôóíêöiÿ
f çîñåðåäæåíà ó ìíîæèíi G, ÿêùî supp f ⊆ G.

Ôóíêöiþ

g = gν(z) = gν1,...,νd
(z1, . . . , zd),

äå ν = (ν1, . . . , νd) ∈ Rd
+ � íåâiä'¹ìíèé âåêòîð, íàçèâàþòü öi-

ëîþ ôóíêöi¹þ åêñïîíåíöiàëüíîãî òèïó ñòåïåíiâ ν1, . . . , νd ïî çìiííèõ
z1, . . . , zd âiäïîâiäíî (äèâ., íàïðèêëàä, [6, ñ. 118]), ÿêùî âîíà âîëîäi¹
òàêèìè âëàñòèâîñòÿìè:

1) âîíà ¹ öiëîþ ôóíêöi¹þ çà âñiìà çìiííèìè, òîáòî ðîçêëàäà¹òüñÿ
â êðàòíèé ñòåïåíåâèé ðÿä

g(z) =
∑

k∈Zd
+

akzk =
∑

kj∈Z+
j=1,d

ak1,...,kd
zk1
1 · . . . · zkd

d

çi ñòàëèìè êîåôiöi¹íòàìè ak = ak1,...,kd
, ÿêèé àáñîëþòíî çáiãà¹òüñÿ

äëÿ âñiõ êîìïëåêñíèõ z = (z1, . . . , zd);
2) äëÿ áóäü-ÿêîãî ε > 0 iñíó¹ äîäàòíå ÷èñëî Cε òàêå, ùî äëÿ âñiõ

êîìïëåêñíèõ zj = xj + iyj , j = 1, d, âèêîíó¹òüñÿ íåðiâíiñòü

|g(z)| 6 Cε exp
d∑

j=1

(νj + ε)|zj |.

Äàëi, íåõàé A2s = {λ : −2s < λj < 2s, j = 1, d}, s ∈ Z+; χA � õà-
ðàêòåðèñòè÷íà ôóíêöiÿ ìíîæèíè A; Dm, m ∈ N, � ÿäðî Äiðiõëå
âèãëÿäó

Dm(x) =
d∏

j=1

sinmxj

xj
.
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Òîäi äëÿ f ∈ Lp(Rd), 1 < p < ∞, ïîêëàäåìî

S2s [f ] =
1
πd

∫
Rd

f(t)D2s(x− t)dt,

f(0) = S20 [f ], f(s) = S2s [f ]− S2s−1 [f ], ÿêùî s ∈ N.

Çàçíà÷èìî, ùî â òåðìiíàõ ïåðåòâîðåíü Ôóð'¹ ôóíêöiþ S2s [f ]
ìîæíà çàïèñàòè òàêèì ÷èíîì

S2s [f ] = F−1 (χA2s Ff) .

Äiéñíî, îñêiëüêè ñïðàâåäëèâà ðiâíiñòü (äèâ., íàïðèêëàä, [6, ñ. 359])

χA2s =
(

2
π

)d/2

FD2s ,

òî

F−1 (χA2s Ff) =
(

2
π

)d/2

F−1 (Ff · FD2s) =
(

2
π

)d/2

F−1 (F(f ∗D2s)) =

=
(

2
π

)d/2

〈f ∗D2s , ϕ〉 = 〈 1
πd

∫
Rd

f(t)D2s(x− t)dt, ϕ〉 = 〈S2s [f ], ϕ〉.

Çàóâàæèìî òàêîæ, ùî f(s) � öiëi ôóíêöi¨ åêñïîíåíöiàëüíîãî òè-

ïó ñòåïåíiâ 2s ïî êîæíié çìiííié, ÿêi íàëåæàòü Lp(Rd), 1 < p < ∞
(äèâ., íàïðèêëàä, [7]), ïðè÷îìó ïåðåòâîðåííÿ Ôóð'¹ ôóíêöi¨ f(s) çî-

ñåðåäæåíå â

{
λ : 2s−1 6 max

j=1,d
|λj | 6 2s

}
i ñïiâïàäà¹ òàì ç f̃ . Êðiì òîãî

â ñåíñi çáiæíîñòi ó ìåòðèöi ïðîñòîðó Lp(Rd), 1 < p < ∞, ñïðàâåäëèâà
ðiâíiñòü

f =
∞∑

s=0

f(s).

