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ÎÖIÍÊÀ ÇÌIØÀÍÎ� ÏÎÕIÄÍÎ� ÃÎËÎÌÎÐÔÍÎ�
ÔÓÍÊÖI� Â ÏÎËIÊÐÓÇI

For the Hardy space H1 of holomorphic functions in the polydisk, we obtain

the exact inequalities of mixed derivatives.

Äîâåäåíî òî÷íi íåðiâíîñòi äëÿ çìiøàíèõ ïîõiäíèõ ãîëîìîðôíèõ ôóíêöié

ç ïðîñòîðó Ãàðäi H1 â ïîëiêðóçi.

Îöiíêè ïîõiäíèõ ãîëîìîðôíèõ ôóíêöié óòâîðþþòü îêðåìó ãðóïó
åêñòðåìàëüíèõ çàäà÷ ñó÷àñíî¨ ãåîìåòðè÷íî¨ òåîði¨ ôóíêöié îäíi¹¨
çìiííî¨. Â ìîíîãðàôiÿõ [1, 2] íàâåäåíî áàãàòî ôàêòiâ i âåëèêó áiá-
ëiîãðàôiþ ç öüîãî ïèòàííÿ.

Îñòàííiì ÷àñîì ñïîñòåðiãà¹òüñÿ çíà÷íèé iíòåðåñ äî àíàëîãi÷íèõ
äîñëiäæåíü ó âèïàäêó ãîëîìîðôíèõ ôóíêöié áàãàòüîõ çìiííèõ, ÿêi
ïåðåâàæíî ñòîñóþòüñÿ îöiíîê òèïó Øâàðöà�Ïiêà [3�5]. Íàãàäà¹ìî,
ùî â îäíîâèìiðíîìó âèïàäêó òàê íàçèâà¹òüñÿ ñïiââiäíîøåííÿ∣∣∣f (n)(z)

∣∣∣ ≤ n!
1− |f(z)|2

(1− |z|2)n
(1 + |z|)n−1 ∀ z ∈ D, n ∈ N,

ÿêå ñïðàâäæó¹òüñÿ (äèâ. [6, 7]) äëÿ áóäü-ÿêî¨ ãîëîìîðôíî¨ â êðóçi
D := {z ∈ C : |z| < 1} ôóíêöi¨ f òàêî¨, ùî supz∈D |f(z)| ≤ 1.

Ó äàíié ðîáîòi ìè äîâåäåìî òî÷íó îöiíêó çìiøàíî¨ ïîõiäíî¨ ãîëî-
ìîðôíî¨ ôóíêöi¨ ç ïðîñòîðó Ãàðäi H1 â ïîëiêðóçi.

Âèõiäíèì ïóíêòîì íàøèõ äîñëiäæåíü ñòàâ ðåçóëüòàò À. Ìàêií-
òàéðà i Â. Ðîãîçèíñüêîãî [8] (äèâ. òàêîæ [9, ñ. 306], [10, ñ. 518]), ÿêi
äîâåëè, ùî äëÿ áóäü-ÿêî¨ ãîëîìîðôíî¨ ôóíêöi¨ f ç ïðîñòîðó Ãàðäi
H1 (äèâ. îçíà÷åííÿ íèæ÷å) â îäèíè÷íîìó êðóçi D ñïðàâäæó¹òüñÿ
òî÷íà íåðiâíiñòü
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|f ′(z)| ≤ ‖f‖1
|z|+

√
1 + |z|2

(1− |z|2)2
, ∀ z ∈ D. (1)