Òåïåð âèçíà÷èìî àïðîêñèìàòèâíi õàðàêòåðèñòèêè, ÿêi áóäóòü äî-
ñëiäæóâàòèñü ó ðîáîòi.
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Äëÿ f ∈ Lq(Rd), 1 < q < ∞, ðîçãëÿíåìî ÷àñòèííó ñóìó ïîðÿäêó
n âèãëÿäó

Sn(f) =
n∑

s=0

f(s)

i ïîçíà÷èìî
En(f)q = ‖f − Sn(f)‖q.

ßêùî K ⊂ Lq(Rd) � äåÿêèé ôóíêöiîíàëüíèé êëàñ, òî

En(K)q = sup
f∈K

En(f)q. (1)

Íåõàé äàëi

Gq(A2n) = {g ∈ Lq(Rd) : suppFg ⊆ A2n}, n ∈ Z+,

� ìíîæèíà öiëèõ ôóíêöié åêñïîíåíöiàëüíîãî òèïó, ÿêi íàëåæàòü
Lq(Rd) i íîñié ïåðåòâîðåííÿ Ôóð'¹ ÿêèõ ìiñòèòüñÿ â A2n . Òîäi äëÿ
f ∈ Lq(Rd) ïîêëàäåìî

En(f)q = inf
g∈Gq(A2n )

‖f − g‖q.

Äàíà âåëè÷èíà íàçèâà¹òüñÿ íàéêðàùèì íàáëèæåííÿì ôóíêöi¨ f
â ìåòðèöi ïðîñòîðó Lq(Rd) ôóíêöiÿìè ç Gq(A2n). Âiäïîâiäíî äëÿ
ôóíêöiîíàëüíîãî êëàñó K ⊂ Lq(Rd) ïîêëàäåìî

En(K)q = sup
f∈K

En(f)q. (2)

Äàëi ïî òåêñòó âæèâà¹òüñÿ çàïèñ A � B, ÿêèé îçíà÷à¹, ùî äëÿ
íåâiä'¹ìíèõ âåëè÷èí A òà B, çàëåæíèõ âiä äåÿêî¨ ñóêóïíîñòi ïàðà-
ìåòðiâ, iñíó¹ äîäàòíà ñòàëà C òàêà, ùî C−1A 6 B 6 CA. ßêùî
òiëüêè B 6 CA (B > C−1A), òî ïèøåìî B � A (B � A). Iç êîí-
òåêñòó áóäå çðîçóìiëî âiä ÿêèõ ïàðàìåòðiâ íå çàëåæèòü ñòàëà C > 0.
Ìè íå áóäåìî àêöåíòóâàòè íà öüîìó óâàãó ùîðàçó ïðè âèêîðèñòàííi
ñèìâîëiâ ” � ”, ” � ”, ” � ”.

Çàóâàæèìî, ùî ïðè 1 < q < ∞ ìà¹ ìiñöå ñïiââiäíîøåííÿ (äèâ.,
íàïðèêëàä, [8])

En(f)q � En(f)q. (3)
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2. Åêâiâàëåíòíèé ñïîñiá íîðìóâàííÿ ïðîñòîðiâ BΩ
p,θ(R

d)
â òåðìiíàõ öiëèõ ôóíêöié åêñïîíåíöiàëüíîãî òèïó. Â öüî-
ìó ïóíêòi çàïèøåìî åêâiâàëåíòíå ç òî÷íiñòþ äî àáñîëþòíèõ ñòàëèõ
ïðåäñòàâëåííÿ íîðìè ôóíêöié iç ïðîñòîðiâ BΩ

p,θ(Rd), ÿêå äàëi áóäå
ñóòò¹âî íàìè âèêîðèñòàíå ïðè äîñëiäæåíi àïðîêñèìàòèâíèõ õàðàê-
òåðèñòèê.

Íàâåäåìî ñïî÷àòêó íåîáõiäíi ïîçíà÷åííÿ. Íåõàé Vm, m ∈ N, ïî-
çíà÷à¹ ÿäðî Âàëëå Ïóññåíà âèãëÿäó

Vm(x) =
1

md

d∏
j=1

cos mxj − cos 2mxj

x2
j

.

Òîäi äëÿ f ∈ Lp(Rd), 1 6 p 6 ∞, ïîêëàäåìî

V2sf =
1
πd

∫
Rd

f(t)V2s(x− t)dt,

σ0f = V20f, σsf = V2sf − V2s−1f, ÿêùî s ∈ N.