Ðiâíiñòü â (1) ïðè ôiêñîâàíîìó z ∈ D äîñÿãà¹òüñÿ äëÿ ôóíêöi¨

f(w) =
(1− yw)2

(1− zw)4
,

äå y := z − ei arg z(1− |z|2)/
√

1 + |z|2.
Îêðiì ñàìî¨ îöiíêè (1) ðîáîòà [8] ¹ öiêàâîþ ùå é ç ìåòîäè÷íî¨

òî÷êè çîðó. Çàïðîïîíîâàíèé â íié ìåòîä äîâåäåííÿ (1) âèðiçíÿ¹òüñÿ
îñîáëèâîþ ïðîñòîòîþ i åëåãàíòíiñòþ (äîñèòü ïîðiâíÿòè éîãî ç ìå-
òîäàìè äîâåäåííÿ ñïiââiäíîøåííÿ (1), íàâåäåíèìè â [9] i [10], ÿêi
 ðóíòóþòüñÿ âiäïîâiäíî íà çàãàëüíèõ ñïiââiäíîøåííÿõ äâî¨ñòîñòi i
òåîði¨ ãàíêåëåâèõ îïåðàòîðiâ).

Íàì âèäà¹òüñÿ âàæëèâèì ïîøèðåííÿ öüîãî ìåòîäó íà áàãàòîâè-
ìiðíèé âèïàäîê.

Ïåðåä ïîñòàíîâêîþ çàäà÷i i ôîðìóëþâàííÿì îñíîâíîãî ðåçóëüòà-
òó äîñëiäæåííÿ íàâåäåìî íåîáõiäíi îçíà÷åííÿ.

Íåõàé d � íàòóðàëüíå ÷èñëî, Cd � ìíîæèíà âñiõ âïîðÿäêîâàíèõ
íàáîðiâ z := (z1, . . . , zd) ç d êîìïëåêñíèõ ÷èñåë, Dd := {z ∈ Cd :
max

1≤j≤m
|zj | < 1} � îäèíè÷íèé ïîëiêðóã i Td := {z ∈ Cd : |zj | = 1,

j = 1, d} � êiñòÿê ïîëiêðóãà Dd. Íîðìîâàíó ìiðó Ëåáåãà íà Td, òîáòî
äîáóòîê íîðìîâàíèõ ìið Ëåáåãà îäèíè÷íèõ êië, ç ÿêèõ ñêëàäà¹òüñÿ
Td áóäåìî ïîçíà÷àòè ÷åðåç σ.

Ïðîñòið Ãàðäi H1 := H1(Dd) ñêëàäà¹òüñÿ ç óñiõ ãîëîìîðôíèõ
ôóíêöié f : Dd → C, äëÿ ÿêèõ

‖f‖1 := sup
0<%<1

∫
Td

|f%|dσ < ∞,

äå f%(w) := f(%w), %w := (%w1, . . . , %wd).
Äîáðå âiäîìî (äèâ., íàïðèêëàä, [11]), ùî äëÿ áóäü-ÿêî¨ ôóíêöi¨

f ∈ H1 íà òîði Td iñíóþòü ðàäiàëüíi ãðàíè÷íi çíà÷åííÿ f∗, ÿêi óòâî-
ðþþòü ôóíêöiþ ç L1(Td), ïðè÷îìó ‖f‖1 =

∫
Td |f∗|dσ. Ç îãëÿäó íà öå

äàëi áóäåìî êîðèñòóâàòèñÿ ¹äèíèì ñèìâîëîì f äëÿ ïîçíà÷åííÿ ñàìî¨
ôóíêöi¨ f òà ¨¨ ðàäiàëüíèõ ãðàíè÷íèõ çíà÷åíü f∗.
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ÍåõàéM := {1, 2, . . . , d}, 2M � ìíîæèíà óñiõ ïiäìíîæèí ìíîæè-
íè M, m � åëåìåíò (âïîðÿäêîâàíà ïiäìíîæèíà) 2M, |m| � ïîòóæ-
íiñòü ìíîæèíè m i m � äîïîâíåííÿ ìíîæèíè m äî ìíîæèíè M.