Çàçíà÷èìî, ùî àíàëîãi÷íî ÿê i S2s [f ] ôóíêöiþ V2sf â òåðìiíàõ ïå-
ðåòâîðåíü Ôóð'¹ ìîæíà çàïèñàòè òàêèì ÷èíîì (äèâ., íàïðèêëàä, [6,
ñ. 359])

V2sf = F−1 (µ2sFf) ,

äå

µ2s(x) =
d∏

j=1

µ2s(xj), µ2s(xj) =


1, |xj | 6 2s,
1
2s (2s+1 − xj), 2s < |xj | 6 2s+1,

0, 2s+1 < |xj |.

Çàóâàæèìî òàêîæ, ùî σsf � öiëi ôóíêöi¨ åêñïîíåíöiàëüíîãî òè-
ïó ñòåïåíiâ 2s+1 ïî êîæíié çìiííié, ÿêi íàëåæàòü Lp(Rd), 1 6 p 6 ∞
(äèâ., íàïðèêëàä, [6, ñ. 360]), ïðè÷îìó ïåðåòâîðåííÿ Ôóð'¹ ôóíêöi¨

σsf çîñåðåäæåíå â

{
λ : 2s−1 6 max

j=1,d
|λj | 6 2s+1

}
. Êðiì òîãî, â ñåí-

ñi çáiæíîñòi ó ìåòðèöi ïðîñòîðó Lp(Rd) äëÿ ôóíêöié f ∈ BΩ
p,θ(Rd),
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1 6 p 6 ∞, ñïðàâåäëèâà ðiâíiñòü

f =
∞∑

s=0

σsf,

ó ÿêié ÷àñòèííi ñóìè n-ãî ïîðÿäêó ðÿäó, ùî çàïèñàíèé ñïðàâà, ðå-
àëiçóþòü ïîðÿäîê íàéêðàùîãî íàáëèæåííÿ En(f)p .

Òåïåð ñôîðìóëþ¹ìî âñòàíîâëåíå ó ðîáîòi [9] òâåðäæåííÿ ïðî äå-
êîìïîçèöiéíå ïðåäñòàâëåííÿ íîðìè ôóíêöié iç ïðîñòîðiâ BΩ

p,θ(Rd).
Òåîðåìà À. Íåõàé 1 6 p 6 ∞ i Ω ∈ Φα,l, α > 0, l ∈ N. Ôóíêöiÿ

f ∈ BΩ
p,θ(Rd), 1 6 θ 6 ∞, òîäi i òiëüêè òîäi, êîëè âîíà ïðåäñòàâ-

ëÿ¹òüñÿ çáiæíèì â ìåòðèöi Lp(Rd) ðÿäîì

f =
∞∑

s=0

Qs, (4)

äå Qs � öiëi ôóíêöi¨ åêñïîíåíöiàëüíîãî òèïó ñòåïåíiâ íå âèùå 2s

ïî êîæíié çìiííié, äëÿ ÿêèõ âèêîíóþòüñÿ óìîâè( ∞∑
s=0

Ω−θ(2−s)‖Qs‖θ
p

)1/θ

< ∞, ÿêùî 1 6 θ < ∞,

i

sup
s∈Z+

‖Qs‖p

Ω(2−s)
, < ∞, ÿêùî θ = ∞.

Áiëüøå òîãî ìàþòü ìiñöå ñïiââiäíîøåííÿ

‖f‖BΩ
p,θ(Rd) �

( ∞∑
s=0

Ω−θ(2−s)‖Qs‖θ
p

)1/θ

ïðè 1 6 θ < ∞

i

‖f‖BΩ
p,θ(Rd) � sup

s∈Z+

‖Qs‖p

Ω(2−s)
ïðè θ = ∞.

ßêùî æ, êðiì öüîãî, ÷àñòèííi ñóìè n-ãî ïîðÿäêó ðÿäó (4) ðåàëi-
çóþòü íàéêðàùå íàáëèæåííÿ En(f)p (àáî ïðèíàéìíi éîãî ïîðÿäîê),
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òî

‖f‖BΩ
p,θ(Rd) �

( ∞∑
s=0

Ω−θ(2−s)‖Qs‖θ
p

)1/θ

ïðè 1 6 θ < ∞

i

‖f‖BΩ
p,θ(Rd) � sup

s∈Z+

‖Qs‖p

Ω(2−s)
ïðè θ = ∞.