Ïîçíà÷èìî ÷åðåç

Dj(f) :=
∂

∂zj
f

÷àñòèííó ïîõiäíó çà çìiííîþ zj i âiäïîâiäíî Dj � îïåðàòîð âçÿòòÿ
÷àñòèííî¨ ïîõiäíî¨, à ÷åðåç

Dm(f) :=
∏
j∈m

Dj(f)

çìiøàíó ïîõiäíó çà ãðóïîþ çìiííèõ m i Dm � îïåðàòîð âçÿòòÿ çìiøà-
íî¨ ïîõiäíî¨ çà ãðóïîþ çìiííèõ zj , j ∈ m, äå ïiä äîáóòêîì ðîçóìi¹òüñÿ
îïåðàòîðíèé äîáóòîê.

Ïîêëàäåìî D(f) := DM(f) := ∂df/(∂z1 · · · ∂zd).
Òåîðåìà. Íåõàé ôóíêöiÿ f ∈ H1(Dd), d ∈ N. Òîäi äëÿ áóäü-ÿêèõ

z ∈ Dd

|D(f)(z)| ≤ ‖f‖1
d∏

j=1

|zj |+
√

1 + |zj |2
(1− |zj |2)2

. (2)

Ðiâíiñòü â (2) äîñÿãà¹òüñÿ äëÿ ôóíêöi¨

f(w) =
d∏

j=1

(1− yjwj)2

(1− zjwj)4
, (3)

äå yj := zj − ei arg zj (1− |zj |2)/
√

1 + |zj |2.

Â äîâåäåííi òåîðåìè ìè áóäåìî êîðèñòóâàòèñÿ íàñòóïíîþ ôîð-
ìóëîþ äëÿ çìiøàíî¨ ïîõiäíî¨ äîáóòêó äâîõ ôóíêöié.

Òâåðäæåííÿ. Íåõàé f i g � ôóíêöi¨, ãîëîìîðôíi â Dd, d ∈ N.
Òîäi

D(fg) =
∑

m∈2M

Dm(f)Dm(g). (4)

Äîâåäåííÿ. Íåõàé H � ìíîæèíà ôóíêöié, ãîëîìîðôíèõ â
Dd, I � òîòîæíèé îïåðàòîð, DjI i IDj � îïåðàòîðè, çàäàíi íà
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ïðÿìîìó äîáóòêó H × H , ÿêi äiþòü âiäïîâiäíî çà ïðàâèëàìè
DjI(fg) = Dj(f)g i IDj(fg) = fDj(g).

Òîäi çíà÷åííÿ îïåðàòîðà Dj , âèçíà÷åíîãî íà H ×H çà ïðàâèëîì
Dj(fg) = Dj(fg), ìîæíà çîáðàçèòè ó âèãëÿäi

Dj = DjI + IDj .

Îòæå,
d∏

j=1

Dj =
d∏

j=1

(DjI + IDj) . (5)

Ñêîðèñòàâøèñü òåïåð ôîðìàëüíèì ïðàâèëîì ìíîæåííÿ ñóìè i
ðiâíîñòÿìè

DjI(DkI) = (Dj(Dk))I,

IDj(IDk) = I(Dj(Dk)),

DjI(IDk) = DjDk,

IDj(DkI) = DkDj ,

äå ïiä ñèìâîëîì DjDk ðîçóìi¹ìî îïåðàòîð, âèçíà÷åíèé íà H ×H ,
ÿêèé äi¹ çà ïðàâèëîì DjDk(fg) = Dj(f)Dk(g), ç ðiâíîñòi (5) îòðè-
ìà¹ìî âèðàç äëÿ îáðàçó îïåðàòîðà

∏d
j=1Dj :

d∏
j=1

Dj(fg) =
∑

m∈2M

∏
j∈m

Dj(f)
∏
k∈m

Dk(g) =
∑

m∈2M

Dm(f)Dm(g).

Íà çàâåðøåííÿ äîâåäåííÿ çàëèøà¹òüñÿ âðàõóâàòè, ùî∏d
j=1Dj(fg) = D(fg).