Áåçïîñåðåäíüî iç òåîðåìè À âèïëèâà¹ íàñòóïíå òâåðäæåííÿ.

Íàñëiäîê 1. Íåõàé 1 6 p 6 ∞ i Ω ∈ Φα,l, α > 0, l ∈ N. Ôóíêöiÿ
f ∈ BΩ

p,θ(Rd), 1 6 θ < ∞, òîäi i òiëüêè òîäi, êîëè

( ∞∑
s=0

Ω−θ(2−s)‖σsf‖θ
p

)1/θ

< ∞,

ïðè÷îìó

‖f‖BΩ
p,θ(Rd) �

( ∞∑
s=0

Ω−θ(2−s)‖σsf‖θ
p

)1/θ

. (5)

Âiäïîâiäíî ôóíêöiÿ f ∈ BΩ
p,∞(Rd) òîäi i òiëüêè òîäi, êîëè

sup
s∈Z+

‖σsf‖p

Ω(2−s)
< ∞,

ïðè÷îìó

‖f‖BΩ
p,∞(Rd) � sup

s∈Z+

‖σsf‖p

Ω(2−s)
.

3. Íàáëèæåííÿ ôóíêöié ç êëàñiâ BΩ
1,θ(R

d) öiëèìè ôóíê-
öiÿìè åêñïîíåíöiàëüíîãî òèïó â ïðîñòîði Lq(Rd). Â öüîìó
ïóíêòi âñòàíîâèìî òî÷íi çà ïîðÿäêîì îöiíêè âåëè÷èí En(BΩ

1,θ(Rd))q

i En(BΩ
1,θ(Rd))q, 1 < q < ∞.

Ïåðø íiæ ïåðåéòè äî ôîðìóëþâàííÿ òà äîâåäåííÿ îñíîâíîãî ðå-
çóëüòàòó öüîãî ïóíêòó, íàâåäåìî äîïîìiæíå òâåðäæåííÿ.
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Òåîðåìà Á [6, c. 150]. ßêùî 1 6 p 6 q 6 ∞, òî äëÿ öiëî¨ ôóíêöi¨
åêñïîíåíöiàëüíîãî òèïó gν ∈ Lp(Rd) ìà¹ ìiñöå íåðiâíiñòü

‖gν‖q 6 2d
( d∏

j=1

νj

) 1
p−

1
q ‖gν‖p . (6)

Íåðiâíiñòü (6) íàçèâàþòü íåðiâíiñòþ ðiçíèõ ìåòðèê Íiêîëüñüêîãî.
Ìà¹ ìiñöå íàñòóïíå òâåðäæåííÿ.
Òåîðåìà 1. Íåõàé 1 < q < ∞, Ω ∈ Φα,l, äå α > d(1 − 1

q ), l ∈ N.
Òîäi ïðè 1 6 θ 6 ∞ ñïðàâåäëèâi ïîðÿäêîâi îöiíêè

En(BΩ
1,θ(Rd))q � En(BΩ

1,θ(Rd))q � Ω(2−n)2nd(1− 1
q ). (7)

Äîâåäåííÿ. Ñïî÷àòêó âñòàíîâèìî â (7) îöiíêè çâåðõó. Âíàñëiäîê
âêëàäåííÿ BΩ

1,θ(Rd) ⊂ HΩ
1 (Rd), 1 6 θ < ∞, ÿêå áåçïîñåðåäíüî âèïëè-

âà¹ iç íàñëiäêó 1, òà ñïiââiäíîøåííÿ (3), íàì äîñòàòíüî îòðèìàòè
îöiíêó çâåðõó äëÿ âåëè÷èíè En(HΩ

1 (Rd))q.
Îñêiëüêè äëÿ f ∈ HΩ

1 (Rd) çãiäíî ç íàñëiäêîì 1 âèêîíó¹òüñÿ
ñïiââiäíîøåííÿ ‖σsf‖1 � Ω(2−s), òî âèêîðèñòàâøè ïîñëiäîâíî íåðiâ-
íiñòü Ìiíêîâñüêîãî, íåðiâíiñòü ðiçíèõ ìåòðèê Íiêîëüñüêîãî (6) òà
óìîâó (S) ç α > d(1− 1

q ), îòðèìó¹ìî

En(f)q 6

∥∥∥∥∥f −
n−1∑
s=0

σsf

∥∥∥∥∥
q

=

∥∥∥∥∥
∞∑

s=n

σsf

∥∥∥∥∥
q

6
∞∑

s=n

‖σsf‖q �

�
∞∑

s=n

2sd(1− 1
q )‖σsf‖1 �

∞∑
s=n

Ω(2−s)2sd(1− 1
q ) =

=
∞∑

s=n

Ω(2−s)
2−αs

2−(α−d(1− 1
q ))s � Ω(2−n)

2−αn

∞∑
s=n

2−(α−d(1− 1
q ))s �

� Ω(2−n)2nd(1− 1
q ).

Îöiíêè çâåðõó â (7) âñòàíîâëåíî.
Òåïåð ïåðåéäåìî äî âñòàíîâëåííÿ îöiíîê çíèçó. Îñêiëüêè ìà¹ ìiñ-

öå âêëàäåííÿ BΩ
1,1(Rd) ⊂ BΩ

1,θ(Rd), 1 < θ 6 ∞, ÿêå áåçïîñåðåäíüî
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âèïëèâà¹ iç íàñëiäêó 1, òî ç âðàõóâàííÿì (3), äîñòàòíüî îòðèìàòè
îöiíêó çíèçó äëÿ âåëè÷èíè En(BΩ

1,1(Rd))q.
Ðîçãëÿíåìî ôóíêöiþ

f(x) = C3Ω(2−n)φn+1(x), C3 > 0,

äå

φn+1(x) =
d∏

j=1

(V2n+1(xj)− V2n(xj)), x ∈ Rd, n ∈ N.

Ïîêàæåìî, ùî ïðè ïåâíîìó âèáîði ñòàëî¨ C3 > 0 ôóíêöiÿ f íàëå-
æèòü êëàñó BΩ

1,1(Rd). Ç öi¹þ ìåòîþ îöiíèìî ñïî÷àòêó ‖φn+1‖p ïðè
1 6 p < ∞. Ìà¹ìî

‖φn+1‖p =

∥∥∥∥∥
d∏

j=1

(V2n+1(xj)−V2n(xj))

∥∥∥∥∥
p

=
d∏

j=1

‖V2n+1(xj)−V2n(xj)‖p =

=
d∏

j=1

∥∥∥∥∥cos 2n+1xj − cos 2n+2xj

2n+1x2
j

− cos 2nxj − cos 2n+1xj

2nx2
j

∥∥∥∥∥
p

=

=
d∏

j=1

∥∥∥∥∥ sin(3 · 2nxj) sin 2nxj − 2 sin(3 · 2n−1xj) sin 2n−1xj

2nx2
j

∥∥∥∥∥
p

=

=
d∏

j=1

∥∥∥∥∥ sin(3 · 2n−1xj) sin 2n−1xj

(
2 cos(3 · 2n−1xj) cos 2n−1xj − 1

)
2n−1x2

j

∥∥∥∥∥
p

=

= 2(n−1)d(1− 1
p )

d∏
j=1

∥∥∥∥∥ sin 3xj sinxj(2 cos 3xj cos xj − 1)
x2

j

∥∥∥∥∥
p

. (8)

Îöiíèìî íîðìó â ñïiââiäíîøåííi (8).∥∥∥∥∥ sin 3xj sinxj(2 cos 3xj cos xj − 1)
x2

j

∥∥∥∥∥
p

6

∥∥∥∥∥3 sin 3xj sinxj

x2
j

∥∥∥∥∥
p

=

=

( π∫
−π

∣∣∣∣3 sin 3xj sinxj

x2
j

∣∣∣∣pdxj +
∫

|xj |>π

∣∣∣∣3 sin 3xj sinxj

x2
j

∣∣∣∣pdxj

) 1
p

6
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6

( π∫
−π

∣∣∣∣9x2
j

x2
j

∣∣∣∣pdxj +
∫

|xj |>π

∣∣∣∣ 3
x2

j

∣∣∣∣pdxj

) 1
p

= C4, C4 > 0. (9)