Äîâåäåííÿ òåîðåìè. Íåõàé m ∈ Z \ {0}. Ïîçíà÷èìî

(1− tz)m :=
d∏

j=1

(1− tjzj)m.

Äîáðå âiäîìî [11], [12 ñ. 43], ùî äëÿ áóäü-ÿêî¨ ôóíêöi¨ f ∈ H1

ñïðàâäæó¹òüñÿ ôîðìóëà Êîøi

f(z) =
∫

Td

f(t)
1− tz

dσ(t), ∀ z ∈ D.
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Îñêiëüêè ïðè ôiêñîâàíîìó t ∈ Td

D
(

1
1− tz

)
=

d∏
j=1

tj
(1− tjzj)2

=:
1

(1− tz)2
t,

òî

Df(z) =
∫

Td

f(t)
(1− tz)2

tdσ(t), ∀ z ∈ D. (6)

Íåõàé h � äîâiëüíà ôóíêöiÿ âèãëÿäó h(z) =
∏d

j=1 hj(zj), äå hj :
D → C � ôóíêöi¨ îäíi¹¨ çìiííî¨ ç ïðîñòîðó Ãàðäi H1(D) â êðóçi D.

Çàôiêñó¹ìî z ∈ Dd i çàñòîñó¹ìî ôîðìóëó (6) äî ôóíêöi¨ F (w) :=
f(w)h(w)(1−wz)2, ÿêà, î÷åâèäíî, íàëåæèòü ïðîñòîðó H1.

Ìà¹ìî

D(F )(z) =
∫

Td

f(t)h(t)
(1− tz)2

(1− tz)2
tdσ(t). (7)

Çîáðàçèâøè ôóíêöiþ F ó âèãëÿäi F = fg, äå g(w) = h(w)(1 −
wz)2, îá÷èñëèìî âåëè÷èíó â ëiâié ÷àñòèíi öi¹¨ ðiâíîñòi çà ôîðìóëîþ
(4):

D(F )(w) =
∑

m∈2M

Dmf(w)Dm(g)(w) =

=
∑

m∈2M

Dmf(w)
∏
k∈m

∂

∂wk
(h(w)(1−wz)2) =

=
∑

m∈2M

Dmf(w)
∏
j∈m

(
hj(wj)(1− wjzj)2

)∏
k∈m

∂

∂wk
(hk(wk)(1− wkzk)2)=

=
∑

m∈2M

Dmf(w)
∏
j∈m

(hj(wj)(1− wjzj))×

×
∏
k∈m

(
h′k(wk)(1− wkzk)2 − 2zkhk(wk)(1− wkzk)

))
. (8)

Âèáåðåìî òåïåð ôóíêöi¨ hk òàê, ùîá

|hk(w)| = 1, ∀ w ∈ T (9)
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i
h′k(zk)(1− |zk|2)2 − 2zkhk(zk)(1− |zk|2) = 0, k = 1, d. (10)

Òîäi çà óìîâè (10) ç ðiâíîñòi (8) îòðèìà¹ìî ôîðìóëó

D(F )(z) = Df(z)
∏

j∈M
hj(zj)(1− |zj |2)2. (11)

Ïiäñòàâèâøè îòðèìàíèé âèðàç D(F ) â (7) i îöiíèâøè iíòåãðàë â
ïðàâié ÷àñòèíi (7) ç óðàõóâàííÿì óìîâè (9), îòðèìà¹ìî ñïiââiäíî-
øåííÿ

|Df(z)|
∏

j∈M
|hj(zj)| (1− |zj |2)2 ≤

∫
Td

|f(t)||h(t)|
d∏

j=1

|1− tjzj |2

|1− tjzj |2
dσ(t) =

=
∫

Td

|f(t)|dσ(t) = ‖f‖1.

Çâiäñè âèïëèâà¹ íåðiâíiñòü

|Df(z)| ≤ ‖f‖1
d∏

j=1

1
|hj(zj)| (1− |zj |2)2

. (12)

Ïîêàæåìî òåïåð, ùî óìîâè (9) i (10) çàâæäè ìîæíà çàäîâîëüíè-
òè.