∥∥∥∥∥ sin 3xj sinxj(2 cos 3xj cos xj − 1)
x2

j

∥∥∥∥∥
p

>

>

( π
18∫

π
36

∣∣∣∣ sin 3xj sinxj(2 cos 3xj cos xj − 1)
x2

j

∣∣∣∣pdxj

) 1
p

>

>
sin π

12 sin π
36 (2 cos π

6 cos π
18 − 1)(

π
18

)2
( π

18∫
π
36

dxj

) 1
p

= C5, C5 > 0. (10)

Òàêèì ÷èíîì, áåðó÷è äî óâàãè (8), (9) òà (10), îòðèìà¹ìî ïîðÿä-
êîâó îöiíêó

‖φn+1‖p � 2nd(1− 1
p ), 1 6 p < ∞. (11)

Äàëi, îñêiëüêè íîñié ïåðåòâîðåííÿ Ôóð'¹ ôóíêöi¨ f ìiñòèòüñÿ â

ìíîæèíi

{
λ : 2n 6 max

j=1,d
|λj | 6 2n+2

}
, òî çà âèíÿòêîì, ìîæëèâî, σnf ,

σn+1f òà σn+2f äëÿ óñiõ iíøèõ σsf âèêîíó¹òüñÿ ðiâíiñòü σsf = 0.
Ïîçíà÷èìî

vn(x) = V2n(x)− V2n−1(x), x ∈ Rd.

Òîäi, âðàõîâóþ÷è, ùî ‖Vm‖1 6 C6, C6 > 0, m ∈ N (äèâ., íàïðèêëàä,
[6, ñ. 358]), îòðèìó¹ìî

‖vn‖1 = ‖V2n − V2n−1‖1 6 2C6

i çãiäíî ç âëàñòèâiñòþ çãîðòêè òà ñïiââiäíîøåííÿì (11)

‖σnf‖1 � Ω(2−n)‖vn‖1‖φn+1‖1 � Ω(2−n). (12)

Àíàëîãi÷íî
‖σsf‖1 � Ω(2−n) (13)



182 Â.Â. Ìèðîíþê

ïðè s = n + 1, n + 2.
Áåðó÷è äî óâàãè (12) òà (13), îäåðæó¹ìî∑

s∈Z+

Ω−1(2−s)‖σsf‖1 = Ω−1(2−n)‖σnf‖1+

+Ω−1(2−(n+1))‖σn+1f‖1 + Ω−1(2−(n+2))‖σn+2f‖1 �

� Ω(2−n)
Ω(2−n)

+
Ω(2−n)

Ω(2−(n+1))
+

Ω(2−n)
Ω(2−(n+2))

6 C7, C7 > 0,

à, îòæå, çãiäíî ç (5) ôóíêöiÿ f ïðè âiäïîâiäíîìó âèáîði ñòàëî¨ C3 > 0
íàëåæèòü êëàñó BΩ

1,1.
Äàëi, îñêiëüêè Sn(f) = 0, òî ç âðàõóâàííÿì (11) ìà¹ìî

En(BΩ
1,1(Rd))q > En(f)q = ‖f − Sn(f)‖q = ‖f‖q �

� Ω(2−n)‖φn+1‖q � Ω(2−n)2nd(1− 1
q ).

Òàêèì ÷èíîì, îöiíêè çíèçó â (7) îòðèìàíî.
Òåîðåìó äîâåäåíî.
Ñôîðìóëþ¹ìî íàñëiäîê òåîðåìè 1 äëÿ êëàñiâ Br

1,θ(Rd).
Íàñëiäîê 2. Íåõàé 1 < q < ∞, r > d(1− 1

q ). Òîäi ïðè 1 6 θ 6 ∞
ñïðàâåäëèâi ïîðÿäêîâi îöiíêè

En(Br
1,θ(Rd))q � En(Br

1,θ(Rd))q � 2−n(r−d(1− 1
q )).

Íà çàâåðøåííÿ çàçíà÷èìî, ùî ïîðÿäêîâi îöiíêè âåëè÷èí (1) òà (2)
äëÿ içîòðîïíèõ êëàñiâ Íiêîëüñüêîãî � Á¹ñîâà ïåðiîäè÷íèõ ôóíêöié
áàãàòüîõ çìiííèõ òà ¨õ óçàãàëüíåíü (çà ãëàäêiñíèì ïàðàìåòðîì) áóëî
âñòàíîâëåíî âiäïîâiäíî ó ðîáîòàõ [10] òà [11].
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