Ñïðàâäi, íåõàé

hk(w) = e−i arg zk
w − yk

1− ykw
, (13)

äå yk = %kei arg zk , −1 < %k < 1.
Çðîçóìiëî, ùî hk çàäîâîëüíÿ¹ óìîâó (9). Äàëi

h′k(w)
hk(w)

=
∂

∂w
lnhk(w) =

1
w − yk

+
yk

1− ykw
=

1− |yk|2

(w − yk)(1− ykw)
.

Îòæå,
h′k(zk)
hk(zk)

=
1− %k

ei arg zk(|zk| − %k)(1− %k|zk|)
.
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Àëå çãiäíî ç (10) ìà¹ âèêîíóâàòèñÿ ðiâíiñòü

h′k(zk)
hk(zk)

=
2zk

1− |zk|2
.

Ïðèðiâíÿâøè ïðàâi ÷àñòèíè öèõ äâîõ ðiâíîñòåé, ïiñëÿ åëåìåíòàð-
íèõ ïåðåòâîðåíü îòðèìà¹ìî êâàäðàòíå ðiâíÿííÿ âiäíîñíî %k

(1 + |zk|2)%2
k − 2|zk|(1 + |zk|2)%k + 3|zk|2 − 1 = 0.

Éîãî êîðåíÿìè ¹ ÷èñëà |zk| ± (1− |zk|2)/
√

1 + |zk|2.
Çðîçóìiëî, ùî êîðiíü %k = |zk|− (1−|zk|2)/

√
1 + |zk|2 çàâæäè áó-

äå íàëåæàòè ïðîìiæêó (−1, 1), ÿêùî |zk| < 1. Òîìó, ïîêëàâøè â (13)
yk = zk − ei arg zk(1− |zk|2)/

√
1 + |zk|2, îòðèìà¹ìî ôóíêöi¨, ÿêi çàäî-

âîëüíÿþòü óìîâè (9) i (10). Íàðåøòi, ïiäñòàâèâøè â (12) çíà÷åííÿ

hj(zj) = e−i arg zk
zj − yj

1− yjzi
=

(1− |zj |2)/
√

1 + |zj |2

1− |zj |(|zj | − (1− |zj |2)/
√

1 + |zj |2)
=

=
1

|zj |+
√

1 + |zj |2
, (14)

îòðèìà¹ìî íåðiâíiñòü (2).
Ïîêàæåìî òåïåð, ùî ôóíêöiÿ f , âèçíà÷åíà çà ïðàâèëîì (3), ¹

åêñòðåìàëüíîþ, òîáòî äëÿ íå¨ ñïiââiäíîøåííÿ (2) ïðè äàíîìó ôiêñî-
âàíîìó z ∈ Dd ¹ ðiâíiñòþ.

Ïåðø çà âñå çàóâàæèìî, ùî ôóíêöiÿ f ¹ ãîëîìîðôíîþ â Dd i

‖f‖1 =
∫

Td

∣∣∣∣ 1− yt
(1− zt)2

∣∣∣∣2 dσ(t) ≤
d∏

j=1

(
1 + |yj |

(1− |zj |)2

)2

< ∞.

Îòæå, f ∈ H1.
Çãiäíî ç ôîðìóëîþ (7) ç óðàõóâàííÿì (8), óìîâè (10) i ðiâíîñòåé

(11), (14), îäåðæèìî

Df(z)
d∏

j=1

(1− |zj |2)2

|zj |+
√

1 + |zj |2
=

∫
Td

(1− yt)2

(1− zt)4
t− y
1− yt

(1− tz)2

(1− tz)2
tdσ(t) =
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=
∫

Td

∣∣∣∣ 1− yt
(1− zt)2

∣∣∣∣2 dσ(t) = ‖f‖1.
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